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Abstract

Given a set of train routes with route costs and a set of compatible route pairs with
pairing costs, the Train Single-Routing Selection Problem (TSRSP) seeks to assign one route
to each train, minimizing the total cost while ensuring pairwise compatibility among the
selected routes. This problem is of significant practical relevance in rail traffic management
and it is a special case of the Train Routing Selection Problem. We introduce a Binary
Quadratic Programming formulation for the TSRSP and apply a linearization technique
from the literature that requires a linear number of additional variables and constraints.
This yields a novel and effective Mixed Integer Linear Programming (MILP) formulation for
the TSRSP. By exploiting the structure of the problem, we further propose a method to
strengthen the Linear Programming (LP) relaxation of the MILP formulation, substantially
improving its computational performance. The resulting formulation is the first to efficiently
solve real-world TSRSP instances to optimality within short computational times—instances
that, until now, have only been addressed using heuristic approaches in the literature.
Extensive computational results show that our MILP model consistently outperforms
existing formulations, both in terms of computational time and the number of instances
solved to optimality, primarily due to the strength of its LP relaxation.

Keywords: Transportation · Combinatorial Optimization · Binary Quadratic Programming ·
Linearization Techniques · Integer Linear Programming

1 Introduction

Railway Traffic Management (RTM) aims to coordinate train movements, ensuring both efficiency
and punctuality. It involves planning train routes and schedules to minimize delay propagation
in the event of disturbances. The two key tasks are: i) selecting the sequence of tracks that
allows trains to move through a control area from their origin to their destination, and ii)

determining the order for trains to pass on shared tracks. Different approaches have been
proposed in the literature to address these tasks; interested readers are referred to Cacchiani
et al. (2014); Corman and Meng (2015); Croella (2022); Fang et al. (2015); Wen et al. (2019)
for further details. In summary, two main types of approaches exist: some tackle the overall
train routing and scheduling problem (Corman et al., 2010; Fischetti and Monaci, 2017; Meng
and Zhou, 2014), while others focus on pure train scheduling, considering a single route per
train (Corman et al., 2014; Croella et al., 2022, 2024; D’Ariano et al., 2007). In general, the
approaches of the former type assume that track sequences and passing orders must be selected
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concurrently for the effective exploitation of infrastructure capacity. The concurrent selection
typically comes at the cost of accepting suboptimal solutions due to computational resource
limitations. The approaches of the latter type assume, instead, that the specific track sequences
to be traversed can be selected a priori, and the most effective use of computational resources is
to focus on approaching the global optimum of the scheduling problem. Both assumptions are
adopted in the approach by Pellegrini et al. (2015), where the pure scheduling problem is solved
first, and, if computational resources remain, the solution found is used as a warm start for the
routing and scheduling problem solution.

1.1 Train routing selection problems

A key challenge for all RTM approaches is the assignment of routes to trains, whether determining
multiple routes or exactly one. This problem becomes particularly complex in junctions and
station areas, where dozens of alternative routes may be available for each train. To address
this challenge, the Train Routing Selection Problem (TRSP) aims to generate a given number of
distinct route assignments for a set of trains. In each assignment, exactly one route is selected
for every train, the selected routes must be pairwise compatible, and any two assignments must
differ in at least one train-route selection. The objective is to generate these assignments with
minimum cost, where the cost consists of two components: one related to the route itself and
the other originating from interactions between pairs of routes and reflecting their interference.
The TRSP was first introduced in the literature by Samà et al. (2016), where the authors
proposed an Ant Colony Optimization (ACO) heuristic algorithm to solve it. This algorithm
was further refined by Pascariu et al. (2022) and Sharma et al. (2024), proposing alternative
methods for setting assignment costs and incorporating parallelism into the algorithm. Their
results show that by improving the algorithm and, consequently, the routing selection solutions,
RTM solutions improve significantly, both under timetable disturbances and under infrastructure
disruptions. Samà et al. (2017) and Pascariu et al. (2024) demonstrated that integrating TRSP
solutions into RTM significantly improves traffic performance, regardless of whether the specific
disruption is known when solving the TRSP, the delay function being minimized, or the approach
used for routing and scheduling.

In this paper we address the Train Single-Routing Selection Problem (TSRSP) which consists
of selecting exactly one route for each train while minimizing the total assignment cost and
ensuring pairwise compatibility among the selected routes.

The minimized cost is an approximation of the scheduling objective function accounting for the
travel times associated with the selected routes and the potential interactions between pairs of
routes (Samà et al., 2016). Pascariu et al. (2022) provides statistical evidence that this cost has
a significant positive correlation with the scheduling RTM solution: lower-cost TSRSP solutions
have a high probability of leading to scheduling solutions with lower train delays.

The importance of the TSRSP in the practice emerges in three main applications. First, the
TSRSP is crucial in RTM: selecting a single route per train is a requirement in scheduling-
based RTM approaches, and it can provide a high-quality initial solution for methods that
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involve rerouting. Second, it has potential use in tactical RTM problems, where train routing
optimization is often overlooked. For instance, a single route per train must be specified in the
timetable, whether it is planned months in advance or adjusted shortly before operations to
handle unexpected disruptions involving track unavailability (Pascariu et al., 2022). Third, an
efficient TSRSP approach can be integrated into an iterative framework to generate different
assignments, serving as the basis for advanced exact and heuristic algorithms for the TRSP. In all
these applications, an optimal TSRSP solution can serve as the designated route assignment for
the trains in RTM approaches. Being optimal, this is the assignment with the smallest possible
cost and, given the results by Pascariu et al. (2022), this is very likely to lead to the lowest train
rescheduling needs or delays. Moreover, computing and certifying an optimal TSRSP solution
provides a reference point for evaluating heuristic approaches and quantifying the potential
room for improvement in route assignment decisions.

Beyond its practical relevance in RTM, the TSRSP also presents an interesting combinatorial
optimization structure. As shown in Section 2, a TSRSP instance can be represented as a
weighted undirected layered graph in which routes correspond to vertices and compatible route
pairs correspond to edges. In this setting, feasible solutions correspond to k-cliques containing
exactly one vertex from each layer of the graph. This representation reveals connections with
several well-known graph optimization problems, including the Maximum Clique Problem, the
Vertex-Weighted Maximum Clique Problem (Alidaee et al. (2007) and San Segundo et al. (2019)),
and weighted k-subgraph problems (Billionnet, 2005; Martí et al., 2010; Lanciano et al., 2024).
Exploiting this specific structure is the key to obtaining strong relaxations and effective exact
solution methods.

The exact TSRSP solution has been previously addressed only by Pascariu et al. (2021), where
an Integer Linear Programming (ILP) model is proposed and tested. This ILP model was used
to develop a heuristic approach, which was then compared to the ACO heuristic algorithm from
the literature. However, the heuristic solutions derived from this ILP model were inferior to
those obtained by the ACO algorithm in short computing times. Additionally, the ILP model
of Pascariu et al. (2021) struggled to compute optimal solutions or strong lower bound even
with extended computational time. As a consequence, that model can hardly be used as a
benchmark for assessing the performance of heuristic or meta-heuristic algorithms, while being
such a benchmark can be an important role of exact models.

1.2 Contributions and remainder of the article

The main contribution of this work is the first exact approach capable of solving real-world TSRSP
instances to proven optimality within short computational times, whereas such instances have
previously been addressed only through heuristic methods. Starting from a Binary Quadratic
Programming (BQP) formulation and a tailored linearization, we develop a problem-specific
strengthening strategy that exploits the combinatorial structure of the TSRSP. This yields a
family of enhanced formulations for which we establish theoretical dominance relationships and
that significantly improve computational performance. In addition, the proposed formulations
make it possible to compute and certify optimal solutions for a broad set of real-world instances,
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thereby providing, for the first time, a reliable benchmark for assessing the quality of heuristic
methods for the TSRSP.

The remainder of the paper is organized as follows. Section 2 formally defines the TSRSP
and provides its graph-theoretic interpretation. Section 3 introduces a BQP formulation and
discusses related solution approaches. Section 4 presents the proposed strengthened formulations,
while Section 5 describes the benchmark formulations used for comparison. Section 6 provides
a theoretical comparison of the formulations. Computational results on real-world railway
instances are reported in Section 7. Finally, Section 8 concludes the paper and outlines directions
for future research.

2 The Train Single-Routing Selection Problem

An instance of the TSRSP consists of a set K = {1, 2, . . . , k} of k trains and a set V = {1, 2, . . . , n}
of n routes for the trains. The route set V is partitioned into k subsets Vi, one for each train
i ∈ K, i.e., we have:

V =
⋃
i∈K

Vi and Vi ∩ Vj = ∅, i, j ∈ K, i < j. (1)

For each pair of distinct trains i, j ∈ K, with i < j, we are given a set Eij containing pairs {r, s}
of compatible routes, with r ∈ Vi and s ∈ Vj . We denote E the set of all compatible pairs of
routes, i.e., we have:

E =
⋃

i,j∈K, i<j

Eij . (2)

A pair of routes is considered compatible if they can be assigned to two distinct trains simultane-
ously without compromising the feasibility of the RTM solution. The specific rules determining
the compatible pairs of routes are described in detail in Samà et al. (2016) and Sharma et al.
(2024). For instance, routes for trains involved in rolling stock reutilization operations, such as
in train turnarounds, joining, or splitting at stations, are compatible if their endpoints—where
the turnaround, joining, or splitting occurs—align on the same track section. Additionally,
compatibility may also be influenced by passenger transfer requirements. Specifically, when
passengers need to transfer between arriving and departing trains at a station, the corresponding
routes are considered compatible only if the trains stop at nearby platforms. Conversely, if the
trains use tracks associated with distant platforms, their routes are classified as incompatible.

2.1 The route and the pairing costs of the TSRSP

Each route r ∈ V has a nonnegative route cost pr ≥ 0 and each pair of routes {r, s} ∈ E has a
nonnegative pairing cost crs ≥ 0. These costs are designed to provide a reliable estimate of the
potential delay caused by the train route choices on railway operations (Pascariu et al., 2022).

The route cost pr, for each route r ∈ V, accounts for potential delays a train may experience due
to increased travel time along the selected route. For example, selecting a longer-than-planned
route can lead to delays, especially if no buffer time is available. The value of the route cost
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is calculated as the nonnegative difference between the minimum running time of a train on
the selected route and its minimum running time on the originally planned route. Here, the
minimum running time represents the time required for the train to complete its journey along
a route without any conflicts or delays. If the minimum running time on the chosen route is
less than or equal to that on the planned route, the route cost is zero. The pairing cost crs,
for each pair of compatible train routes {r, s} ∈ E, accounts for the potential delay that may
arise from scheduling conflicts on track sections shared by the two routes. A scheduling conflict
occurs when two trains, running at nominal speed, would use a track section concurrently. To
resolve such conflicts, a train passing order must be decided for each shared section, with the
second-passing train having to slow down or stop. This potentially causes a delay. To quantify
the potential delay associated to the concurrent choice of r and s, we first compute the delay
each train would have if it passed second on any shared track section. Second, for each train,
we select the highest of these computed delays across all track sections. Third, we set crs to
the minimum delay across the two trains. This approximation has been shown to fit the RTM
objective function when the costs are combined into a TSRSP solution (Pascariu et al., 2022).

The pairing cost is zero when the pair of train routes shares no track section. A complete
description of these costs can be found in Samà et al. (2016).

2.2 The compatibility graph of the TSRSP

A TSRSP instance can be represented by a weighted undirected graph G = (V,E) where V is the
set of vertices, associated with the routes of the trains, and E is the set of edges, associated with
pairs of compatible routes. Since the vertex set V is partitioned into k subsets and the edge set
E contains only edges between different subsets of the partition, G is a k-partite graph. Each
subset of this partition is referred to as a layer which is, by construction, associated with a train.
The graph G is weighted on the vertices and the edges. The weight of a vertex corresponds to
the route cost, while the weight of an edge corresponds to the pairing cost. We call the graph G

the compatibility graph of a TSRSP instance.

For each vertex r ∈ V, let
N(r) =

{
s ∈ V : {r, s} ∈ E

}
(3)

be the neighborhood of vertex r, i.e., the set of vertices in V that belong to different trains and
are compatible with r.

For each pair of trains i, j ∈ K with i < j, let Ẽij denote the set of incompatible route pairs
{r, s}, where r ∈ Vi and s ∈ Vj . The complete set of incompatible route pairs is then given by

Ẽ =
⋃

i,j∈K, i<j

Ẽij . (4)

For each route r ∈ V, let
Ñ(r) =

{
s ∈ V : {r, s} ∈ Ẽ

}
(5)

be the anti-neighborhood of route r, i.e., the set of routes in V that belong to different trains
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and are not compatible with r.

We say a compatibility graph G to be layer-wise complete if for every pair of trains i, j ∈ K, i < j,
the set Eij contains all possible edges {r, s} with r ∈ Vi and s ∈ Vj . Moreover, we define the
edge density of G as the ratio between the number of pairs of compatible routes and the number
of all potential pairs of routes between every pair of trains i, j ∈ K, i < j. The edge density,
denoted by ε, is then given by the formula:

ε =
|E|

|E|+ |Ẽ|
(6)

For a layer-wise complete compatibility graph, we have ε = 1 since the set Ẽ is empty.

Two vertices of G are adjacent if an edge exists between them. A subset of pairwise adjacent
vertices is called a clique. Given a clique C ⊆ V, the clique weight φ(C) is defined as the sum of
the weights of its vertices and the weights of the edges connecting its vertices. Formally, we
have:

φ(C) =
∑
r∈C

pr +
∑

{r,s}∈E[C]

crs (7)

where E[C] is the set of edges of the clique, i.e., E[C] =
{
{r, s} ∈ E : r, s ∈ C

}
. Since G is

k-partite, the size of the largest clique it contains is at most k. If a clique of size k, called a
k-clique, exists, it must contain a vertex for each layer Vi with i ∈ K. We denote a k-clique as
Ck in the remainder of the article.

2.3 The formal problem definition of the TSRSP

The TSRSP can then be formally defined as follows.

Definition 2.1. Given a compatibility graph G, the TSRSP calls for finding a k-clique Ck ⊆ V

in G of minimum clique weight φ(Ck), or certifying that a k-clique does not exist in G.

Determining the existence of a k-clique in a k-partite graph is NP-complete (San Segundo et al.,
2022); it follows that the TSRSP is NP-hard. In practice, a k-clique provides an assignment
of routes to the k trains; the TSRSP asks for finding an assignment such that the sum of the
total cost of the routes together with the total pairing cost is minimized. Figure 1 reports the
compatibility graph of a TSRSP instance and an optimal solution to the problem.

Throughout the remainder of this paper, we use the terms vertex and route, as well as layer
and train, interchangeably. The terminology vertex and layer is principally employed when
discussing the problem in graph-theoretical terms, while route and train are used in contexts
related to railway operations and transportation planning.

3 A new BQP formulation for the TSRSP

For each vertex r ∈ V in the compatibility graph G = (V,E), let xr ∈ {0, 1} be a binary variable
that takes the value 1 if vertex r is included in a k-clique of G, and 0 otherwise. Using these |V|
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Figure 1: The compatibility graph G = (V,E) of a TSRSP instance with k = 3 train layers (V1,V2,V3),
n = 9 routes, and edge density ε = 16

26 . Each vertex shows the route index r ∈ V (black) and route
cost pr (red). Edge values (blue) represent pairing costs crs. The violet-filled vertices form the optimal
k-clique Ck = {2, 5, 8}, assigning trains to routes 2, 5, and 8. The optimal solution value, given by the
clique weight, is 16. The edges of Ck, E[{2, 5, 8}] = {{2, 5}, {5, 8}, {2, 8}}, are highlighted in thick violet.

V1 = {1, 2, 3}
1

1

2

4

3

5

V2 = {4, 5, 6, 7}
4 3 52 6 5 77

V3 = {8, 9}
8
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9

6

1 3 4 56 7

4 9
33

9 82 8

7 4

binary variables, we propose the following BQP formulation for the TSRSP:

min
x∈{0,1}|V|

 ∑
r∈V

pr xr +
∑

{r,s}∈E

crs xr xs : x is a k-clique in G

 . (8)

The quadratic objective function in formulation (8) minimizes the total cost, consisting of route
and pairing costs. A route cost for r ∈ V is incurred when xr = 1, while a pairing cost for two
vertices r and s, connected by an edge {r, s} ∈ E, is incurred when both variables are set to 1,
i.e., when xr xs = 1. A polyhedral description of the feasible region of formulation (8), ensuring
that the selected routes form k-cliques in G, is provided by the assignment and clique constraints
introduced in Section 3.1.

To the best of our knowledge, no existing studies have directly addressed the BQP formulation (8).
However, related problems modeled by BQP formulations have been addressed in the literature.
Alidaee et al. (2007) addressed the maximum edge weight clique problem via unconstrained
quadratic programming. In Billionnet (2005), a BQP formulation is proposed for the heaviest
k-subgraph problem that asks for determining a subset of k vertices such that the total edge
weight of the induced subgraph is maximized. This problem appears in the literature under
alternative names, such as the p-dispersion-sum problem (Pisinger, 2006) or maximum diversity
problem (Martí et al., 2010). A variant is the densest k-subgraph problem, which assumes all
edge weights are set to one (Lanciano et al., 2024). All these problems share similarities with
the TSRSP, including the presence of graphs with weighted edges and the requirement that
feasible solutions consist of subsets of vertices with a fixed cardinality. However, the TSRSP
differs in that its feasible solutions must also form a clique. Additionally, the input graph for
the TSRSP is k-partite, and the objective function involves minimization, whereas the cited
problems typically involve maximization.
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3.1 Assignment and clique constraints

In feasible solutions of formulation (8), exactly one vertex must be selected for each layer of the
compatibility graph G. To enforce this, we introduce the assignment constraints, given by:∑

r∈Vi

xr = 1, i ∈ K. (9)

For each layer i ∈ K, constraints (9) ensure that exactly one vertex is selected from the set Vi,
which represents the vertices available for that layer. These constraints collectively enforce the
selection of k distinct routes, one for each train.

Furthermore, to ensure that feasible solutions of formulation (8) form a clique in G, only vertex
pairs connected by edges must be selected. To this end, we introduce two classes of clique
constraints that enforce the selection of subsets of pairwise compatible routes for the trains. The
first class of clique constraints is called non-edge constraints and reads as follows:

xr + xs ≤ 1, {r, s} ∈ Ẽ. (10)

For each pair of incompatible routes {r, s} ∈ Ẽ, constraints (10) ensure that at most one of the
two routes is selected. These constraints are the classical constraints used in ILP formulations
for the Maximum-Clique Problem (MCP), see, e.g., Nemhauser and Trotter Jr (1975).

The second class of clique constraints, called anti-neighborhood constraints, was first introduced
by Della Croce and Tadei (1994) for the MCP and reads as follows:∑

s∈Ñ(r)

xs ≤ |Ñ(r)| (1− xr), r ∈ V. (11)

For each vertex r ∈ V, constraints (11) ensure that if the vertex is selected, no vertex in its
anti-neighborhood can be chosen; conversely, if the vertex is not selected, at most the |Ñ(r)|
vertices from its anti-neighborhood can be chosen. Since constraints (9) require selecting exactly
one vertex per layer, at most k − 1 vertices can be chosen from the anti-neighborhood of
any vertex r ∈ V. Consequently, the value |Ñ(r)| on the right-hand side of constraints (11)
can be reduced to min{|Ñ(r)|, k − 1}. Moreover, if for a vertex r ∈ V, the clique number
ω
(
G(Ñ(r),E[Ñ(r)])

)
of the graph induced by the anti-neighborhood of the vertex is smaller

than min{|Ñ(r)|, k − 1}, the value |Ñ(r)| can be further reduced to ω
(
G(Ñ(r),E[Ñ(r)])

)
. This

is valid because the clique number represents the maximum number of vertices that can be
simultaneously selected in the anti-neighborhood. Since computing the clique number can be
computationally challenging, this reduction can also be applied using any upper bound on the
clique number (e.g., min{|Ñ(r)|, k − 1}) that satisfies the required condition.

We denote by Q the BQP formulation (8), which includes the assignment and clique constraints.
The formulation with the two alternative classes of clique constraints is formally defined as
follows.
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Definition 3.1. Let Qa and Qb be the BQP formulation (8) with clique constraints (10) and (11),
respectively.

3.2 Solution approaches for BQP formulations

Formulation (8) is a BQP model (Letchford, 2022; Padberg, 1989) with linear constraints,
specifically the assignment and clique constraints. Such BQP formulations can be solved using
commercial mixed-integer quadratic programming (MIQP) solvers, such as IBM ILOG CPLEX
and Gurobi. These exact solvers handle BQP formulations in two main ways: (i) extending the
standard branch-and-cut framework for MILP formulations and solving convex relaxations via a
generalization of the simplex method or the barrier algorithm for quadratic programming, or
(ii) linearizing the quadratic terms in the objective function and then applying the standard
branch-and-cut framework for MILP formulations. For further details on MIQP solvers, we refer
the interested readers to Bliek et al. (2014) and Bonami et al. (2008).

Although the objective function of formulation (8) is generally non-convex, convexity can be
reached since the model involves only binary variables. To achieve this, various approaches exist,
such as the Quadratic Convex Reformulation (QCR) method introduced by Billionnet et al.
(2009). Commercial MIQP solvers often employ a preprocessing step to convexify the objective
function before resorting to the branch-and-cut phase (Bliek et al., 2014). It is also worth
noting that recent advances have been made in the automatic selection of solution strategies. In
particular, Bonami et al. (2022) present a classifier designed to determine when the objective
function linearization should be applied, a feature integrated into CPLEX starting from version
12.10.0.

Another common approach to solving a BQP formulation in the literature is to apply a problem-
specific linearization of the quadratic objective function, leading to a MILP formulation of the
underlying problem. Various linearization techniques for BQPs have been developed, differing in
the number of auxiliary variables and constraints they introduce. For a comprehensive survey of
these approaches, we refer to Furini and Traversi (2019).

4 A new MILP formulation for the TSRSP

In this Section, we build upon the BQP formulation (8) and introduce a novel and effective MILP
formulation for the TSRSP, specifically designed by adapting the linearization technique proposed
by Glover (1975) to the unique structure of the problem. The resulting model incorporates a
linear number of additional non-negative variables and constraints. Crucially, it leverages the
k-partite structure of the TSRSP’s compatibility graph, leading to a strong LP relaxation and
very good computational performance, as discussed in Section 7. We refer to this linearization
as the Glover linearization technique throughout the remainder of the paper.

4.1 The Glover linearization technique

Following Glover (1975), we introduce an additional set of continuous variables, denoted by
w ∈ R|V|, where each variable is associated with a vertex r ∈ V in the compatibility graph G.
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Variable wr represents the total pairing cost of incident edges when vertex r is selected as part
of a k-clique in G, and takes the value zero otherwise. Formally:

wr =


∑

s∈N(r)

crs xs if xr = 1,

0 if xr = 0,

r ∈ V.

Since all pairing costs crs are nonnegative by definition, variables w are also nonnegative. Let
Lr
1 and L

r
1 denote valid lower and upper bounds, respectively, on the value of wr when vertex r

is selected, i.e., when xr = 1. These values must then satisfy the following inequality:

Lr
1 xr ≤

∑
s∈N(r)

crs xs xr ≤ L
r
1 xr.

The MILP formulation resulting from the Glover linearization technique of the BQP formulation
(8) for the TSRSP reads as follows:

minimize
x∈{0,1}|V|

w≥0

∑
r∈V

(
pr xr +

1

2
wr

)
(12a)

subject to wr ≥ Lr
1 xr, r ∈ V, (12b)

wr ≥
∑

s∈N(r)

crs xs − L
r
1 (1− xr), r ∈ V, (12c)

x is a k-clique in G. (12d)

The linear objective function (12a) sums the route and pairing costs associated with the selected
k-clique in the compatibility graph G. The coefficient 1

2 is introduced to prevent the double
counting of pairing costs, as each edge contributes to the total cost through both of its endpoints.
For each r ∈ V, constraints (12b) ensure that if r is selected (i.e., xr = 1), then wr must be at
least Lr

1. If r is not selected, the constraint enforces nonnegativity of wr. While these constraints
are redundant for integer solutions, they are important in improving the quality of the LP
relaxation by tightening the feasible region and raising the lower bound. Finally, for each r ∈ V,
the associated linear constraint (12c) ensures that variable wr is at least as large as the total
pairing cost incurred by vertex r when it is part of the selected k-clique. If vertex r is not
selected, i.e., xr = 0, the constraint becomes inactive due to the presence of the value L

r
1, which

acts as a so-called big-M value. When properly calibrated, such big-M values are known to
significantly enhance the strength of the LP relaxation (Adams et al., 2004; Furini and Traversi,
2019).

Following the approach proposed by Glover (1975), for each r ∈ V, valid Lr
1 and L

r
1 values can
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be computed as follows:

Lr
1 =

∑
s∈N(r)

min{0, crs}︸ ︷︷ ︸
=D−

r

= 0, (13a)

L
r
1 =

∑
s∈N(r)

max{0, crs}︸ ︷︷ ︸
=D+

r

=
∑

s∈N(r)

crs. (13b)

The expression in (13a) (denoted D−
r ) is valid because all pairing costs are nonnegative by

definition. The expression in (13b) (denoted D+
r ) is valid, as it sums the pairing costs of all

edges incident to vertex r in the compatibility graph G. These values are called the standard
values.

We denote by G the MILP formulation (12), which includes the assignment and clique constraints.
The formulation with the two alternative classes of clique constraints and the values defined
in (13a) and (13b) is formally defined as follows.

Definition 4.1. Let Ga and Gb be the MILP formulation (12) with values D−
r (13a) and

D+
r (13b) for each r ∈ V, and with clique constraints (10) and (11), respectively.

It is worth noting that the Glover linearization technique includes additional constraints, which
are not necessary in formulation (12). These constraints are redundant in the minimization
context since all pairing costs are nonnegative by definition (see also Furini and Traversi (2019)
for further details).

4.2 Strengthening the LP relaxation of the G formulation

In this section, we explore how to strengthen the LP relaxation of the G formulation (12) by
refining the values Lr

1 and L
r
1 for each r ∈ V. Our strategy leverages the combinatorial structure

induced by constraints (12d), which impose selecting a k-clique in the compatibility graph
G. We propose two approaches: the first, referred to as the clique-based values, computes the
tightest possible values by solving auxiliary optimization problems. The second, which we call
the layer-based values, provides strong values computable in linear time with respect to the
number of edges of the compatibility graph. From the computational results (see Section 7),
the second approach provides very strong values in negligible time, while the first one is very
time-consuming and is used to benchmark the values of the second approach.

4.2.1 Clique-based values

In line with Adams et al. (2004), the tightest values Lr
1 and L

r
1 for each r ∈ V can be computed by

exploiting the structure of the feasible region of the problem. To this end, given a vertex r ∈ V,
let X̃(r) be the collection of all incidence vectors x ∈ {0, 1}|N(r)| that represent (k− 1)-cliques in

11



the subgraph G[N(r)] induced by the vertices in the neighborhood N(r) of the vertex r, formally:

X̃(r) =

{
x ∈ {0, 1}|N(r)| : x is a (k − 1)-clique in G[N(r)]

}
.

For every r ∈ V, the tightest values Lr
1 and L

r
1, denoted as D̃−

r and D̃+
r , can be then calculated

as follows:

Lr
1 = min

x∈X̃(r)

 ∑
s∈N(r)

crs xs

︸ ︷︷ ︸
=D̃−

r

, (14a)

L
r
1 = max

x∈X̃(r)

 ∑
s∈N(r)

crs xs

︸ ︷︷ ︸
=D̃+

r

. (14b)

Given a vertex r ∈ V, in the objective function of (14a) and (14b), every vertex s ∈ N(r) has a
weight equal to the pairing cost crs. By construction, all these vertex weights are nonnegative,
and the subgraph G[N(r)] is (k − 1)-partite. Specifically, problem (14a) is a vertex-weighted
minimum (k − 1)-clique problem in the (k − 1)-partite subgraph G[N(r)]. It is associated with
the case where vertex r is selected, and the remaining k − 1 vertices of the clique must lie in its
neighborhood. Conversely, problem (14b) is a vertex-weighted maximum (k − 1)-clique problem
in the (k − 1)-partite subgraph G[N(r)].

Problem (14a) and problem (14b) are NP-hard, since determining whether a (k−1)-partite graph
contains a (k−1)-clique is NP-complete (San Segundo et al., 2022). Consequently, computing
the tightest values D̃−

r and D̃+
r requires solving 2 · |V| NP-hard problems, which can be very

time-consuming, especially for large graphs.

The G formulation (12) with values defined in (14a) and (14b) is formally defined as follows.

Definition 4.2. Let G̃a and G̃b be the MILP formulation (12) with values D̃−
r (14a) and

D̃+
r (14b) for each r ∈ V, and with clique constraints (10) and (11), respectively.

It is worth noticing that there is a one-to-one correspondence between the optimal solutions of
problem (14b) and the ones of the Vertex-Weighted Maximum Clique Problem (VWMCP) on
the subgraph G[N(r)] with vertex weights defined by the pairing costs. Moreover, the optimal
value of the two problems coincides and determines the value D̃+

r . Several exact algorithms
have been proposed for the VWMCP in the literature; among the most effective ones, there
is the combinatorial branch-and-bound method described in San Segundo et al. (2019), which
we use in the computational experiments to determine the value D̃+

r for each vertex r ∈ V in
formulations G̃a and G̃b.

The following proposition states that the optimal value of problem (14a) is equal to a constant
term minus the optimal value of problem (14b) with ad hoc nonnegative vertex weights. This
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result holds since the clique size in both problems (14a) and (14b) is fixed and equal to k − 1.
Moreover, this proposition allows us to use the same exact algorithm for the VWMCP when
solving also problem (14a) to calculate D̃−

r .

Proposition 4.3. For every r ∈ V, we have:

min
x∈X̃(r)

 ∑
s∈N(r)

crs xs

 = (k − 1) cr − max
x∈X̃(r)


∑

s∈N(r)

(cr − crs)︸ ︷︷ ︸
≥0

xs


where cr = maxt∈N(r){crt} is a constant for each r ∈ V, corresponding to the maximum pairing
cost incident to vertex r.

Proof. We defer the proof to Electronic Companion EC.1.1.

4.2.2 Layer-based values

Strong values Lr
1 and L

r
1 for each r ∈ V can be computed in a very small computational effort

using the following approach. Given a layer i ∈ K and a vertex r ∈ Vi, let X̂(r) be the collection
of all incidence vectors x ∈ {0, 1}|N(r)| that satisfy the assignment constraints (9) in the subgraph
G[N(r)] induced by the vertices in the neighborhood N(r), formally:

X̂(r) =

 x ∈ {0, 1}|N(r)| :
∑

s∈N(r)∩Vj

xs = 1, j ∈ K \ {i}

 .

The k − 1 constraints defining the collection X̂(r) impose that exactly one vertex from the
neighbors of vertex r is selected in each layer except the layer i of the vertex r. By nature, for
each i ∈ K and r ∈ V, we have X̃(r) ⊆ X̂(r), that is, X̂(r) contains all the (k− 1)-cliques in X̃(r),
but also the sets of k− 1 vertices (one per layer in the neighborhood of r) not pairwise adjacent.

For each i ∈ K and r ∈ Vi, valid values Lr
1 and L

r
1, denoted D̂−

r and D̂+
r , can be calculated as

follows:

Lr
1 = min

x∈X̂(r)

 ∑
s∈N(r)

crsxs

︸ ︷︷ ︸
=D̂−

r

, (15a)

L
r
1 = max

x∈X̂(r)

 ∑
s∈N(r)

crsxs

︸ ︷︷ ︸
=D̂+

r

. (15b)

For each vertex in a given layer, problem (15a) aims at selecting a neighbor vertex with the
smallest pairing cost from each of the other layers. Similarly, problem (15b) aims at selecting a
neighbor vertex with the largest pairing cost from each of the other layers.
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The G formulation (12) with values defined in (15a) and (15b) is formally defined as follows.

Definition 4.4. Let Ĝa and Ĝb be the MILP formulation (12) with values D̂−
r (15a) and

D̂+
r (15b) for each r ∈ V, and with clique constraints (10) and (11), respectively.

The following proposition provides closed formulas to compute the layer-based values.

Proposition 4.5. For every layer i ∈ K and every vertex r ∈ Vi, we have:

D̂−
r =

∑
j∈K\{i}

min
s∈N(r)∩Vj

{crs}, (16a)

D̂+
r =

∑
j∈K\{i}

max
s∈N(r)∩Vj

{crs}. (16b)

Proof. We defer the proof to Electronic Companion EC.1.2

Thanks to the previous proposition, the layer-based values can be computed in linear time with
respect to the edges of the compatibility graph, i.e., in O(|E|). Accordingly, the computation
of the layer-based values can be performed much more efficiently than the computation of the
clique-based values.

The quality of the clique-based and the layer-based values directly influences the strength of the
lower bound obtained from the LP relaxation of the G formulation (12). Our computational
experiments (see Section 7) indicate that, for the considered test bed of real-world instances,
the layer-based values are consistently close to the clique-based values, and the lower bounds
provided by the LP relaxation are of comparable quality. Moreover, it is worth noting that if
problems (15a) and (15b) are both infeasible for a vertex r ∈ V, then the corresponding variable
xr can be set to zero. These are the vertices that lack at least one neighbor in every layer other
than the layer of vertex r. Similarly, if problems (14a) and (14b) are both infeasible, then the
corresponding variable xr can also be set to zero. These are the vertices whose neighborhood
N(r) does not contain a clique of size k−1. In addition, if all variables associated with the
vertices in at least one layer are set to zero, then the entire TSRSP instance becomes infeasible.

In the special case where the compatibility graph G is layer-wise complete, the layer-based and
clique-based values coincide. This result follows from the fact that, in a layer-wise complete
compatibility graph, for every vertex r ∈ V, any subset selecting one vertex per layer forms a
(k−1)-clique in the subgraph G[N(r)] induced by the neighborhood of vertex r. As a consequence,
the clique constraints in the problems (14a) and (14b) are redundant, and the sets X̂(r) and
X̃(r) coincide. In section EC.3 of the Electronic Companion, we provide further numerical
comparisons between the two types of values.

5 Other formulations for the TSRSP

In this section, we introduce two additional formulations for the TSRSP used for benchmarking
purposes. The first one is a MILP formulation obtained through the classical linearization
method proposed by Glover and Woolsey (1974) for the Q formulation (8), which involves a
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quadratic number of additional variables and constraints (see also Caprara (2008) and Pisinger
(2007)). We refer to this linearization as the Glover-Woolsey linearization technique throughout
the remainder of the paper. The second one is the only ILP formulation for the TSRSP available
in the literature, proposed by Samà et al. (2016).

5.1 The Glover-Woolsey linearization technique

Following Glover and Woolsey (1974), we introduce an additional set of continuous non-negative
variables, denoted by z ∈ R|E|

+ , where each variable is associated with an edge e = {r, s} ∈ E in
the compatibility graph G. Variable ze models the product of variables xr and xs.

The MILP formulation resulting from the Glover-Woolsey linearization technique of the BQP
formulation (8) for the TSRSP reads as follows:

minimize
x∈{0,1}|V|

z≥0

∑
r∈V

pr xr +
∑
e∈E

ce ze (17a)

subject to xr + xs − ze ≤ 1, e = {r, s} ∈ E, (17b)

x is a k-clique in G . (17c)

The quadratic objective function in the Q formulation (8) is replaced by the linear objective
function (17a), which is composed by the sum of two linear terms: one associated with vertex
variables and the other with edge variables. Constraints (17b) and binary variables x ensure
that if both endpoints r and s of the edge e belong to the selected clique, then variable ze = 1.
Otherwise, due to the minimization of the objective function, ze takes the value zero.

We denote by GW the MILP formulation (17), which includes the assignment and clique
constraints. The formulation with the two alternative classes of clique constraints is formally
defined as follows.

Definition 5.1. Let GWa and GWb be the MILP formulation (17) with clique constraints (10)
and (11), respectively.

It is worth noting that the Glover-Woolsey linearization technique includes additional constraints
that are not required in the GW formulation (17). These constraints are redundant in a
minimization form, as all pairing costs are nonnegative by definition (see also Furini and Traversi
(2019) for further discussion).

Our computational results (see Section 7) demonstrate that when the standard values (13)
proposed by Glover (1975) are employed, the LP relaxation of the G formulation (12) pro-
vides slightly weaker lower bounds than those obtained from the LP relaxation of the GW

formulation (17). However, this is no longer the case when the clique-based values (14) or the
layer-based values (15) are used in the G formulation (12).
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5.2 An ILP formulation from the literature

To the best of our knowledge, the only ILP formulation for the TSRSP available in the literature
is the formulation proposed by Samà et al. (2016). It employs two sets of binary variables. The
first set consists of variables x ∈ {0, 1}|V|, which are also used in the formulations introduced in
this paper. The second set consists of variables y ∈ {0, 1}|E|, with one binary variable for each
edge e = {r, s} ∈ E of the compatibility graph G. Specifically, variable ye takes the value 1 if
and only if both its endpoints are selected in the solution, and 0 otherwise.

The ILP formulation of Samà et al. (2016) for the TSRSP reads as follows:

minimize
x∈{0,1}|V|

y∈{0,1}|E|

∑
r∈V

pr xr +
∑
e∈E

ce ye (18a)

subject to
∑
r∈Vi

xr = 1, i ∈ K, (18b)

∑
e∈δ(r)

ye = (k − 1) xr, r ∈ V , (18c)

where, for each r ∈ V, δ(r) ⊆ E denotes the set of edges incident to r. The linear objective
function (18a) minimizes the cost of the k-clique selected in the compatibility graph. Con-
straints (18b) are the assignment constraints, also used by all other formulations presented in
this paper. Constraints (18c) are derived from the star inequalities (Park et al., 1996; Mehrotra,
1997; Macambira and de Souza, 2000); they ensure that each selected vertex is incident to exactly
k− 1 edges in any feasible solution. Since an edge can be included only if both its endpoints are
selected, and the assignment constraints (18b) ensure that exactly one vertex is chosen per layer,
these conditions are necessary and sufficient to construct a k-clique in the compatibility graph.

We denote by S the ILP formulation (18) which is formally defined as follows.

Definition 5.2. Let S be the ILP formulation (18).

Our computational results (see Section 7) indicate that, for the test bed of real-world instances,
the LP relaxation of the S formulation (18) may yield poor-quality lower bounds.

6 Theoretical comparison of the MILP formulations

In this section, we provide a theoretical comparison of the MILP formulations for the TSRSP
studied in this paper. The analysis focuses on the number of variables and constraints of the
formulations, and the strength of their LP relaxations. This theoretical investigation is then
complemented by the computational tests in Section 7.
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6.1 Comparison between the number of variables and constraints

Table 1 presents the main features of the MILP formulations studied in this paper. The first
column reports the name of each formulation, while the second column indicates the section
in which it is presented. For each formulation, the columns labeled “clique constraints” specify
whether the non-edge constraints (10) or the anti-neighborhood constraints (11) are used (the S

formulation does not include any clique constraints). Finally, the last three columns report the
number of binary variables, continuous variables, and constraints.

Table 1: Main features of the MILP formulations for the TSRSP problem studied in this paper.

Clique Constraints

Form. Section Constr. (10) Constr. (11) # Bin.Var. # Cont.Var. # Constr.

Ga §4
✓ |V| |V| 2|V|+ |K|+ |Ẽ|

Gb ✓ |V| |V| 3|V|+ |K|

GWa §5.1
✓ |V| |E| |E|+ |K|+ |Ẽ|

GWb ✓ |V| |E| |E|+ |K|+ |V|

S §5.2 |V|+ |E| |K|+ |V|

As far as the number of variables is concerned, all formulations use |V| binary variables associated
with the vertices of the compatibility graph. In addition, formulation GW includes |E| continuous
variables, while formulation S includes |E| binary variables, both associated with the edges.
Formulation G introduces an additional set of |V| continuous variables, also associated with the
vertices. Among the MILP formulations, formulation G has the smallest number of variables,
depending only on the number of vertices. In contrast, the other MILP formulations include a
number of variables that depend on the number of edges; hence, dense compatibility graphs
result in a larger number of variables. It is worth noting that the number of additional continuous
variables in formulation GW is O(|V|2); that is, it grows at most quadratically with the number
of vertices |V|. By contrast, the number of additional continuous variables in formulation G

grows linearly with the number of vertices.

As far as the clique constraints are concerned, formulations using the non-edge constraints (10)
include |Ẽ| additional constraints, while those based on the anti-neighborhood constraints (11)
include |V| additional constraints. Accordingly, the number of constraints in the latter case
does not depend on the density of the compatibility graph. It is worth noting that the number
of non-edge constraints (10) is O(|V|2); that is, it grows quadratically with the number of
vertices |V|, whereas the number of anti-neighborhood constraints (11) grows linearly. Therefore,
the cardinality of constraints (10) is greater than that of constraints (11), but the former may
provide a stronger polyhedral description of the feasible region (see Section 6.2). Formulation G

has 2|V| additional constraints, formulation GW has |E| additional constraints, and formulation S

includes a total of |K| + |V| constraints due to the linearization techniques. Among these,
formulation S has the smallest number of constraints.
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Finally, it is worth noting that the only formulation whose number of variables and constraints
does not depend on the number of edges in the compatibility graph is formulation Gb.

6.2 Comparison of the strength of the LP relaxations

In this section, we compare the strength of the LP relaxation of the MILP formulations studied
in this paper. For a given formulation F , let LP (F ) denote the optimal solution value of its
LP relaxation. For two formulations, F1 and F2, we write F1 → F2 to indicate that F1 strictly
dominates F2, i.e., LP (F1) ≥ LP (F2) for any given instance and there exist instances for which
LP (F1) > LP (F2). Given two formulations F1 and F2, no dominance relationship can be
established between them if there exists at least one instance for which LP (F1) > LP (F2) and
another for which LP (F2) > LP (F1). The optimal solutions and their corresponding objective
function values reported in the proofs are computed using rational arithmetic in the SCIP solver
(Achterberg, 2009), ensuring numerical exactness.

The following proposition states that the formulations using the non-edge constraints (10)
dominate the ones using the anti-neighborhood constraints (11).

Proposition 6.1. We have: GWa → GWb, Ga → Gb, Ĝa → Ĝb, and G̃a → G̃b.

Proof. We defer the proof to Electronic Companion EC.1.3.

The following proposition states that formulations GWa and GWb dominate formulations Ga

and Gb, respectively.

Proposition 6.2. We have: GWa → Ga and GWb → Gb.

Proof. We defer the proof to Electronic Companion EC.1.4.

The following proposition establishes a chain of dominance relationships among formulations
G when using different values of the coefficients L1

r and L
1
r for the vertices r ∈ V, i.e., the

clique-based values (14), the layer-based values (15) and the standard values (13) from Glover
(1975).

Proposition 6.3. We have: G̃a → Ĝa → Ga and G̃b → Ĝb → Gb.

Proof. We defer the proof to Electronic Companion EC.1.5.

The following proposition states that no dominance relationship can be established between
formulation S and any of the formulations GW and G.

Proposition 6.4. No dominance relationship can be established between formulation S and any
of the formulations GWa, GWb, Ga, and Gb.

Proof. We defer the proof to Electronic Companion EC.1.6.
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Moreover, the following proposition completes the comparison with the strengthened G formula-
tions.

Proposition 6.5. No dominance relationship can be established between formulation S and for-
mulation Ĝ, between formulation S and formulation G̃, between formulation GW and formulation
Ĝ, nor between formulation GW and formulation G̃.

Proof. We defer the proof to Electronic Companion EC.1.7.

Figure 2: Dominance relationship diagram of the formulations. An arrow from F to F ′ indicates that
formulation F strictly dominates formulation F ′. The absence of an arrow indicates that no general
dominance relationship can be established.

S

GWa

GWb Gb

Ga Ĝa G̃a

Ĝb G̃b

Figure 2 summarizes the dominance relationships proven in this section between the formulations
in terms of the strength of their LP relaxation. If no arrow is shown between two formulations
F1 and F2, then no dominance relationship can be established between them.

We underline that our computational experiments show that, on the tested instances, formulation
Ĝ (and, by extension, G̃) systematically yields stronger LP relaxations than formulation S and
GW . An example in which the LP relaxation of formulation S admits a feasible solution even
when the TSRSP instance is infeasible is provided in the Electronic Companion EC.4.

7 Computational tests

In this section, we present the results of our extensive computational tests to evaluate the
performance of the novel formulation G for the TSRSP (see Section 4) against the benchmark
formulations discussed in the previous sections—namely, the Q, GW , and S formulations (see
Sections 3 and 5). Our main objectives are threefold:

1. To evaluate the computational effectiveness of the formulations by identifying the largest
instance sizes that can be solved to optimality within a short time limit suitable for the
operational phases of RTM;

2. To empirically analyze the strength of the lower bounds provided by the LP relaxations
of the different formulations, thereby complementing the theoretical dominance results
presented in Section 6.2;

3. To empirically assess the impact on the computational performance of formulation G when
using different values for the coefficients L1

r and L
1
r associated with the vertices r ∈ V of
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the compatibility graph.

Our computational experiments are conducted on a diverse set of real-world instances derived
from the French railway network, ensuring both the practical relevance and robustness of the
analysis.

All tests are executed on an Ubuntu server equipped with an Intel(R) Xeon(R) Gold 6252N
CPU and 96 GB of RAM. The models are implemented in C++ and solved using IBM ILOG
CPLEX v12.10 with default settings, running in single-thread mode. A time limit of 300 seconds
is imposed for each instance, but our results show that the novel G formulation is capable of
solving most of the tested instances in significantly shorter times, demonstrating its practical
effectiveness even under tighter operational constraints.

To the best of our knowledge, this is the first comprehensive computational study that compares
multiple formulations for the TSRSP, with the aim of either solving instances to optimality or
establishing meaningful optimality gaps when a time limit is reached. In contrast, previous
computational works have primarily focused on heuristic approaches (see, e.g., Samà et al.
(2016)). The only exception is Pascariu et al. (2021), where some preliminary computational
results for the S formulation are reported. However, these results show that the S formulation
struggled to find optimal solutions, even under large time limits.

7.1 Real-world TSRSP instances

The instances considered in our computational study come from two key control areas of the
French railway network, where a control area is a portion of the network in which traffic is
controlled by an operator:

1. The first one is the Rouen control area, illustrated in Figure 3. The infrastructure has
a length of approximately 27 km and encompasses the region around the city of Rouen,
where both freight and passenger trains operate. The infrastructure primarily consists of
double-track line segments connecting several intermediate stations. In total, over 11,300

different routes are available, and a train traversing the entire area can choose among
roughly 400 alternative routes. A typical daily timetable includes slightly more than 180

trains.

2. The second one is the Lille control area, also shown in Figure 3. It covers the Lille Flandres
station area, a terminal station with 17 platforms used by intercity and high-speed trains.
The infrastructure has a length of approximately 12 km and can be traversed using one of
its 2,409 routes. Each train can have up to about 200 alternative routes, and a typical
daily timetable includes more than 500 trains.

Our TSRSP instances are derived from a real one-day timetable and generated through a
controlled perturbation process which simulates train delays.

For the Rouen control area, we randomly select 20% of the trains in the timetable and introduce
a random delay between 5 and 15 minutes at their entry point into the designated area. We
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Figure 3: The Rouen and Lille Flandres control areas.
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then randomly select a starting time and define a one-hour time window: all trains entering the
control area within this horizon, whether delayed or on time, are included in the instance. In
total, we consider five different perturbation scenarios, each with ten distinct starting times,
chosen during either peak hours (7:30–9:00 and 18:30–20:00) or off-peak hours. This procedure
yields 100 base TSRSP instances, evenly split between peak and off-peak periods. As these
instances feature layer-wise complete compatibility graphs, we introduce additional instances
by limiting the number of compatible route pairs. Specifically, for each instance, we randomly
remove 10% and 20% of the edges of the compatibility graph, generating two additional versions
of the instance. This results in a total of 300 instances, categorized by the edge density parameter
ε ∈ {1.0, 0.9, 0.8}. The number of trains per instance ranges from 6 to 17, reflecting various
levels of network congestion. The number of routes per instance ranges from 383 to 983, while
the number of compatible route pairs varies between approximately 39,000 and over 424,000,
depending on the number of trains and the edge density.

For completeness, detailed statistics for all Rouen instances, including the number of trains,
routes, compatible pairs of routes and edge density, are provided in section EC.2 of the Electronic
Companion.

For the Lille control area, we consider a 30-minute time window and generate five perturbation
scenarios at two different starting times—one during peak hours and one during off-peak
hours—resulting in 20 instances. These instances are characterized by very large compatibility
graphs and very high congestion levels, with 8 to 25 trains per instance and a broad range
of route alternatives. The average edge density in this set is 0.98. The Lille instances are
significantly larger and denser than those from Rouen. The number of routes per instance in
the Lille dataset ranges from 1,294 to 5,540, while the number of compatible route pairs varies
between approximately 600,000 and over 14 million, highlighting the extremely high density of
the corresponding compatibility graphs.

In all these TSRSP instances, the route and pairing costs represent potential delays in seconds.
Following the definition in Samà et al. (2016), we compute the potential delay as the nonnegative
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difference between the actual travel time of a train along a selected route and its scheduled
travel time in the timetable.

An online supplement is available at https://github.com/AnnaLivia/TSRSP/tree/main/data.
It includes all benchmark instances used in our computational experiments, their statistics and
a detailed description of the input data formats. Furthermore, it contains a source code in
Python to reproduce the computational experiments and to solve the benchmark instances with
all the formulations considered in this paper.

7.2 Results for the Rouen control area instances

For the Rouen control area instances with edge density ε = 1, whose compatibility graphs are
layer-wise complete, the clique constraints are not necessary. For this reason, we test simplified
variants of the formulations without these constraints, denoted Q, GW , G, and Ĝ. For the
instances with edge densities ε = 0.9 and ε = 0.8, where the clique constraints are required,
we test two variants of each formulation: one using the non-edge constraints (10) and the
other using the anti-neighborhood constraints (11), denoted Qa, GWa, Ga, Ĝa and Qb, GWb,
Gb, Ĝb, respectively. The tests of formulation G̃ are discussed separately in the Electronic
Companion EC.3, since computing the clique-based values (14) is very time-consuming and this
formulation performs poorly on these instances.

Formulation S does not include any clique constraints and is therefore always tested in a single
variant.

Table 2 presents the results of the tests conducted on the 300 TSRSP instances derived from
the Rouen control area. The table is divided into three side-by-side parts, each corresponding
to a set of 100 instances with a specific edge density: ε = 1, ε = 0.9, and ε = 0.8. For each
tested formulation, the corresponding row reports the minimum, average, and maximum solution
times (in seconds) across the 100 instances in the respective group (columns “CPU time (s)”).
If an instance is not solved within the time limit, the symbol “t.ℓ.” is shown to indicate that
the maximum allowed time of 300 seconds was reached. Average solution times include these
time-limited instances. The last column (“#opt”) reports the number of instances, out of 100,
that were solved to proven optimality within the time limit for each formulation. For interested
readers, additional information on computational times is provided in the online supplement
at https://github.com/AnnaLivia/TSRSP/tree/main/results. The repository includes box
plots of CPU times, box plots of optimality gaps, and performance profiles corresponding to the
experiments reported in Table 2.

The results shown in Table 2 demonstrate the superior performance of the G formulation
compared to the benchmark formulations S, Q, and GW across all TSRSP instances derived
from the Rouen control area. In particular, the improved variant Ĝ of the G formulation stands
out across all edge densities. For ε = 1, it solves all 100 instances to optimality with an average
computational time of just 2.4 seconds. For ε = 0.9 and ε = 0.8, formulations Ĝa and Ĝb also
solve all instances to optimality, with average solution times below 20 seconds—and often under
10 seconds. The excellent performance of the Ĝ formulation is primarily due to the strength of
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Table 2: Performance comparison of the different formulations for the TSRSP instances derived from
the Rouen control area for the three edge densities ε ∈ {1, 0.9, 0.8}. Time limit (t.ℓ.): 300 seconds.

ε = 1

CPU time (s)

Formulation min avg max #opt

S 1.5 251.3 t.ℓ. 19/100

Q 30.8 254.3 t.ℓ. 24/100

GW 3.8 234.8 t.ℓ. 33/100

G 0.1 43.2 t.ℓ. 92/100

Ĝ 0.1 2.4 23.4 100/100

ε = 0.9

CPU time (s)

Formulation min avg max #opt

S 1.4 269.5 t.ℓ. 12/100

Qa 1.8 248.4 t.ℓ. 26/100
Qb 2.7 251.5 t.ℓ. 27/100

GWa 2.0 227.0 t.ℓ. 38/100
GWb 3.0 225.6 t.ℓ. 39/100

Ga 0.5 121.6 t.ℓ. 76/100
Gb 0.6 112.9 t.ℓ. 83/100

Ĝa 0.3 10.0 105.9 100/100
Ĝb 0.3 8.2 54.5 100/100

ε = 0.8

CPU time (s)

Formulation min avg max #opt

S 1.7 278.4 t.ℓ. 5/100

Qa 0.4 247.8 t.ℓ. 26/100
Qb 0.7 252.8 t.ℓ. 24/100

GWa 0.6 189.9 t.ℓ. 50/100
GWb 0.7 195.3 t.ℓ. 51/100

Ga 0.2 103.6 t.ℓ. 83/100
Gb 0.4 100.6 t.ℓ. 85/100

Ĝa 0.1 15.2 143.0 100/100
Ĝb 0.2 13.9 185.2 100/100

its LP relaxation and the fact that it involves fewer variables and constraints than the other
formulations.

The basic formulation G also performs well for ε = 1, solving 92 out of 100 instances with
a significantly lower average time than the other benchmark formulations. For ε = 0.9 and
ε = 0.8, formulations Ga and Gb consistently solve more than 76 instances to optimality, with
significantly lower computational times than Qa, Qb, GWa, and GWb. However, the difference
in performance between the G and Ĝ formulations highlights the benefit of using the layer-based
values (15) in these instances. Specifically, when the G formulation is compared to its improved
variants Ĝa and Ĝb, it exhibits a noticeable increase in computational time and a smaller number
of solved instances.

Regarding the benchmark formulations, the results confirm that S, Q, and GW are significantly
less efficient than the G formulations, both in terms of computational time and number of
instances solved to optimality. In particular, formulation S struggles with all three edge densities:
for ε = 1, it solves only 19 instances to optimality, and for ε = 0.8 and ε = 0.9, it solves just 5
and 12 instances, respectively, with average solution times close to the time limit. Moreover,
formulation S fails to provide even a feasible (integer) solution for 9 instances with ε = 0.9

and 44 instances with ε = 0.8 out of 100. Formulation Q performs slightly better but remains
limited: the variants Qa and Qb never solve more than 27 instances in the denser test sets and
often exceed 240 seconds on average. Formulation GW , although slightly more competitive, also
fails to match the performance of G. For ε = 0.9, GWa and GWb solve at most 39 out of 100
instances with an average CPU time below 230 seconds; while for ε = 0.8, formulations GWa

and GWb solve at most 51 instances in an average time of 190 and 195 seconds, respectively.

The percentage optimality gap is defined as the relative difference between the best feasible
solution value and the best lower bound computed within the time limit by a given formulation.
The corresponding box plots are available in the online supplement at https://github.com/
AnnaLivia/TSRSP/tree/main/results, and provide insight into the solution quality when
optimality is not reached. Among all tested formulations, the G variants exhibit the best
behavior, producing smaller gaps on unsolved instances and solving more instances to optimality.
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Figure 4: Box plots of the linear programming gaps in percentage for instances from the Rouen control
area with ε = 0.8.

In contrast, formulations S, GW , and Q lead to more suboptimal solutions with significantly
larger gaps—often exceeding 60%—especially at higher edge densities. The performance of
the G variants degrades as edge density decreases, with Ga maintaining an advantage over Gb,
confirming the effectiveness of non-edge constraints. These results underline the robustness
of the G-based formulations both in terms of solution quality and number of instances solved
across all instance groups.

Figure 4 presents box plots of the percentage gap between the optimal solution value of the LP
relaxation of a MILP formulation and the optimal solution value of the instance (denoted as LP
gap (%)), for TSRSP instances derived from the Rouen control area. The Figure reports the
results for edge density ε = 0.8. The corresponding Figures for values ε = 1 and ε = 0.9 show
a very similar behaviour and are available at https://github.com/AnnaLivia/TSRSP/tree/

main/results. Each box shows the median, interquartile range, and outliers of the LP gaps
over the 100 tested instances.

Across all three density levels, the results clearly confirm the strength of the LP relaxation
provided by the Ĝa and Ĝb formulations, which consistently achieve the best performance.
This is particularly evident for ε = 1, where the median LP gap drops to approximately 30%.
For ε = 0.9 and ε = 0.8, the improvement remains noticeable, with an average below 40%,
although the variability increases slightly as the edge density decreases. In contrast, the other
formulations—namely S, GW , and G—exhibit significantly weaker LP relaxations, with gaps
consistently close to 100% and low dispersion. As the edge density decreases, these formulations
display a growing number of outliers, indicating that a subset of instances becomes easier to
relax under sparser conditions.

Notably, the modeling choice regarding clique constraints also affects the quality of the LP
relaxation. Formulations GWa, Ga, and Ĝa, which incorporate the non-edge constraints (10),
tend to yield smaller LP gaps than their b-type counterparts including anti-neighborhood
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constraints (11). This behavior aligns with the theoretical results established in proposition 6.1
(see Section 6.2).

7.3 Benchmarking heuristic solutions with certified optima

As shown in Section 7.2, our best-performing formulation Ĝb allows us to compute and certify
the optimal solution value for all 300 Rouen instances, with average CPU times of 2.4, 8.2, and
13.9 seconds for the three edge-density classes ε = 1.0, ε = 0.9, and ε = 0.8, respectively. These
optimal solutions allow us to assess the quality of heuristic solutions. In particular, we use these
optimal values as benchmarks for the refined ACO heuristic proposed in the literature (Pascariu
et al., 2022), whose code was provided to us by the authors through personal communication.
We evaluate how often the heuristic reaches the optimum and, when it does not, how far its
solution value is from the optimal one. We consider a time limit of 30 seconds for the heuristic,
as this is the time limit proposed in Pascariu et al. (2022). The algorithm is executed on the
same machine described at the beginning of the computational section. When the heuristic does
not reach the optimum, we evaluate the corresponding gap, computed as the difference between
the heuristic solution value and the optimal solution value, expressed as a percentage of the
optimal solution value.

For ε = 1.0, the refined ACO heuristic reaches the optimal solution value in all 100 instances.
For ε = 0.9, the heuristic reaches the optimum in 97 out of 100 instances, with the remaining
instances showing gaps between 2.28% and 7.84% (average 5.78%). The most challenging
instances for the refined ACO heuristic are those with ε = 0.8, where the approach reaches the
optimum in 88 out of 100 instances, with the remaining instances showing gaps between 0.20%
and 8.05% (average 2.75%). These results indicate that the performance of the refined ACO
heuristic is good overall, although there remains room for improvement. Notably, even with a
time budget larger than the average time needed to certify optimality, the heuristic does not
always reach the optimum. It is also worth noting that the refined ACO heuristic was designed
for the more general TRSP, where it returns a set of route assignments; only the best of these is
considered in the assessment above.

7.4 Results for the Lille control area instances

We conclude our computational analysis with the results obtained on the dataset derived from
the Lille control area. These instances involve larger and denser compatibility graphs, which
make them particularly challenging from a computational perspective. As a performance metric,
we consider the percentage optimality gap (denoted as Opt gap (%)).

Table 3 presents for all 20 Lille instances the main characteristics of each instance, namely the
number of trains (k), the number of routes (|V|), the number of compatible pairs of routes (|E|),
and the edge density (ε), and the Opt gap (%) values. When an instance is solved to optimality,
the corresponding CPU time (in seconds) is reported in parentheses. An asterisk “*” indicates
that the lower bound is equal to the trivial value (i.e., zero), while “–” denotes that no feasible
solution was found within the time limit.
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Table 3: For each instance from the Lille control area, the table reports the number of trains (k), the
number of routes in thousands (|V|), the number of compatible pairs of routes in millions (|E|), the edge
density (ε)

and the percentage optimality gap (Opt gap %) reached within the time limit. When the instance is
solved to optimality, we report the computational times in seconds (CPU time). The symbol "*"

denotes that the lower bound is equal to the trivial
bound (0), while "-" indicates that no feasible solution has been found within the time limit of 300 seconds.

Stats Opt gap % (CPU time)

Inst. k |V| |E| ε S Qa Qb GWa GWb Ga Gb Ĝa Ĝb

L1 8 1.3k 0.6M 1.00 * 85.71 * * * (219.1s) (190.1s) (3.5s) (3.9s)
L2 9 1.3k 0.6M 1.00 * * * * * 14.25 (286.3s) (9.2s) (9s)
L3 10 1.3k 0.7M 0.96 * 99.1 99.74 99.1 99.1 1.18 1.14 (12.8s) (19.9s)
L4 19 1.8k 1.3M 1.00 * 96.67 96.15 97.86 95.45 22.05 23.05 10.8 12.6
L5 19 1.8k 1.3M 1.00 * 99.81 99.71 99.71 99.96 2.08 1.85 0.6 0.68
L6 13 1.9k 1.4M 0.98 * * * * * 61.76 64.6 3.12 12.5
L7 14 2.1k 1.9M 0.99 * 83.41 84.47 85.77 83.06 41.06 39.61 31.75 27.57
L8 14 2.2k 2.1M 0.99 * * * * * 51.81 85.43 7.15 7.33
L9 19 2.3k 2.3M 0.99 - 98.94 99.18 98.99 98.6 43.02 84.03 0.4 0.56
L10 15 2.4k 2.4M 0.99 * * * * * 96.3 95.72 1.3 1.13
L11 15 2.4k 2.5M 0.99 - 97.86 97.48 97.92 96.13 4.78 87.95 3.41 2.39
L12 19 2.7k 3.2M 0.99 - 98.98 99.23 99.19 98.77 82.96 83.81 10.66 10.69
L13 18 2.8k 3.4M 0.99 - * * * * 64.49 47.25 12.32 25.5
L14 22 2.9k 3.4M 0.95 - 99.61 99.71 99.71 99.83 95.19 95.65 5.77 5.91
L15 21 3.0k 3.8M 0.94 - 84.16 99.85 * * 83.84 85.06 11.87 10.06
L16 22 3.2k 4.3M 0.94 - * * * * 98.99 99.19 2.08 2.14
L17 17 3.3k 4.8M 0.99 * * * * * * * 5.43 5.13
L18 19 3.8k 6.6M 0.99 - 99.87 99.87 99.91 99.9 99.42 99.08 7.87 7.89
L19 23 4.0k 7.1M 0.97 - * * * * 91.05 94.35 30.37 30.81
L20 25 5.5k 14.3M 0.99 - * * * * * * 6.72 9.83

#opt 0 0 0 0 0 1 2 3 3
avg * 94.9 97.5 97.6 96.8 56.1 68.0 8.9 10.2
min * 83.4 84.5 85.8 83.1 1.2 1.1 0.4 0.6
max * * * * * * * 31.8 30.8

The aggregated results confirm the superior performance of the Ĝa and Ĝb formulations, which
outperform all the benchmarks both in terms of optimality gap and number of solved instances.
Both formulations solve 3 out of 20 instances to proven optimality. Their average optimality
gaps are the lowest among all formulations: 8.9% for Ĝa and 10.2% for Ĝb. They also exhibit the
smallest maximum gaps (31.8% and 30.8%, respectively), and require minimal computational
time when optimality is reached (typically under 20 seconds). Formulations Ga and Gb solve
only one and two instances, respectively, with substantially higher average gaps of 56.1% and
68.0%. Their CPU times remain under five minutes when optimality is reached. In contrast,
all other benchmark formulations—namely S, Qa, Qb, GWa, and GWb—perform significantly
worse. None of them solve any instance to optimality, and their average gaps remain extremely
high: 94.9% for Qa, 97.5% for Qb, 97.6% for GWa, and 96.8% for GWb. Their best gaps are
always above 83%. Formulation S fails to compute any meaningful lower bound, consistently
returning the trivial value of zero. Moreover, it is the only formulation that does not find a
feasible integer solution within the time limit in 10 out of the 20 instances.
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Finally, we underline that the variability of the observed gaps cannot be explained solely by the
instance size or by the global density of the compatibility graph. While larger instances tend
to be more challenging, instances with similar values of k, V, and ε may exhibit substantially
different optimality gaps.

8 Conclusions

The TSRSP is an important problem in RTM that seeks to assign one route to each train,
minimizing the total cost while ensuring pairwise compatibility among the selected routes. In this
paper, we introduced and tested a novel MILP formulation for the TSRSP obtained by adapting
the linearization technique of Glover (1975) to a BQP formulation of the problem. By leveraging
the specific structure of the TSRSP, we further strengthened the LP relaxation of the new MILP
model. We conducted a comprehensive comparative analysis against existing formulations from
the literature, evaluating them from both theoretical and computational perspectives. Extensive
computational experiments were performed on a diverse set of benchmark instances derived
from the French railway network, including a sensitivity analysis with respect to the number
of compatible route pairs. The novel MILP formulation consistently demonstrated superior
performance, primarily due to the quality of its LP relaxation. Within a five-minute time limit,
it outperformed all other benchmark formulations, successfully solving instances with up to 1,500
routes and 1 million compatible route pairs. Moreover, for larger instances with approximately
5,000 routes and 10 million compatible pairs, the new MILP formulation achieved an average
optimality gap of 10%, confirming its effectiveness and scalability for large-scale instances.

Future research could explore extending the proposed MILP formulation to the more general Train
Routing Selection Problem, in which multiple routes are assigned to each train. Developing an
exact model for this broader setting would require a substantial generalization of the linearization
technique studied in this work—a direction that warrants further investigation. Additionally,
heuristic approaches for the general problem could be designed by repeatedly solving instances
of the TSRSP. Both exact and heuristic methods could then be integrated into larger RTM
frameworks, enhancing their effectiveness in complex real-world applications.
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Electronic Companion

EC.1 Proofs

EC.1.1 Proof of Proposition 4.3

The proof exploits the fixed cardinality of the clique to rewrite the minimization problem as an
equivalent maximization problem with transformed nonnegative weights.

Proof. By definition, for every r ∈ V, we have cr ≥ crs for every s ∈ N(r). Since all pairing
costs are nonnegative, it follows that

cr − crs ≥ 0.

Moreover, by definition, any vector x ∈ X̃(r) satisfies
∑

s∈N(r) xs = k − 1; we have:

(k − 1) cr =
∑

s∈N(r)

cr xs.

Hence, we can write:

max
x∈X̃(r)

 ∑
s∈N(r)

(cr − crs)xs

 = max
x∈X̃(r)

 ∑
s∈N(r)

(cr xs − crs xs)


= max

x∈X̃(r)

(k − 1) cr −
∑

s∈N(r)

crs xs


= (k − 1) cr + max

x∈X̃(r)

−
∑

s∈N(r)

crs xs


= (k − 1) cr − min

x∈X̃(r)

 ∑
s∈N(r)

crs xs

 ,

and, accordingly, the desired identity follows.

EC.1.2 Proof of Proposition 4.5

The proof follows directly from the layer-wise assignment constraints, which decompose the
optimization problem into independent choices over the neighboring vertices of each layer.

Proof. By construction, given a layer i ∈ K and a vertex r ∈ Vi, the objective function of
problems (15a) and (15b) can be rewritten as:∑

s∈N(r)

crsxs =
∑

j∈K\{i}

∑
s∈N(r)∩Vj

crsxs.
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Due to the assignment constraints (9), exactly one binary variable must be equal to one in each
inner sum. To minimize the objective function as in problem (15a), for each j ∈ K \ {i}, the
vertex s ∈ N(r) ∩ Vj with the smallest pairing cost crs must be selected. Hence, we have:

D̂−
r = min

x∈X̂(r)

 ∑
j∈K\{i}

∑
s∈N(r)∩Vj

crsxs

 =
∑

j∈K\{i}

min
s∈N(r)∩Vj

{crs}.

Analogously, to maximize the objective function as in Problem (15b), for each j ∈ K \ {i}, the
vertex s ∈ N(r) ∩ Vj with the largest pairing cost crs must be selected. Hence, we have:

D̂+
r = max

x∈X̂(r)

 ∑
j∈K\{i}

∑
s∈N(r)∩Vj

crsxs

 =
∑

j∈K\{i}

max
s∈N(r)∩Vj

{crs}.

EC.1.3 Proof of Proposition 6.1

The proof first shows that the anti-neighborhood constraints are surrogate constraints obtained
from the non-edge constraints. Strict dominance is then established by comparing the LP
relaxation values on suitable instances.

Proof. The anti-neighborhood constraints (11) can be obtained by summing, for each vertex
r ∈ V, the non-edge constraints (10) over all vertices s ∈ Ñ(r). In this sense, the former
represent a surrogate relaxation of the latter. Therefore, the formulations using the non-edge
constraints (10) dominate those using the anti-neighborhood constraints (11).

Consider now the TSRSP instance depicted in Figure 1. Interested readers can find the
complete instance files and logs in the online repository accompanying this paper, available
at https://github.com/AnnaLivia/TSRSP/tree/main/data/example1. The optimal solution
values of the LP relaxations of formulations Ga and Gb are 4563

556 and 2223
271 , respectively. Therefore,

for this instance, we have LP (Ga) > LP (Gb). Examples proving the other strict dominance
relationships can be found among the instances tested in the computational section of this
manuscript.

EC.1.4 Proof of Proposition 6.2

The scheme of the proof is first to show that any feasible solution of the LP relaxation of GWa

can be mapped into a feasible solution for the LP relaxation of Ga with the same objective
value. Then, exhibit an instance for which LP (GWa) > LP (Ga). The same reasoning holds for
formulations GWb and Gb.

Proof. Let (x, z) ∈ R|V|+|E|
+ be a feasible solution to the LP relaxation of GWa. For every r ∈ V,

2
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we define:
wr =

∑
s∈N(r)

crs zrs.

By definition, (x,w) ∈ R2|V|
+ satisfies constraints (12d). Moreover, always by definition, for

every e = {r, s} ∈ E we have ze ≥ 0 and, for every r ∈ V we have D−
r = 0. It follows that (x,w)

satisfies constraints (12b). It also follows that wr ≥ 0 for every r ∈ V.

Finally, for every r ∈ V, we have:

wr =
∑

s∈N(r)

crs zrs

≥
∑

s∈N(r)

crs (xr + xs − 1) ( by constraints (17b) )

=
∑

s∈N(r)

crs xs − (1− xr)
∑

s∈N(r)

crs︸ ︷︷ ︸
=D+

r (13b)

.

Hence, (x,w) is a feasible solution for the LP relaxation of Ga and yields the same objective
function value, since:

∑
r∈V

pr xr +
∑
e∈E

ce ze =
∑
r∈V

pr xr +
1

2

∑
r∈V

∑
s∈N(r)

crs zrs =
∑
r∈V

pr xr +
1

2

∑
r∈V

wr.

Consider now the TSRSP instance depicted in Figure 1. An optimal solution to the LP relaxation
of GWa is given by x1 = x2 = x4 = x5 = x8 = x9 =

1
2 , x3 = x6 = x7 = 0, and ze = 0 for every

e ∈ E. The corresponding optimal objective value is 17
2 .

In contrast, an optimal solution to the LP relaxation of Ga is given by x1 = 721
1668 , x2 = 943

1668 ,
x3 = 1

417 , x4 = 725
1668 , x5 = 293

556 , x6 = 16
417 , x7 = 0, x8 = 339

556 , x9 = 217
556 , and wr = 0 for every r ∈ V.

The corresponding objective value is 4563
556 .

Hence, for this instance, we have LP (GWa) > LP (Ga).

EC.1.5 Proof of Proposition 6.3

The proof first compares the standard, layer-based, and clique-based values to establish the
dominance chain. Strict dominance is then shown by exhibiting instances for which the
corresponding LP relaxation values differ.

Proof. For each i ∈ K and r ∈ Vi, by definition of D̂−
r (15a) and D̂+

r (15b) and since, by definition,

3



the pairing costs are nonnegative, we have:

D̂−
r =

∑
j∈K\{i}

min
s∈N(r)∩Vj

{crs} ≥ 0 = D−
r ,

D̂+
r =

∑
j∈K\{i}

max
s∈N(r)∩Vj

{crs} ≤
∑

s∈N(r)

crs = D+
r .

Moreover, always by definition, we have X̃(r) ⊆ X̂(r), which leads to the following relations
between the clique-based values, layer-based values, and standard values:

D−
r ≤ D̂−

r ≤ D̃−
r and D+

r ≥ D̂+
r ≥ D̃+

r .

Strict dominance of Ĝa over Ga is demonstrated by the TSRSP instance depicted in Figure 1.
The optimal solution values of the LP relaxations of formulations Ga and Ĝa are 4563

556 and 16,
respectively. Therefore, we have LP (Ĝa) > LP (Ga). Furthermore, the strict dominance of G̃a

over Ĝa is shown by the example discussed at the end of this section, where the LP relaxation
of Ĝa admits a feasible solution, while that of G̃a is infeasible.

EC.1.6 Proof of Proposition 6.4

The proof uses two counterexamples: one showing that formulation S does not dominate
formulations GWa, GWb, Ga, and Gb, and one showing that none of these formulations dominates
S.

Proof. Consider the TSRSP instance with four trains (k = 4), each having two routes. The
layers are defined as V1 = {1, 2},V2 = {3, 4},V3 = {5, 6},V4 = {7, 8}. The compatibility graph
is layer-wise complete. The route costs are p1 = p3 = p5 = p7 = p8 = 0 and p2 = p4 = p6 = 10.

Moreover, c13 = c15 = c17 = c35 = c37 = c57 = 100, while all the remaining pairing costs are
equal to zero. For brevity, we omit the corresponding compatibility graph, since it is layer-wise
complete and completely characterized by the route and pairing costs reported above. Interested
readers can find the complete instance files and logs in the online repository accompanying this
paper, available at https://github.com/AnnaLivia/TSRSP/tree/main/data/example2.

For this instance, we have LP (S) = 10, LP (GWa) = LP (GWb) = 15, and LP (Ga) = LP (Gb) =

12. Therefore, formulation S does not dominate any of the formulations GWa, GWb, Ga, and
Gb.

Moreover, for the TSRSP instance depicted in Figure 1, we have LP (S) = 25
2 , LP (GWa) =

LP (GWb) =
17
2 , LP (Ga) =

4563
556 , LP (Gb) =

2223
271 . Therefore, none of the formulations GWa,

GWb, Ga, and Gb dominates formulation S.

It follows that no dominance relationship can be established between formulation S and any of
the formulations GWa, GWb, Ga, and Gb.
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EC.1.7 Proof of Proposition 6.5

The proof again uses two counterexamples: the first shows that the strengthened G formulations
do not dominate formulations S and GW , while the second shows that formulations S and GW

do not dominate the strengthened G formulations.

Proof. Consider the TSRSP instance depicted in Figure 5, involving three trains (k = 3),
each with two routes. The layers are defined as V1 = {1, 2}, V2 = {3, 4}, and V3 = {5, 6}.
The route costs are p1 = p5 = 20, p2 = 5, and p3 = p4 = p6 = 1. The sets of compatible
route pairs are E12 = {{1, 3}, {1, 4}, {2, 3}, {2, 4}}, E13 = {{1, 5}, {1, 6}, {2, 5}, {2, 6}}, and
E23 = {{3, 5}, {3, 6}, {4, 6}}. The corresponding pairing costs are c13 = c16 = 20, c14 =

5, c15 = c23 = c24 = c26 = 2, c25 = c35 = 1, c36 = c46 = 10. Interested readers can find the
complete instance files and logs in the online repository accompanying this paper, available at
https://github.com/AnnaLivia/TSRSP/tree/main/data/example3.

For this instance, we have that LP (S) = 21, LP (GWa) = LP (GWb) = 20, and LP (Ĝa) =

LP (Ĝb) = LP (G̃a) = LP (G̃b) = 18. Therefore, neither formulation Ĝ nor G̃ dominates
formulations S or GW .

Moreover, for the TSRSP instance depicted in Figure 1, we have LP (Ĝa) = LP (Ĝb) = LP (G̃a) =

LP (G̃b) = 16, LP (S) = 25
2 , and LP (GWa) = LP (GWb) =

17
2 . Therefore, neither formulation S

nor GW dominates either formulation Ĝ or G̃.

It follows that no dominance relationship can be established between formulations S and Ĝ,
between formulations S and G̃, between formulations GW and Ĝ, nor between formulations
GW and G̃.

Figure 5: A TSRSP instance. Vertex labels indicate route indices, red values indicate route costs, and
blue values indicate pairing costs
.
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EC.2 Statistics of the Rouen instance

Table 4 presents the main characteristics of the Rouen instances, grouped by edge density (ε)
and number of trains (k). For each group, the table reports the number of instances (#Inst),
together with the minimum, average, and maximum number of routes (|V|) and compatible
route pairs (|E|). Since all Rouen instances were solved to proven optimality, the table also
reports the minimum and maximum optimal objective values (Obj) within each group.

Overall, the Rouen instances include between 6 and 17 trains. Across all density levels, the
number of routes ranges from 383 to 983, while the number of compatible route pairs ranges
from 39,403, for the sparsest instances with ε = 0.8, to 424,979, for the densest instances with
ε = 1. As expected, decreasing the edge density reduces the number of compatible route pairs
in each group: for example, in the group with k = 17, the number of compatible pairs decreases
from 424,979 for ε = 1 to 382,481 for ε = 0.9 and 339,983 for ε = 0.8. The optimal objective
values also vary substantially across the testbed, from a minimum of 10 to a maximum of 1,805.

EC.3 Numerical comparison between using clique-based and
layer-based values

We first analyze the TSRSP instance presented in Section 2.3. Table 5 reports the standard
values (13) from Glover (1975), the layer-based values (15), and the clique-based values (14)
for all vertices of the compatibility graph. All D−

r values are zero, while D+
r ∈ [0, 35] with an

average of 166
9 . For the layer-based and clique-based values, we have D̂−

r , D̃
−
r ∈ [4, 13], with

averages 71
9 and 8, respectively; and D̂+

r , D̃
+
r ∈ [4, 17], with averages 113

9 and 110
9 , respectively. In

this example, they differ only at vertices 5 and 8, highlighted in bold in table 5, since the optimal
solutions of problems (15a) and (15b) do not form 2-cliques for these two vertices. Overall, the
table shows that the layer-based and clique-based values are very close for this TSRSP instance.

The optimal solution value for the TSRSP instance shown in Figure 1 is 16. The optimal solution
values of the LP relaxations for the Ga and Gb formulations are 4563

556 and 2223
271 , respectively (com-

puted in rational arithmetic using SCIP), whereas those for the Ĝa, Ĝb, G̃a, and G̃b formulations
are all equal to 16. Accordingly, the LP relaxation gap for Ga and Gb is approximately 48.7%,
while it drops to 0% for the other formulations. This result clearly indicates the improvement
in relaxation quality achieved by incorporating the layer-based and clique-based values in this
TSRSP instance.

To conclude our analysis, we evaluate the efficiency of using the clique-based values (14) in
place of the layer-based values (15). Since computing the clique-based values can be extremely
time-consuming, we restrict the comparison to a subset of 10 Rouen instances with edge density
ε = 0.8. These instances were selected because they feature the smallest compatibility graphs
and, for each of them, the optimal value of the LP relaxation of formulations Ĝa and Ĝb remains
strictly below the optimal solution value.

For each instance, the clique-based values used in formulations G̃a and G̃b were computed using
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Table 4: Main characteristics of the Rouen instances. For each value of the edge density (ε) and number
of trains (k), the table reports the number of instances (#Inst), the minimum, average, and maximum
number of routes (|V|), the minimum, average, and maximum number of compatible route pairs (|E|),
and the minimum and maximum optimal objective values (Obj).

|V| |E| Obj

ε = 1 k # Inst min avg max min avg max min max

6 2 421 421 421 60,636 60,636 60,636 10 369
8 6 615 718 738 151,719 208,770 220,180 17 352
9 8 555 708 742 73,854 197,481 223,132 25 627

10 16 542 712 838 75,519 211,136 294,364 27 635
11 14 712 827 889 214,202 293,424 335,782 32 1,447
12 10 383 765 919 49,254 260,749 371,543 27 572
13 13 474 849 906 84,107 317,928 361,739 34 1,734
14 14 478 826 964 86,003 298,132 405,178 40 895
15 10 775 843 920 251,635 304,836 367,818 50 333
16 6 827 896 958 291,240 348,747 401,029 117 540
17 1 983 983 983 424,979 424,979 424,979 110 110

ε = 0.9

6 2 421 421 421 54,572 54,572 54,572 10 383
8 6 615 718 738 136,547 187,893 198,162 17 354
9 8 555 708 742 66,468 177,732 200,818 25 631

10 16 542 712 838 69,477 190,117 264,927 29 833
11 14 712 827 889 192,781 264,081 302,203 35 1,447
12 10 383 765 919 44,328 234,673 334,388 43 572
13 13 474 849 906 75,696 286,135 325,565 130 1,802
14 14 478 826 964 77,402 268,318 364,660 46 917
15 10 775 843 920 226,471 274,352 331,036 60 390
16 6 827 896 958 262,116 313,872 360,926 125 552
17 1 983 983 983 382,481 382,481 382,481 116 116

ε = 0.8

6 2 421 421 421 48,508 48,508 48,508 10 418
8 6 615 718 738 121,375 167,016 176,144 17 355
9 8 555 708 742 59,083 157,984 178,505 25 711

10 16 542 712 838 61,925 169,003 235,491 29 685
11 14 712 827 889 171,361 234,739 268,625 32 1,498
12 10 383 765 919 39,403 208,599 297,234 77 576
13 13 474 849 906 67,285 254,342 289,391 219 1,805
14 14 478 826 964 68,802 238,975 324,142 69 1,002
15 10 775 843 920 201,308 244,554 294,254 107 679
16 6 827 896 958 232,992 278,998 320,823 272 777
17 1 983 983 983 339,983 339,983 339,983 249 249
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Table 5: Comparison between the clique-based values, the layer-based values, and the standard values
from Glover (1975) for all the vertices of the compatibility graph of the TSRSP instance shown in
Figure 1.

Vertex r
standard values Glover (1975) layer-based values clique-based values

D−
r (13a) D+

r (13b) D̂−
r (15a) D̂+

r (15b) D̃−
r (14a) D̃+

r (14b)

1 0 16 10 15 10 15
2 0 17 5 12 5 12
3 0 20 13 15 13 15
4 0 4 4 4 4 4
5 0 20 7 13 7 10
6 0 24 8 16 8 16
7 0 8 8 8 8 8
8 0 22 5 13 6 13
9 0 35 11 17 11 17

the state-of-the-art combinatorial branch-and-bound algorithm by San Segundo et al. (2019)
to solve problems (14). Table 6 reports in the first six columns the instance characteristics:
the instance label, number of layers |K|, number of vertices |V|, number of edges |E| in the
compatibility graph, optimal solution value (column Obj ), and overall number of improvements
identified when computing the clique-based values D̂+

r and D̂−
r for the vertices of the graph.

Column “Time” reports the total time (in seconds) required to compute these bounds for all
vertices in the instance. The next three columns report the LP relaxation values obtained using
Ĝa and G̃a and the relative improvement in percentage (column % ↑). Finally, the last two
columns show the number of branch-and-bound nodes explored when solving each formulation
to optimality.

The results reveal that while the use of clique-based values (14) can strengthen the LP relax-
ation—as seen, for instance, in R11 with a 28.14% improvement—these gains are generally
modest. In several cases (e.g., R1, R4, R5, R7, R8, R9, R13), the LP values of Ĝa and G̃a are
either identical or differ by less than 3%, despite substantial computation times for generating
clique-based bounds (up to 2,541 seconds in R13). Moreover, the number of branch-and-bound
nodes remains almost unchanged between the two formulations. For some instances, including
R1, R4, R11, and R15, the number of explored nodes is identical. In a few cases, such as R7,
R9 and R13, there is a slight reduction in node count when using G̃a, suggesting that tighter
LP relaxations may help reduce the search space. However, these reductions are not significant
enough to justify the computational overhead in most instances.

EC.4 Comparison of the LP relaxations for infeasible instances

The following example shows that the LP relaxation of the MILP formulations considered in this
manuscript may admit feasible solutions even when the TSRSP instance is infeasible. Consider
the TSRSP instance depicted in Figure 6, involving three trains (k = 3), each with two routes.
The layers are defined as V1 = {1, 2}, V2 = {3, 4}, and V3 = {5, 6}. The sets of compatible route
pairs are E12 = {{1, 3}, {2, 4}}, E13 = {{1, 6}, {2, 5}}, and E23 = {{3, 5}, {4, 6}}, and all route
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Table 6: Comparative analysis of computational results between formulation Ĝa and G̃a on a subset of
the Rouen control area instances with ε = 0.8.

B&B nodes

Inst. |K| |V| |E| Obj ↓ D̂+
r ↑ D̂−

r Time LP (Ĝa) LP (G̃a) % ↑ Ĝa G̃a

R1 6 421 48,508 418 1 0.00 26 255.46 255.46 0.00 2,528 2,528
R4 9 555 59,083 438 51 2 4 437.14 437.51 0.08 0 0
R5 9 701 156,133 202 89 37 1,058 198.50 200.00 0.76 0 3
R7 10 542 98,658 233 117 21 802 191.86 191.86 0.00 43 35
R8 10 542 98,658 505 115 38 855 384.08 384.48 0.10 1,025 1,099
R9 10 542 98,658 666 175 150 834 506.44 513.94 1.48 1,163 1,151
R11 12 383 39,403 365 136 42 13 242.50 310.75 28.14 0 0
R12 12 644 130,042 523 247 117 1,805 296.45 333.05 12.35 499 349
R13 12 673 149,900 152 142 94 2,541 94.39 97.14 2.91 99 110
R15 14 478 68,802 206 93 65 62 176.30 185.25 5.00 0 0

and pairing costs are equal to one. Since the compatibility graph does not contain any 3-clique,
the instance is infeasible. Nevertheless, the LP relaxations of formulations S, GWa, GWb, Ga,
Gb, as well as Ĝa and Ĝb, admit feasible solutions. For all these formulations, a feasible solution
can be obtained by setting all variables equal to 1

2 . In contrast, the LP relaxations of G̃a

and G̃b correctly identify the infeasibility and do not admit any feasible solution. For every
vertex r ∈ V, the set X̃(r) used in problems (14a) and (14b) is empty, as no 2-clique can be
formed in the compatibility graph induced by any vertex r. As shown in the remainder of this
section, computing the clique-based values can be computationally prohibitive for large instances.
Therefore, the trade-off between infeasibility detection and computational cost must be carefully
considered when tackling large-scale TSRSP problems.

Figure 6: An infeasible TSRSP instance with three trains, each having two available routes. The
half-colored vertices represent a feasible solution to the LP relaxation of the formulations S, Ga, Gb, Ĝa,
Ĝb, GWa, and GWb. In contrast, the LP relaxation of the formulations G̃a and G̃b is infeasible for this
instance.
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