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Series of functions and
Taylor series
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Introduction: Series of functions and Taylor series

» |n this section we move from numerical series to series of
functions, that is, series whose terms depend on a variable x

» We focus on Taylor series: they extend to infinity the Taylor
polynomial we already know

» We will understand when a function coincides with the sum of
its Taylor series: this allows us to compute functions such as
€, sin x, cos x to any desired accuracy
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Series of functions

» Series of functions are numerical series depending on a
parameter x: when these series converge for every value x
belonging to a certain interval, they represent functions of a
new kind

» There are two important classes of series of functions, namely
trigonometric series and power series. We will only deal with
power series, also called Taylor series, which can be seen as
a natural extension of Taylor expansions.
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Taylor's formula with Lagrange remainder

» Taylor's expansion/formula with Lagrange remainder can be
rewritten in the form:

D F(R) (x
fo) =3 00 (k4 B (1)

k!
k=0
where the Lagrange approximation error is

Fir ()

B0 =

(x = x0)"* (2)

and c is a suitable point between xg and x.
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Letting n grow without bound, the sum in Taylor's formula
becomes a series: the Taylor series.
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Taylor series

Definition 1: Taylor series

If a function f has derivatives of every order, the series

s f(k)(XO)

p (x — Xo)k

k=0

is called the Taylor series of the function f centered at xg.
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Convergence of the Taylor series

At a given point x € (a, b), if the error
En(x) =0 as n— +oo

then the Taylor series is convergent and its sum equals f(x). This
is equivalent to saying that the n-th partial sum of the series has a
finite limit and this limit is precisely 7(x). In formulas:

" flk)
Thoxo (X) = E k(IXO) (x — Xo)k — f(x) as n— 400
aylor polynomial

Author: Fabio Furini Mathematical Analysis 1 9 /38 % S\N)HA\](/A\


https://fabiofurini.github.io/
https://fabiofurini.github.io/mathematical-analysis-1/

Functions expandable in Taylor series

Definition 2: function expandable in Taylor series on an

interval

Given a function f : D — R with derivatives of every order, if
En(x) >0 as n— +oo, ¥xelCD

we say that f(x) is expandable in Taylor series on the interval
l.
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Functions expandable in Taylor series

» There are (infinitely differentiable) functions that are
expandable in Taylor series on the whole real line, others that
are expandable only on a bounded interval, and others for
which the interval reduces to a single point (the point xp).

» We now deal with the three elementary transcendental
functions:

f(x)=¢€~, f(x)=sinx and f(x)=cosx

which we will show to be expandable in Taylor series on the
whole of R. They are three transcendental (not algebraic)
functions.
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Algebraic and transcendental functions

» Real functions of a real variable are classified into algebraic
functions and transcendental functions.

> Algebraic functions are built through a finite number of
applications of the four arithmetic operations, of raising to a
power and of extracting the n-th root.

» Transcendental functions are all the functions that are not
algebraic.

Author: Fabio Furini Mathematical Analysis 1 12 / 38 % S\N’”\W\


https://fabiofurini.github.io/
https://fabiofurini.github.io/mathematical-analysis-1/

Summary

Series of functions:

» Numerical series depending on a parameter x; we study power
series (Taylor series)

Taylor series:

DI k(|><o (x — xo)k, for f with derivatives of every order

» It converges to f(x) if and only if the Lagrange error
En(x) = 0as n— +oo

» f is expandable on / if E,(x) — 0 for every x € /
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The Taylor series of the
exponential function
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Introduction: The Taylor series of the exponential function

» In this section we prove that e* is the sum of its Taylor series
for every x € R

» The key idea is to show that the Lagrange remainder tends to
zero, using the hierarchy of infinities

> As a consequence we obtain a new formula for the number
e, much more efficient for computing its approximate value
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Example (1/2)

Maclaurin formula/expansion of order n of the exponential with
Lagrange remainder:

Cc

e = Tp(x) + ——— x"H

(n+1)!
x> X3 x" ec
=1 TS RS NI AN S
L R TR AR (o DTl

with ¢ € [0, x]
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Example (2/2)
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Taylor series of the exponential function

Observation 1: Taylor series of the exponential function

Vx € R, exzi
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Proof (1/2)

From the Maclaurin expansion of order n of €* with Lagrange
remainder, we have that for every integer n and x € R there exists
a point ¢, lying between 0 and x, such that:
no ok
e = x + 76(: XMt
2kl " (n+ 1)

We fix x and let n tend to +0o. The point ¢ may vary with n but,
since it always lies between 0 and x, we have:

c e if x>0
e" <
1 if x<0

and €® = 1, hence e€ stays bounded.

Author: Fabio Furini Mathematical Analysis 1 19 / 38 % S\‘/\‘"’”\\j/j\


https://fabiofurini.github.io/
https://fabiofurini.github.io/mathematical-analysis-1/

Proof (2/2)

From the hierarchy of infinities theorem we have:
Xn+1

——— =0 as n— +oo
(n+1)!

hence the error tends to zero, that is:
Xn+1

(n+1)!

since it is the product of an infinitesimal sequence and a bounded
one.

e =0 as n— +0

We have therefore proved that the function €* can be written as
the sum of a power series, its Taylor series, convergent for every
x € R. O
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A new formula for the number e

Observation 2
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Proof

It suffices to set x equal to 1 in the Taylor series of the exponential

function:
_ .1 _ — il
e=¢e = Z kI Z k!
k=0 =0
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Two methods to approximate e (1/4)

» We have derived a second definition of Euler's number e
(Napier's constant); the first one was:

1 k
= lim (1+-= 4
€ kalrroo< +k> ( )
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Two methods to approximate e (2/4)

» Consequently, we have two methods for computing an
approximation of the value of e:

1. The first method is based on formula (4), and by fixing k = n
we obtain the approximation:

1 n
e%(l-ﬁ-)
n

2. The second method is based on formula (3), and by computing
the n-th partial sum we obtain the approximation:

1
ezzH
k=0
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Two methods to approximate e (3/4)

(1+3)

koo

2.0000000000. . .
2.2500000000. . .
2.3703703704 ...
2.4414062500. ..
2.4883200000. . .

2.0000000000. ..
2.5000000000. . .
2.66666666606 . . .
2.7083333333...
2.71666666606 . . .

2.7182818284 . ..
2.7182818284 . ..
2.7182818284 . ..
2.7182818284 . ..
2.7182818284 . ..
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Two methods to approximate e (4/4)

(B ——————— T

\ 1 10 20 30 40 50
n %

» The second method is therefore much more efficient at
approximating the value of e
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Summary

Exponential series:
. _ oo xk
> VxeR: =32 0%

. n+1
x"1 5 0: e is bounded and X~ — 0

» The remainder (n+1)!

(n—ei-l)!
(hierarchy of infinities)

The number e:
> e =204 (setting x = 1)

» The partial sums Y }_, % approximate e much faster than
(1+3)"
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The Taylor series of the
elementary trigonometric
functions
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Introduction: The Taylor series of the elementary
trigonometric functions

> In this section we apply the same reasoning to sin x and cos x

» We start from the Maclaurin expansions with Lagrange
remainder and observe graphically how the Taylor polynomials
approximate the two functions better and better

» We thus obtain the Taylor series of sine and cosine, valid on
the whole of R
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Example (1/4)

Maclaurin formula/expansion of odd order of the sine with
Lagrange remainder:

sin(? k+2)(c) 2 k42

sinx = T pr1(x) + ki)l b%s
X3 X5 X2k+1
xS
ST T A Yy

+ m x? k+2 with ¢ € [O,X]
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Example (2/4)
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Example (3/4)

Maclaurin formula/expansion of even order of the cosine with
Lagrange remainder:

cos(? k+1)(C) 2 k+1

cosx = b+ Ty X
2 b o X2k

S S |
TR S Yo T

cos(? k+1)(C)

GkrD) x2 k1 with ¢ € [0, X]
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Example (4/4)
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Taylor series of sine and cosine

Observation 3: Taylor series of the elementary trigono-

metric functions

v ] co . X2 k+1
X € ]R, SIn X = kz_;)(—].) m

ce . X2k

Vx e R, cosx = kz_;)(—l) L
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Proof

The derivatives of sin x and cos x are £ sin x or & cos x, hence for
every c:

‘sin(2 k+2)(c)‘ <1, )cos(2 ()| <1

For fixed x, the Lagrange errors satisfy:

- (2 k+2) 2 k42
sin (c) 52 k2 |x| 0
(2 k+2)! ~(2k+2)!
(2 k+1) 2 k41
cos (c) K2 kL < |x| 50
(2 k+1)! ~(2k+1)!

as k — +o00, by the hierarchy of infinities theorem. Hence the
series converge to sin x and cos x for every x € R. ]
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Summary

Elementary trigonometric series:

> sinx = 5 o(~1)¥ oy and cosx = Y5 o~ 1)k gy for
every x € R

» The sine contains only odd powers, the cosine only even powers

» Taylor polynomials of increasing degree approximate the
functions on wider and wider intervals
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Final summary (1/2)

Taylor series:

. . (k)
» The Taylor series of f centered at xp is Y, f k(!x")(x — x0)k

» |t converges to f(x) when the Lagrange error E,(x) — 0

» A function may be expandable on the whole of R, on a
bounded interval, or only at xq

Elementary transcendental functions:

> &%, sinx, cosx are expandable in Taylor series on the whole of
R
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Final summary (2/2)

Formulas to remember:

o= xk 1
=20 et
k=0 k=0
o0 2 k+1 o0 2k
— k X o Kk X
sinx = E (-1) CTEEE cos x = g (-1) el
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