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Introduction: comparison of infinities for functions

» In this section we compare the speed at which three families of
functions tend to +oo: logarithms, powers and exponentials

» The result is a true hierarchy: logarithms < powers <
exponentials

» With a change of variable we will obtain many useful limits
also as x — 07 and as x — —o0, which allow us to solve
indeterminate forms of the type 0 - oo and %2

Author: Fabio Furini Mathematical Analysis 1 4 /29 % S\N)HA\](/A\


https://fabiofurini.github.io/
https://fabiofurini.github.io/mathematical-analysis-1/

Comparison of infinities

Theorem 1: Comparison of infinities

Given a, B,\ >0, a,b > 1, we have

lim =0 and lim — =0

Proof: the theorem will be proved with the tools of differential
calculus.
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Hierarchy of infinities

» Any power with positive exponent is an infinity of higher order
than any power of logarithms with base > 1, and

» Any exponential with base > 1 is an infinity of higher order
than any power with positive exponent.
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Comparison of infinities with a function 7(x)

If a function n(x) — +00 as x — ¢ € R*, we have, from the
comparison of infinities theorem:

<|0ga (W(X)))B ( (X))a
lim /0 and  lim )
X—C (n(x)) x—c  pAn(x)

with o, B,A >0, a,b> 1
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Example
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since, with 7(x) = %, we have (x) — +o00 as x — 0.
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With the change of variable t = £ we now turn limits as
X — 400 into limits as t — 07 in this way we obtain a series
of consequences of the theorem.
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Powers and logarithms at 0™

Observation 1

lim x* log?x =0
x—0F

(a>0,/3=%, n,m €N, n odd, a>1)
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Proof

Given a, 8 > 0,a > 1 we have:

log? log? 1\° 1\’
lim 82X _g and  BaX _ <> <— log, <>>
x—+oo  Xx¢ X« X X

Setting t = % X — 400 is equivalent to t — 07, and substituting
we have:

. |0g§X B0 (o B

lim =(-1)" lim t* logit=0

t—0+

x—+oo X%
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Example (1/2)

lim x1/2 logx =0~
x—0+t

sincewehavea:%>O,B:1>Oanda:e>1.
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Example (2/2)
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Powers and logarithms with a function ¢(x)

If a function £(x) tends to 0" as x — ¢ € R*, it follows from the
previous remark that:

lim ((x))” ( log, (5(x)))ﬁ =0

X—C

<a>O,B:%, nmeN, n odd, a>1>

Author: Fabio Furini Mathematical Analysis 1 15 / 29 % §(\ AP


https://fabiofurini.github.io/
https://fabiofurini.github.io/mathematical-analysis-1/

Example

lim —cosx log (cosx) = 0%

™
x—=5

since, with £(x) = cosx, we have g(x) — 0" as x — 5~ and
a=p8=1

—cosx log (cosx) —
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Limits of the reciprocals

From the comparison of infinities theorem it follows that:
a b)\x

. X .
Im ——s— = +o00 and lim — =+
X——+00 |ogg X x—+oo X%

with  «,8,A >0, a,b>1
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Powers and exponentials at 0" (1/2)

Observation 2

lim x* bM* =400 (a,A>0, b>1)

x—0t

Author: Fabio Furini Mathematical Analysis 1


https://fabiofurini.github.io/
https://fabiofurini.github.io/mathematical-analysis-1/

Proof

Given a, A > 0, b > 1, we have:

b)\x
im — =400
x—+oo0 X%

Setting t = % X — 400 is equivalent to t — 0T, and substituting
we have:
. b : 1\ :
lim — = lim () P> = lim t* Mt = 400
x—+oo x% x—400 \ X t—0+
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Example

. 1
lim x ex = 400
x—07t

sincewe havea=\A=1land b=e>1
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Powers and exponentials at 0 (2/2)

Observation 3

lim x*bM*=0  (a,A>0, b>1)

x—071
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Proof

Given a, A > 0,b > 1 we have:

XO[
[im — =0
xX—+00 b)\x
Setting t = % X — 400 is equivalent to t — 07, and substituting
we have:
x& 1\™% 1
lim = lim (=] ——=Ilmt*pM=0
x—s4oo hAX X——400 <X> bA x t—0+
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Example

lim x 32 1/x =0
x—0t

since we havea:%,)\zland b=e>1.
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Finally, with the change of variable t = —x we turn limits as
X — 400 into limits as t — —o0.
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Powers and exponentials at —o0

Observation 4

lim x* b** =0
X——00

(a:%>0, nmeN, n odd,m#0, A>0, b>1)
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Proof

Given a,, A > 0,b > 1 we have:

XC!
lim =0
X—+00 b)\x
Setting t = —x, x — 400 is equivalent to t — —o0, and
substituting we have:
Xa (_t)a
lim —— = lim =(=1)% lim t*p 't =0
x——+00 b/\X t——o0 b*/\t ( ) t——o0
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Example

lim x?e& =0
X—r—00

since we have a =2, A=1and b=¢e > 1.

f(x)
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Summary (1/2)

Hierarchy of infinities (as x — +oo, with o, 3, A >0, a,b > 1):

> Iog’fx < x* < b logarithms grow more slowly than
powers, powers more slowly than exponentials

» The same limits hold replacing x with a function n(x) — 400

» The reciprocals tend to +o0

Powers and logarithms at 07:
> x%log? x — 0 as x — 07 (also with (x) — 0% in place of x)
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Summary (2/2)

Powers and exponentials:
> x*bMX 5 400 and x @b M* 5 0as x — 0T

> x®pM 50 as x = —00

Method:

> All these consequences are obtained from the comparison of
infinities theorem with the changes of variable t = % and
t=—Xx

» They allow us to solve indeterminate forms of the type 0 - co
and
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