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First-order asymptotic
expansions
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Introduction: First-order expansions

» In this section we approximate a differentiable function with its
tangent line (linear approximation)

» We introduce the differential and quantify the error with the
little-o symbol

» We thus arrive at the first-order asymptotic expansion, the
basis of polynomial approximations
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> A very frequent operation, both in mathematics and in its
applications, is the linear approximation of a given
differentiable function (an operation also called first-order
asymptotic expansion).

Author: Fabio Furini Mathematical Analysis 1 5/ 105 % S\{\"’”\WA


https://fabiofurini.github.io/
https://fabiofurini.github.io/mathematical-analysis-1/

» Let f:(a,b) — R be a function differentiable at a point
xo € (a, b). Consider the argument xp + dx due to the
increment/decrement dx with respect to xp. As a consequence,
the values of f undergo the increment/decrement:

Af(xp) = f(x0 + dx) — f(x0)

which, in general, for fixed xg, is not proportional to dx, i.e., it
is not linear with respect to dx. The increment/decrement
evaluated along the tangent line is:

df (xo) = f(xo0) + f'(x0) dx — f(x0) = f'(x0) dx
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f(xo + dx)
f(x0) + f'(x0) dx
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» Given a function f differentiable at a point xp in the interior of
its domain, the linear approximation consists in
approximating the increment/decrement Af(xp) of the values
of the function due to an increment/decrement of the
argument from xg to xg + dx, by replacing the function with
its tangent line at the point (xo, f(xo)).

» The idea behind linear approximation therefore consists in
estimating Af(xp) with df (xp). To obtain good
approximations, we consider increments that are very “small”
in absolute value, that is, |dx| < 1.
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Definition 1: differential of a function

Given a function f : (a,b) — R, differentiable at a point
xo € (a,b), the differential of f at the point xy is the in-
crement/decrement df (xp) of the values of the function from
Xp to xp + dx evaluated along the tangent line:

df(x0) = f'(x0) dx
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» Given two functions f and g, the rules for computing
differentials are analogous to the differentiation rules:

d(f £ g)(x0) = df(x0) £ dg(x0), d(f-g)(x0)=g(x0) df(x0) + f(x0) dg(xo)

F\ (1) = &) df(x0) — f(x0) dg(xo)
d< ) (o) g2(xo)
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Error (1/2)

» In all types of approximation it is necessary to provide
information (qualitative or quantitative) on the error made.
What is the error made in the approximation? What is the
value of Af(xp) — df(x0)?

To answer, we observe that dx is equivalent to x — xp, hence
we have:

Af(x0) = f(x0 +x — x0) — f(x0) = f(x) — f(x0) and df(x0) = f'(x0) (x — x0)
Moreover, from the definition of derivative we have:

lim M =f(x) = lim <M — f/(Xo)> =0

X—rX0 X — Xp X—rX0 X — Xp
p— J— / p—
N lim (f(x) f(x0) — f'(x0)(x xo)) _0
X—>X0 X — X0
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Error (2/2)

and from the definition of little-o we have:

f(x) — f(x0) — f'(x0) (x —x0) = o(x —x0) as x—xp (1)

—Af(x0) —df (o)

Hence the error Af(xg) — df (x0) tends to zero faster than (x — xp)
as X — Xp.
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Definition 2: first-order asymptotic expansion

Given a function f : (a,b) — R, differentiable at a point
xo € (a, b), the first-order asymptotic expansion (or linear
expansion) of f at the point xq is the following expression:

f(x) = f(x0) + f'(x0) (x — x0) + o(x —x0) as x—xo

()
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Expression (2) follows directly from (1), and in the case xp = 0 we
have:
f(x) = f(0)+ f'(0) x + o(x) as x —0 (3)
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Example (1/2)
We compute the first-order (linear) asymptotic expansion as x — 0
of:

f(x)=v1+x
We have xg = 0 and moreover:
1 1
fl(x) = ———, f(0)=
(x) 214 x 0) 2

Hence we have the following first-order (linear) asymptotic
expansion:

1
\/1—|—X:1+§x+o(x) as x—0

Moreover, the error made by the approximation is:

Viex—-1 — Ex =o(x) as x—0
SN—— 2
=Af(0)=Ff(x)—f(0) :df(E:/;(o) X
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Example (2/2)

Graphically we have:

L5p 1+%x -7
1,
> ,—"" ‘
Le*” 1+ x
Vi4+x—1-— % X
0 = ——o
-1 0 1
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Example (1/2)

We compute the first-order (linear) asymptotic expansion as x — 1

of:
f(x)=v1+4+x

We have xg = 1 and moreover:
1 1

fl(x) = ———, f(1)=—= and f(1)=+V2
=~ "W W
Hence we have the following first-order (linear) asymptotic
expansion:
1

\/1+x:\/§+ﬁ(x—1)+o(x—1) as x —1

Moreover, the error made by the approximation is:

1
Vitx—v2 — ~1
‘————:i————’ 22 (x )
=Af(1)=f(x)—f(1)

—_————
=df(1)=F"(1) (x—1)

=o(x—1) as x—1
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Example (2/2)

Graphically we have:

-
-
-
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Summary

» Differential: df(xg) = f'(xo) dx, increment along the tangent
line

» The error Af(xg) — df (x0) is o(x — xp) as x — xo

» First-order expansion:
f(x) = f(x0) + f'(x0)(x — x0) + o(x — x0) as x = xp
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Derivatives of
polynomials
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Introduction: Derivatives of polynomials

> In this section we compute the derivatives of every order of a
polynomial

» We will see that the k-th derivative at 0 is linked to the
coefficient ay: P,(,k)(O) = k! a

» This fact is the key to building Taylor polynomials
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> A polynomial of degree n can be written as:
n
Pn(X) = Z aj-x' with a; € R,
i=0

for i€{0,1,...,n}, and a,#0.

The value a; is the coefficient of the monomial of degree J,
with i € {0,1,..., n}, while x is the literal part of the
monomial, a positive integer power of x. The value ag is the
constant term of the polynomial.
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The first and second derivative functions of a polynomial of degree

n> 2 are:
Prx)=) iaix™" Pl(x)=) (i—1)-i-ax"?
i=1 i=2
P;(0) = a1 P/(0) =2 ap
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Example

Consider the following polynomial of degree 5:

Ps(x) =104+ 7x+3x>—6x>+4x*—2x°
the first derivative function is:
Pix)=1-7x"14+2.3x> 143 (=6) x> 1+ 4-4x* 145 (-2) X" 1 =746 x—18x% +16 x> — 10x*

P5(0) =7

the second derivative function is:
Pl(x)=1-2-3x2+42-3-(=6) x> 2+3-4-4x*24+4.5.(-2) x"2=6—36 x + 48 x> — 40 x°

P/(0)=2-3=6
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The k-th derivative function of a polynomial of degree n with
k €{0,1,...,n}is:

PS“(X):zn:(i—k+1)----(i—2)-(i—1)-i ai X'

i=k

=15, (i—j+1)

P{(0) = k! a
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Example
Consider the following polynomial of degree 5:

Ps(x) =104+ 7x+3x>—6x34+4x*—2x5
the third derivative function is:
PO(X)=1-2-3-(—6) x> 3+2-3-4-4x"343.4.5.(—2) x>3 = —36 + 96x — 120x°

PP(0) =31-(—6) =6-(—6) = —36
the fourth derivative function is:
PI(x)=1-2-3-4-4x"*42.3.4.5.(=2) x~* = 96 — 240x
PM(0)=41-4=24.4=06

the fifth derivative function is:

PO (x)=1-2-3-4-5.(~2) x5 = —240

P (0) = 51 (=2) = 120 - (—2) = —240
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> Given xp € R, equivalently, a polynomial of degree n can be
written as:

Pa(x) =D ai- (x = x0)’
i=0

with a; € R, for i€ {0,1,...,n}, and a,#0.

The k-th derivative function, k € {0,1,...,n}, is in this case:
PY) =3 (i —k+1) (i =2)- (i —1) i 2 (x — x0)¥
i=k

P (x0) = k! - ax
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Summary

> A polynomial of degree n: Pp(x) =7, ajx' or

Z?:o ai(x — xo)'

> P,(,k)(O) = k! ay and, in the form centered at xg,
P (x0) = k! ay
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Taylor
formula /expansion with
Peano remainder
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Introduction: Taylor with Peano remainder

> In this section we generalize linear approximation to
polynomial approximation

» We build the MacLaurin and Taylor polynomials and prove
that they approximate the function with error o((x — x0)")

» The fundamental expansions are a powerful tool for computing
limits
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» Linear approximation (or linearization) approximates a function
with its tangent line at a point (xo, f(x0)), that is, a
first-degree polynomial whose derivative equals that of the
function at the point xp and whose constant term is the value

of the function at xg.
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For simplicity, we start by reasoning with xo = 0.

PIENZA
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> With first-degree polynomials we have:
Pi(x) =ao+a1 x, Pi(x)=an,
setting ap = f(0) and a; = f'(0)
from (2) we obtain the first-order asymptotic expansion:
f(x)= a + a1 x4+ o(x)
—  ~~
=f(0) =f'(0)

and the error made by using the first-degree polynomial
instead of the function:

f(x)— ao—i:s: o(x)

AF(0) df (0)

tends to zero faster than any linear function.

> \We now want to generalize the procedure of “linear
approximation” to that of “polynomial approximation”.
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We ask: given a function, differentiable as many times as necessary,
does there exist a polynomial of degree n > 2 that, in a
neighborhood of a fixed point, approximates the function “better”
than its tangent line? We proceed in two steps.
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First step

> We identify a candidate polynomial to approximate the
function “well”, by looking for a polynomial whose derivatives
up to order n are all equal to those of the function f at the
point xp = 0. The polynomial must be of degree n in order to
have its n-th derivative equal to £("(0).
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Theorem 1: Maclaurin polynomial

Given a function f : (a,b) — R differentiable n — 1 times in
(a, b) and n times at 0 € (a, b), there exists one and only one
polynomial T, ¢ of degree < n with the property that:

Thr(0) = (0), T,¢(0)=F"(0), ..., Tﬁf’}(o) — £(n)(0)

and this polynomial, called the Maclaurin polynomial of f of
degree n, is:

" f(k)
Thr(x) = Z kI(O) xK (setting £ = f)
k=0 '
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Proof (1/2)

We prove that the Maclaurin polynomial of a function f satisfying
the hypotheses of the theorem has the same derivatives at 0 as the
function, up to order n. The k-th derivative at xg = 0 of the
Maclaurin polynomial of degree n, with k € {0,1,...,n}, is:

(k)
T®(0) = k1. 10 k|(0) = (o)

and with k=0 we have T,¢(0)=f(0)

Hence all the derivatives at 0 up to order n are equal to those of
the function f (and it has the same value as the function at 0).
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Proof (2/2)
We now prove that this polynomial is unique. Let us now consider
a generic polynomial of degree n:

n
Pn(x) = Z ai-x'
i=0
with a; € R, for i=0,1,...,n, and a, #0.
Its k-th derivative at xo = 0, with k € {0,1,...,n}, is
P (0) = k! - a2

Hence, if the polynomial has the same k-th derivative as the
function, we have:

k! a, = f*)(0) which implies ay =

that is, the coefficients of the Maclaurin polynomial. O
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The expanded form of the Maclaurin polynomial of degree n of a
function f is:

Tos() = FO) + F/(0) x-+ 5 F1(0) 2 4 5 £7(0) ...+ FD(0) x"

3l
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» When the function we refer to is clear, for convenience we
omit the subscript f of the Maclaurin polynomial and simply
write Tp(x).
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Example (1/3)

We compute the Maclaurin polynomial of degree 3 of the function
f(x) = log(1+ x)
We have f(0) = 0 and for the derivatives we have:

1 1 2
D (x) = T fDo)=1, fAx)=- , )= -1, fOx) = T f3(0) =2

Hence the Maclaurin polynomial of degree 3 of the function is:

1 1 1 1
T3(X):O+1X+§(—1)X2+62X3:X_§X2+§X3
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Example (2/3)

T3(X),"
T1(x) R
TZ X
> ~—— In(1+x) (
0
_05 L' .|
0 1
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Example (3/3)

The fourth derivative is:

6

f(4)(X) = —m7

F4(0) = —6

Generalizing to the n-th derivative, it follows that the Maclaurin
polynomial of degree n of the function is:

X X X x"
T, =X——+—=——— ... —1)" 1
n(x) = x st T +(-1) -
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Example (1/3)

We compute the Maclaurin polynomial of degree 3 of the function
f(x)=(1+x)"

We have f(0) =1 and for the derivatives we have:

fOx)=a(1+x)°7 FD0) =a, FOx)=(a-1a@+x)°2 fA0)=(a-1)a

FO(x) = (a—2)(a—Da (1+x)73, FO0) = (o — 2)(a — 1o

Hence the Maclaurin polynomial of degree 3 of the function is:

T3(X)=1+ax+0‘(0‘2—1) x2+0‘(0‘_13)!(a—2) g

For example, with oo = % we have:

3 3 1
T3(x):1+§x+§x2—ﬁx3
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Example (2/3)
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Example (3/3)

The fourth derivative is:

FAx)=(a=3)(a-2)(a—1)a (1+x)**  FH0) = (a—3)(a—2)(a-1)a

Generalizing to the n-th derivative, it follows that the Maclaurin
polynomial of degree n of the function is:

a(a—1) X2+a((171)((172) B +a(a71)---(afn+1)

To(x)=1+ax+ 5 30 - nl

x"
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Second step

» We now prove that the Maclaurin polynomial approximates
f(x) “well"” in a neighborhood of xp = 0. Precisely, the
following theorem holds:
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Theorem 2: Maclaurin formula of order n with Peano re-

mainder

Let f : (a,b) — R be differentiable n — 1 times in (a, b) and n
times at 0 € (a, b). Then

f(x) = Thr(x)+o(x") as x—=0
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» The formula has the structure: function to be approximated
equals approximating polynomial plus approximation
error. The error is the term o(x") and is called the Peano
remainder. As x — 0, the larger n is, the smaller the error.
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Example (1/2)

Consider f(x) = cos x; we have:
f(0) =1, f(l)(x) = —sinx, f(l)(o) =0, f® = _cosx, f(2)(0) -1

The Maclaurin polynomials of first and second degree and the
approximation errors are:

1
Ti(x)=1, T(x)=1- Ex2, cosx — 1 = o(x)

1
and cosx —1+ 5 x* = o(x?)
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Example (2/2)

The second-degree polynomial T,(x) approximates the function
cos x near xp = 0 "better” than the first-degree polynomial T;(x).
The difference between the function and T,(x) tends to zero faster
than x2, while the difference with T7(x) tends to zero only faster
than x.
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Proof (1/3)

We prove the theorem in the case n = 2, i.e.:
f(x) = f(0) + f'(0) x + % f'(0) x* + o(x?) as x =0
We therefore need to prove that:
f(x)— (f(O) + f(0) x + % "(0) x2> =o(x?) as x =0

i.e. (by definition of little-o) that:

- f(x) — (£(0) + f/(0) x + 3 £”(0) x?)

x—0 X2

=0
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Proof (2/3)

This limit gives an indeterminate form [0/0]; we now apply
L'Hopital’s rule and obtain:
) = (FO) +(0) x+3 f(0) x?) . f'(x) —('(0) + f"(0) x)

lim > = lim
x—0 X x—0 2 x

which is still in the indeterminate form [0/0]. We apply L'Hopital's
rule again and obtain:

P (PO 4 F0)x) 6 £(0)
x—0 2 x x—0 2

the limit equals 0 if we add the hypothesis that ”(x) is continuous
at x =0.
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Proof (3/3)

Let us see how to proceed also without requiring the continuity of
" at 0, and prove directly that:

1. f'(x) = (f(0)+ f"(0) x)
2 x—0 X
By hypothesis, f is twice differentiable at 0, hence ' is
differentiable; if we apply the linear approximation (equation (3)) to
the function f’(x) we obtain:

=0

f'(x)=f(0) + f"(0) x + o(x) as x—0
hence it follows that (definition of little-o):

f'(x) = (£'(0) + " (0) x)

—0 as x—0

O
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Proof (1/2)

The general case (any n) can be proved by induction on n. We
have already proved that the thesis holds for n = 2.

Suppose now that we know that for any function differentiable n —1
times at x = 0 the Maclaurin formula holds, and let us prove that

f(x) = Tor(x)+o(x") as x>0 ie. XITOW —0
(4)

Applying L'Hépital’s rule, we have:

09— T )

x—0 n xn—1

(5)
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Proof (2/2)

We now observe that the derivative of the polynomial T, ¢(x) of f
is nothing but the polynomial T,,_; ¢/(x) of the function f”:

nf(X) = Tho1p(x)

as can be verified directly from the definition of T, ¢. On the other
hand, by the inductive hypothesis applied to the function f’, we
know that

f'(x) = Too1,p(x) + o(x”’l) as x =0

/ — !
e lim L) = Tno1p(x)

x—0 xn—1

=0

hence the limit (5) is zero and, by L'Hépital’s rule, the limit (4) is
also zero, as we wanted to prove. O
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Example
To better understand the equality:

nf(X) = Tho1,0(x)
consider a function f; its Maclaurin polynomial, for example of
degree 3, is:
1

3 f///(o) X3

Ts.(x) = F(0) + F/(0) x+ 5 (0) 2 +

and the derivative of the polynomial T3 ¢(x) is:
1
T3,(x) = £/(0) + £(0) x + 5 £7(0) x*

Let us now consider its derivative function f’(x) and compute its
Maclaurin polynomial of degree 2:

1
Tor(x) = £/(0) + £7(0) x + 5 (0) x?

that is, we obtain the same polynomial; the reasoning easily extends
to degree n.
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» The derivative T, ((x) of the Maclaurin polynomial T, ¢(x) of
f is the Maclaurin polynomial T,_; ¢/(x) of degree n — 1 of
the derivative function f’, that is:

" fk)(o 3 K (o - f(k+1)
Té,f(x)izk k,()XkI*Z(k © Z )XanM'()
: k=1 ! k=0

k=1
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Example (1/3)

Consider
f(x) = sinx

f(0) = 0 and moreover we have:
fD(x) = cosx, FA(x)=—sinx, FO(x)=—cosx, FW(x)=sinx=F(x), FO(x)=cosx=FD(x)...

It follows that the derivatives of order 2k (even) vanish at x = 0,
while those of order 2k + 1 (odd) are alternately +1 and —1 at
x = 0. The Maclaurin polynomials of the sine function therefore
contain only terms of odd degree:
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Example (2/3)

sinx = T1(x) + o(x) = x + o(x) as x—0
33
sinx = T3(x) + o(x®) = x — et o(x®) as x—0
sinX*T(x)+o(x5)*x—x—3+xf+o(xs) as x—0
-0 76 120

3 X5 X7
+————+o

o N X !
sinx = T7(x) + o(x") = x 6 120 5040 )

as x—0
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Example (3/3)

are:

Graphically, the Maclaurin polynomials of the function f(x) = sin x

4 I
[ AC ]
. ': oz ‘ o . - T5 (X
[ . | . .
e,
|‘ K i \‘ ~~~
Al
051 “‘ Tg(X) “ S
[ . ' !
[ A\l
' Sin X . !
N 0 b Y ‘T7(X) b
" “ [
\ )
A )
“ “
. \}
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~
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R el R [
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X
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Example (1/3)

Consider
f(x) = cos x

f(0) = 1 and moreover we have:
fA(x) = —sinx, F@(x) = —cosx, FO(x)=sinx, FB(x)=cosx =F(x), FO(x)=—sinx=FD(x)...

It follows that the derivatives of order 2k + 1 (odd) vanish at

x = 0, while those of order 2k (even) are alternately —1 and +1 at
x = 0. The Maclaurin polynomials of the cosine function therefore
contain only terms of even degree:
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Example (2/3)

1
COSX:T2(X)+O(X2):1—§X2+O(X2) as x—0
. 1
cosx:T4(x)+o(x):1—§ +ﬂ+o(x) as x—0
1 4 6
COSX:T6(X)+O(X6):1—§X2+%—7X70+ o(x%) as x—0
1 4 6 8
COSX:Tg(X)+O(X8)=1—§X2+%—7X70+40);20+0(X8) as x—0
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Example (3/3)

Graphically, the Maclaurin polynomials of the function f(x) = cos x
are:

Author: Fabio Furini Mathematical Analysis 1


https://fabiofurini.github.io/
https://fabiofurini.github.io/mathematical-analysis-1/

Example (1/2)

Consider:
f(x) =e* we have f(”)(x) = e~
and FM(0)=1, VneN,n>1
Hence:
X n X2 X3 x" n
€ = Tn(X)+O(X ) :1+X+7+7++7+0(X )
2 3! nl
as x—0
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Example (2/2)
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Example (1/2)

We want to compute:

. 1—cosx [O]
lim —— %% _ 7

x—0 X2

Expanding the function to first order, cos x = 1 + o(x), we have:

o(x)

1— (14 o(x))

5 = lim

lim
x—0 X2

x—0 X
The symbol o(x) as x — 0 denotes the set of functions that,
divided by x, tend to 0 as x — 0. Hence, for example, 5 x% = o(x)
but also x3 = o(x), and the value of the limit cannot yet be
determined. Expanding the function to second order,
cosx =1 — 3 x? + o(x?), we have:
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Example (2/2)

Clocosx . 1-(1-3x2+0(x?)) . ix®+o(x®)  L1x2+o(x®) 1 o(x® 1
lim = lim = lim = lim =lim -+ —5-=
x—=0 X2 x—0 x2 x—0 x2 x—0 x2 x—0 2 x2 2
0
~

The symbol o(x?) as x — 0 denotes the set of functions that,

divided by x?, tend to 0 as x — 0; hence the second term tends to
o(x?)
X2

0 as x — 0. Equivalently,
that tends to 0 as x — 0.

= o(1), that is, a generic function
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Example (1/2)
We want to compute:

0

x—0 X —SIn X

eX —e X —-2x [O]

Expanding the functions to first order we have:

im e —e X —2x I,m1+x—|—o(><)—(1—x+o(x))—2x . o(x)
| = | = | —
x=0 X —sinx x—0 x — (x + o(x)) x—0 0(x)

The symbol o(x) as x — 0 denotes the set of functions that,
divided by x, tend to 0 as x — 0. Hence, for example, 5 x%> = o(x)
but also x3 = o(x), and the value of the limit cannot yet be
determined. Expanding the functions to second order we have:

e —e X —2x 1+ x+% +0o(x®)— (1-x+% +0(x?) —2x o o(x?)

im €€ —2x
«50 x —sinx 50 x — (x + o(x2)) x—0 0(x2)
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Example (2/2)

The limit still cannot be solved; expanding the functions to third
order we have:

i eX—e_X—Qx:“m1+x+§+%3+o(x3)—(1—x+§—%+o(x3))—2x
x=0 X —sinx x—0 X — (X — % + o(x3))
31, ofx®)
i 300 (3+5) P O
N x 3)  x0,3 (14 003 x=0140(1)
OG +o(x) 03 (14 )
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Example (1/2)
Compute the Maclaurin polynomial of degree 4 of the function
f(x) = log(1 + sinx)

The Maclaurin polynomials of degree 4 of the functions sin x and
log(1 + x) are:

X3 X2 X3 X4
inx=x— ", log(1 —x -y X
sinx = x — &, og(l+ x) =x 3 + 3 2
Hence, substituting, the Maclaurin polynomial of the function f(x)
is:
2 3 4
N
O e 2 3 4
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Example (2/2)

3 2 4 6
We have (x — %) =x>— 2% + 35 and the last term has degree

greater than 4. Since we are looking only for terms up to degree 4,
we discard the last summand. Applying the same reasoning to the
other numerators we have:

3 2 2t 3 x4 2 3 4
Tilx) — x - 5 _ e X X _
) =x— 7 2 T3 % > 76 T 12
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Fundamental expansions (1/2)

Maclaurin formulas or expansions of some elementary functions,
with the Peano remainder, as x — 0:

n

X2 X
eX:1+x+i+.4.+m+o(x")
x2 X3 x"
log(1+x)=x— %+ % +...+(=1)" = + o(x")
2 3 n
-1 -1)...(a— 1
(1+x)":1+ax+%x2+...+a(a )nl(a nt )X"Jro(x"),Vae]R
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Fundamental expansions (2/2)

_ x3  x°
Sinx = X §—|—§+
, 2 A

COS X _§+E+
3 5
th—x+%+i+...
K2t

Chx—1+—+f—i—...

21

i + O(in)

The expansions clearly also hold if we replace x with any function
(x) that tends to 0, that is, an infinitesimal (it does not matter

what x tends to in this case).
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» All of this can be generalized to a point xp # 0. The proofs
are analogous to the previous ones and are left as an exercise.
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Theorem 3: Taylor polynomial

Given a function f : (a,b) — R differentiable n — 1 times in
(a, b) and n times at xp € (a, b), there exists one and only one
polynomial Ty, ¢ ., of degree < n with the property that:

Tofso(x0) = F(x0), Thrro(0)=f(x), .. , T2 (x0) = FP(x0)

and this polynomial, called the Taylor polynomial of f of de-
gree n, is:

n_f(k)
Tn,f,Xo(X) = Z f k('XO) (x — Xo)k (setting £(0) — f)
k=0 ’
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The expanded form of the Taylor polynomial of degree n of a
function f at xq is:

T sa3) =F(0) + F/(50) (x —0) + 5 () (x = x0)? + 57 F7(50) (x = x0)* + ..

1
+ — F(x0)(x = x0)"
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» When the function we refer to is clear, for convenience we
omit the subscript f of the Taylor polynomial and simply write
T (X)-
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Theorem 4: Taylor formula of order n with Peano remain-

der

Let f : (a,b) — R be differentiable n — 1 times in (a, b) and n
times at xo € (a, b). Then

f(x) = Thrx(x)+o( (x—x)") as x — xo
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Example (1/2)

Consider xg = 1 and:
f(x) =€ wehave f{N(x)=¢e
and f(”)(l):e, VneN,n>1

Hence:

X*:I.2 X—13 x—1)"
CEV S B )

& =Th()+o((x—1)") =e+e(x—1)+e

+o((x=1)")

as x—1
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Example (2/2)

PIENZA
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Summary

£ (x0)

» Taylor polynomial: T, (x) = ¢, k, (x—xo)k, the
unique polynomial with the same derivatives as f at xg up to
order n (xg = 0: MacLaurin)

> Peano remainder: f(x) = T, (x) + o((x — x0)") as
X — X0

» Fundamental expansions of e*, log(1 + x), (1 + x)%, sinx,
cos x, Shx, Chx

» For limits one must expand up to the order that resolves the
indeterminate form
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Taylor
formula /expansion with
Lagrange remainder
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Introduction: Taylor with Lagrange remainder

» The Peano remainder says nothing about the error for a fixed
increment

» In this section we see the Lagrange remainder, which allows us
to estimate the error quantitatively

> We will also see the link between Taylor's formula and
convexity
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» In the Taylor-Maclaurin formula with Peano remainder, the
information we have on the error made in approximating f
with its Taylor-Maclaurin polynomial is of a dynamic type: as
the increment (x — xg) tends to zero, we know that the
remainder tends to zero faster than (x — xp)".

Author: Fabio Furini Mathematical Analysis 1 85 / 105 % S\‘/\‘"’”\\j/j\


https://fabiofurini.github.io/
https://fabiofurini.github.io/mathematical-analysis-1/

For a fixed value of the increment (x — xg) the Taylor-Maclaurin
formula with Peano remainder says nothing about the size of the
error made.
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» In various problems of approximate computation, instead, it is
essential to estimate the error made in approximating a
function with its Taylor polynomial when the increment
(x — x0) has a fixed value, or a value that does not exceed a
fixed threshold.

» This type of problem is addressed by the next result, which
gives an alternative way of quantifying the approximation error
made.
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Theorem 5: Taylor formula of order n with Lagrange re-

mainder

Let f : [a, b] — R be differentiable n+ 1 times in [a, b] and let

xo € [a, b]. Then there exists a point ¢ between xq and x such
that:
f(n+1)( C)

f(X) = Tn,f,Xo(X) + (n+ 1)|

(x = x0)"* (6)

Author: Fabio Furini Mathematical Analysis 1 88 / 105 % W AP


https://fabiofurini.github.io/
https://fabiofurini.github.io/mathematical-analysis-1/

» The formula has the structure: function to be approximated

equals approximating polynomial plus approximation

. (n+1) .
error. The error is the term f(Tl()f) (x — x0)"*! and is called
the Lagrange remainder.

» For n =0, the theorem coincides with Lagrange's theorem:
setting xop = a and b = x we have:

dc € [a, b] : f(b) = f(a) + f'(c) (b — a)
f(b)—f(a) _
“hoa T

which is Lagrange's theorem. Warning: the interval (a, b)
becomes [a, b].

that is
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The point ¢ depends on xg, x and n, and lies between xy and x. If
we manage to prove that

|FF () < M, VYt € [x0, X] (7)

then the Taylor formula with Lagrange remainder says that

M

0 = Tnao () = gy

[x = x| " (8)
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Example (1/4)

Consider f(x) = €*; we know that the second- and third-order
Maclaurin polynomials of e~ are:

1 1 1
To(x) =1tx+5 5% Ta(x)=1+x+5x"+2x°

Now, if we wanted to use the polynomial to compute an
approximate value of e!/2, i.e., if we planned to approximate

1 13 1 79
1/2 VV. — = — VV. — = —
e ith T <2> s or with T3 <2> 18

how can we estimate a priori (i.e., without already knowing the true
value of e/2) how large our error is?
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Example (2/4)

el/2 13

N[ —
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Example (3/4)

We have xo = 0, x = 1. In formula (6), expanding up to the third
degree (n = 3), we obtain:

1\ e /1\* 1
1/2 _ [ DT : -
e T3 (2> +4! <2> with c € [0, 2]

N———
_79
]

The value ¢ is unknown, hence the value €€ is also unknown; we
therefore need to use (7) to bound e€ from above. We have:

FO(t) = et

1
consequently |ef| < 3Y/2, Vte [O, ] , since e<3
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Example (4/4)

Hence from (8) we obtain:

1 31/2
12 _ bt
A (2)’ =24

This means that by approximating e!/2 with the value 7 48 we make

an error not greater than 1/3/384, which is approximately 0.0045.
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Proof (1/5)

We prove the theorem in the case n = 1. Setting for convenience
X0 = a, x = b, the statement becomes: if f : [a, b] — R is twice
differentiable in [a, b], then there exists a point ¢ € [a, b] such that:

F(b) = £(2) + F(a) (b—2) + 5 () (b2’

We set
f(b) — (f(a) + f'(a) (b — a)) = k (b — a)?

and we try to determine the form of k.
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Proof (2/5)

Let us therefore consider the function:
g(x) = f(b) — f(x) = F(x) (b—x) — k (b— x)?

and let us apply to it the mean value (Lagrange's) theorem. Since
g(b) = g(a) = 0 (the second equality follows from the definition of
k), we find that there exists ¢ € (a, b) such that

But we have:
gx)=—Ff(x)—f"(x)(b—x)+f(x)+2k(b—x)=(b—x)- (2 k — f"(x))
and hence g’(c) = 0 implies, since ¢ # b:

1
k — E f”(C)
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Proof (3/5)

The procedure just seen can be extended to any n.
We now define:

P fD(x) (b — xV
g = r(p) - Y- U=
Jj=0 '

with k defined implicitly by the identity

f(b) — Tpa(b) =k (b—a)™*!
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Proof (4/5)

We now proceed as follows:
1. We verify that g(a) = g(b) = 0 since

g(b) = f(b) — f(b) =0, g(a)=f(b) — Tra(b)—k(b—a)"' =0

by def. of k

2. We apply Lagrange's theorem to g on [a, b], and we show that
the statement “there exists ¢ € (a, b) such that g’(c) = 0" is
exactly the theorem.
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Proof (5/5)

We start by computing g’

% AU (b= xY | = A0 ( -1

g'(x):fzf (J (b )lJer )J +k(n+1)(b—x)"
=0

:—Z il b‘xy+2f(m mE = (n 1) (b )"

() (b= x)"

o +k(n+1)(b—x)"

Then g’(c) = 0 means:
B f(nJrl)(C) (b _ C)n

+k(n+1)(b—c)"=0

n!
that is o))
k=)
which, substituted into (9), gives the thesis. O
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Relations with convexity

» Consider formula (6) with n = 1:

Fx) = Fx0) + (0) (x — 30) + 5 7(€) (x — x0)?

and suppose that at every point of (a, b) we have f”(x) > 0,
that is, f is convex on (a, b). Then we have

1
5 f"(c) (x — xo)2 >0

and therefore we can write, for every pair of points xp and
x € (a, b),
f(x) > f(x0) + f'(x0) (x — x0) (10)

Geometrically, this means that the graph of f(x) lies on the
whole of (a, b) above the graph of its tangent line at xo (and
this holds for every choice of the point xg € (a, b)).
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We have therefore proved that if a (twice differentiable) function is
convex, it is also “convex with respect to tangents”
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> If instead f is concave, i.e., f”(x) < 0 on the whole of (a, b),

we have
f(x) < f(x0) + f'(x0) (x — x0) (11)

and the graph of f(x) lies on the whole of (a, b) below the
graph of its tangent line at xg.
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We have therefore proved that if a (twice differentiable) function is
concave, it is also “concave with respect to tangents”
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Summary

> Lagrange remainder: f(x) = T, ¢ (x)+ %(X—Xg)n-ﬂ

with ¢ between xp and x
» For n = 0 we recover Lagrange's theorem
> If [F(MH1)] < M, then |f(x) — Thx(X)] < (HTMI)!IX—XOI"H

» A twice differentiable convex (concave) function lies above
(below) its tangent lines
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Final summary

> Linear approximation replaces the function with its tangent
line, with error o(x — xp)

» Taylor polynomials generalize the tangent line by imposing the
same derivatives up to order n

» The Peano remainder describes the error as x — xg; the
Lagrange remainder allows us to estimate it for fixed x
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