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Introduction: Second derivative

▶ In this section we ask whether the derivative function f ′ is
itself differentiable

▶ We define the second derivative, the second derivative function
and the derivatives of order n, with their notations

▶ We will then see the geometric meaning of the second
derivative: the curvature of the graph
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▶ We can now ask whether the function f ′(x) is in turn
differentiable (at a point or on an interval).
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Definition 1: second derivative

Let f : (a, b) → R, x0 ∈ (a, b) and f ′ : (x0−δ, x0+δ) → R with
δ > 0; f is said to be twice differentiable at x0 if the following
limit exists and is finite

lim
h→0

f ′(x0 + h)− f ′(x0)

h

this limit is called the second derivative of f at x0.
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Notation

▶ To denote the second derivative function the following
notations are used:

f ′′(x0)︸ ︷︷ ︸
Lagrange′s notation

f̈ (x0)︸ ︷︷ ︸
Newton′s notation

d2f

dx2

∣∣∣∣
x=x0

and
d2y

dx2

∣∣∣∣
x=x0︸ ︷︷ ︸

Leibniz′s notation
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Definition 2: second derivative function

If a derivative function f ′ is differentiable at every point of the
interval (a, b), the function

f ′′ : (a, b) → R, f ′′ : x 7→ f ′′(x)

is called the second derivative function of f .

Author: Fabio Furini Mathematical Analysis 1 8 / 98

https://fabiofurini.github.io/
https://fabiofurini.github.io/mathematical-analysis-1/


Notation

▶ To denote the second derivative function the following
notations are used:

f ′′(x)︸ ︷︷ ︸
Lagrange′s notation

f̈ (x)︸︷︷︸
Newton′s notation

d2f

dx2 ,
d2f (x)

dx2 and
d2y

dx2︸ ︷︷ ︸
Leibniz′s notation
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Derivative of order n

▶ In a completely analogous way one defines the derivative of
order n, or n-th derivative, and the n-th derivative function,
which are denoted by the symbols:

f (n)(x0), f (n)(x)︸ ︷︷ ︸
Lagrange′s notation

dnf

dxn

∣∣∣∣
x=x0

and
dny

dxn

∣∣∣∣
x=x0

,
dnf

dxn
,

dnf (x)

dxn
and

dny

dxn︸ ︷︷ ︸
Leibniz′s notation
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Geometric meaning of the second derivative

While the first derivative has, as its geometric meaning, the slope
of the graph, the second derivative represents the rate of change
of this slope and therefore is a measure of the degree to which
the graph deviates from a straight line.
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Geometric meaning of the second derivative

▶ We start by considering the family of functions that satisfy the
conditions:

f (0) = f ′(0) = 0, f ′′(0) ≥ 0

and the family of semicircles with center on the y -axis,
tangent to the graph of f at the origin

cr (x) = r −
√
r2 − x2, where r > 0 is the radius

For every r ∈ R+, we have:

c ′r (0) = cr (0) = 0 since c ′r (x) =
x√

r2 − x2

For example, the function f (x) = 1 − cos x with
f (0) = f ′(0) = 0 and the circles with radii r ∈ {0.5, 1, 1.5} are:
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▶ Among these semicircles we want to select the one that not
only has the same tangent at x = 0 but also the same rate of
change of the slope at x = 0. That is, we want to choose r so
that:

c ′′r (0) = f ′′(0) (1)

We have:

c ′r (x) =
x√

r2 − x2
and c ′′r (x) =

r2

(r2 − x2)3/2

hence, if we want (1) to be satisfied, we need to choose r so
that:

1
r︸︷︷︸

=c ′′r (0)

= f ′′(0) (2)
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Equation (2) expresses the geometric meaning of the second
derivative at x = 0 for the family of functions that satisfy the
conditions f (0) = f ′(0) = 0, f ′′(0) ≥ 0. That is, f ′′(0) represents
the reciprocal of the radius of the semicircle that best approximates
f at x = 0.
▶ Let us go back to the function f (x) = 1 − cos x ; we have

f ′(x) = sin x and f ′′(x) = cos x

hence
f ′′(0) = 1 and

1
r
= 1 hence r = 1
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Curvature

Repeating an analogous construction at a generic point
(
x , f (x)

)
of

the graph of f (without assuming a priori f (x) = f ′(x) = 0) one
finds that the circle that best approximates the graph of the
function at the point has radius r(x) given by:

1
r(x)

=
|f ′′(x)|(

1 +
(
f ′(x)

)2
)3/2 (3)

The value 1
r(x) is called the curvature (of the graph) of f at x and

the value r(x) is the radius of curvature.
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Example (1/3)

Consider the (parametric) parabola:

f (x) = a x2 with a ∈ R

we have f ′(x) = 2 a x and f ′′(x) = 2 a

and the following curvature:

1
r(x)

=
2 |a|

(1 + 4 a2x2)3/2

Note that the curvature is maximum at x = 0, i.e., at the vertex.
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Example (2/3)
Let us now consider the parabola

y = 2 x2

and compute the radius r(x) of the circle that best approximates
the graph at the points with abscissa x = 0 and x = 1

2 . We have:

1
r(0)

=
2 |2|

(1 + 4 2202)3/2
= 4 hence r(0) =

1
4

−1
2 −1

4
0 1

4
1
2

0

1
4

1
2

2 x2

x

y
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Example (3/3)

1
r
(1

2

) =
2 |2|(

1 + 4 22
(1

2

)2
)3/2 =

4
53/2 ≈ 0.3577

hence r

(
1
2

)
≈ 2.7950

Author: Fabio Furini Mathematical Analysis 1 20 / 98

https://fabiofurini.github.io/
https://fabiofurini.github.io/mathematical-analysis-1/


Summary

▶ Second derivative: derivative of the derivative function,
f ′′(x0) = limh→0

f ′(x0+h)−f ′(x0)
h

▶ Lagrange, Newton and Leibniz notations; derivatives of order n
are defined analogously

▶ Geometric meaning: f ′′ measures the rate of change of the
slope

▶ Curvature: 1
r(x) =

|f ′′(x)|
(1+(f ′(x))2)3/2 , where r(x) is the radius of

curvature
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Second derivative,
concavity and convexity
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Introduction: Concavity and convexity

▶ In this section we make the idea of curvature of the graph
precise through the concept of convexity

▶ We start from convex sets in the plane and arrive at convex
and concave functions via the epigraph

▶ Convexity is a fundamental property in analysis and
optimization
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▶ We will now see how to make this idea of curvature of the
graph more precise, qualitatively and quantitatively, through
the concept of convexity.
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Convex sets

Definition 3: convex set

A set F ⊆ R2 (a portion of the Euclidean space) is convex if
for every pair of points Pa,Pb ∈ F the segment joining Pa to
Pb (called a chord) is entirely contained in F .
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Convex combination

Given two points Pa and Pb and a value λ between 0 and 1, i.e.,
0 ≤ λ ≤ 1, the point:

Pc = λ Pa + (1 − λ) Pb

is called a convex (linear) combination of the points Pa and Pb.
As λ varies, the points Pc move along the segment joining Pa to
Pb.
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Definition 4: convex set – equivalent definition

A set F ⊆ R2 is convex if:

∀Pa,Pb ∈ F , 0 ≤ λ ≤ 1, Pc = λ Pa + (1 − λ) Pb ∈ F
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Example (1/2)

Consider, for example, the following convex set given by the
intersection of 4 half-planes:

F =
{

(x , y) ∈ R2 : x + y ≥ 3, x + y ≤ 9,

- x + y ≤ 3, - x + y ≥ -3
}
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Example (2/2)

0 3 4 5 6
0
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Example (1/2)

Let us now consider the following set:

0 3 4 5 6
0

3

4

5

6
(3, 5)

(5, 3)

(4, 4)

x

y
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Example (2/2)

The set is not convex since, for example, the convex combination of
the points (5, 3) and (3, 5) with λ = 1

2 , that is, the point:(
1
2
· 5 +

1
2
· 3 ,

1
2
· 3 +

1
2
· 5

)
= ( 4 , 4 )

does not belong to the set.
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Convex/concave functions

Definition 5: epigraph

Consider a function f : I → R. The epigraph of f is the set:

epi f =
{
(x , y) ∈ R2 : x ∈ I and y ≥ f (x)

}
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Example

epigraph

I
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Definition 6: convex (concave) function

A function f : I → R is convex on I if its epigraph is a convex
set. A function is concave on I if −f is convex on I .
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Example

epigraph

I

x

y
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Definition 7: convex (concave) function – equivalent def-
inition

A function f : I → R is convex (concave) on I if for every
pair of points x1, x2 ∈ I the segment (“chord”) with endpoints(
x1, f (x1)

)
,
(
x2, f (x2)

)
has no points below (above) the graph

of f .
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The definition of convex function translates into the analytic
inequality:

f
(
λ x1 + (1 − λ) x2

)
≤ λ f (x1) + (1 − λ) f (x2), ∀x1, x2 ∈ I , 0 ≤ λ ≤ 1
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y

f (x2)

f (x1)

f
(
λ x1 + (1 − λ) x2

)
λ f (x1) + (1 − λ) f (x2)

x2 bx λ x1 + (1 − λ) x2x1

I = [a, b]

a
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▶ If in the previous inequality the strict < always holds (with
λ ̸= 0, 1), the function is called strictly convex. For concave
(or strictly concave) functions an analogous inequality holds
with the sign ≥ (or > ).
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▶ Observe that as 0 ≤ λ ≤ 1 varies: the point λ x1 + (1 − λ) x2
runs along the segment [x1, x2] on the x-axis; the point
λ f (x1) + (1 − λ) f (x2) runs along the segment [f (x1), f (x2)]
on the y -axis; the point:(

λ x1 + (1 − λ) x2, f
(
λ x1 + (1 − λ) x2

))
runs along the graph of the function; the point:(

λ x1 + (1 − λ) x2, λ f (x1) + (1 − λ) f (x2)
)

runs along the segment with endpoints
(
x1, f (x1)

)
and(

x2, f (x2)
)
.
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Example (1/2)

Consider the convex function f (x) = (x − 2)2 + 1 with domain[1
2 , 3

]
and take, for example, x1 = 1 and x2 = 5

2 and λ = 1
3 . We

have the following convex (linear) combination:(
1
3
· 1 +

2
3
· 5
2

,
1
3
· 2 +

2
3
· 5
4

)
=

(
2 ,

3
2

)
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Example (2/2)
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▶ Note that the definition of convex function does not require a
priori that the function be continuous or differentiable on an
interval.
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Theorem 1

A convex (or concave) function on an interval I is continuous
on I , except possibly at the endpoints of the interval. Moreover,
it has a right and a left derivative at every interior point of the
interval.
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Proof

Omitted
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▶ Corner points inside the interval and points of discontinuity at
the endpoints of the interval are the only irregular behaviors
allowed for a convex or concave function, as shown by the
following examples:
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a b

f (b)

f (a)

Author: Fabio Furini Mathematical Analysis 1 48 / 98

https://fabiofurini.github.io/
https://fabiofurini.github.io/mathematical-analysis-1/


a b

f (b)

f (a)
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Summary

▶ Convex set: it contains every chord between two of its points,
i.e., every convex combination λPa + (1 − λ)Pb

▶ Convex function: convex epigraph; equivalently
f (λx1 + (1 − λ)x2) ≤ λf (x1) + (1 − λ)f (x2)

▶ f is concave if −f is convex

▶ A convex function on an interval is continuous in the interior
and has right and left derivatives at interior points
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Convexity and
derivatives
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Introduction: Convexity and derivatives

▶ In this section we link convexity to the first and second
derivatives

▶ The sign of f ′′ tells us where a function is convex or concave

▶ We apply the criterion to exponentials, logarithms and powers
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▶ If we know a priori that the function is differentiable once or
twice on the interval considered, then convexity is related to
the first and second derivative of the function.
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Theorem 2

Let f : (a, b) → R.
a) If f is differentiable in (a, b), then f is convex (concave)

on (a, b) if and only if f ′ is increasing (decreasing) on
(a, b).

b) If f is twice differentiable in (a, b), then f is convex
(concave) on (a, b) if and only if:

f ′′(x) ≥ 0 (≤ 0), ∀x ∈ (a, b)
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▶ The theorem is modified in the obvious way for strictly convex
or concave functions.
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Proof

We do not prove part (a). Part (b) follows from (a) by the
monotonicity test applied to f ′.
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As a consequence of this theorem, the study of the sign of the
second derivative allows us to decide on the convexity or concavity
of a function.

f ′′(x0) = 0

f ′(x0) = 0

x0 x0

x0 inflection point x0 inflection point

f ′ f ′

f ′′ f ′′+ −− +

↗ ↘↘ ↗

x0 x0

x0 inflection point x0 inflection point

f f

f ′ f ′+ −+ −

↗ ↘↗ ↘
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Example

The exponential functions

f (x) = ax

are convex on R, for any base a > 0, a ̸= 1, since:

f ′(x) = ax log a; f ′′(x) = ax log2 a > 0, ∀x ∈ R,∀a > 0, a ̸= 1
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Example

The logarithmic functions

f (x) = loga x

are concave on (0,+∞) if a > 1 and convex on (0,+∞) if
0 < a < 1, since:

f ′(x) =
1

x log a
; f ′′(x) = − 1

x2 log a

< 0, ∀x > 0, if a > 1

> 0, ∀x > 0, if 0 < a < 1
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Example (1/2)

The power functions with real exponent α:

f (x) = xα

are convex on (0,+∞) if α > 1 or α < 0, and concave on (0,+∞)
if 0 < α < 1, since:

f ′(x) = α xα−1; f ′′(x) = α (α− 1)xα−2

which has, for every x > 0, the sign of α (α− 1).
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Example (2/2)
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−1

0

1

2

3

4

xα, x > 0, α > 0

α > 1

α < 1

α = 1

x
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Summary

▶ If f is differentiable: f convex (concave) ⇐⇒ f ′ increasing
(decreasing)

▶ If f is twice differentiable: f convex (concave) ⇐⇒ f ′′ ≥ 0
(≤ 0)

▶ ax is convex; loga x is concave for a > 1 and convex for
0 < a < 1; xα is convex for α > 1 or α < 0, concave for
0 < α < 1
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Convexity and tangent
lines
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Introduction: Convexity and tangent lines

▶ In this section we see a geometric characterization of convexity
through tangent lines

▶ A convex function lies above its tangent lines and below its
chords

▶ This provides useful inequalities, such as ex ≥ 1 + x
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▶ A useful geometric characterization of convexity involves the
tangent lines to the graph of the function
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Theorem 3

A function f : (a, b) → R, differentiable in (a, b), is convex
(concave) on (a, b) if and only if, for any choice of a point
x0 ∈ (a, b), the graph of f lies on the whole of (a, b) above
(below) the graph of its tangent line at

(
x0, f (x0)

)
.
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Proof

Omitted
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Example (1/2)

Consider the function:

f (x) = ex , f ′(x) = ex , f ′′(x) = ex is convex on all of R

The tangent line to the graph of f , for example at x = 0, that is,
at the point (0, 1), is:

y = 1 + x hence ex ≥ 1 + x , x ∈ R

The tangent line to the graph of f , for example at x = 1, that is,
at the point (1, e), is:

y = e + e (x − 1) hence ex ≥ e x , x ∈ R
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Example (2/2)
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A (differentiable) convex function lies above its tangent lines and,
at the same time, below its chords (definition of convexity).
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▶ This allows us to conclude that, given any two points on the
graph of a convex function, the graph between those two
points lies entirely in the triangle whose sides are the chord
joining them and the tangent lines to the graph at the two
points.
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Example (1/2)

Consider the function:

f (x) = x2, f ′(x) = 2 x , f ′′(x) = 2 is convex on all of R

The tangent lines to the graph of f , for example at the points
x1 = −0.5 and x2 = 1, are:

y =
1
4
−
(
x +

1
2

)
and y = 1 + 2 (x − 1)
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Example (2/2)
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Summary

▶ A differentiable f is convex (concave) ⇐⇒ its graph lies
above (below) each of its tangent lines

▶ Examples: ex ≥ 1 + x and ex ≥ e x for every x ∈ R

▶ Between two points of the graph, a convex function lies
between the tangent lines and the chord
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Inflection points
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Introduction: Inflection points

▶ In this section we study the points where a function changes
concavity: the inflection points

▶ We will see that at an inflection point, if it exists, f ′′ vanishes,
but the converse is false

▶ We will see inflection points with horizontal, oblique and
vertical tangent
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▶ The direction of concavity of a function (that is, whether it is
convex or concave) can change within its domain; this leads us
to the concept of inflection point.
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Definition 8: inflection point

Let f : (a, b) → R be a function and let x0 ∈ (a, b) be a point of
differentiability for f , or let f ′(x0) = ±∞. The point x0 is called
an inflection point of f if there exist a right neighborhood
(x0, x0 + h), h > 0, in which f is convex (concave) and a
left neighborhood (x0 − h, x0), h > 0, in which f is concave
(convex).
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▶ When crossing an inflection point, the second derivative of f
(if it exists) changes sign. We then expect f ′′ to vanish at this
point.
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Theorem 4

Let x0 be an inflection point of f ; if f ′′(x0) exists, then f ′′(x0) =
0.
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Proof

Note that, if we knew that f ′′ exists in a neighborhood of x0 and is
continuous at x0, then the thesis of the theorem would follow from
the intermediate value theorem for continuous functions (applied to
f ′′). The theorem can also be proved without these additional
hypotheses (omitted).
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The converse of the implication stated by the theorem is not true:
a point where the second derivative vanishes may not be an
inflection point.
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Example (1/2)

Consider the function:

f (x) = x4, f ′(x) = 4 x3, f ′′(x) = 12 x2 is convex on all of R

Since f ′(x) > 0 for x > 0, the function is increasing for x > 0,
decreasing for x < 0 and has a minimum point at x = 0. We have
f ′′(0) = 0, but the function is convex on all of R, hence x = 0 is
not an inflection point.
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Example (2/2)
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▶ The geometric meaning of inflection points is clarified by the
following theorem.
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Theorem 5

If f : (a, b) → R is differentiable in (a, b) and x0 ∈ (a, b) is an
inflection point, then the graph of f (x) crosses its tangent line
at

(
x0, f (x0)

)
.
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Proof

Let us draw the tangent line to the graph of f (x) at the point with
abscissa x0. If f is (for example) concave on (a, x0), since f is
differentiable, the graph of f lies below the line on (a, x0); on the
other hand f is convex on (x0, b), so its graph lies above the line on
(x0, b). Consequently, at x0 the graph crosses the tangent line.
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Example (1/2)

Consider the function:

f (x) = x3, f ′(x) = 3 x2, f ′′(x) = 6 x

Since f ′(x) > 0 for x ̸= 0, the function is increasing on all of R. It
has a stationary point at x = 0, which, however, is not a maximum
or minimum point, because the function is always increasing.
We have f ′′(0) = 0. Moreover, f ′′(x) < 0 for x < 0, hence it is
concave for x < 0, and f ′′(x) > 0 for x > 0, hence it is convex for
x > 0. Consequently, the point x0 is an inflection point with
horizontal tangent, and the graph of the function crosses its
tangent line at

(
0, 0

)
, that is, the line y = 0.
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Example (2/2)
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Example (1/3)
Consider the function:

f (x) = e−x2
, f ′(x) = −2 x e−x2

, f ′′(x) = e−x2
(4 x2 − 2)

We have f ′(x) > 0 for x < 0, hence the function increases for
x ≤ 0; and f ′(x) < 0 for x > 0, hence it decreases for x ≥ 0, and
moreover f ′(0) = 0. Therefore it has a relative maximum point at
x = 0.
We have:

f ′′(x) = e−x2
(4 x2 − 2) ≥ 0 for x2 ≥ 1

2

that is x ∈
(
−∞,− 1√

2

]
∪
[

1√
2
,+∞

)
The function is convex for these values, and concave for
− 1√

2
≤ x ≤ 1√

2
. Hence it has inflection points at x = ± 1√

2
, with

tangent line of slope:
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Example (2/3)
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√
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(
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(
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)2
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√

2 · 1√
e

The tangent lines are:

y =
1√
e
+

√
2
e

(
x +

1√
2

)
and y =
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e
−
√

2
e

(
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2

)
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Example (3/3)
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Example (1/2)

Consider the function:

f (x) = x1/3, f ′(x) =
1

3 x2/3 ,

for x > 0, f ′′(x) = − 2
9 x5/3 , for x > 0

For x0 = 0, we have seen that f ′(0) = +∞. In this case, however,
f ′′(0) does not exist and the function has an inflection point with
vertical tangent.
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Example (2/2)
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Example (1/2)

Consider the function:

f (x) = x |x |, with x ̸= 0, f (x) =


x2, x > 0

−x2, x < 0
f ′(x) =


2 x , x > 0

−2 x , x < 0
f ′′(x) =


2, x > 0

−2, x < 0

Hence, for x > 0 the function is convex and for x < 0 it is concave,
and f ′(0) = 0; therefore x0 is an inflection point (but f ′′(0) does
not exist).
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Example (2/2)
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Summary

▶ Inflection point: point where f changes from convex to
concave (or vice versa)

▶ If x0 is an inflection point and f ′′(x0) exists, then f ′′(x0) = 0;
the converse is false (x4 at x = 0)

▶ At an inflection point the graph crosses its tangent line

▶ Examples: x3 (horizontal tangent), e−x2
(oblique tangent),

x1/3 (vertical tangent), x |x | (f ′′(0) does not exist)
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Final summary

▶ The second derivative measures the change of the slope and is
related to the curvature of the graph

▶ Convexity and concavity are defined via chords and the
epigraph and are studied through the sign of f ′′

▶ A convex function lies above its tangent lines and below its
chords

▶ At inflection points the concavity changes and the graph
crosses its tangent line
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