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1 Recursively defined sequences

* We begin with the following problem:

The bank lends us g euros, with a management fee of b euros per year, at a fixed
annual interest rate r (r € (0,1)). How much will we have to pay back after n
years?

* After one year, the amount to be paid back will be
am=ap+rag+b=>0+r)ag+b
after two years
m=a1+rai+b=0+ra;+b
after three years

aa=a+ra+b=>0+r)a)+b

and so on...Each year the amount is computed using the amount of the previous year.
We therefore have the sequence:

ap given, Ani1 = 1+7r) ay, +Iz with neN

given value recursive relation

This is a very simple case of a recursively defined sequence, in which each term is defined
starting from the previous one (or the previous ones).

* In this case it is easy to convince ourselves that the sequence can be rewritten in closed
form (i.e., explicitly).

After one year:
ap=0+r)ay+b

after two years:
a=1+r)ai+b=01+r)(1+r) ap+b)+b
=1+r*ap+b(1+(1+1)
after three years:

az=(1+r) dg+b:(1+r)((1+r)2 a0+b(1+(1+r)))+b

=1+ ag+b(1+ 1 +7)+(1+1)?)



and soon...hence

an=s"ap+b(1+s+s*+---+s"1), where s=(1+7r)>1

We can therefore easily compute the limit as follows:

lim a,= lim s”ao+b(1+s+sz+---+s”_1):+oo
n—+oo n—+oo

However, it is not always possible to make explicit a sequence given in iterative
form. In that case, we are left with the problem of understanding its behavior
and its limit.




Example 1: Behavior of a recursively defined sequence

Given b > 0, we determine the behavior of the sequence defined by

with n€eN

ap=Db, aps1 =

All the terms of the sequence are positive, hence the denominator of the fraction appearing in
the definition never vanishes.

To verify this we proceed by induction:

a
ap=b>0, andif a, >0 then a;.; = 1+n

>0 (quotient of two positive numbers)
n

Consequently, all the terms of the sequence after the initial one are less than 1, since a, <1+ a,.

For example, with b =5, we have:
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Example 2: Behavior of a recursively defined sequence

Let us try to understand whether or not the sequence is monotone. We know that a, >0,VneN;
then the inequality a, < a;,+; becomes

an<dapsy1 <= ay < —l+a,<1<=a,<0

which we know to be false; hence the opposite inequality holds, i.e., the sequence is strictly
decreasing (a, > a,+1,VneN).

Since it is also bounded below (by zero), a, converges to a finite non-negative limit, which we
call = 0.

We pass to the limit in the recursive relation.

0
lim a;,.; = lim hence /¢= Tl and consequently ¢ =0

n—+oo n—»+ool+an
=/
since 5
¢ 1+86)-¢ ¢
{———=0, L:O, — =0 < /¢=0
1+¢ 1+¢ 1+¢

Example 3: Closed formula of the recurrence

Given b > 0, we look for the closed formula of the sequence:
an
ag=Db, Ane1 = for neN
1+ay,
With n =1, we have
ao
a) =
1+ag
With n =2, we have
2] a4y
o B Tra _ Tra __do l+ay  ao
2 = = = = =
1+ 0 1#2a0 1 +qy 142 142
a 1+ e T ap ap ap
With n = 3, we have
oy [20)
e T __TRa _Tea G 1+2ay  ao
3= = e = =
1+ 0 1+3a0 — 142ay 1+ 1+
ay 1+ 142 a T+2a ap 3 ag 3ay
and so on...hence
ap . . do
a,=———— with neN andwehave lim ——— =0
l+nag n—+oo 1 4+ 1 ay




The previous example illustrates a good two-step strategy for studying the behav-
ior of recursively defined sequences:

1. we try to understand whether the sequence satisfies some monotonicity
property;

2. if so, we examine the possible limits, taking into account the recursive re-
lation.

2 Heron’s algorithm

Given b > 0 and ¢ > 0, we study the following recursively defined sequence:

1 c
ap=b, an+1:—(an+—) with neN
2 an

It is evident that the sequence consists of positive numbers. To verify this we proceed by
induction:

>0

1 c 1({a%+c
ap=>b>0, andif a, >0 then an+1:5(an+—):—( L
ap

an

since we have the quotient of two positive numbers.

Let us try to understand whether or not the sequence is monotone. We know that a,, >
0,Vn eN; the inequality a,+; < a, becomes

1 c 2
an+1<an<=>5 ap+— <an(=>c<an(=>an>\/5

anp

since

1 c a’+c ) ) ,

—lap+—|<ap, <2ap a,+c<2a, c<a,

2 a a

n n
hence the sequence is strictly decreasing if and only if:
a,>+\c

We now need to understand whether or not this condition is true. We have

an+1:%(an+i)>\/5<:>(an—\/5)2>0<:>an;é\/5

an
since
1 c at+c at+c—2a,\/c a, —/c)?
—(an+— -ve>0, 2—_\c>0, - ”\/_>0, M>O




hence a,, > \/c forevery n>1 if& # v/c. And hence we always have a; > /c,Vb > 0.

:ao

1. If b > y/c the sequence is strictly decreasing, therefore it has a limit (finite and posi-
tive), which we denote by ¢ = 0.

To identify it, we pass to the limit in the recursive relation, obtaining

1 1
nE»Tooa”+1:nl—i»IPoo§(a”+ain) hence €:§(€+§) and consequently ¢ =+/c
- =3(¢+4)
since
1 c 1({¢%+c 202-0%—¢ 0’ —c
t-3le+7)=0 ‘5( / )—0' (—M )—"' (ze)—"

Therefore, if b > /c, the whole sequence converges to y/c while decreasing.

2. Ifinstead 0 < b < /¢, then by what we have seen before we will have a; > /¢, and
from that point on the sequence will start decreasing, again tending to /c.

3. Finally, if b = /¢, the sequence remains constant, since

L1 .. c)_1VaEte 12¢ VEVe
‘“‘5(@%)‘2 e Tave ve Ve

and all the other terms a,,, with n > 1, will consequently have the same value /c.

e Moreover, Vb >0 and n =1 we have:

c .
— <+/c since a, >+, c=vc-vc and c<vVc-a,
an N~~~

<a,

Summarizing, Vb >0 and n = 1 we have:

c c
— <vVc<ay, a,— +vc andalso — — y/c since c=+v/cvc
an an

For every choice of b > 0 the sequence a,, tends to /¢ and can therefore be used
to approximate the square root.




Example 4: Behavior of the sequence

For example, with ¢ =2 and b = 4 > /2 (red points) or b = 1 < v/2 (blue points), we have:

= =

DN~




The recursive computation of the values of the sequence just seen is called
Heron’s algorithm, originally proposed to compute the side of a square of area
c.

* The steps of the algorithm are:

1. Having fixed the base equal to ay (the initial value b), we construct the associated
rectangle of area c. Its height will be a—co, since the area of the rectangle is fixed equal
to that of the square, that is:

c
c= (d() . —)
ao

2. Since the side of the square we are looking for lies between ay and aio, we take as the
new approximation a; the average of ag and aio:

.
175

C
apg+ —

which becomes the new base of the rectangle. Then we take a; in place of gy and
repeat, and so on.

For example, let us try to compute the side of a square of area ¢ = 2; in other
words, we try to estimate the value /2.

At the first iteration (with n=0) we consider, for example, a rectangle with base ayp = b =4
(the first upper approximation of v/2); consequently, the height is a—co = % (the first lower

approx. of v/2). Hence: % <V2<4.

We compute the value a;:

1( 1) 9
6l1:—4+— = -
2 2 4

At the second iteration (with n=1) we have a rectangle with base a; = % (the second upper
approx. of v/2); consequently, the height is a% = o = g (the second lower approx. of v/2).

77
Hence: g <v2<3

We compute the value ay:

1 (9 8) 113

ap=—|-+=-|=—

24 9 72
At the third iteration (with n=2) we have a rectangle with base a, = % (the third upper
approx. of v/2); consequently, the height is a—cz = 1132/72 = % (the third lower approx. of

\/5). Hence: % <V2< %
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We compute the value as:

1 (113 144) 23,137
a3 = —|— + — | =
2172 113 16,272
At the fourth iteration (with n=3) we have a rectangle with base as = ﬁ;% (the fourth up-
per approx. of v/2); consequently, the height is a% =33 137316 573 = ggi’g‘; (the fourth lower
approx. of v2). Hence: 32212 < /2 < 237,

Already at the fourth iteration we have a fairly good estimate of v/2:

23137

= =1.421890363... and V2=1.414213562...
16272

that is, an estimate that is correct up to the first decimal digit.

Finally, we compute the value a,:

= 1 23,137+32,544 _1,064,876,737
172 16,272  23,137) 752,970,528

With the new estimate we have:

1,064,876,737

=1.414234285... and V2=1.414213562...
752,970,528

which is correct up to the fourth decimal digit, i.e., with just one additional iteration we
have fixed 3 more decimal digits.

10



2.1 Error estimates for Heron’s algorithm

¢ The relative error £,, at iteration n is:

g = lan -/l
" Ve
we have \/c < a,, Vb >0 and n = 1, hence we can simply consider:
g = ap—+/c
" Ve

The value of \/c is unknown, hence we need a way to analyze the values of the
relative errors that is independent of /c.

We first consider the absolute error:

we know that c
a—<\/E<an, Vb>0,n=1
n

hence we can obtain an estimate of the absolute error ¢, made at iteration 7 as follows:

c .
ep=ap—vc<a,—— and &,—0 for n— +oo since a, — v/c
ap

Example 5: Error estimates for Heron's algorithm (v/2 =1.414213562...)

We go back to the previous example with ¢ =2 and b = 4, and we have:

iter. a% an estimate of V2 ¢,
— 1 7_

n=0 3 4 4 < 5 S 3.5
_ 8 9 49 _

n=1 8 2 2.25 <¥= 1.361...
_ 144 113 2,401 _

n=2 14 us 1.569444444... < 2% = 0.295...
_ 32,544 23,137 5,764,801 _

n=3| 3234 B2l 1.421890363... < poio= 0.0153...
_ 1,505,941,056  1,064,876,737 33,232,930,569,601

n=4 | Toe1876,37 752970508 1-414234285... < ghresgTegerssorzs  0-000041...
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Example 6: Errors and intervals considered by Heron's algorithm
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We now want to understand how “fast” the error decreases by comparing the rel-
ative errors of two consecutive iterations. This estimate gives us information

about the quality of the algorithm, i.e., we want to determine the “rate of con-
vergence” of the algorithm.

We begin by observing that the value y/c can be written as follows:

VEve _

c

2 Ve 2ye e

\/E:%(\/E+%) since %(\/E+%):1M:1£
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We now establish the relation between €41 and €;; we have:

1 c 1 c
€n+1:an+l_\/_:§(an+—)—z( C+—)

an Ve

—1(01 C+c c)_1(£+c c)

2 a, e 2\"" a, ¢

_1({S +c(\/E—an)) 1((S cen) 1( ﬁgn)
2" Veay 2" Ve ay 2" an
o (1) =2 (2
2 any ap

_1é

" 2a,

We now look for the relation between &, and &,, and we substitute &, = \/c &, into the
previous formula:

= )2 =2 =2
1 CE 1+vc+céE 1+cE
\/Eén+1:—(\/_ ) :—\/_\/_ ” hence én“:—\/_ L
2 an 2 an 2 ap
We have:
g _en_an—\/E_an 1 hence \/E— L
"TJe e e an  Ep+1

and hence we obtain:

We have obtained the relation between &,,4; and &,, independent of both a,, and

Ve.

From the formula just obtained we can deduce the following simplified and more intuitive
one: )

0<Zu1 <3 min {&,, &4}
Hence:

1
o= = =2
if €,<1, wehave £&,,;< 56"

For example, if the relative error at a certain iteration equals 1073, at the next step it will
be less than 5-10~7. In other words, the number of zeros after the decimal point (which
equals the number of correctly estimated digits after the decimal point) doubles at each
iteration.
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The relative error of Heron’s algorithm at each step is proportional to the square
of the relative error at the previous step. The rate of convergence is quadratic.
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