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1 Zeros of a function

Given a function f, we are interested in solving the equation:

f)=0 ey

that is, in finding the zeros of f. The zeros are the solutions of equation (I, that
is, the points c of the domain of the function where f(c) = 0.

e When f is a polynomial of degree < 4 there are formulas that give the solutions of (I).
However, if f is a polynomial of degree > 4 or a more complicated function, except in
particularly lucky cases, there are no formulas for the solutions of equation (I).

e Geometrically, solving equation (I) means determining the x-coordinates of the intersec-
tion points between the graph of y = f(x) and the x-axis. There can be: infinitely many
solutions, a finite number of solutions, no solutions.

Example 1: Zeros of a function

Consider the function f with the following graph:
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the equation f(x) = 0 has 3 solutions in the interval [a, b], that is, the function f has 3 zeros, x;,
Xy and x3.




Theorem 1: Intermediate zero theorem (Bolzano’s theorem)

If a function f : [a,b] — R is continuous on the interval [a, b] and f(a) - f(b) < 0, then
there exists c € (a, b) such that f(c) = 0. If f is also strictly monotonic then the zero c is
unique.

* The idea of the proof is to construct two sequences that converge to the zero of the func-
tion. To understand how to construct them, consider for example a function with f(a) >0
and f(b) <0:
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e We set ayp = a and by = b and compute

ap + by
Co =

, the midpoint of the interval [ayg, bo].

In the previous example we have:

f(co)

f(bo)




If f(co) = 0 we have found a zero. If f(cy) # 0 we look at the sign of f(ap)- f (cy) and proceed
as follows:

if f(ap)- f(co) <0 with a; = ag, b1 =¢p
we create [aq, b;]
if f(ao) 'f(C()) >0 with a = Cy, bl = b()
In the previous example we have f(ay) - f (cp) <0, hence we have a; = ay, by = cp.

e With a; and b;, we compute:

611+b1

= , the midpoint of the interval [ay, b;].

In the previous example we have:
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If f(c1) = 0 we have found a zero. If f(c;) # 0 we look at the sign of f(a;)- f(c;) and proceed
as follows:

if f(al) 'f(Cl) <0 with ax = a;, by =1
we create [ao, bo]
if f(al)'f(61)>0 with a =, ngbl

In the previous example we have f(a;) - f(c;) >0, hence we have ay = ¢;, by = b;.

* We now generalize this idea in the proof of the theorem.



Proof. Consider the following two recursively defined sequences:

VneN

an it f(an) f(Cn) <0
ap = a, ap+1 =

cp if fay)- flcp) >0

Cn lf f(an)f(cn) <0
bn+1:+ VneN

bn if f(an)f(cn) >0

where
a, +b,

2

Cn = , VneN

The two sequences create a sequence of intervals [a,, b,] with the following
properties:

1) We have a, < a,+1, hence the sequence {a,} is increasing and, since
a, < b,Vn, it is also bounded. Moreover, we have b,, = b,,+1, hence the
sequence {b,} is decreasing and, since b, = a, Vn, it is also bounded.

2) bp—an= bz_n“ (each interval is half as long as the previous one)

3) f(an)- f(by) <0 (because of how a, and b, were chosen at each step)
By point 1), we can then deduce that the sequences {a,} and {b,} have a finite
limit, thanks to the monotone sequence theorem. Hence:
a,—?¢1€R and b, — ¢, €R as n— +oo.

From point 2) we deduce that:

b—a
b,—a,=———0 as n— +oo, and therefore ¢, =¢,=/¢
2n

By the continuity of f, we then have that:

flan)-fby) — (FO) as n— +oo

On the other hand, from point 3) and the sign-preservation theorem we deduce

(f(©))* < 0. Therefore it must be f(¢) = 0 and thus ¢ is the zero we are looking
for, thatis, c=¢.




e We have proved:

f:la, bl = R continuous on [a,b] and f(a)-f(b) <0 = there exists c € [a, b] such that f(c) =0

hence “f : [a, b] — R continuous on [a, b] and f(a) - f(b) < 0” is a sufficient condition for
“there exists c € [a, b] such that f(c) = 0” and “there exists c € [a, b] such that f(c) =0”
is a necessary condition for “f : [a, b] — R continuous on [a, b] and f(a)- f(b) < 0”. The
implication does not work in the other direction:

there exists c € [a, b] such that f(c) =0 = f:[a,bl — R continuouson [a,b] and f(a)-f(b) <0

It suffices, for example, to consider f(x) = x%—2 on the interval [-2,2]. We have f(=2)=2
and f(2) =2, hence f(a)- f(b) £ 0, but the function does have zeros:

o 2

Hence the theorem provides sufficient (but not necessary) conditions for the existence of
a zero of a function.

* The proof of the theorem is constructive, that is, we have constructed two sequences that
tend to a zero of the function (constructive proof/algorithm). This algorithm is called
the bisection method.

If the function f has several zeros in [a, b], the procedure does not indicate which
of them will be determined. The zero found depends on the interval [a, b] given
as input, and finding it may require infinitely many iterations. However, by stop-
ping the procedure, as we will see, we obtain an estimate of the zero and of the
error made.




2 Bisection method

Example 2: Bisection method

* We look for a zero of the continuous function f(x) = x? — 2 on the interval [,4], that is, we
look for the value of V2. Initialization, with n = 0 we have:

1 7 9 49
[ao,bo]=[§,4], f(a):_Z’ fhy=14 = CO:Z and f(cy) = —
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Example 3: Bisection method

¢ [Jteration n = 2, we have:

11 9 7 49 29 329
a bl =|—,-|, a) =——, b))=— = c=— and f(c)=—
[az, by] [84 fla) o f(b2) 16 2= 16 f(c2) oeh
49 n
16
329 | n
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¢ [teration n = 3, we have:
11 29 7 329 51 553
Cl,b === asz) = ——, b =T = 3= and C3) =
las, b3] 3°16 f(as) o f(b3) 556 373, f(c3) oo
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Example 4: Intervals of the bisection method

Plotting the values obtained in the previous exercise, we have the following intervals and esti-
mates of v/2:
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2.1 Error estimates for the bisection method

e Atiteration n, we have:
c€lan, byl

that is, the zero lies inside the n-th interval. Hence, stopping the procedure after n steps,
a, approximates the zero from below and b,, approximates the zero from above. There-
fore:

a,<c<b,

¢ The estimate of the value c at iteration » is:

a, + b,
cn:—2

that is, the midpoint of the interval [a;, b,].
¢ The absolute error €, made at iteration 7 is:

en=lcp—cl

The value of ¢ is unknown, hence we need a way to analyze the values of the
errors that is independent of c.




¢ We can estimate the error at iteration » as follows:
b-a
271

Ep=lcp—c| <

this follows from:

- the length of the interval at iteration n is %

- the midpoint of this interval is ¢,, and c lies inside the interval itself

- the distance of any point ¢ from the center of the interval is less than or equal to the
length of the interval itself

If n — +oo then ¢, — 0, that is, the error tends to zero as n tends to infinity.

e Atiteration n, we can improve the error estimate as follows:

3 lb—-a b-a
€n—|Cn—C|SE on T on+l

that is, half the length of the interval [a,, b,], since c € (a,, ¢,;) or ¢ € (cy, by).

Example 5: Error estimates for the bisection method (V2 =1.414213562...)

Let us go back to the previous exercise with b—a = % ; in the first 6 iterations we have:
iteration | a, ¢, b, estimateofv2 ¢,
- 1 9 7/2 _
n=0 3 1 4 2.25 =< S5 = 1.75
- 1 9 7/2 _
- 1 29 9 7/2 _
n=2 3 f& 1 L8125 =5 = 04375
— 1 51 29 712 _
n=3 3 3 T 159375 =5f= 021875
- 1 95 5l 7/2 _
— 11 183 95 7/2 _
n=>5 3 s o1 14296875 =S¢ = 0.0546875
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* In order to guarantee that the error made does not exceed a given tolerance 6, that is, to
impose €, < §, we need to perform n(6) iterations, where n(6) is the smallest integer that
satisfies the inequality:

a
0)>1 — -1
7(0)>log, ( 5 )
obtained by solving for n(d) in the maximum error estimate:

b—a

0= 2(n@)+1)

hence

0

Clearly, if 6 — 0 then n(8) — +oo, and the smaller the error tolerance, the larger the num-
ber of iterations needed to guarantee it.

b- b
2(n(5)+1) — Ta and n(é) +1= 10g2 (—a)

 If we wanted to reduce the tolerance by one decimal digit, that is, to go from 6 to 1‘5—0, we
would have:

b— ) b—
"(5)z10g2(Ta)—1 and n(ﬁ):logg(Ta)—l

since

10 « —_ o
=~n(d)

log, (?) ~1=log, (? : 10) ~1=log, (%) —1+log, 10

the number of additional iterations is independent of the interval [a, b], and it is equal to

log, 10 = 3,32

On average, more than three bisections are needed to improve the accuracy of
the estimate by one significant digit; convergence is therefore slow.

Example 6: Bisection method (error estimates)

Again for the previous example:

« if we want a tolerance (maximum error) § = 0.00001 = 10™°:

n(10‘5) > log, (170_/‘25) —1=17.416... hence n(lo_s) =18

« if we want a tolerance (maximum error) § = 0.000001 = 1076:

2
n(107%) > log, (%) ~1=20.738... hence n(107%) =21
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We now want to understand how “fast” the error decreases by comparing the er-
rors of two consecutive iterations. This estimate gives us information about the
quality of the algorithm, that is, we want to determine the “rate of convergence”
of the algorithm.

* Consider the maximum error, which we denote by ¢;,; we have:

b—a
* *
= <
€n= S and ¢,<¢,
hence

b—a
£Z+1 1 . on+2 1
— =5 since T—=—
Fo 2 —a 2

n+1

\S]

that is, the maximum error is halved at each iteration. Consequently, we have:

* _ *
Ent1 — €n
ZEn+1 =Ep

The maximum absolute error of the bisection method at each step is propor-
tional to the maximum absolute error at the previous step. The rate of conver-
gence is linear.

* For every triple c¢;+1, ¢, and ¢,—1, with n = 1, we have the following relation:
nay = 2R @)
that is, the estimate c;+; is the midpoint of the interval with endpoints c,,—; and c¢,. We
now write:
Cn+1 =C+Ept+ly, Cpn=C+E€y, Cp—1=Ct&€p-1
now, substituting into equation (2), we obtain:
Ctep+Ccteny 2C+eEn+En

C+tépi1=

2 2
3 En+Epn
=ct———
hence
Entép1 1 En-1
E”HZT:ES” ( - +1)

The term €,,_1/¢,, that is, the ratio between the errors of two consecutive iterations, can
be an arbitrarily small or large number (indeed, the error at each iteration can increase or

decrease).
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