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Comparison of infinities
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1 Comparison of infinities for functions

Theorem 1: Comparison of infinities

Given a, 3,1 >0, a,b> 1, we have

B

l a
lim —24% _0 and  lim —— =0
x—+oo x&% X— 400 b/lx
[ Proof. The theorem will be proved with the tools of differential calculus. O

* Any power with positive exponent is an infinity of higher order than any
power of logarithms with base > 1, and

* Any exponential with base > 1 is an infinity of higher order than any power
with positive exponent.

Example 1: Comparison of infinities
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If a function (x) — +oo as x — ¢ € R*, we have, from the comparison of infinities
theorem:
B
(loga (U(x))) (n(x))a
lim ————-—=0 and Ilim =0 with a,6,1>0,a,b>1
x—c (n(x)) x—c pAn)

Example 2: Comparison of infinities

log (<
lim gl( xz) =0
x—0 =
X

since, with n(x) = %, we have n(x) — +ooas x — 0.

W -

1
DN =
—
1

NI—=

—
o

m
lir{)lx“loggxzo (a>0,ﬁ:;, n,meN, n odd, a>1)
x—0%

Proof. Given a, >0, a > 1 we have:

B B a B
| | 1 1
lim —24% _¢ and —2at_ (—) (—loga (—))
@ X X

x—+oo0 x& X
Setting ¢ = %, X — +oois equivalent to t — 0", and substituting we have:
lo p X
lim —82¢% _ (_1)f lim £ log? £ =0
x—+oo x@ t—0+




Example 3: Comparison of infinities

lim x'/? logx =0~
x—0*

sincewehavea:%>O,ﬁ=1>0anda=e> 1.
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If a function &(x) tends to 0" as x — ¢ € R*, it follows from the previous remark

that:

lim (&(x)) (log, (@) =0 (@>0,p= %, n,meN, n odd, a>1)

Example 4: Comparison of infinities

lim —cosx log(cosx) =07
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since, with £(x) = cosx, we have £(x) - 0" asx — 7" and a = f = L.
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From the comparison of infinities theorem it follows that:

a Ax
lim =+o0o0 and lim =+oo with a,B,1>0, a,b>1
X—+00 logg P X—+oo x

li%l M =400 (@, A>0, b>1)
xX— +

Proof. Given a,A>0,b> 1, we have:

b)Lx

lim = +00
x—+oo x@

Setting t = %, X — +oois equivalent to t — 0", and substituting we have:

Ax 1\¢
lim — = lim (—) p** = lim t* M = 400
x—+oo x@ x—+oo\ x —0+

Example 5: Comparison of infinities

. 1
lim xex = +o00
x—07

sincewehavea=A=1land b=e>1
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lim x b M=0 (@,1>0 b>1)
x—0"
Proof. Given a,A >0,b > 1 we have:
xa
lim =0

x—+oo hAx B

Setting ¢ = %, X — +oois equivalent to t — 0%, and substituting we have:

@ 1\7°¢% 1
i —— — i (—) — = limr %y M=y

x—+oo pAX  x—+oo | x phrx
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Example 6: Comparison of infinities

lim x3/2e7 ¥ =0
x—0*

sincewehavea:%,A:Iandb:e> 1.

-~

~

D=

fx)

x—3/2 e—l/x




Remark 4

lim x“
X——00

blx:()

m
(a:—>0, n,meN, n odd,m#0, A >0, b>1)
n

Proof. Given a,A>0,b> 1 we have:

a

lim =
x—+oo hAx

0

Setting t = —x, x — +oo is equivalent to t — —oo, and substituting we have:
a (_ t)a _
p-At -

lim lim

= (-D% lim *bpr =0
x—+o0 pAX  t——co t——00

Example 7: Comparison of infinities

lim x*e*=0
X——00

sincewehavea=2,1=1and b=e>1.
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