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Power functions
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1 Power functions

Definition 1: power functions

Given ¢ € R, a # 0, the function:
f:DSR—-R, f:x—x* )

is called the power function with exponent «. The domain D depends on the value of a:

e with rational exponent a = % € Q, me Z and n € N, coprime, we have four cases:

R if n odd and % >0
R\ {0} if n odd and %<0
[0,+00) if n even and >0

(0,+00) if n even and % <0

* with real, non-rational exponent a € R\ (), we have two cases:

[0,+00) if a>0
D=
(0,400) if a<0

1.1 Rational exponent

With a = 7+ € Q, m € Z and n € N, coprime, we have a power function with ratio-
nal exponent:
f:DSR—R, f:x—xn=1Vxm

We have the following three cases, depending on whether m and »n are even or
odd.

1. With n odd and m even, it is an even function, i.e., (—x) = xn. For the sign and the
monotonicity we have:

m
n

m m
x7 >0, VxeR\{0} xn =0<= x=0 and ;>0
if % >0 then f is decreasingin (—oo,0] and increasing in [0, +00)

if 72 <0 then f isincreasing in (~oo,0) and decreasing in (0, +oo)
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2. With n odd and m odd, it is an odd function, i.e., (—x)% =—x

m
n

. For the sign and the

monotonicity we have:

m
xn <0,
if

if

m m m
Vx<0, xn>0 Vx>0 xn =0<= x=0 and ;>0

m . . . .
2 >0 then f isincreasingin R

<0 then f is decreasing in (—0o,0) and in (0, +00)




Example 1: graphs of power functions with rational exponent Z! and n odd

With m even:

With m odd:




3. With n even and m odd (m cannot be even since they are coprime), for the sign and the
monotonicity we have:

sl3

m m
x7 >0, Vx>0; x7n =0<= x=0 and ;>0

if 2>0 then f isincreasing in [0, +00)

if 72 <0 then f is decreasing in (0, +o0)
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1.2 Real exponent
* With a € R\ Q, for the sign and the monotonicity we have:

x*>0, Vx>0; x*=0<=x=0and a>0

if a >0 then f isincreasingin [0, +o0)

if ¢ <0 then f is decreasing in (0, +0c0)
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1.3 Polynomials

Definition 2: polynomial
Given n+ 1 values a; e R with i € {0,1,...,n} and a, # 0, the function:
n 9
fiR=R, fix—) a;x' )

=Py (x)

is called a polynomial of degree n.

¢ For each monomial i € {0,1,...,n}:

1. the value q; is the coefficient of the monomial

2. the power function x’ with integer exponent i is the literal part of the monomial

The value ay is the constant term of the polynomial since x° = 1.

Example 4: polynomial

For example, withn=4,ap=1, a; =-2,a, =0, as = % and a4 = % we have the following polyno-
mial of degree four:
d i I 3 1 4
Py(x) = Zaix’ =1-2x4+-x"+-Xx
i=0 2 9
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Direct and inverse proportionality functions

With @ =1 and given A € R, we have the family of direct proportionality (or lin-
ear) functions:

f:R—=R, f:x—Ax where A isthe constant of direct proportionality

Moreover, A = tand and 9 is the angle between the line y = A x and the x-axis.

y A x A x y

0<Ap<Ai <Ay

Az x ‘ ‘ Az x A2 <A1 <Ap<0

-~ Qox Aox

With @ = —1 and given A € R, we have the family of inverse proportionality func-
tions (or rectangular hyperbolas):

A
R0} —-R, f:x— " where A is the constant of inverse proportionality

0<Ap<A; <Ay Ao <A1 <Ap<0
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Given a € R and A € R, we have the family of power functions multiplied by a

constant:

f:DSR—R, f:x— Ax® where A isthe multiplicative constant

* For example, with a equal to 2 or equal to 3 and A € R we have:

0<Ap<Ai <Ay

Ao <A1 <Ap<0

0<Ap<Ai <Ay

A <A1 <Ap<0




e For example, with a = % and A € R we have:

y 1 %
0<Ag<Ai <Ay 2%
1
A1 x2
1
Ao x2
y
Ao <A1 <Ap<0
1
Ag x2
1
~—_11x2
1
Ao x2
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