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Series
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Chapter 1

Numerical series

Determine, as a € R varies, the behavior of the following series, making appropriate use of
the tests studied:

oo (ea2

—3)n
— log(1+n)

r

.

Solution

This is a series with positive terms. Applying the ratio test, we obtain

' (ea273)n+1 log(1 + n)
im
n—+oolog(l+n+1) (ex?=3)n

_ _o%-3

The test guarantees that the given series converges for —v/3 < o < v/3 and diverges for
a < —/3 and for a > /3, while it gives no information for o = ++/3. For o = ++/3, the
series becomes

= 1
nz::l log(1+n)

which diverges by the comparison test, since

1
~ log(1 +n)

an

1
> —
n

and the latter is the general term of the harmonic series, which diverges. Overall, the given
series converges for —V/3 < a < /3, while it diverges for a < —+/3 and for a > /3.
(&

.

Determine the behavior of the following series, making appropriate use of the tests studied:
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Mathematical Analysis 1

Solution

First of all, we observe that the necessary condition for convergence is satisfied. Moreover,
we have
__logn n 1

U = —— < — = —
" n3 nd  n?

By comparison with the generalized harmonic series with exponent p = 2, the given series
converges.

-
(&

Determine, as o € R varies, the behavior of the following series, making appropriate use of
the tests studied:

—

o0
>

1 1
arctan + 7

n=1 n?

-
A

This is a series with positive terms. Since

" 1 n 1 1 N 1 n 1 1
arctan — + — = — +o| —= —~
n?2  /n n? n? vnoooy/n
we have
nZ—a n2—o¢ 1
On = 1 T YT 1 T .5
arctan posrl + o o n% 2

Therefore, by the limit comparison test, the series converges for oo — g > 1, that is, if and
only if o > %

Ve
.

Determine the behavior of the following series, making appropriate use of the tests studied:

>, (—1)"sin (n%)

Z 2n+5

n=0

Observing that

‘0 ( E) _J 0 if n is even, that is n = 2k,
Sy~ (—=1)* if n is odd, that is n = 2k + 1.

the given series is actually summed only over the odd indices and can be rewritten in the
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Mathematical Analysis 1

form
i( 1)" sin ( i": 12+ (—1)k i (—1)k+1
= 2n+5 —~ 22k+1)+5 —~ 4k + 7
The latter is an alternating series; it does not converge absolutely, since ‘% = ﬁ ~

ﬁ as k — +o0o, where the last one is the general term of a harmonic series (which di-
verges). However, the given series converges (conditionally) by the Leibniz test. Indeed, it
is immediate to prove that the sequence defined by ax = ﬁ is positive, infinitesimal and
monotonically decreasing.

.

|\

|

Exercise 1.5

Determine the behavior of the following series, making appropriate use of the tests studied:

> 1 — 1_2
> — i
n=2

-
.

Recalling that /1 — % =1- %% +o0 (%), we have
Qn

Bl et S S+ R 1)

n n

3 3=
|

which is the general term of the generalized harmonic series with exponent 2 > 1. Therefore
the original series converges by the limit comparison test.

"

(.

Determine, as x € R varies, the behavior of the following series, making appropriate use of
the tests studied:

. J

Left as an exercise. Use the second-order Maclaurin expansion of ef, with ¢t = % By

limit comparison with the generalized harmonic series, the given series will turn out to be
divergent for x # 2 and convergent for x = 2.
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Determine the behavior of the following series, making appropriate use of the tests studied:

zl ()

This is a series with positive terms. Since

2 2 2
log(n +3\/ﬁ>:10g<1+n +3\/ﬁ_1>wn +3\/ﬁ_1

n2 44 n?+4 n2+4

Then

2 2
3 3 3y/n—4 1
anzlog n‘l‘\/ﬁ Nn-l-\/ﬁ_l: \/_ N33
n?+4 n? +4 n? 4+ 4 "
Therefore, by comparison with the generalized harmonic series with exponent %’ > 1, it

follows that the series converges by the limit comparison test.
(& J

Exercise 1.8

Determine the behavior of the following series, making appropriate use of the tests studied:

> en—l
nzzzl n+1

This is a series with positive terms. Since

1
g0 =1l mo =
n
we immediately have
1
en—1 1
an = ~ — = —2
n+1 n n

Therefore, by comparison with the generalized harmonic series with exponent 2 > 1, it

follows that the series converges by the limit comparison test.
(& J

Determine the behavior of the following series, making appropriate use of the tests studied:

e n2+2n
E e+l —e

n=1
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Solution

This is a series with positive terms. We have

2 2
n<+4+2n nc42n 2n—1 2n — 1 1
ap =en?tl —e=c¢| e n?+t ' :e<en2+1—1>~e ~ 2e—
n2 41 n

which is the general term of the harmonic series. We used the fact that % — 0 and also

i@—j& ~ % as n — 4o00. Therefore, the original series diverges by the limit comparison test.

.

.

Exercise 1.10

Determine, as « > 0 varies, the behavior of the following series, making appropriate use of
the tests studied:

[]#
7N
2.

B
S
W =
Q
N———
S
lwo
e
Q

3
Il
i

s
N

Solution

This is a series with positive terms. Since

.1 1
Si n3o ~ n3o
then we immediately have
3
1 3 5, mn2 @ 1
ap = (sin —— | n2 ~—— = .
e e nde—3

Therefore, by the limit comparison test, the series converges for ba — % > 1, that is, if and
only if o > %
(&

.

Determine, as « > 0 varies, the behavior of the following series, making appropriate use of
the tests studied:

Exercise 1.11

This is a series with positive terms. Since
/ 1 11
1+——-1~=-—
* ne 2n®
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[ 1 N B 1
an:( 1+n—a—1>n O‘Nﬁn QZW

Therefore, by the limit comparison test, the series converges for 2o — 2 > 1, that is, if and
only if o > %

then

-

(&

Exercise 1.12

Determine, as « > 0 varies, the behavior of the following series, making appropriate use of

the tests studied:
o0
1
(cos — - 1> nt—«
na
1

n=

r
-

Solution

The given series has negative terms (think about the cosine of an angle between 0 and
1). Therefore, we can apply to it the tests for series with positive terms, factoring out the
negative sign. Observing that, for oo > 0,

1 . nl- 1
(cos v 1) n-%~— 5% = ~ 5r3aT

we immediately obtain that, by the limit comparison test, the given series converges for
3a—1>1,i.e.,a>§

a
(.

Exercise 1.13

Determine, as a € R varies, the behavior of the following series, making appropriate use of
the tests studied:

Z |O[ —ba + 7|n
“3n2+logn

-
A

Solution

First of all, we observe that this is a series with positive terms, since o — 5a+ 7 > 0 for
every a € R. Using the root test, we obtain

R e o e - |a —b5a+7 |a? — 5a + 7|
lim —_——— = lim —————

n—+00 3n? —+ logn n—H—oo /302 4 logn n—>+oo %W

where we took into account the hierarchy of infinities and the limit V/n? — 1. Since
|a? — 5a + 7| < 1 is satisfied if and only if 2 < o < 3, while |a? — 5a+ 7| > 1 is satisfied

= |a? — 5a+ 7|
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if and only if @ < 2 or @ > 3, and |a? — 5+ 7| = 1 if and only if o = 2 or a = 3, the test
guarantees that the given series

e converges for 2 < a < 3;
e diverges for @ < 2 or a > 3.

For a = 2 or a = 3, the given series has general term a, = m ~ #, which satisfies
the necessary condition, and the series converges by limit comparison with the generalized
harmonic series with exponent 2 > 1.

-

\\

Exercise 1.14

Determine the behavior of the following series, making appropriate use of the tests studied:

o0

1
n:1n< l—i—%—l)

-
.

Sowtion |

This is a series with positive terms. Since

3 13
Vit~ i~am

1 2
an = ~ = —n2

n(,/l—}-%—l) ”(%) 3

Therefore the given series diverges since its general term is not infinitesimal.
(& J

then

—

Determine the behavior of the following series, making appropriate use of the tests studied:

o 1 1

g esmn (sin) (eﬁ —1) cosn
n

n=1

Left as an exercise. The given series converges absolutely and hence it also converges.
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Exercise 1.16

Determine, as a € R varies, the behavior of the following series, making appropriate use of
the tests studied:

e [2(10g n)"‘_7]n

D

n=2

Left as an exercise. Apply the root test. The given series converges for a < 7 and diverges
for o > 7.

Exercise 1.17

Determine, as a € R varies, the behavior of the following series, making appropriate use of
the tests studied:

o0

477,
ZW

n=1

Left as an exercise. Apply the root test. The given series converges for o > igg‘; —2.

Exercise 1.18

Determine, as a € R varies, the behavior of the following series, making appropriate use of

the tests studied:
o0 (6%
1
g [cos <> — 1] nt
n-+ 2

The given series has negative terms (think about the cosine of an angle between 0 and
1). Therefore, we can apply to it the tests for series with positive terms, factoring out the
negative sign. Observing that

1 \° 1] n? nt 1
“\n+2 T T+ 2)2 T T op2a T T gp2aa

we immediately obtain that, by the limit comparison test, the given series converges for
20—4>1,1e,a>3.

(& J
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Exercise 1.19

Determine the behavior of the following series, making appropriate use of the tests studied:

> (1)

n=1

Work it out as an exercise using the ratio test. The given series converges.

Exercise 1.20

Determine the behavior of the following series, making appropriate use of the tests studied:

=~ Vn!
2

n=1

This is a series with positive terms. Applying the ratio test, we obtain

lim Gl lim W )+1 (vn) = lim < i >
n—+o0o  ap, n——4o00 ( n 1)” ! n——+o0o n-+1

Recalling the fundamental limit

we obtain

" +1\ 1) 2"
n n 1
lim ( ) = lim ( ) = lim (1 + —> =e 2 =]
n—-+o00 n-+1 n—-+o00 n n—-+o00 n

. _1 . .
Since I = e~ 2 < 1, the given series converges.
- J

Exercise 1.21

Determine, as o > 0 varies, the behavior of the following series, making appropriate use of
the tests studied:
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Mathematical Analysis 1

Left as an exercise. Add and subtract 1 inside the argument of the logarithm and use a
suitable asymptotic estimate. The given series converges for o > 1.

Determine the behavior of the following series, making appropriate use of the tests studied:

Left as an exercise. It suffices to expand the general term of the series up to the first nonzero
term of the expansion. The given series converges.

Exercise 1.23

Determine, as x € R varies, the behavior of the following series, making appropriate use of
the tests studied:

io: |.’L‘ _ 12|n+1
2n2e—n

n=0

Left as an exercise. Use the ratio test. The given series converges for 12 — % <z <12+
and diverges elsewhere.

Exercise 1.24

Determine, as x € R varies, the behavior of the following series:

> (=)

n=0

This is a geometric series with ratio ¢ = ﬁ, defined for & # 1. The series converges
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absolutely (and hence also converges) if and only if
<1
z—1 ‘
that is, if and only if
-1< <1
x —_—
whose solution interval is z < %
. J

Determine the behavior of the following series, making appropriate use of the tests studied:

i cos (nm) e~2" logn

n
n=1

Recall that cos(nm) = (—1)"; therefore the series is alternating. Since logn < n for every

n € N, we have:
1 1\"
()< (3
n e

where the last one is the general term of the geometric series with ratio ¢ = ;15 < 1, which
converges. By the comparison test we obtain that the given series converges absolutely,

hence it also converges.
. J

—2n1
lan] = | (-1 —"2=

n

Exercise 1.26
Determine the behavior of the following series, making appropriate use of the tests studied:

o0

Z 1+ ncos (nm)

2n2 +1

n=0

Left as an exercise. Observe that > >° ﬁ is convergent, hence it is possible to rewrite

il—i—ncos(mr) _i 1 +§:ncos(n7r)
2n?2+1 4= 2n?2+41 2n? +1
n=0 n=0 n=0

where cos (nm) = (—1)". Determine the behavior of the second series; one will verify that it
converges (conditionally) by the Leibniz test and that, in the end, the given series converges

as a sum of convergent series.
(& J
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Mathematical Analysis 1

Determine the behavior of the following series, making appropriate use of the tests studied:

Z(—l)n cosn
3n? +2/n

n=1

n cosn

m , We have

The given series is alternating. Setting a,, = (—1)

cosn | cosn| 1 1

J— S n = ~ 5
ol = ) s S | T ave S it ave B2

where we used the fact that | cosn| < 1 for every n and 3n? + 2y/n ~ 3n? as n — +oco. By
the limit comparison test with the generalized harmonic series with exponent 2 > 1 and by

the comparison test, the given series converges absolutely, and hence it also converges.
(& J

Exercise 1.28

Determine the behavior of the following series, making appropriate use of the tests studied:

Z(_l)n 1 — sin?(n7/2)

3n 4+ sinn

n=2

This is an alternating series. Observing that

Sinz(mr/Q) | 0 ifnis even, that is n = 2k,
| 1 ifnisodd, that is n = 2k + 1.

1—sin?(nn/2)

and setting an, = —5, 7=, we have
—t— ifn=2k
3n+sinn ’
Gn =
0 if n=2k+ 1.

Hence the given series can be rewritten in the form

-1y — -1 2k - _
nz2( ) 3n +sinn I;( ) 6k + sin(2k) ; 6k + sin(2k)

where, for the second equality, we used the fact that n = 2k. The last series obtained has

positive terms. Since, as k — 400, m ~ 6%, the limit comparison test with the
harmonic series shows that the given series diverges.

(& J
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Mathematical Analysis 1

Exercise 1.29

Determine, as x € R varies, the behavior of the following series, making appropriate use of

the tests studied:
> ( & )n
Z _ 2
: 1—=x

Left as an exercise. Argue as in exercise 24.
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Part 11

Antiderivatives and integrals
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Chapter 2

Antiderivatives

Compute the following antiderivatives on the intervals where they are defined

() /<2x+ V—%) dz, (b) /x\_/;4da;

(c) /tan2 xdx, (d) /(3 — x)°dx

1 2 x341
(e) /2_3xd:n, (f) /:L‘ e’ Tdx

() /xmczx, (h) /de

1+sin?zx

. e’ ) 1
) /e””—l—?)dx’ (1) /tana:dﬂv

(a)

/(2{5—1—\3/_—%) dw:/(2x+x1/3—2x_1/2)dw

:x2+zx4/3—4$1/2+c:x2+§1v3$4—4\/5+c

on any interval I such that I C (0, +00).

(& J
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Solution

—
|
~

r —zt 1
_ /2 T2y g
/ 7 dx /(m z'*)dx

2 2 2 2
§x3/2—§x9/2+c:§33 w—§x4\/5+c

on any interval I such that I C (0, +00).

.

|\

Solution

()
/tanzx dx = /[(1+tan2x) —1]dz =tanzx —x + ¢

on any interval I that does not contain points of the form 7 /2 + k7 with k € Z.

"

(.

(d)

on any interval I of R.
-

|\

(§]

1 1 1
/2_3xdac——/3x_2dm——§log|3ac—2|+c

on any interval I such that 2/3 ¢ I.

\.

|\

Solution

(f)

3 1 3
/x2€m +1dx:_e$ +1+C

on any interval I of R.

N\

(.
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Solution

(8)
1 1
/x\/xz + 1dz = §(952+1)3/2+c= §(a;2+1) 22+ 1+c

on any interval I of R.

"

|\

Solution

(h)

sin 2x 2sinx cosx
T de = | 2 e = log(1 + sin? 1) + ¢
/1—{—sin29: / 1+sin®z g( )

on any interval I of R.

"

|\

Solution

(i)

T
/ e:—i- 3dx =log(e® +3) + ¢

on any interval I of R.

-

|\

Solution

1
/ dw:/c?sxdleog|sinx|+c
tanx sinx

on any interval I that does not contain points of the form k7w with k£ € Z.

"

|\

Exercise 2.2

Compute the following antiderivatives using integration by parts

(a) /assinas dz, (b) /:v2 cosx dx

C arcsin xz dx d sin? z dz
(c) , (@)

Vs
.
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Solution

(a)
/xsinx d:r:—xcosx—i-/cosx dr = —xcosx +sinx + ¢

on any interval I of R.

N\

|\

Solution

(b) Integrating by parts twice in a row, we have

/1'200833' dx=m2sinx—2/xsinx dr =

22sinz + 2z cosz — 2/cosm dr = x%sinz + 2x cosz — 2sinz + ¢

on any interval I of R.
.

|\

Solution

(c) Taking the constant function 1 as the factor to be integrated, we have

/arcsinx dr = x arcsinx — dr = xarcsinz ++v1—22+¢

N

on any interval I C (—1,1).

"

(.

Solution

2 2

(d) Integrating by parts and using cos® z = 1 — sin”® z, we obtain

/sin2as dx = —sinxcosx+/cos2m dx

=—sinxcosx+/1 dx—/sinzx dx

from which
/sian dr = —sinxcosz +x — /sin2x dr +c

hence, moving [ sin? z dx to the left-hand side,
Z/Sin2m dr = —sinxcosz +x +c¢
and finally, still denoting by ¢ the arbitrary constant ¢/2,

. 9 1 . 1
sin mdx=—581nmcosx+§x+c

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 20


https://github.com/fabiofurini/mathematical-analysis-1
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Mathematical Analysis 1

t on any interval I of R. J

Compute the following antiderivatives using integration by substitution

(a) /em_ld ) [ (o /:c\/:v——i—ldx

er +1 s 1+

(a) Setting y = €®, y > 0,z € R, we have z = logy and we write dx = %dy, hence

e’ —1 y—1
dxr = — dy.
/em+1 v /y<y+1> Y

Using partial fractions, we obtain

y—1 12

B . +
y(y+1) y y+1

from which, taking into account that y > 0,

y—1
——dy = —logy +2log(y +1) +c.
/y(y+1) w+1)

It follows, substituting back y = e,

X

=1

/ex+1d:v: —loge® +2log(e® +1)+c= —x +2log(e” + 1) + ¢
e

on any interval I of R.
. J

(b) Setting y = \/z, =,y > 0, we have = y? and we write dz = 2y dy, hence

VT / y>
dr =2 dy.
/l—i—xx 1+y2y

y? _y2—|—1—1_ 1
v+1 2 +1 0 g2+

From

we then have

2
2/ 1f_y2dy:2y—2arctany+c.

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 21


https://github.com/fabiofurini/mathematical-analysis-1
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Mathematical Analysis 1

It follows, substituting back y = /z,

NG
1+=x

dxr = 24/ — 2arctan/z + c

on any interval I C (0, 400).

Ve
.

Solution

(c) Setting y = vz + 1, 2 > —1,y > 0, we have x = y? — 1 and we write dz = 2y dy, hence

2 2
/a:\/x-l—ld:v:2/(y2—1)y2 dy:2/(y4—y2)dy=gy5—§y3+0-

It follows, substituting back y = vx + 1,

/a:\/a:—i— ldx = %(m—k 1)%2 — %(m—i— 1)%2 4 ¢

on any interval I C (—1,+00).

-
.

Compute the following antiderivatives of rational functions

5} 1 T 22 +1
—d b —d —d d —d
(a)/x2+2m+1x’ ()/avz—l—x—i—l “ (C>/$2—i—:r:—i—1x7 ()/x2—3x—|—2x

T 1 r+1 1
d f d —d h d
<e>/QL,?,+Z,mz,+5,m+1 -, <>/QC4_1 . <g>/x3_x2 -, <>/963+1 .

Vs
.

(a) The given integral is immediate:

/Ldl‘—/Ldl’_— > +c
2+2c+1  J (z+1)27  z+1

on any interval I such that —1 ¢ I.

p-
.
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Solution

(b) Writing the (irreducible) denominator as a sum of squares:

1 d—/ ! i — — st | = | 4 = | 4
2zl ) @r122+34Y T B BT T2)| T

on any interval I of R.

-
(&

Solution

(c) Using also the previous exercise:

/ x d 1/ 20+ 1 d 1/ 1 d
— " dr==| ——— dx—=- | ———dx =
2+x+1 2) 24+zx+1 2] 224+2x+1

110(2%— +1) 1acta [2 ( +1)]+
—log(z” + x — —arctan |— |z + = c
2% V3 VAN

on any interval I of R.

-
-

Solution

(d) We perform polynomial long division:

3
x> +1 Tr—5
Z 3zt2 T T 3542

Setting up the partial fractions

Tv—5 Tx —5 A i B
2-3z+2 (z—-1)(z-2) -1 z-2’

we obtain
A=-2, B=09.

3 +1 2 9
L N S _ i =
/m2—3x+2$ /(a:+3 $—1+x—2) v

1
§x2+3x—210g|x—1|+910g]a:—2[+c

In conclusion:

on any interval I such that 1 ¢ I, 2 ¢ I.

s
1\
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(e) We set up the partial fractions:

x _z A i B i C
3 +322+3z+1 (z+1)3 z+1 (z+1)2 (z+1)3

We obtain

In conclusion

/ < dm—/ L — L dx
3 +322+3z+1 (x+1)2 (z+1)3

1 +1 1 n
=— = c
z+1 2(x+1)?

on any interval I such that —1 ¢ I.

(& J

(f) We set up the partial fractions:

I 1 A N B +C:c+D

-1 (@-DE+D)@2+1) z-1 z+1 z2+1°
We obtain ] 1 |
A=~ B=->,0=0,D=—%.
9 47 9 2

In conclusion

/ L _/ 111111
A1 [ \4z=-1 1z+1 222+1)%

1 1 1
:Zlog|m—1|—Zlog|x+1|—§arctanx+c

on any interval [ such that +1 ¢ I.

" J

(g) We set up the partial fractions:

z+1 z+1 A B+ C

B —z2 22(zx—1) =z 22 zx-1

We obtain
A=-2 B=-1, C=2.
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In conclusion

1
= —2log|z|+ — +2log|x — 1|+ ¢
x

on any interval I such that 0,1 ¢ 1.

- J

(h) We set up the partial fractions:

I 1 A Bx +C
a:3+1_(1‘+1)(x2—x+1)_w+1+x2—w+1'
We obtain
a=lp="1 =2
’ 3’ 3
Hence

/ 1d_/11+1—x+2 .
21T J\3e+1 "32—2+1,%"

1 1 2 —1 1 1
— 2 oz [ 227" geg= [ — 4
30g|a7+ | 6/:32—3:4-1 $+2/x2—x+1$

1 1 1 1
=-1 1| —=log(z? —z+1)+ = d
3og\x+ | 60g(1‘ x+ )+2/(x—1/2)2+3/4$

L) |z + 1| 1) (*—z+1)+ L i [2 ( 1)}+
= — 108 |T — < 10g\r — X ——arctan | — | r — < &
e 6 5 V3 V3 2

on any interval [ such that —1 ¢ I.

. J

Compute the following antiderivatives

(a)/6x+1dx, (b) /xQIOg(a:—i-l)dx, (©) /%m

e2r +1 sin® ¢ — cos? x
T+ 1 5
(d) /2+\/de’ (e) /cosxdw’ () /\/4 x?dx
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we obtain
/ e’ +1 d / y+1 d
——dx = | ———dy.
1 W2+ D
We set up the partial fractions:
y+1 A By+C

y@?+1) vy 241

We have
A=1 B=-1, C=1,

from which, taking into account also that y > 0,
prn = G-
———dy = - — + d
/y(y2+1)y y 241 1)

1
=logy — 5 log(y? + 1) 4 arctan y + c.

Then, substituting back y = e®, we have

T4+1 1
/ ;x—:_ 1dm =z-3 log(e** 4+ 1) 4 arctan e® + ¢

on any interval I of R.

|\

(b) Integrating by parts and then computing the integral of a rational function, we have

(&

/:c2lo (a:+1)d:1:—la:3lo (:17+1)—1/ i dx
& BER 3) z+1

1, 1 [, 1 [ 1
— 3] 1) — = —ra41 L
3% og(z+1) 3/(1: x + )dw+3/x+1dw

1 1 1 1 1
= gsc?’log(a:—i— 1) — §x3 + 69:2 — §x+ glog(a:+ 1) +ec

on any interval I C (—1,+00).

- J
(c¢) From tanz = % and sin?z = 1 — cos? z, we have
¢ .
/ - anx do — / sinx d.

sin®z — cos? x cosz(1 — 2 cos? x)
Now setting y = cosx, we write dy = —sinx dz and we obtain

sin x 1 1

7 ~dzr = - dy.
cos (1 — 2 cos? x) 2) yly—+/1/2)(y ++/1/2)
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Using partial fractions, we then have

2 1

1 1
W VIRt ViR Y V2 gyt 2

from which

1

/ ! —logly| + 5
2 Y-+ V12)

log ly?2 —1/2| +c.
In conclusion,

t
/ﬁd = —log|cosz|+ ~ log|cos z—1/2|+¢

on any interval I that does not contain points of the form x = 7/2 + k7 or of the form
x =7/4+ kr/2 with k an integer.

\ J

(d) With the substitution y = v/z, 2,y > 0, we have = y2, we write dz = 2y dy and we

obtain 5 )
/:c+\/_ 2/y +y dy.
2+ Vx y+2

Integrating the rational function, we have

3 2

Yty /2 /1
2 dy =2 —y+2)dy—8 [ ——d
/y+2y (y" —y+2)dy 2™

2
=3y3—y2+4y—8log(y+2)+c

Substituting back y = \/x, we conclude

[z

on any interval I C (0,+00).

- J

(e) Using the rationalizing substitution y = tan 5, dor = ﬁgdy and taking into account

1 1
dr = -2 dy.
/cosxx /y2—1y

2
T =3 T — 1+ 4z — 8log(v/x +2) + ¢

that cosx = m, we have
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Using partial fractions, we then have

1 1 1 1
—2/2—dy:/<———)dy:10g&+c.
ys—1 y+1 y—1 y—1

Going back to y = tan 5, we conclude

1
/ dr =
COS T

on any interval I that does not contain points of the form x = 7/2 + km with k an integer.
. J

(f) Using the rationalizing substitution z = 2siny, —7/2 < y < 7/2, =2 < z < 2,
dx = 2cosy dy, and taking into account also that cosy > 0, we obtain

/\/4—x2da::4/cos2y dy.

From 4 cos? y = 2 + 2 cos(2y), we then have

tan(x/2) + 1
= tan(z/2) — 1’

4/c0s2y dy = 2y + sin(2y) = 2y + 2siny cosy + c.
Now using siny = z/2, y = arcsin(z/2), cosy = /1 —sin? y = 1v/4 — 22, we conclude
/\/4—x2d1‘:2arcsin(1‘/2)+(x/2) 4—22+¢

on any interval I C (—2,2).

(& J

Compute the following limits

2

(a) lim 1/076 log(1 + Vi), (b) lim 1/090 (1 — cos V) dt

z—0+ T3 —0+ T4

(¢) lim <2 /448 Md:ﬂ — log(k(k + 1))) ,

k——+o0 x

k—4o00

(d) lim </13 log(k(x + 2))dz — 3log(k + 1))
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(a) Setting f(z) = fOxQ log(1 + v/t)dt, the limit takes the indeterminate form 3 given by

lim,_,o+ ! (j;f). The hypotheses of L’Hépital’s rule are satisfied, so we can move on to com-

X
puting the limit
!/
lim / (a:)
0+ 312

We compute the derivative f’(x) using the Fundamental theorem of calculus and the chain
rule (derivative of a composite function):

f(x) = 2zlog(1 + Va?) = 2zlog(l + ), x> 0.

In conclusion )

1 (= 21 log(1
lim —/ log(1 + Vi)dt = lim 22181 +7)
0

z—0t x3 z—0t 322

2 lim log(1+x) 2
3 z—0+ x 3

2
(b) Setting f(z) = [y (1 — cosv/t)dt, the limit takes the indeterminate form J given by
lim,_ o+ f?(ff—) The hypotheses of L'Hopital’s rule are satisfied, so we can move on to com-
puting the limit
im

z—0t 4x3

We compute the derivative f’(z) using the Fundamental theorem of calculus and the chain
rule (derivative of a composite function):

f'(z) = 22(1 — cos Va?) = 22(1 — cosz), z > 0.

In conclusion
2x(1 — cos x)

1 [
lim —/ (1 — cosVt)dt = lim
0

z—01 x4 z—0t 43
1 . 1—coszx 1
= — lim 5 ==
2 x>0+ x
_ _J
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(c) We compute

2 /46 log(kz) dz = [log?(kz)|;¢ = log?(4ke) — log?(4k)
4 i

= (log(4ke) — log(4k))(log(4ke) + log(4k))

= log Ake log(16k%e) = log(16k>e).

4k
It follows that

4de o T
lim (2 A Mdm—log(kz(k—l—l))) = lim log(16k%e) — log(k(k + 1))

k——+o0 T k——+o0

2

. e
= klgr:oo log Pk log(16e) = 1 + log 16.

(d) We compute

dx

3 3
/ log(k(z + 2))dz = [z log(kz + 2k)] — /
1 1

2
d
x-|—2> .r

= 3log(5k) — log(3k) — 2 + 2log g

T+ 2

= 3log(bk) — log(3k) — /13 (1 -

It follows that

lim (/13 log(k(x + 2))dz — 3log(k + 1))

k——+o00

= lim 3log(bk) — log(3k) — 2+ 210g§ — 3log(k+1)

k—+o00

—log(3k) — 2 + QIOgg = —o0.

k—+o0 k+1
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Chapter 3

Integrals

Determine the measure (area) of the set A C R? defined as follows:

+1
A= ER2—l<z<la?-1<y<?Z
{(.’L’,y) 3 X , L SY S {L‘—{—2

We need to compute
! 1
/ (x R (2% - 1)) dx.
-1 1?+2
We have . .
1 1
/ (m—i— +1—x2>dx=/ <2— —x2>da:
1 \z+2 _1 T4+ 2
371
1
= |:2:U — log(z +2) — az_} _ 0 log 3.
3], 3
. J

Compute
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With the substitution y = e*/2, 2 = 2logy, dz = %dy, we obtain

1z x/2 Ve 2
/ ere’” d,x:2/ Y EY g,
o 1l+e” 1 (T+92)y

Ve yt+1
= 2/ vyt dy = [log(y* + 1) + 2 arctan y]}/é
1

1+ 92

1
+ 2arctan /e — g

Compute

s
/ e %l cos x dx
—T

We observe that the function is even, since f(—x) = f(z) for every = € [—m, 7r]. Hence, by

Symmetry
s ™ ™
/ e 1l cosz dwz?/ e 1l cos z dwz?/ e “cosx dx
o 0 0

where in the last equality we used the fact that |z| = = for every # > 0. Integrating by
parts twice, we have

I:/e_zcosx dw:e_xsinx—i—/e_xsinx dz

=e Tsinz —e Fcosx — /e‘xcosa: dr=e¢ Tsinx —e Fcosxz — I

from which
2] = e Fsinz —e Fcosz

and finally
e rsinex —e *cosx
I:/e_”’coswdas: 5 +c
To compute the definite integral, we evaluate the antiderivative between 0 and =, not

forgetting the factor 2 in front of the integral:

I =eT"+1
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Compute

2 x T
/ e log(1+e)d$
0 1+€x

Solution

With the substitution 1 + e* = ¢, e* dx = dt, we obtain

2 a2 e?+1
/ e’log(l+e )da: :/ IOgtdt
0 1 + e® 2 t

1
5 = 5(1og2(e2 +1) —log??2)

2
B [logQ t:|e Tril
2

Ve
|\

Exercise 3.5
Determine whether the following integral
1 3
/ sin® \/x i
o €%(1—cosx)

exists and is finite.
\\

.

Solution

Since the integrand is continuous on (0, 1], to determine whether the given integral converges
it is enough to study the behavior of f in a right neighborhood of x = 0. As z — 07 we

have . e
T T 1
f(x)’\‘(\{_g) =15 =2 1/2
5113 5.13 35

Since 1/2 < 1, by the limit comparison test the given integral exists and is finite; more
formally, the function f(x) is improperly integrable in a right neighborhood of the origin.

-

.

Exercise 3.6

Determine whether the following integral

400 I2
/ dx
o (34 5zP)arctan z3/2

exists and is finite.

AN

(.
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The integrand is continuous on (0, 4+00). To determine whether the given integral converges
we need to study the behavior of the integrand in a right neighborhood of x = 0, where the
denominator is not defined, and in a neighborhood of +o0o. It is convenient to rewrite this
integral of the third kind as

1 22 +oo 22
/ dz + / dx
o (3+5x5)arctan z3/2 1 (34 5z%) arctan x3/2

in order to highlight the two separate analyses to be carried out. As x — 0" we have

2 1
f(@) ~ 3532 3p-1/2

Since —1/2 < 1, by the limit comparison test the function f(z) is improperly integrable in
a right neighborhood of the origin. Let us now verify that it is also improperly integrable
in a neighborhood of +00. As x — +00 we have

2?21
SR 51 a3

Since 3 > 1, by the limit comparison test the function f(x) is improperly integrable also
in a neighborhood of +o0o. Overall, therefore, the improper integral exists and is finite.
VT

We observe that, in fact, since f(z) ~ %5~ as © — 0T, the function can be extended by
continuity at z = 0 and we can set, by definition, f(0) = 0.

-

.

Determine for which values of the parameter o € R the following improper integral

11 2
/ og(l+x )dac
o (14 23)

exists and is finite.
.

.

The integrand is continuous on (0,1). To determine for which values of a € R the given
integral converges it is enough to study the behavior of the integrand in a right neighborhood
of z = 0, where the denominator is not defined. As x — 0% we have

x2 1

fa) ~ 2 =

T LCO‘_2

which is improperly integrable for « — 2 < 1, i.e., for a < 3.

.

|\

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 34


https://github.com/fabiofurini/mathematical-analysis-1
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Mathematical Analysis 1

Given the following improper integral

dx

+o¢ garctan (z?) log® (1 + %)
/1 xt+1

study its convergence as o € R varies. Then, for & = 0, compute it using the definition.

- J

 Solution |

The integrand is continuous on [1, +00). To determine for which values of a € R the given
integral converges it is enough to study the behavior of the integrand in a neighborhood of

+00. As x — +00 we have
zm (1N @w 1
ﬂ@”ﬁz(J = g gar
1

where we needed the asymptotic estimates 24 + 1 ~ z*, log® (1 =+ i) ~ (g)a, z — +o00. By
the limit comparison test, the improper integral exists and is finite if o + 3 > 1, that is,
a > —2.

For a = 0, the integral becomes

XT

/+°° x arctan(z?)
1 1'4 +1

We can proceed by substitution, setting arctan(z?) = ¢, 1f7 dx = % dt, and we obtain

/+°°a:arctan(m2) p _/“/Qtdt_ 3 5
. d+1 T 2% T e

Vs
|\

| Exercise3.

After determining whether or not the function is summable, compute the following integrals

" 1 ! 1 +00 .2
(a) /—1(1—$)\/mdx’ (b) /_1(1_x)\/md:c, (c)/o re " dy

(d) /O+Oox3e_x2d1:, (e) /4+Oox(xl_3)d1‘

These are all continuous and positive functions on their respective intervals of integration,
hence they are all integrable functions. Each integral represents the measure of the region
under the graph. In all cases, the region under the graph is an unbounded subset of the
plane, so the integral is either a positive number or +00. Recall that a function is called
summable when it is integrable with finite integral.

- J
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(a) The function

1
1-2)V1+z

is continuous on the interval (—1,0]. Hence, we need to study its behavior in a right
neighborhood of # = —1. As x — —1" we have

fz) =

1 1
\/1—1-—1‘_ (1+x)%

hence the function is summable on (—1, 0] by the comparison test, since % < 1. This means
that

, x— -1t

f(@) ~

0 0
/_1 f(z)dz = lim f(z)dzx

e—0t —1+4e€

and that this limit exists, finite and positive.
Setting y = V1 + , x = y? — 1, do = 2y dy, we obtain

0 1 )
:vd:r:/ dy,
/_Hsf() [

hence, taking into account that /¢ — 0 as € — 0, we have

0 1 2 1 2
[ fe = dim [y = [y

Note that, in this case, after the change of variable, we obtained the integral of a bounded
function starting from the integral of an unbounded one.

Using partial fractions, and taking into account also that |y — v/2| = v/2 —y on the interval
of integration, we have

2 2 _L< 11 )
2-y2  (y—V2)w+v2) V2\y+v2 y-v2/)’

/Olf(ac)d:r:%/ol (y:ﬁ—y_lﬁ)dy

1 142

VB P a-1

hence

0

(b) We have

1

/1 (1—1‘\/14-—30 / (1-2)vV1+z 1+md +/01(1—x)—1m

where the first integral is finite and was computed in the previous item. The integral now

dx
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given is therefore finite if and only if so is

! 1
/0 (1—-2)v1 —|—xdm'

The function 0

1-—z)V1+z

is continuous and bounded on every interval [0,1 — €], € > 0. Moreover, we have

flz) =

r— 1"

hence the function is not summable on [0, 1) by the comparison test. This means that

/1 f(z)dz = lim 17€f(w)dx = +o00,
0

e—=01 Jo

hence the given integral is also

1
1
————dz = +o0.
/_1 (1-2)V1+x

(¢c) The function f(z) = ze " is continuous and bounded on every interval [0,a] with
a > 0. Moreover, we have

x

f@)=0(z). o+

for any o > 0; in particular, choosing a > 1, the function is summable on [0, +00). This
means that

“+oco a
dr = i d
f(z)dz = lim /0 F()da

0 a——+00

and that this limit exists, finite and positive. Indeed

@ 1 2 1 2
3 —z2 _ _ = . —z“la _ _ — . —a® __ —_ =
A P e )

The given integral is equal to 1/2.

- J

(d) The function f(z) = z3¢~*" is continuous and bounded on every interval [0,a] with
a > 0. Moreover, we have

f@)=0(z). o+

for any o > 0; in particular, choosing a > 1, the function is summable on [0, +00). This

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 37


https://github.com/fabiofurini/mathematical-analysis-1
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Mathematical Analysis 1

means that

[ s i [ s

and that this limit exists, finite and positive. Indeed, integrating by parts, and taking into
account the integral computed in the previous item,

a 1 a
lim e de = lim {—5[ Zem" ]8+/ :Ce_‘”de}
0

a—+00 0 a—+00

The given integral is equal to 1/2.

. J
(e) The function f(z) = m is continuous and bounded on every interval [4,a] with

a > 4. Moreover, we have
1
f(i)N§7 T — +00,

hence the function is summable on [4,4+00) by comparison. This means that

" = i |t

4 a——+00

and that this limit exists, finite and positive. Indeed, using partial fractions,

a a _ a
lim ;dx = 1 lim ( 1 = 1) dxr = 1 lim [log v 3}
4

a—too J,; x(x —3) 3 a—+oo r—3 =z 3 a—+o0 @ |4
1 a— 1 1 1 1
e (log e 1) BRI

The given integral is equal to %log 4.

\ J

Exercise 3.10

Determine all o > 0 for which the function

fla) = (Vita—va)"

is summable on [0, +00)

N\ /

The function f(x) is continuous and positive on [0,400), so it is enough to analyze its
behavior in a neighborhood of +oco, that is, as * — +o0o. Multiplying and dividing by
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(Vi+z+ \/E)a, we have
1 111
(VIro+va) @ e

By comparison, it follows that f is summable on [0, +00) if and only if a/2 > 1, hence if
and only if

fz) =

T — +00.

a > 2.

-
-

Exercise 3.11

Given

+o00 log (1 + ex2)
J

2 4 325/2 4 g32 4 122

determine for which values of a > 0 it converges, that is, it exists and is finite.

.

A

The function f(z) is continuous and positive on [0, +00), so it is enough to analyze its
behavior in a neighborhood of 400, that is, as x — 4+00. We have

log (1 + e“’2) log (e’”2) 22

) = s T o v 122 " 3P 4 a® 3P s o
73;52/2 =35 if3a <5/2, ie, if and only if a < 5/6
~{ =11 if3a=5/2, ie., if and only if a = 5/6

2 = -, if 3a>5/2, ie., if and only if a > 5/6

In the first two cases, the improper integral diverges by limit comparison, since 1/2 < 1. In
the third case, instead, it exists and is finite if and only if 3ac — 2 > 1, that is, if and only if
a > 1. In conclusion, the improper integral exists and is finite (converges) for a > 1, and
diverges for o < 1.

.

-

dx

/+°° 3+ 2232 4 Bate 4 21/2
0

log (1 + 69”5)

determine for which values of @ > 0 it converges, that is, it exists and is finite.
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The function f(x) is continuous and positive on [0,400), so it is enough to analyze its
behavior in a neighborhood of 400, that is, as x — 4+00. We have

B 3_’_25[;3/2 _’_5‘,];.404 _’_$1/2 2:1:3/2 +5x4a _ 2l‘3/2 +5$4a

f(z)

log (14 e*”) - log (e*”) B z? -
252 _ 9 1. if 4o < 3/2, i.e., if and only if 3/8
o = 2= ,ie., yifa<3/
~q B2 =71, if4a=3/2, ie, if and only if o = 3/8

Sute 5m5+40‘ if 4o > 3/2, i.e., if and only if @ > 3/8

In the first two cases, the improper integral converges by limit comparison, since 7/2 > 1.
In the third case, instead, it exists and is finite if and only if 5 — 4« > 1, that is, if and only
if @ < 1. In conclusion, the improper integral exists and is finite (converges) for o < 1, and

diverges for v > 1.
. J

T arctan z

1 Va(l+a%)

determine for which values of o € R it converges, that is, it exists and is finite.

The function f(z) is continuous and positive on [1,+00), so it is enough to analyze its
behavior in a neighborhood of 400, that is, as + — 4+00. We have

( /2 .
2124zl /24a ™ 25/2 ifa<0
w/2 . .
fx) ~ ez = —4;{/2 ifa=0
/2 g
\ z1/24gz1/24a 2m172+a ifa>0

In the first two cases, the improper integral diverges by limit comparison, since 1/2 < 1.
In the third case, instead, it exists and is finite if and only if % + a > 1, that is, if and
only if a > % In conclusion, the improper integral exists and is finite (converges) in a
neighborhood U (+00) for a > 3, and diverges for o < 1.

\ J
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Exercise 3.14

Perform the change of variable y = /2 in

+00 1
1 Vae(Vr+2)(Vz+6)

and write the corresponding integral in dy. Then determine the value of the integral.

dx

N\

N

Solution

From y = \/z, x = 32, dz = 2y dy, we obtain

+o0 1 +o0 2
. VA :/2 EDICE T

Using partial fractions,

/-I—oo 9 d . /a 9 d
—————=dy = lim —dy
2 (y+2)(y+6) a—+oo Jo (y+2)(y +6)

1 a/ 1 1 1 y+27°
= — lim —— — —— |dy=—- lim |log
2a=+c o \y+2 y+6 2 a—+o0 y+6],
1 a+2 1 1 1 1
aJTm(Ogaw °g2> 9983 =%
\ J

Exercise 3.15

Given the function

3 —27)(t — 1)3
tT+1

f:1,400) = R, f(x):/lgc( dt

e Write f/(z).

e Find the possible relative maximum or minimum points in the interior of the domain,
specifying the sign of the values taken at those points.

e State whether lirf f(x) exists and whether it is finite or not, justifying your answer.
T—r+00

e Determine for which value of « the limit

lim(z — 1)%f(x)

x—1

is finite and different from 0, justifying your answer.

-

.
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By the Fundamental theorem of calculus

(z3 - 27)(z — 1)3
z7+1 )

fi(a) =

The first derivative vanishes at the endpoint = 1 of the domain and at the interior point
x = 3. It is negative for 1 < x < 3 and positive for x > 3. The point x = 3 is an interior
(absolute) minimum point. The corresponding value

3 (43 _ _1)3
f(3>:/1 (t t277)+(t1 D

is negative, as follows from the fact that f(1) = 0 and that f is strictly decreasing on [1, 3].
The same conclusion is reached directly by observing that the integrand is negative on the
interval [1, 3).

- J

The function f is strictly increasing on (3, +00), hence the limit exists, finite or +oo.

By definition,
~+o00 (t3 _ 27)(t _ 1)3
1' =
leilm f($) /1 7" +1 dt,

hence the question is equivalent to asking whether or not the function

(3 —27)(t —1)3

t) =
9(t) t"+1

is summable on [1,400).
The function g¢(t) is continuous on [1,400), so it is enough to examine its behavior as
t — 4+00. We have

1
g(t) ~ o t — +o0,

from which the function is not summable on [1, +00).

In conclusion, lim f(z) = +o0.
T—+00

~
|\

We have lim1 f(z) = f(1) = 0, hence for @ > 0 the given limit is zero. For o < 0, say
T—r
a = —F with 8 > 0, the given limit
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has the indeterminate form 8. Applying [’Hopital’s rule, we have

TR GO R G
a1+ (x — 1) 51+ Bz — 1)1

_ (2 —27)(x—1)> 13 (x —1)3
"o Bz — 1)1 +1) B et (x— 1)FT

This limit exists for every g > 0, but it is finite and different from zero, as required, if and
only if 8 =4 (and in this case it equals —13/4).

In conclusion, the given limit exists, finite and different from zero, if and only if @ = —4.

-
-

Exercise 3.16

Compute
+o0o 1

0o VEE+D(VE )

Then explain how one can anticipate, without using antiderivatives, the summability of the
function on the given interval.

dx

A\

A

The function

1
Va(ve+ 1) (Ve +4)

is continuous and positive on (0, +00), unbounded as z — 0, and the interval of integration

is unbounded. Writing
+o00 1 +o00
/ i = / f@)de + / f(z)dz,
0 0 1

it is necessary and sufficient to examine the asymptotic behavior of f(x) as z — 0 and as
x — +00. We have

fz) =

11 1

Therefore, f(z) is summable on (0, +00) because, by comparison, it is summable both on
(0,1] and on [1,+00).
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We can compute the value with the substitution y = \/z, = y2, dx = 2y dy:

+oo 1 +o0o 2
d:c:/ —dy
o Vr(Vr+1)(Vz+4) o (W+(y+4)
+o00 @
B A (T P Y R
3 Jo y+1 y+4 3 a—+o0 y+4],

2 1 1 2 1 2
=— lim (log at’_ log- | = —=log- = = log4.
a 3 3

4

-
N\

Exercise 3.17

Let
T logt

£i11/2, 400~ R fla) = [
1
e Determine the possible local extremum points and the monotonicity of f.

e Justify the existence of a horizontal asymptote for f.

- f(@)
e Compute ilgi m

Vs
A

Solution

By the Fundamental theorem of calculus,

I
o) = 222

X

for every z in the given domain [1/2,+00). The derivative vanishes at = 1, is negative
for 1/2 < x < 1 and positive for > 1. The function f is therefore strictly decreasing on
[1/2,1) and strictly increasing on (1, +00). The point x = 1 is an absolute minimum point
with value f(1) = 0; in particular the function takes only non-negative values (positive for
every x # 1 in the given domain).

-
-

Solution

We have to justify that ligrl f(x) exists and is finite. By definition,
T—r+00

+<>ol
lim f(z) = / =L
1

T—r+00

hence we have to justify the fact that the function

is summable on [1, +00).
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The function ¢(t) is continuous on [1,+00), so it is enough to examine its behavior as
t — 400. Since logt is an infinity of lower order than any power, we have

1
g(t) =0 (tz—f) , t— +o0,
for every € > 0, from which, choosing ¢ such that 2 — e > 1, the function ¢ is summable on

[1,+00).

- J

We have lirn1 f(x) = f(1) = 0, hence the given limit has the indeterminate form %. Applying
z—

L’Hopital’s rule, we have

lim —f(x) = lim —fl(m)
a—=1 (. —1)2  2-12(x—1)

1 loge 1. log(l4+y) 1
———— = —lim = — lim ——=* = —,
a—12(x —1)a?2 2251z -1  2y-0 Y 2

Exercise 3.18

Consider

+oo x4 2
/2 z(x+1)(z — l)dx'

Before computing it, justify the fact that this integral exists and is finite.

The function
T+ 2

2@+ D -1

is continuous and positive on [2,4+00) and has the asymptotic behavior

f(x)

1
~ 75 — )
F@)~ =5, @ oo
hence it is improperly integrable in a neighborhood of 400 by comparison.

From the partial fractions

x+2 2 1 1 3 1

z(z+1)(x—1) _E+§x+1+§x—1’

we obtain the antiderivative on [2, +00)

/ x4+ 2 (z + 1)1/2(z — 1)3/2

~1
T )@ 1) T o8 2
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Hence a
+00 ) N/2(p — 1)3/2
/ T dxr = lim [log @+)He—1)
s wz(x+1)(z—-1) a—+00 b )
o (a+1)1/2(a_ 1)3/2 31/2 B 4
= all)l}_loo <10g a2 — log T = 10g %
. J

Exercise 3.19

Using the change of variable y = e®, compute

—+o0 e:v
/ dx.
0 (e +2)(e® + 3)

From y = €%, x =logy, do = idy and using partial fractions, it follows that

+00 eT —+00 1
/0 (ew+2><ex+3>d"’”:/1 R

_/+°°(1_1>d _ I [lo y+2r
N v+2 5+3/ % T e By T3 L

a+2 13 14
—log2) = log =
r3 B 5

4 3

Ve
.

Exercise 3.20

Given the function

filroo) 2R, f@) = [ (L

RS
e Write f'(z).

e Determine the possible relative maximum or minimum points.

e Write f”(z).

e To justify the presence or absence of inflection points, carry out separately a brief study

of the polynomial function y = —2z° + 13522 + 3, sketching a qualitative graph. This
polynomial is one of the factors of f”(x).

e Based on the previous item, state whether f has inflection points. (You are not asked
to find these points explicitly, but only to state whether there are any, how many there
are, and to locate them with respect to other notable points such as relative maximum or
minimum points).

e State whether lim,_, . f(x) exists and whether it is finite or not, justifying your answer
(if it is finite, you are not asked to compute it).

-
A
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By the Fundamental theorem of calculus,

for all z in the given domain [1,+00).

s
|\

The derivative vanishes at © = 3, is negative on [1, 3) and positive on (3, +00). The function
is strictly decreasing on [1,3) and strictly increasing on (3,400). The point x = 3 is an
absolute minimum point, with value

$43 27
f(3) —/1 mdt,

which can be computed using partial fractions if necessary, and which is negative since
f(1) = 0 and f is strictly decreasing on [1,3). The sign of f(3) can also be determined
directly by observing that the integrand is strictly negative for ¢ € [1, 3).

.

|\

z2(—2z° + 13522 + 3)
(585 L 1)2

1'(x) =

We have 11)11 y(r) = Foo. Then y/(z) = —10z(x® — 27), from which y(x) is strictly
T oo

decreasing on (—o00,0), the point = 0 is a relative minimum point with value y(0) = 3,
y(z) is strictly increasing on (0, 3), the point x = 3 is a relative maximum point with value
y(3) = 732, and y(x) is strictly decreasing on (3,+00). In particular, y(z) has a unique
zero at ¢ = a with a € (3,+00), y(x) > 0 for z < o, y(x) < 0 for z > a.

- J

On the given domain, the second derivative has the same sign as —2z° + 13522 + 3. By
what we saw in the previous item, the function f has an inflection point at x = «, with
a € (3,400), is strictly convex on (1, ) and strictly concave on (o, +00).

The function is strictly increasing on (3, +00), hence the limit exists, finite or +oco.
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By definition,

too 43 _ 97
lim = —dt
x—lH—oo f(m) /1 41

hence the question is equivalent to asking whether or not the function
t3 — 27

t = —

90 =57

is summable on [1, +00).

The function ¢(¢) is continuous on [1,400), so it is enough to examine its behavior as
t — 4+00. We have

1

from which the function is summable on [1, +00).

t — 400,

In conclusion, lir}rl f(z) exists and is finite. If necessary, it can be computed using partial
T—>+00

fractions.
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