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Limits of sequences
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Chapter 1

Properties of sequences

Consider the sequence

n
n+1

an:log<1+(—1)" ), for n=1,2,3,...

Questions:
1. Is the sequence bounded above? If so, determine sup {an}.
2. Does the sequence have a maximum? If so, determine max {an}.
3. Is the sequence bounded below? If so, determine inf {an}.

4. Does the sequence have a minimum? If so, determine min {an}.

For n = 1 we have .
log <1 -1 —> = log 3 ~ —0.69314.

For n = 2 we have

2
log (1 +1 §> = logg ~ 0.510826.
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The presence of the alternating sign (—1)" suggests studying the behavior of the sequence
by distinguishing what happens for even n and odd n.

- _J

o If n is even:

anzlog(1+nL+1>, for n=2,4,6...
hence the argument of the logarithm is
1-1 1
(L i S S
n+1 n+1 n+1

which varies in . .
[g, 2) and the logarithm in {log 3’ log 2) ,

i.e., it is positive and bounded above. Hence
sup {an :m is even } =log2 ~ 0.69314

but log 2 is not the maximum of these values.

o If n is odd:

anzlog(l—nLH>, for n=1,3,5...

hence the argument of the logarithm is

which varies in

1 1
<0, 5] and the logarithm in <—OO, log 5] )

i.e., it is negative and, as n increases, it is unbounded below.
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The sequence as a whole is therefore bounded above but not bounded below; it has no
maximum (although its sup is finite) and no minimum (because it is unbounded below).

Exercise 1.2
Consider the sequence
1,
an, = e n sinn,

for n=1,2,3,...
Questions:

1. Is the sequence bounded above?
2. Is the sequence bounded below?
3. Is it eventually positive?

4. Does it never vanish?

5. Does it have a limit (finite or infinite)?
(S

For n = 1 we have

e Lsinl A 0.3679 - 0.8415 ~ 0.309560.
For n = 2 we have )
e 2sin2 =~ 0.6065 - 0.9093 ~ 0.551517.
For n = 10 we have
16 sin 10 = 0.9048 - —0.5440 ~ —0.492251.
For n = 20 we have )
e 20 sin 20 ~ 0.9512 - 0.9129 ~ 0.8684.
o S ———— )
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The sequence is the product of the sequence

1. . _1
n—e » with lim e » =1,
n—-+00

which is bounded, always nonzero, convergent, and of the sequence
n +— sinn,

which is bounded but irregular, and never zero (since n starts from 1, by the irrationality
of 7, the angle n is never an integer multiple of 7).

Hence, the sequence given by the product of these two is bounded, never zero, and irregular.
Since )
e n—1

and the sign of sinn is not eventually constant, the sequence given by the product of the

two is not eventually positive.
. J

Consider the sequence
a, = €e" sinn, for n=1,2,3,...

Questions:
1. Is the sequence bounded above?
2. Is the sequence bounded below?
3. Is it eventually positive?
4. Does it never vanish?

5. Does it have a limit (finite or infinite)?

For n =1 we have
elsinl ~ 2.7183 - 0.8415 = 2.2874.

For n = 2 we have
e?sin2 ~ 7.3891 - 0.9093 =~ 6.7188.

For n = 5 we have
e sinb &~ 148.4132 - —0.9589 ~ —142.3170.
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The sequence is the product of the sequence

n— e’ with lim e" = +oo,
n—-+00

which is unbounded above, bounded below, always nonzero, divergent, and of the sequence
n +— sinn,

which is bounded but irregular, and never zero (since n starts from 1, by the irrationality
of 7, the angle n is never an integer multiple of 7).

Hence, the sequence given by the product of these two is unbounded above, unbounded
below, never zero, and irregular.

Since
e — +oo

and the sign of sinn is not eventually constant, the sequence given by the product of the

two is not eventually positive.
- J

Consider the sequence

, for n=1,2,3,...
Questions:
1. Is the sequence bounded above? If so, determine sup {an}.

2. Does the sequence have a maximum? If so, determine max {an}.
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3. Is the sequence bounded below? If so, determine inf {an}.

4. Does the sequence have a minimum? If so, determine min {an}.

For n = 1 we have 1 1
1D g 2
2 2
For n = 2 we have . )
2-1°= =9
3
For n = 3 we have
g-npl 11
34
For n = 4 we have
gt L
5 5
o » 3
o——-a--*"‘"""_—.___.___0
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The presence of the alternating sign (—1)" suggests studying the behavior of the sequence
by distinguishing what happens for even n and odd n.

. J

o If n is even:
n

a,n:n—_i_l, for 7’1,:2,4,6

Adding +1 and —1 to the numerator, we obtain

n n+1-—1 1
Qp, = =1

:n—l—l_ n+1 n-+1
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which varies in
)
i.e., it is positive and bounded above. Hence
sup {an :n is even } =1
but 1 is not the maximum of these values.
o If n is odd:

L1
n+l n n+l nn+1)’

ol

i.e., it is positive and bounded below. Hence

for n=1,3,5...

which varies in

inf{an:n isodd}zO
but 0 is not the minimum of these values.

The sequence as a whole is bounded; it has no maximum (although its sup is finite) and no

minimum (although its inf is finite).
. J
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Chapter 2

Veritying limits of sequences

Using the definition of limit, verify that:

n 1

i =
n—lgil—loo 2n + 5 2

We have

_n
C2n+5
We must verify that for every € > 0 there exists n(e) € N such that

an

1 1
n>n(6):>§—e<an<§+e

We have
I 5
YT Tt 10
hence we must verify that
n>ne) = —e<— > <e€
4n + 10

The second inequality is always true, while the first is equivalent to

5 5 5
4n + 10 > — hence it is satisfied for n > — — =
5 4e 2
For a fixed € > 0, it suffices to choose the first integer
5 5
> —_— — —
nE)> %3
to satisfy the condition required by the definition of limit.
(& J
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Using the definition of limit, verify that:

1
lim =0

n—+4o00 v/n + 1

We have |

vn+1

We must verify that for every € > 0 there exists n(e) € N such that

Ay =

n>ne) = —e<ap, <€

The first inequality is always true, while the second is equivalent to

1
vn+1>

1
— hence it is satisfied for n > — — 1
€ g2

For a fixed € > 0, it suffices to choose the first integer

1
> —1
ne) >

to satisfy the condition required by the definition of limit.

(& J

Using the definition of limit, verify that:

1
lim log (1 + > =0
n—-+oo n

We have .
an, = log (1 T —)
n

We must verify that for every e > 0 there exists n(e) € N such that
n>ne) = —e<ap,<e€

The first inequality is always true, while the second is equivalent to

1
e —1

1
1+ — < € hence it is satisfied for n >
n

For a fixed € > 0, it suffices to choose the first integer
1

et —1

n(e) >
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t to satisfy the condition required by the definition of limit. J

Using the definition of limit, verify that:

We have

1
Gn =(\/4+ —
n

We must verify that for every € > 0 there exists n(e) € N such that
n>nle) =>2—ec<a,<2+¢

The first inequality is always true since a,, > 2 for every n, while the second is equivalent
to

1
44+ = <4+e%+4e hence it is satisfied for n > >
n €% +4e

For a fixed € > 0, it suffices to choose the first integer

1
€2+ 4e

n(e) >

to satisfy the condition required by the definition of limit.

- J

Using the definition of limit, verify that:

lim (n® —1) = +oo
n—-+oo

We have
Ay = n?—-1

We must verify that for every M > 0 there exists n(M) € N such that
n>n(M)=a,>M

The inequality
n?—1>M is satisfied for n > VM +1
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Hence, for a fixed M > 0, it suffices to choose the first integer

to satisfy the required divergence condition.
- J

Using the definition of limit, verify that:

nll)l_’I_loo log (v/n +1) = +o0

We have
a, =log (vn+1)

We must verify that for every M > 0 there exists n(M) € N such that
n>n(M)=a,>M

The inequality
log (vVn+1) > M is satisfied for n > (eM —1)?

Hence, for a fixed M > 0, it suffices to choose the first integer
n(M) > (eM —1)2

to satisfy the required divergence condition.
- J
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Chapter 3

Computing limits of sequences

3.1 Computing limits with basic techniques

' \
If:
ap >l € R and b, = € R,
we have: ;
& by — Ly £ 0y, Z-” = 7% (busly # 0, eventually),
n b
ap by — Ly Oy, az" — 0,0 (an, €y > 0, eventually).
(& J
( N\
If:
an —> by €R, b, - +oc and ¢, — +o0,
we have:
an + by — Ly +00=+400, ap—b, =Ll — 00 =—00,
bn + ¢, > +00 4+ 00 =400, —b,—c¢c, > —00—00=—00.
(& J
( A
If:
an =l €R, b, —>0"orb, -0 and ¢, — oo,
we have:
G £y G, £y
ap Cp =g 0=00 (lg#0), ——o —=00 ({#0), — — —=0.
bn 0 Cp ¢
The hypothesis that {b,} tends to zero from above or from below (and hence that it even-
tually has constant sign, with b, # 0) is necessary: with a,, = 1 and b,, = # we have
72 = (—=1)" n, which is irregular.
\
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s N
The four main indeterminate forms are:

[+00 — oc], [0-od), [8] and [%}

There are also three other indeterminate forms derived from [0 - oo]:

[loo], [00] and [ooo].

- J
( N\
We have:
+00 ifa>1
+oo ifa>0 e
lim n®*=¢{1 ifa=0 lim " = Ha=
R gacd n—r+00 0 if la] <1
0 ifa<0 ) )
does not exist if a < —1
N J

Compute the following limit, which is an (elementary) indeterminate form:

lim =

n2+2n [00}
n—+oo n 4+ 1

o0

Compute the following limit, which is an (elementary) indeterminate form:

. n*+5
lim ———— =
n—+oond +Tn —1
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. n*+5 .
lim ——— = lim
n——+oo n® 4+ Tn — 1 n—-+oo no

Compute the following limit, which is an (elementary) indeterminate form:

1—n?2 [oo}
im —=|—
n—+oo (n + 2)2

©.9]

. 1 —n?
hm — =
n—+00 (7’1, + 2)2

Compute the following limit, which is an (elementary) indeterminate form:

lim vn?2+1—+/n=[+o00— o0
n—-+o0o

Solution

. . 1 .
lim vVn24+1—+yn= lim n 1+ = —4/= | = lim n=+oco.
—>+00 n—+oo n n n—+oo

~ ——

—0 —0

——
—1

p-
.

Solution

Alternative method: multiplying and dividing by v/n? + 1 + y/n we obtain

2
W - R T+ ym) (V1) S I

VnZ+1++n Vi2+1l+vn  Ve2+l+yn

recalling that (a — b)(a + b) = a® — b*>. Moreover, we have
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wilon _ m0+kob) _ POsd-d) _ PlsE-d
VnZ+1+/n n2(1+5)+vn  ny/(1+ %) +n2 n( (1+7712)+n11/2)
Hence
—1
——
1 1
— (+a)
lim vVn2+1—+vn= lim n = lim n = +4o0.
n——+00 n——+00 1 1 n—-+00
(”ﬁ)*ﬁ)
=1
. J

Compute the following limit, which is an (elementary) indeterminate form:

lim e" —2" = [+00 — o0
n—-+00

Solution

since

Exercise 3.6

Compute the following limit, which is an (elementary) indeterminate form:

lim 3" +4" — 5" = [+00 + 00 — 0] = [+00 — ]

n—-+oo
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lim 3" +4"-5"= lim —-5"|1-— <§>” — (é>n = lim —-5"=-00
n—-+00 n—+o0 5 5 n—+o0
—0 —0
-1
since n n
—5" — —o0, (%) — 0 and (%) — 0.
(& J

Compute the following simple limit

For every a > 0, even irrational, lim,,_, - n® = 400.

Exercise 3.8

Compute the following simple limit

Compute the following simple limit

I 3n—+5 Zn
1m —_——
n—4oo \ n2 + 120

— 0 and 2n — +o0.

1+ 2)

’I’LE
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Hence

. 3n+5 2n +oo
i (i) =0 =0

Exercise 3.10

Compute the following simple limit

1002 —5n\ "8
lim ()

n—+o0 n3 —8

We have

10n2 -5 10 n2 (1 — 2» 10 (1 -
n3 n_ 3( 180"2):—(—28”)%0 and —3n+8 — —o0.
n°—38 n3 (1- %) no(1-:%)
Hence A
, 10n2-5n\ "" - 1 1
nEIfoo< n— 8 ) Tl
\ J

3.2 Computing limits using the hierarchy of infinities

( N\
For every a > 1 and a > 0 we have:

i log, n ) n®
lim —2a® _ 0, lim — =0,
n—+oo N n—+oo ™
n |
lim — =0, lim — =0.
n—-+oo n! n——+oco N

Hence the following infinities are listed in increasing order:

logn, n% d*, nl, n".

(& J

Exercise 3.11

Compute the limit of the following sequence, if it exists

2l/n 4 p2 4 3—n
Gn = G
log°n+2+n
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Consider the numerator; we have:

2l/m 51, n? = 400, 37" =0
The power of n with the highest degree is n?, and moreover we have

3—n 1 3—n ol/n

—— =—— hence — —0 and
= 3n 72 - o~

— 0.
Consider the denominator; we have:
log®n — 400, 22, n—+o00

By the hierarchy of infinities theorem, we have

6
logb n logn
| — 0.

~——
—0

We therefore factor out n2 in the numerator and n in the denominator and obtain:

—0 —0

o T e

21/n 3—n

I SF T

log® n 2 ="

n<1+ @ +5) log® n 2
1+ + 2

n n
—— =~

—0 —0

7\1
1 ol/n —-n
21/m 4 p2 4 377 T T

lim 5 = lim n 5 = +400
n——+oo log n+2+n n—-+oo (1 + log®n + 2)
n n

Compute the limit of the following sequence, if it exists

B 3n3 43" +logn
" logbn 4220 b

Consider the numerator; we have:

3n® — +o0, 3" — 400, logn — +oo
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that is, a sum of sequences tending to infinity. We also have:

3 1

— 0,
by the hierarchy of infinities theorem. Hence the principal part is 3. Consider the denom-
inator; we have:

logbn — +o0, 22" =4" - 400, n° = 40

that is, a sum of sequences tending to infinity. We also have:
6 5

log®n n
0 — 0 and 4—n—>0,

by the hierarchy of infinities theorem. Hence the principal part is 4™.

We therefore factor out 3™ in the numerator and 4" in the denominator and obtain:

—0 —0
~ =

3n3 logn

1
* 3n 3"

3n3 | log
3 (1+ 52 + 12)

qn <1+lo§in+z_j> B

logbn  n®

4n + 4n
N—— =
—0 —0

1+

hence

lim = = lim
n——+o00 ]og n -+ 22n + no° n—+oo

3n3 | 1
3n3 + 3" +logn y (3)" (1+3_Z+ C;’,gnn> 0

Compute the following simple limit

We have

logn

1 1/
Yn=mnn = elogn" — ¢
and, studying the sequence in the exponent,

logn
an = & we have a, — 0
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thanks to the hierarchy of infinities theorem. Hence we have:

logn

li Vn= i n =1.
A, =l
Consequently
lim Vn?= lim (%)2 =12=1.
n—-+oo n—-+oo
(& J

3.3 Computing limits using asymptotic estimates

We have a, ~b, if 32 =1 orif a,=byc, with ¢, = 1.

n

Moreover, we have a, + b, ~ap, it = —0

Exercise 3.14

Compute the following limit

2"+ 0?41
lim —————
n—+4o0 5" + 2" 4-n

We have
9 n? 1
2"+ n 4+ 1~ 2" since 2—n—>0 and 2—n—>0
and . N
. 2 2 n
5" 4+ 2" +n ~ 5" since 5—n:(g> — 0 and 5—n—>0
hence
2 e - L .9 , 2\"
im —— = lim — = lim = =0
n—+oo H" L 2" L  n—too H n—+oo \ H
(. J

Compute the following limit

We have

n

n! — 5" ~n! since —'%0
n!
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hence

Exercise 3.16

Compute the following limit

93n—1 _ 2
Iim —————
n—-+oo (2n)! — bhn

We have )
23—l _ 2 231 gince — # —0
and
57'L
(2n)! — 5" ~ (2n)! since — @)l —0
hence
23n—1 _ n2 23n—1
llm ———— = lim =0
n—+oo (2n)! — 5"  n—o+oo (2n)!
g J

Compute the limit of the following sequence, if it exists

n
lim ———
n—=—+oo n! nl/n

We have
n!nt™ ~nl since n'/" = Un —1
because |
1/n log n ogn
nl/m = logn™ — o= and g — 0.
n
Hence
n n
lim = lim — =0.
n——+oo p! nl/n n—+oo n!
g J

Exercise 3.18

Compute the limit of the following sequence, if it exists

i log (1+¢e™)
1m ——
n—+o00 /1 + n2
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Observing that
log (1 +¢€") ~log(e") =nloge =n
we have
. log (14 ¢e™) . n . n2
lim ——— 72— Jim ——— = lim T
n—+o00  4/1 + n? n—+00 /1 + 7’L2 n——+00 1 4L n2
because
n2
— 1.
14 n?
\ b,

Exercise 3.19

Compute the limit of the following sequence, if it exists

n—+1

lim ———
n—+oo log, (3 + n")

Observing that
logy (3 4+ n") ~ logy(n") = nlogyn
we have
n+1 . n+1
lim ———— = lim =

n—+oo logy (3 +n") n—toonlogyn

because e 1
r —1 and — 0.
n logy 1
. J

3.4 Computing limits with the sequence converging to Euler’s
number e

1ioo

For indeterminate forms , one can use:

1\
(1+—) — e asa, — FToo.

Exercise 3.20

Compute the following limit
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We have
n _(n=3-1+43\"_ 14 2 N R
n—3 n—3 n—3 ”53
hence
n—3 2
n—1\" e
lim < ) = lim (1+T3) = ¢?,
n—+oo \ n — 3 n—+o00 nT
since
n—3
1 2 n n—34+3 3
(—i_"T_‘?') “ <n—3> ( n—3 ) o3
~——
—0
and
n- — +o0
2
_ J

Compute the following limit

1
2 n n?]n
1 1
o [ = (12 —ed=1
n—-+oo n2 n——+oo n2
since
18, 1
1+ — — e, —0
and
n2 — +00.
g J

Compute the following limit
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since

Compute the following limit

We have

hence

since

Exercise 3.24

Compute the limit of the following sequence, if it exists

: n?+2 \*"
lim ( ————
n—+oo \n?+n+1

Since )
2
L —1 and 2n — +x
n24+n-+1

we have an indeterminate form of type [17°°].
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Since ) )
n2+2 n_ n24+n+l-n+1 n_ 1+ “n+1 \2"
n2+n+1 N n2+n-+1 N n24+n-+1 ’
we can therefore write
) om n4ntl (nﬁﬁl)2n
T R PR — (14 o
CETESVAR = R | =
Hence
) w2enn ] (E) 2
) nQ + 2 n ] 1 —n+1 i
lm | ——— = lim 1+ —— =e 4,
notoo \n2+n-+1 n—+o0o nftn+l
—n+1
since
~—2n2
n2+itl +
1 - = 1 —2 2
] e (e 2 | e [ -2
n2tn+1 n®+n+1 n"+n+1
—n+1 —_———
~n2
and
—1
1 1
2 1 - i
n+n+1 n<+n+n2
= — —00
-n+1 < 1>
_nl1=2=
n
—_—
-1
. J

3.5 Computing limits with the comparison theorem

e If ¢, — 0 and |b,| < ¢, eventually, then b, — 0.

e If ¢,, — 0 and b,, is bounded (even if not convergent), then ¢, b, — 0. The product
of an infinitesimal sequence and a bounded one is infinitesimal.

e A sum of infinities and bounded sequences is asymptotically equivalent to the infinity
of highest order.

Compute the following limit

. n +sinn
lim ——
n—+oc cosn + logn
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We have

sinn

n+sinn ~ n since —0

the product of an infinitesimal sequence {1} and a bounded one {sinn}. Moreover,

osn

cosn + logn ~ logn since -0

ogn

the product of an infinitesimal sequence {@} and a bounded one {cosn}. Hence

. n+sinn
lim —— = lim
n—+oo cosn + logn  n—+4oc logn

:+OO

Exercise 3.26

Compute the limit of the following sequence, if it exists

n sinn + sinn?

We have
n sinn+sinn? nsinn sinn?
2 = 2 -
n?+1 n“+1 n +1
and n
o sinn — 0 since = 0 and sinn is bounded.
ns+1 n+1
Moreover ]
5 sinn? — 0 since ——— =0 and sinn? is bounded.
n n-+1
Hence
. n sinn + sin n? n sinn  sinn?
lim 5 = lim > > =
n—-+00 n-+1 n—+oo n*+1  nc+1
—— =
—0 —0
(. J

Alternative method.

Note that the sequences {sinn} and {sinn?} are irregular but bounded. Hence we can write
the following upper bound

Z n+1

~n?241

n sinn + sinn
n?+1

and we have
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. n+1 . n . 1
lim > = lim —= lim —=0.
n—s+oon“+1 notoon n—-+oo N

Hence, by the comparison theorem, we have:

. nsinn+ sinn?
lim 5 =0
n—+00 n -+ 1

3.6 Computing limits with the ratio test

( N\
Given a positive sequence (a, > 0 for every n):

a
if there exists lim —=% =¢ and ¢ < 1, then a, — 0,
n—+o0  Qp

. . . An+41
if there exists lim —©
n—+00  ap

=/{¢ and ¢>1 (or {=+o00), then a, — +oo.

Compute the limit of the following sequence, if it exists

3n—1
lim ——
n—+oo N (n + 1)!

Since this is a sequence with positive terms whose general term is the ratio of simpler
sequences of exponential and factorial type, it is natural to apply the ratio test.

We therefore compute:

3n

Op+1  (ntD)-(nt2)! 3n nn+1)!
o 3 B . ! -1
an oDl n+1)- (n+2)! S
=(n+1)!-(n+2)
_ 3n _ 3n _ 3n B 3
m+1)(n+2) n?+2n+n+2 n2(1+3+3%) n(l++3)
We have:
lim gl _ lim ; =0

n—+0o  QAp n4»+oo71(1.+.% +.£%)

Hence, by the ratio test:
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Exercise 3.28

Compute the limit of the following sequence, if it exists

3 on
lim
n—too  nl

We have a positive sequence; we compute:

anr1 _ (n+122040 pt p41\® 2 2
an  (n+1)! m32m  \ n n+l n+1
1
_>

We therefore have:

An41 2

lim  — lim =0
n—+oo A n—+oon + 1
Then, by the ratio test:
3 on
im % —0
n—+oco n!
& J

Compute the limit of the following sequence, if it exists

nn

By T

We have a positive sequence; we compute:

a1 (m+ )"+ 1) n+1 (n+1\" 1+1 "
a,  (n+2)! nn n42 n
~——

—1

We therefore have:

1 n
im 2%t = fim <1+—> =e>1
n—+oo  Qp n—+400o n

Then, by the ratio test:
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Exercise 3.30

Compute the limit of the following sequence, if it exists

We have:
—1
1
nn 2" 2"
~ =b,
(n+1)!  (n+1)!
We now have the positive sequence {b, }; we compute:
bppr 2" (1) 2
b  (n+2)! 2" n42
We therefore have:
b
lim - = lim =
n——+oo bn n—+oon + 2
Then, by the ratio test:
n% 2™
im —— =0
n—+oo (n + 1)!
- J

3.7 Discussion depending on a parameter

Compute, as the parameter o € R varies, the limit of the sequence

53an

lim ———
n——+oo 23n+1

We have
53(:m 1 5 3n
23+l — 9 (7)

e 1/5°\* 1 50\ "
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At this point, we can study three cases:
e Case 1
(6%
5 > 1> a>log?2
then ¢ = +o0;
o Case 2
«
0<7<1<=>a<10g52
then ¢ = 0;
o (Case 3
(0%
-5 = 1 <<= a =logs2
then ¢ = %
In conclusion:
o —1i—oo if & > logs 2
RETMWZ 5 if o = logy 2
0 if o <logs2
.

Compute, as the parameter a € R varies, the limit of the sequence

1
li C=)n 4 1)log (1 + —
n—1>rfoo(e +1) og( + e”)

We have

since
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n n

1\° 1\°
(1 + —) —e and log (1 + —) —1
er er

1
i — i (2-a)n —
i o= lim (5707 4 1)

Hence

On the other hand

400 ifl—a>0

1
(eI p N =ell-@n e 501 ifl-a=0

en
0 ifl—a<0
Summarizing, we obtain
] +oo ifa<1
. 2—a)n ) = . _
ngrfoo(e +1)log (1 + e”) 1 ifa=1
0 ifa>1
. J

3.8 Multiple choice exercises

Exercise 3.33

Let "
lim <*/§+”> —

n—+oco \ e —2n

(d) Nomne of the other answers is correct.

-
.

Setting
\/§ +n

e—2n

w (V3+n\"
lan|" = —0

an

we have a, < 0 for n > 2 and

2n —e

since |ap| — 1/2. From |a,|" — 0 it follows that (a,)™ — 0. The correct answer is (a).

|\

.
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Exercise 3.34

Let ) N
lim (1)"na< —i—3n> =/

n——+o00 2—n

{ does not exist if a > 0

(a
(b

)
) ¢ = +o0 for every a € R
(c) £=0ifa<0

) N

(d) Nomne of the other answers is correct.

Vs
A\

We set L4 3n\" Lo 3"
+ on +3n
:_17’L =
an = ( )<2—n> <n—2)

We have a,, — 400 since (1 + 3n)/(n — 2) — 3. Let us compare a,, with 3™:

3”76 3n—6
an 143n\" 1 7
g = 14— /3
3n <3n - 6) ( + 3n_7—6> e

from which
an ~ 3713,

It follows that

n
lim (—1)"n® (1 + Sn) = lim e"3p%3" = +oo

n—s-+o0o 2—n n—s-+o00

even when o < 0, because 3" is an infinity of higher order than any power of n. The correct
answer is (b).

Ve
|\

Exercise 3.35

Let N
lim (an + > =/
n—+oo \ en + a

-~
A
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— €

—14+2

e .

Setting
an + 2
gy =
en+a
we have a,, — a/e, hence
~+00, a>e
(an)" —

0, O0<a<e
therefore answers (b) and (c) are not correct. In the case a = e we have an indeterminate
form 1°°:

ente (ir_zi)en
en + 2 n 2—e
ente) L enge
2—e

The correct answer is (a).

"
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Chapter 4

Additional exercises

Exercise 4.1

Compute, if it exists, the limit of the sequence, justifying the steps taken:

. 27" 4+ 3n3
lim

n—+oo logfn + 2 — nd

Exercise 4.2

Compute, if it exists, the limit of the sequence, justifying the steps taken:

. logn+3n3 logn
lim
n—-+oo 1/n 4 pnb

Compute, if it exists, the limit of the sequence, justifying the steps taken:

. n? + log®n
lim ———
n—+oon logn + 1
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Exercise 4.4

Compute, if it exists, the limit of the sequence, justifying the steps taken:

Compute, if it exists, the limit of the sequence, justifying the steps taken:

2n
. n
lim
n—+00 (n + 1)

Exercise 4.6

Compute, if it exists, the limit of the sequence, justifying the steps taken:

‘ <n+2)n2
lim
n—+oo \ n + 1

Compute, if it exists, the limit of the sequence, justifying the steps taken:

3 —-n
lim <1 + —)
n—-+oo n
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Exercise 4.8

Compute, if it exists, the limit of the sequence, justifying the steps taken:

2 n
lim (1 — —)
n—-+oo n

Compute, if it exists, the limit of the sequence, justifying the steps taken:

. n+log(n?) —2n
lim
n—=+oo  (logn)? + n?

Exercise 4.10

Compute, if it exists, the limit of the sequence, justifying the steps taken:

_ 8+ 2n —nt/3
lim
ns4oo n~1/3 4+ 3n —nd/3

Exercise 4.11

Compute, if it exists, the limit of the sequence, justifying the steps taken:

lim n( n2+3—n>

n—-+00
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Exercise 4.12

Compute, if it exists, the limit of the sequence, justifying the steps taken:

2 1 3 1 2
iy "t log(57°%) + (logn)

n—+oo 2 (logn)? +n logn

Exercise 4.13

Compute, if it exists, the limit of the sequence, justifying the steps taken:

Exercise 4.14

Compute, if it exists, the limit of the sequence, justifying the steps taken:

lim (\/n4+1—n\/n2+1>

n—+oo

Exercise 4.15

Compute, if it exists, the limit of the sequence, justifying the steps taken:

. n?P43n42
lim ——
n—+o0 227 + (logn)3
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Exercise 4.16

Compute, if it exists, the limit of the sequence, justifying the steps taken:

2

n) - sin(n?)

lim — (sin
n—+oo N

Exercise 4.17

Compute, if it exists, the limit of the sequence, justifying the steps taken:

lim cos(mn)

n—+00 m™n

.
+ log (sm —)
n
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Part 11

Limits of functions and continuity
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Chapter 1

Limits of real functions of a real variable

We have the following fundamental limit:

a \7@)
<1+—> — e as n(x) —» oo, a€R,a#0
n(z)
( N\
We have the following 5 main fundamental limits:
sine(z) —1 as e(z) =0
e(x)
1- 1
%;:(m) =5 as e(z) -0
log (1
og (1 +¢(z) —1 as e(x) = 0
e(x)
e(@) _q
¢ —1 as e(x) = 0
e(x)
1+ ‘-1
( 66(?;))) -« ase(x) -0, aeR a#0
(& J
s 2
We also have the following fundamental limits of the hyperbolic functions:
inh
sinhe(z) —1 as e(z) = 0
e(x)
h —1 1
€8 ;Ei)) =5 ase(z) =0
. J
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s N
By the hierarchy of infinities theorem, we have:

P (x) [log, e(z)]" — 0 ase(r) - 07, a,8>0, a>1

4 1\
From the 5 main fundamental limits, the following asymptotic equivalences follow:

s =) o ) 25 £(z) = 0
| — wess(e) ~ % €2(z) 25 o) — 0
@ — 1~ e(x) as e(z) — 0
log (1 -+ £(a)) ~ &(c) 5 £(z) = 0
\ (14 (@) = 1 ~ ae(a) el =

From the 5 main fundamental limits, the following asymptotic expansions follow:

sine(z) = e(z) + o(e(z)) as e(z) = 0
L 2
cose(x) =1— 5 ¢ (z) + o(e*(z)) as e(z) =0
log (14 ¢e(z)) = e(x) + o(e(z)) as e(z) — 0
@ =1+ ¢(x) + o(e(z)) as e(z) — 0
(1+¢e(2)" =1+ ae(z)+o(e(z)) as e(z) = 0
- J
' \
From the fundamental limits, the following asymptotic equivalences also follow:
sinhe(z) ~ e(x) as g(z) = 0
L 5
coshe(z) — 1~ 5 € () as e(z) =0
\ J
( N\
For the hyperbolic functions we have the asymptotic expansions:
sinhe(z) = e(z) + o(e(z)) ase(x) » 0
1
coshe(z) =1+ 5 e%(z) + o(e*(2)) as e(z) = 0
(& J
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s a

Operations with “little o”:

o(1) denotes a generic infinitesimal;

)~ o) (02
o(z") £ o(x™) = o(zM) where M = min {m,n}.
. J

From e¢* =1+ 2z + o(z), v — 0, deduce that

sinh(z) =z + o(x), = — 0.

For © — 0, we have e™* = 1 — 2 + o(x), hence

et —e *

sinhx = — = %((1 +z+o(z)) — (1 —a;+o(:c))) =z + o(x).

Using cosh? z — 1 = sinh? z and the previous exercise, prove that

. coshz — 1 B 1
xl—r% .732 o 2
and deduce

1
coshz =1+ 5:1:2 + o(x?), = — 0.

\\ J

From the previous exercise we have sinh? z ~ 2% as  — 0 and moreover cosh 0 = 1, hence
. coshz—1 coshx+1 . cosh’z—1 1
lim > . =lm ———— - lim ———— =
z—0 T coshz+1 z—0 x z—0 coshz + 1
N———
R
1 . sinh?z 1 . 2 1
=— 1 5 :—hm—2:—
2 250 x 2 z—=0x
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Moreover

which means

-
.

Refine the equivalence
log(2? +1) ~ 2logx, x — +00

by proving that

1 1
log(x? + 1) :2loga:+ﬁ+o (332> , T — +00.

-
A

1 1
log(z% 4 1) = log (x2 <1 + —2>> = log 22 + log (1 + —2> )
% @

Now
1/22 -0 as z — 400
and
log(1+y)=y+o(y) as y—0,
hence

1 1
log(z? + 1) :2log:v+p+0 (P) , T — +00.

~
(&

Compute the following limit of a function of a real variable:

lim logz —

T—+00

lim logz — vz = lim —x = —o0.

T—r—+00 T— 400
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Compute the following limit of a function of a real variable:

lim 2% — 22
r——+00

Compute the following limit of a function of a real variable:

log(x? + 1)

lim
T—+00 2T

We use the equivalence log(z? + 1) ~ 2logz as x — +o0:

log(z? + 1

z—+00 DT z—+oo 2%

21
8T _

Compute the following limit of a function of a real variable:

We use the fundamental limit

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 46


https://github.com/fabiofurini/mathematical-analysis-1
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Mathematical Analysis 1

Exercise 1.8

Compute the following limit of a function of a real variable:

lim z'°8®
z—0*

We have
log =
l,log T elog a2 elog z log 33,

hence

——00 ——o00
~ =

lim z1°8% — Jim elo8Z 10g8Z _ +oo

z—0t z—0t

= +00.

Moreover, the base x tends to 0 and the exponent log x tends to —oo, hence the limit is not
an indeterminate form:

lim 7'°%8% = (0~ = 400
z—0t

Let
zgriloo:c (log(z +2) —logx) = L.
(a) L=2
(b) L does not exist
(¢c) L=1
(d) None of the other answers is correct.

2 2
lim z (log(x +2) — logz) = 11)141_1 x log <1 s —) = lim z-= =2
x o0

T—+00 T z—+00 x

The correct answer is (a).

Exercise 1.10

Compute the following limit of a quotient using equivalent power functions for each term:
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et =1
lim —
z—0 sinx

We have 1 1 |
lim ST COST 3 hence 1 —cosz ~ 5302

o as z — 0.
x—0 x

Moreover, we have

2

sint ~z as x — 0 hence (sinz)?~2? as z — 0.
We then have:
. 1—cosz . %az2 1
lim —— =lim 25 =~
z—0 sIn“zx z—0 X 2
. J

Compute the following limit of a quotient using equivalent power functions for each term:

sin 3z
im —
z—0 sin 4z

I sin 3x . 3z 3
1m = nmm — = -
z—0 sin 4z xz—0 4x 4
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Compute the following limit of a quotient using equivalent power functions for each term:

1— 2x\2
lim( )

z—0 1 — cos dx

. (1—e®?2  (—22)2 8
lim —— % = lim = —
z—01 —cosbr -0 %(533)2 25

Exercise 1.14

Compute the following limit of a quotient using equivalent power functions for each term:

Compute

We analyze the exponent using the equivalence sin(xlog7) ~ zlog 7 as x — 0:

lim ﬁ sin(zlog 7) = lim ﬁ ~xlogT = /mlog7.
z—0 X z—0 X

The given limit equals

o z2e S Sn(eloeT) — (. oVFIoET — . 7V =,
z—
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Exercise 1.16

Compute

lim

( — + log a:)
r—0t S T

Using

lim sinzlogx = lim zlogx =0,
z—0t z—0t

we have
1+sinzlogz

1
lim ( - —i—log:p) = lim —— =+
z—0+ \ sinx z—07F sin x
since the numerator 1 + sinzlogz tends to 1 while the denominator sinx is a positive
function tending to 0.

Equivalently, again from

log

= lim sinzlogz = 1im+:clogx =0,

z—0t z—0t z—0

sin x
we have that 1/sinx is an infinity of higher order than logx as x — 0T, hence

1 1
lim ( - —|—log:v) = lim — = +00.
z—0+ \ sinx z—0+ sinx

We also prove that

lim x logz =0
z—0F

We make the change of variable x = %, hence

1 -1
lim z logz = lim — log— = lim Ogy:0

z—0+ y—+oo y Yy  y—too oy

Compute

3 6

—sinx

(1 —cosz)

lim

6

1 )
1 —cosxz ~ 51:2, sint ~xz, x— 0,
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we have , 3 . ( 2 .
. l—cosx)®—sinx . l—coszx : sin z
limg 0 - =limg 0 75— — limg0 5 =
1.6
. i g 8 1 7
= hmx_ﬂ) % — hmx_>0 0 — 8 1= -3

Equivalently, using the calculus of Landau symbols, from

1
cosx =1— 5:1:2 + o(x?), sinz = x +o(z), = — 0,

we have e el

. (1—cosz)3—sina® _ .. s2°—z°+o(z°)

limg o —F——— =limg 0 &% =
7.6 6 7.6

. —<£z%40(2®) . — 2T 7
8 — =0

lim, g 5 = limy 0 35— = —5.

\ Y

Exercise 1.18

Compute
6

8(1 — cosz)® —sinx

lim G
x—0 X

From "
1—cosx~§x2, sinx ~zx, = — 0,
we have ( 5 s ( 5 .
. 8(1—cosx)®—sinx . 8(1—cosx . sin x
limg 0 m) = limg 0 T) — limg 0 26 =

Q 6 . 6
= lim; 0 75 — limgz 0 55 =1 —1=0.

Equivalently, using the calculus of Landau symbols, from

1
cosx =1— 5932 + o(z?), sinz = z + o(z), = — 0,

we have ( o . g o(a)
. 8(1—cosx)®—sinz . z°—z°+o(x
limz 0 7 = lim; 0 = =
6
. o\
limg o (336 i 0

since the numerator o(z%), by the very definition of the Landau symbol, is an infinitesimal

of higher order than the denominator .

- J

'd N\
We have the asymptotic expansions as x — 0:

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 51


https://github.com/fabiofurini/mathematical-analysis-1
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Mathematical Analysis 1

sinz =z +o(z), cosz =1— 322 +o(z?), e =1+ 2z + o(z),

sinhz =z + o(z), coshz =1+ 122 + o(2?).

Compute the following limits using the comparison of infinitesimals

. (sinz)? 4+
lim
a—0 23 —sinz

(sinz)?+x

(zto(@)+z _
3 —sinz

limg o x3—z+o(x)

= limg 0

2 +o(x?)+x

_ z+o(x)
x3—z+0(x)

= limg o

Exercise 1.20

Compute the following limits using the comparison of infinitesimals

|1 — cosx + sinz|

|l—cosz+sinz| . |222+o(x?)+a+o(z)|
e=—1Z lim 0 @to(x))?

_ lz| _ 5s 1
= lim,_.o 2= lim,_,q To] = ~+00.

Compute the following limits using the comparison of infinitesimals

sin 2z — sin? x

et —1
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2z4-o(x)—(z+o(x))?
z+o(x)

sin 2z—sin? z
er—1

liInx—>0 = hm:c—)O

2z+o(z)—z?+o(x?) _
z+o(x) -

2z+o(x)
z+o(x)

= lim, 0 lim, 0 = limg 0 2 = 2.

Compute the following limits using the comparison of infinitesimals

3

sin® x — sin4x

m-——
z—=0coshz — 1+

(:v+10(17))3 —dzto(z) _
2 +o(x?)+x

sin® z—sin 4z
coshz—1+4z

hmx—)O = hmac—>0

3 4o(x?)—4x+o(x)
z+o(x)

—4z+o(x)
z+o(x)

= lim, 0 =% = —4.

= limg o = limz o

Compute the following limits using the comparison of infinitesimals

sin z — sin 22

I
250 sinh(2x) — sinh(2x)?

. sin z—sin 2 _ 1 zto(z)—z’to(z?) _
lims—0 Goh(2e)—sinh(Z2)? = 1Ma—0 551 o(z)—@ato(@))? —

T z+o(x) T zto(xz) _ 1 x 1
= limg0 2z+o(x)—4x2+o(x2) — limg 0 2z+o(x) — limz 0 2¢ — 2°

Exercise 1.24

. log(1++Vx—1)
lim

z—1+ x2 —1
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Solution

We have

lim log(1+vo—1) lim log(l+vz—-1) 1 lim log(1+ vz — 1)
z—1+ r2 —1 _x—>1+ vVe—1vx +1 _\/§x—>1+ Vo —1 '

Setting y = v/ — 1, the limit becomes

1 log(l+y) 1

— lim —=>— " o

V2 y—=0t y V2

by the fundamental limit
i 081 +9)
y—0 Yy

=1.

Ve
1\

Exercise 1.25

Compute

lim
T—-+00

<$2 + 31_) (z+log )

z2 —bx

-
.

We have

2 + 3z (z+log ) T+3 (z+log ) 3 (z+log )
lim ( 5 ) = lim < > = lim (1 + )
z—+oo \ T4 — BT z—+oo \ T — J L—+00 -5

Using the fundamental limit

1 T
lim (1 +- —> =e
r—300 X

we obtain
B 8(z+log )
22 + 3z (z+log x) 8 o5 .
lim 5 = lim 1+ — =e
z—+oo \ T — bx T—>+00 %5
since
8(x + log x) 8T  zoto0o0 .
z—5 z—5 ’
- J
Exercise 1.26
Compute
x (% —e”)
=0 cos(x) — 1
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We have
(e e (- (9 e ()
PR _ T = m—
a—0 cos(x) —1  2—0 cos(x)—1 z—0  cos(z) —1
Since oo .
- (2 —eva ()
T T
and also |
cos(z) — 1 ~ —5332
we obtain ) .
T _ LT _ 1 £
z—0 cos(z) —1 20 —
(& J
Exercise 1.27
Compute
lim sin (In (1 — z))
x—0 127

Ve
(.

Solution

The limit is in fact immediate if we observe that, as x — 0,
In(l—2z)~—zx

and also
1-2% ~ —xlog2

thus obtaining
lim sin (In (1 — x)) _ g sin(—z) _ 1
z—0 1-—22 z—0 —xlog2 log2

since
sin(—x) ~ —x

Ve
|\

Exercise 1.28

Compute

lim x*sin?(r — 2arctan(z))

T—+00 2 +3

-
N

Solution

Recalling that

and hence that
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we can immediately use the asymptotic estimate

sin?(m — 2arctan(z)) ~ (7 — 2arctan(z))?

as well as
zt 9
—— ~ I
22 +3
and say that
lim x4 sin?(m — 2arctan(z)) ~ im z*(m — 2arctan(x))?
T—+00 243 T—+00 243
= lim z?(7 — 2arctan(z))?
r—+00

which is still an indeterminate form of the type [0 - +00]. However, with the change of
variable y = m — 2 arctan(x) and observing that

we obtain

. 2/ _ 2 _ a2 2 g)
xgriloox (m — 2arctan(z)) —731_%?; cot (2

2
o Y 2 (y) .
= lim —=——cos“ [ Z | = 4.
y—0 sin? (¥) 2

|\

.

Exercise 1.29

Compute

. log (z%) —logx
lim —————=—
z—1 1 —cos(xz — 1)

Vs
.

Recalling that
log (2%) — log z = log(e*!°8%) —logz = zlogx — logz = (z — 1) log =
we immediately have

. log(z*) —logx .. (z—1)logx
lim —————— = lim ———
z—1 1 —cos(x —1) 2-11—cos(z—1)
Setting, for greater clarity in the use of the asymptotic estimates, x — 1 = t, we obtain by
substitution
(x—1)logx . tlog (1+1)

lim ————= — =lim————* =
z—11—cos(z —1) t=0 1—cost

since
tlog(1+1t) ¢

1 —cost Ny

-
(&
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Exercise 1.30

Compute

We immediately observe that the limit is in the indeterminate form of the type [+o0 - 0],

since )
3r+x T—+00

1+ 2+ 22
In order to resolve the indeterminate form, we can add and subtract 1 inside the argument

of the logarithm:
3z + 22 3z + 22
1 —— ] =1 1+ —— -1
0g<1+x+w2> og( Tzt >

3$+-'L’2 _1 J:—H—oo\o
1+ x+ 2

we can use the well-known asymptotic estimate of the logarithm, valid for some e(x) — 0,
obtaining

1

At this point, since

3x + 22 3x + 22 _ 2¢ —1
14z 4+ z2 14+ 2+ 22 14+ a2

. 20— 1
Im z(— | =2
e=too \ 1+ + 22

log (1 i

The limit reduces to

lim
r—r—+00

(em B em)

Factoring out e #*~1 we obtain

lim e
r——+00

Vr2—1 (ex/xz—l-z—\/xz—l . 1) )

We examine the indeterminate form va2 +x — Va2 — 1 as £ — +00:

2 2 2 2
hm 2 — 2 ]_ . M—F\/ﬁ — hm 24 r—x2+1
rtoo VT2 + 1 — Va ey prtoo APt AL

41 —

= Maortoo ST )

N[
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Hence the given limit equals

lim evVe®-! (e‘/$2+x_‘/a’2_1 — 1) =(vVe—1) lim eV w1 _ +00.

T—>+00 Tr—r—+00

Equivalently, from 1/ — 0 as  — 400 and from

V1i+ty=1+(1/2)y+ o(y)

as y — 0, we have

[ 1 1 1 1
V2+z=x\/1+=—=z(1+—=+40(=] )=+ =+0(1), z— +o0,
T 2x x 2

where o(1) denotes a generic infinitesimal, and

22 —1=1z4/1 1 =z(1 1 +o0 1 =z 1 +o0 1 T — 400
N x2 222 x2 - 2z x)’ '

Hence the given limit equals

VaTiT _ e\/igﬂ—l) (ex+1/2+o(1) _ ew—l/(Zm)—i—o(l/x)) _

limg s o ( = limg 4o

limy s 4o €7 (61/2+0(1) — 6—1/(21)4-0(1/1)) = (ye — 1) limy—s 400 €% = +00.

( A
We have that 1/ — 0 as  — 400 and we have the asymptotic expansions as y — 0

1
siny =y +o(y), cosy=1— 53" +0(y°), & =1+y+o(y), log(1+y) =y +o(y).

Compute the following limit

1+ x*sin(1/z*)
z—+o0 x2(1 — cos(1/x2))

lim

From the asymptotic expansion we have:

1 L1 2+ 1\2 L1 N 1 L
COS | —= = — = — (0] — = — = —> o\ — as I 0.
2 2 \ z22 x2 2 x4 4

Expanding the ratio asymptotically, we have:
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e for the numerator
4. (1 a1 1
l+asin| — ) =1+2" (5 +o|—)]=1+1+0(1) as x — +oc;
x

e for the denominator

1+ z*sin (2 2 1
lim ("”f) lim +o )1 = +00
a=too 32 [1—cos (z)] =m0 5 55 +o(5z)
where, as always, o(1) denotes a generic infinitesimal.
- J

Compute the following limit

i S L ()
Hha—+00 Tog(aFT)—loga? — "1@too T 145 -
1 1 1 1
=Tt ~Zrto(h) —Jr+o( ) -5
= limg 400 — - = limg 00 — - =limg 00 - =1
(%) Sto( %) 2
- _J

Exercise 1.34

Compute

We use the expansion
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and the equivalence
cosz — 1~ —z2/2 as = — 0.

Hence we have

P 1—z*4o(z*)—z*—1

. @ _ %
lim 0 2Z(cosa—1) lim 0 2 (_ﬁ)
2
: —2z44-o(x? . _op4
— limg o =240 _ i, o =20t g,
T2 T2
L J

Compute

. : 1
lim (2sin? )2
z—7 /4

Using cos 2z = 1 — 2sin? z and setting y = 1 — 2sin® 2, we observe that y — 0 as z — /4
and the given limit equals
1 log(1—y) 1
1‘ ]. - = 1. fmnd -1 e
yl—%( v ylgil)e ’ ° e
also by virtue of the fundamental limit
log(1 —
i 280 %) _
y—0 Yy
. J

Exercise 1.36

Compute

1
(1 —|— x5)x231n2z — 1
=0+ 2log(l + z3)

lim

We write the numerator in the form

10g(1+z5)
(& z2sin 2z —

and we analyze the exponent. As z — 0 we have

log(1 + z°) x°
22 sin 2 z2 . 2z

| 8,

From this and from e¥ — 1 ~ y as y — 0, it follows that

log(1+2%) log(1 +2°) 22
e 22 sin2c — 1 ~ & ~ 7

22 sin 2z
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The given limit equals

o Qe eE -1 1]
11m = —&
a—0+t  2log(1 + 23) a—0+ 223 4da0+ T

Writing the numerator in the form

zlog x
1—e*o8%,

the exponent zlogx tends to zero as  — 0T. Since 1 — €Y ~ —y as y — 0, it follows that
1—e®lo8? o _plogz, z— 0T
The given limit equals

—xlogx —logx

7 0 = lim = +00
z—0+t X r—0t a8 z—0t x

Exercise 1.38

Compute

We have

. 3 3
sin(e® —1) ~e® —1~a3 z— 0"

and |
\/1+x3—1~§x3, z — 0T,

The given limit equals
3
sin(e® —1 T
lim g = lim +— = 2.
220 /1423 —1 a0 523
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Exercise 1.39

Compute

as the parameter a > 0 varies.

We have

0, a<l1
. zlogx
lim =

z—0+t T

—o00, a=1

hence, as z — 0T, the infinitesimal zlogz is of lower order than z (z = o(xlogx)) but of
higher order than z¢ if &« < 1 (zlogz = o(z®), a < 1).
Hence, from the expansion

e =1+y+o(y), y—0,

it follows
xm_em+xa:emlogz_6x+xa:

1+ zlogz +o(zlogz) — 1 — 2+ o(x) + 2% =
zlogx + o(xlogx), a>1

z + o(x®), 0<a<l

The given limit equals

lim,_,q+ xl\‘;%w = lim,_,¢+ v/zlogz = 0, a>1

hnlx—>0Jr

=0, 12<a<1

8
)
|
@
)
+
8
Q
Si%

limx—)O“'

S

=1, a=1/2

limw—>0+

= +00, 0<a<1/2.

8
Sl%
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