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Exercises: Numerical series
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Exercise 1

Determine, as a € R varies, the behavior of the following series, making appropriate use of the
tests studied:
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This is a series with positive terms. Applying the ratio test, we obtain
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The test guarantees that the given series converges for —v/3 < @ < v/3 and di-
verges for a < —v/3 and for @ > v/3, while it gives no information for a = +/3. For
a = +/3, the series becomes
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which diverges by the comparison test, since
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and the latter is the general term of the harmonic series, which diverges. Overall,
the given series converges for —v/3 < a < v/3, while it diverges for a < —/3 and

for a = /3.

Exercise 2

Determine the behavior of the following series, making appropriate use of the tests studied:

X logn
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First of all, we observe that the necessary condition for convergence is satisfied.
Moreover, we have
logn n 1
< =
nd nd n?
By comparison with the generalized harmonic series with exponent p = 2, the
given series converges.
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Exercise 3

Determine, as a € R varies, the behavior of the following series, making appropriate use of the
tests studied:
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This is a series with positive terms. Since
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Therefore, by the limit comparison test, the series converges for a — % > 1, that is,
ifand only if a > %

Exercise 4

Determine the behavior of the following series, making appropriate use of the tests studied:
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Observing that

n) _{ 0 if n is even, that is n = 2k,

sm(nz (-D* ifnisodd, thatis n=2k+1.

the given series is actually summed only over the odd indices and can be rewrit-
ten in the form

x (-1)"sin(nf) & (- (-DF 2 (-pk+
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le ~ ﬁ as k — +oo, where the last one is the general term of a harmonic se-
ries (which diverges). However, the given series converges (conditionally) by
the Leibniz test. Indeed, it is immediate to prove that the sequence defined by
ayx = le is positive, infinitesimal and monotonically decreasing.

The latter is an alternating series; it does not converge absolutely, since

Exercise 5

Determine the behavior of the following series, making appropriate use of the tests studied:
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which is the general term of the generalized harmonic series with exponent 2 > 1.
Therefore the original series converges by the limit comparison test.

Exercise 6

Determine, as x € R varies, the behavior of the following series, making appropriate use of the
tests studied:
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Left as an exercise. Use the second-order Maclaurin expansion of e’, with ¢ = %
By limit comparison with the generalized harmonic series, the given series will
turn out to be divergent for x # 2 and convergent for x = 2.

Exercise 7
Determine the behavior of the following series, making appropriate use of the tests studied:

n2+3\/ﬁ)

n2+4

2 log(
n=1

This is a series with positive terms. Since
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Therefore, by comparison with the generalized harmonic series with exponent
% > 1, it follows that the series converges by the limit comparison test.

Exercise 8

Determine the behavior of the following series, making appropriate use of the tests studied:
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This is a series with positive terms. Since
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we immediately have
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Therefore, by comparison with the generalized harmonic series with exponent
2 > 1, it follows that the series converges by the limit comparison test.




Exercise 9

Determine the behavior of the following series, making appropriate use of the tests studied:
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This is a series with positive terms. We have
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as n — +oo. Therefore, the original series diverges by the limit

which is the general term of the harmonic series. We used the fact that
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and also e e

comparison test.

Exercise 10

Determine, as a > 0 varies, the behavior of the following series, making appropriate use of the
tests studied:
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This is a series with positive terms. Since
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Sin n3a - n3a
then we immediately have
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Therefore, by the limit comparison test, the series converges for 5a — % > 1, that
is, if and only if @ > %




Exercise 11

Determine, as @ > 0 varies, the behavior of the following series, making appropriate use of the

tests studied:
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This is a series with positive terms. Since
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Therefore, by the limit comparison test, the series converges for 2a —2 > 1, that
is, if and only if @ > %

then

Exercise 12

Determine, as @ > 0 varies, the behavior of the following series, making appropriate use of the
tests studied:
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The given series has negative terms (think about the cosine of an angle between
0 and 1). Therefore, we can apply to it the tests for series with positive terms,
factoring out the negative sign. Observing that, for a > 0,

1 N 1
cosﬁ—l n N_ana __2n3“—1

we immediately obtain that, by the limit comparison test, the given series con-

verges for3a—1>1,i.e., a> 3.




Exercise 13

Determine, as a € R varies, the behavior of the following series, making appropriate use of the
tests studied:
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First of all, we observe that this is a series with positive terms, since a’—5a+7>0
for every a € R. Using the root test, we obtain
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where we took into account the hierarchy of infinities and the limit V72 — 1.
Since |a? — 5a + 7| < 1 is satisfied if and only if 2 < a < 3, while |@® —5a + 7| > 1 is
satisfied if and only if @ < 2 or @ > 3, and la? —5a+7| =1 if and onlyifa =2 or
a = 3, the test guarantees that the given series

e converges for2 < a < 3;

 divergesfora <2ora > 3.
_ _ g g _ 1 1 q
For a = 2 or a = 3, the given series has general term a,, = 3Z+ogn ~ 3 which
satisfies the necessary condition, and the series converges by limit comparison
with the generalized harmonic series with exponent 2 > 1.

Exercise 14

Determine the behavior of the following series, making appropriate use of the tests studied:
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This is a series with positive terms. Since

then
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Therefore the given series diverges since its general term is not infinitesimal.




Exercise 15

Determine the behavior of the following series, making appropriate use of the tests studied:
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Left as an exercise. The given series converges absolutely and hence it also con-
verges.

Exercise 16

Determine, as « € R varies, the behavior of the following series, making appropriate use of the
tests studied:
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Left as an exercise. Apply the root test. The given series converges for a <7 and
diverges for a = 7.

Exercise 17

Determine, as « € R varies, the behavior of the following series, making appropriate use of the
tests studied:
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Left as an exercise. Apply the root test. The given series converges for a > ig—gi -2,

Exercise 18

Determine, as a € R varies, the behavior of the following series, making appropriate use of the
tests studied:
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The given series has negative terms (think about the cosine of an angle between
0 and 1). Therefore, we can apply to it the tests for series with positive terms,
factoring out the negative sign. Observing that
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we immediately obtain that, by the limit comparison test, the given series con-
verges for2a—-4>1,i.e, a> %

Exercise 19

Determine the behavior of the following series, making appropriate use of the tests studied:

121 (Z)?’in

[ Work it out as an exercise using the ratio test. The given series converges.

Exercise 20

Determine the behavior of the following series, making appropriate use of the tests studied:
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This is a series with positive terms. Applying the ratio test, we obtain
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Recalling the fundamental limit
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Since [ = e 2 < 1, the given series converges.

Exercise 21

Determine, as a > 0 varies, the behavior of the following series, making appropriate use of the
tests studied:

Left as an exercise. Add and subtract 1 inside the argument of the logarithm and
use a suitable asymptotic estimate. The given series converges for a > 1.

Exercise 22

Determine the behavior of the following series, making appropriate use of the tests studied:

Left as an exercise. It suffices to expand the general term of the series up to the
first nonzero term of the expansion. The given series converges.
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Exercise 23

Determine, as x € R varies, the behavior of the following series, making appropriate use of the
tests studied:
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Left as an exercise. Use the ratio test. The given series converges for 12 — % <x<
12 + 1 and diverges elsewhere.

Exercise 24
Determine, as x € R varies, the behavior of the following series:

%)
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This is a geometric series with ratio g = lx—’_cll, defined for x # 1. The series con-

verges absolutely (and hence also converges) if and only if
AP

that is, if and only if

whose solution interval is x < %

Exercise 25

Determine the behavior of the following series, making appropriate use of the tests studied:
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Recall that cos(nm) = (—1)"; therefore the series is alternating. Since logn < n for
every n € N, we have:
logn 1)\"
- (5)<(3)
n e

where the last one is the general term of the geometric series with ratio g = é <1,
which converges. By the comparison test we obtain that the given series con-
verges absolutely, hence it also converges.
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Exercise 26

Determine the behavior of the following series, making appropriate use of the tests studied:

°z°: 1+ ncos(nr)
=0 2n’+1

Left as an exercise. Observe that }_7° anﬁ is convergent, hence it is possible to
rewrite

i 1+ ncos(nnr) 3 00 1 N i ncos (nr)

— 2n2+l  2n?+l o) 2n?+1

where cos (nr) = (—1)". Determine the behavior of the second series; one will
verify that it converges (conditionally) by the Leibniz test and that, in the end,
the given series converges as a sum of convergent series.

Exercise 27

Determine the behavior of the following series, making appropriate use of the tests studied:

o cosn

Nt
nX::l( ) 3n2+2\/ﬁ

cosn

m , We have

The given series is alternating. Setting a,, = (—1)"

cosn | cos n| - 1 1
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where we used the fact that [cosn| < 1 for every n and 3n? + 2v/n ~ 3n? as
n — +o0. By the limit comparison test with the generalized harmonic series with
exponent 2 > 1 and by the comparison test, the given series converges absolutely,
and hence it also converges.
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Exercise 28

Determine the behavior of the following series, making appropriate use of the tests studied
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This is an alternating series. Observing that

in?(n7/2) = 0 ifniseven, thatis n =2k,
SILVITIZI =N 1 ifnis odd, thatis n=2k + 1.

and setting a, = %, we have
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Hence the given series can be rewritten in the form
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where, for the second equality, we used the fact that n = 2k The last series ob-
tained has positive terms. Since, as k — +00, g7+ sl

el "~ 6 k , the limit comparison
test with the harmonic series shows that the given series diverges

Exercise 29

Determine, as x € R varies, the behavior of the following series, making appropriate use of the
tests studied:

L)

Left as an exercise. Argue as in exercise 24
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