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Exercises: computing limits of sequences
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1 Computing limits with basic techniques

If:
we have:
a, ¥4
antb,—¥l,+0, — —— (b, ¢y #0, eventually),
bn ‘«ﬂb
anby,— 4,0, aZ” — &/b (an,?4>0, eventually).
If:
a,—¥l,eR, b,— +oo and ¢, — +oo,
we have:
a,+b,—¥f,+00=+0c0, a,—b, —¥,;—00=—00,
b, +c, — +oo+o00=+00, —b;,—c,— —00—00=—00.
If:
a,—¥l,€eR, b,—0 and c,; — oo,
we have:
n al’l ea
ap cp—lao00=00 ({4 #0), ——=00 ({;#0), ———=0
by, ¢, ©o

The four main indeterminate forms are:

[+oo—o00], [0-o0], and [2]

There are also three other indeterminate forms derived from [0 - co]:

(1], [0°] and [o”].




We have:

. +00 ifa>1
+oo ifa>0 ] £ ’
. . . ira=
lim n%=<1 ifa=0 lim a" = _
n—+oo . n—+oo lf |a| <1
0 ifa<0 . .
does notexist ifa<-1
Exercise 1
Compute the following limit, which is an (elementary) indeterminate form:
n®+2n [oo]
im =|—
n—+oo n+1 00
—>0
~=
2
n
n® +2n
im = = lim —= lim n=+oo0.
n—+oo n+ 1 n—»+oo n—+oo n n—+oo
1
n
~——
—>0
Exercise 2
Compute the following limit, which is an (elementary) indeterminate form:
nt+5 00
R (-]
n—+on®+7n—-1 loo
4 S
nt+5 . n (1 + n4) 4 .
lim ——— = lim = lim —= lim —=0
n—+oon®+7n—1 n—+oo 5 7 1 n—+oo n n—+oo p
n(l1+ P S




Exercise 3

Compute the following limit, which is an (elementary) indeterminate form:

. 1-n? [oo]
im =|—
n—+oo (n4+2)2 loo
2 1
2 . -n (1—?) n2 .
m —— = lim = 1 —= lim -1=-1
n—+o0 (n+2)2 n—+o0 o (1_‘_%_’_%) n—+oco n n—+co

Exercise 4

Compute the following limit, which is an (elementary) indeterminate form:

lim Vn?2+1-+vn=[+o0—o0]

n—-+oo

lim Vn2+1-vn= lim n

1 1 .
1+ — - lim 7n=+oco.
n—+oo n—+00 n? n n—+00
—— =~
—0 —0




Alternative method: multiplying and dividing by v n? + 1 + \/n we obtain

2
(Vn?+ —\/ﬁ)(\/n2+1+\/ﬁ)_( ”2+1) _(\/ﬁ)z_ n?+1-n
vVni+1l++vn vVni+1+yn \/n2+1+\/ﬁ’

recalling that (a — b)(a + b) = a® — b>. Moreover, we have

_ 1 1 2 1 1
R .

\/n2—+\/_ \/ n? 1+ +\/_ \/1+

Hence

I\JI»—‘
—
—
—
+
xml,_.
N~——
+

S
==
N

( ; 1)
2
hm Vn2+1-vn= hm n nn = lim n = +oo.
(1+—)+—)

-
\

Exercise 5

Compute the following limit, which is an (elementary) indeterminate form:

lim e"—2" = [+o0—o0]

n—+oo
n
lim e"-2"= lim e" 1—(—) = lim e =+oc0
n—+oo n—+oo e n—+oo
——
-0
—_——

since




Exercise 6

Compute the following limit, which is an (elementary) indeterminate form:

lim 3" +4" —5" = [+00 + 00 —00] = [+00 — 0]

n—+oo

3\ (4\"
lim 3"+4"-5"= lim -5" 1—(5) - —)

since

n—+oo n—+oo
—0 —0
- >
v

= lim -5"
n—+oo

3\" 4\"
—5n—’—OO, (g) — 0 and (g) — 0.

Exercise 7

Compute the following simple limit

lim n
n—+oo

For every a > 0, even irrational, lim,,_, ;oo 1% = +o00.
n o0

Exercise 8

Compute the following simple limit

lim n~°
n—+oo
. —e . 1
im n°= lim — =0.
n—+oo n—+oo pé
Exercise 9
Compute the following simple limit
. ( 3n+5 )2"
lim (———
n—+oo | n2 +120




We have

5 5
sn+5 _3n(l+gy) 3 (4g) oo
n2 +120 n2(1+1,12—20 n(1+120 .
Hence 2n
3n+5
lim | ———| =0"°=0.
n—+oo n2+120
Exercise 10

Compute the following simple limit

1072 —5n)>"*8
lim (—3 )
n—+oo n°—8

We have

5
10n2—5n_10"( 102) 1
)

Hence

n—+oo| n3-8

1072 —5pn) >"*® 1
i (1201

Computing limits using the hierarchy of infinities

For every a > 1 and a > 0 we have:

log, n n®
lim 4_ -0, lim —=0,
n—+oo p& n—+oo g’
a” . n!
m —=0, lim —=0.
n—+oo p! n—+oo p’t

Hence the following infinities are listed in increasing order:

logn, n% a", n!, n".




Exercise 11

Compute the limit of the following sequence, if it exists

2Vn 4 p? 4377
an:—
log®n+2+n

Consider the numerator; we have:
2V 1, n’—+400, 37"—=0

The power of n with the highest degree is n?, and moreover we have

3—1’1 1 —-n 21/1’1
— = 5 hence — = 0 and 3
n 3" n n n

— 0.
Consider the denominator; we have:
loan—>+oo, 2—2, n— +oo

By the hierarchy of infinities theorem, we have

6
log® n | logn
n | n/s

— 0.
—0

We therefore factor out n? in the numerator and 7 in the denominator and ob-
tain:

—0 —0
- 21/n s 3-n
2 21/" 3—n n2 nz
n (].+ ) 7)
loghn 2\
og’n
n(1+190 2]
n n logbn 2
1+ =
n n
—_—— —~—
—0 —0
—1
21/" 3~n
) 21/n+n2+3—n . (1+7+n2)
lim 5 = lim n————~ =+00
n—+oo log°n+2+n n—+o0o 1+log n_l_;)
n n




Exercise 12

Compute the limit of the following sequence, if it exists

3 3nd+3"+logn
" logbn+22n 4 nd

Consider the numerator; we have:
3n% — +00, 3" — +oo0, logn— +oo
that is, a sum of sequences tending to infinity. We also have:

3n3 logn
° 0 and 2" _
31’1

0,
by the hierarchy of infinities theorem. Hence the principal part is 3”. Consider
the denominator; we have:

logbn — +o00, 22"=4"— 400, n’®— +o0

that is, a sum of sequences tending to infinity. We also have:

logbn n°
& —0 and — —0,
4n 4n

by the hierarchy of infinities theorem. Hence the principal part is 4".

We therefore factor out 3” in the numerator and 4” in the denominator and ob-

tain:
—~=
3n® logn
1+
3n 3n
3n3 |, logn
3"(1+ == )_(3)n
log® n nS) B 4
4n(l+ 7 AP 7
C logn n®
1+ —
4n 4n
~——
—0 —0
hence s
3n ogn
. 3n+3"+logn . n (1+ 37 3n
hr_,I.l 1 6 22n 5 :nhr-iI—loo Z log®n 5 =0
n—¥oojog  n+ +n - n
g (1+ = +4—,,)




Exercise 13

Compute the following simple limit

lim W

n—+oo

We have

1 1/n logn
W:nn:elogn =e n

and, studying the sequence in the exponent,

logn
a, = g we have a, — 0
n

thanks to the hierarchy of infinities theorem. Hence we have:

Consequently

3 Computing limits using asymptotic estimates

We have a, ~ b, if Z—Z—»l orif a,=b,c, with ¢, —1.

Moreover, we have a,+ b, ~ a, if % -0
n

Exercise 14

Compute the following limit
2"+ n?+1
im ————
n—+oo 5" + 2" + n

10



We have
n 2 no.: n2 1
2"+n“+1~2" since — —-0 and — —0
271 n
and o1 o\
n
5"+ 2"+ n~5" since —:(—) —0 and — —0
5y 5 5y
hence
2"+pf+1 2" (2)"
im ———— = lim —= lim (=] =0
n—+ocobn 20+ n—+ocohn n—+ool\5
Exercise 15

Compute the following limit

We have
571
n!'-5"~n! since — —0
n!
hence
n!—5" n!
li = lim — =+o00
n—-+oo n n—+oo 7N
Exercise 16
Compute the following limit
23}’1—1 _ nZ

We have
AP
23n=1_ 52 L2371 gince ——— —0
23n—1
and
n
(2n)!-5" ~ (2n)! since — -0
2n)!
hence
. 23”—1 _ nz ) 2371—1
lim —— = lim ——=0
n—+oo (2n)!—5" n—+oco (2n)!

11




Exercise 17
Compute the limit of the following sequence, if it exists

371

m ——
n—+oo nl nl/}’l

We have
n'n''" ~n! since n''" = ¥Yn—1
because 1
1/n logn ogn
n!/n = glogn” = o= and —8" ¢,
n
Hence
3" 3"
im = lim — =0.
n—+oo pl pl/n  n—+oo p!
Exercise 18

Compute the limit of the following sequence, if it exists

log(1+e™
lim —og( )
n—+oo 1+ n2

Observing that
log(1+e™) ~log(e™) = nloge=n

. log(1+e™ . n . n?
lim ——= lim ———= lim —=1
n—+oo 1+ n2 n—+00 /1 4 p2 N—+o0 1+ n2

n2

- 1
1+ n?

we have

because

Exercise 19
Compute the limit of the following sequence, if it exists

n+l
lim ————
n—+oo log, (3 + n™)

12



Observing that
log, 3+ n") ~log,(n") = nlog, n

we have

n+1l . n+1
im —— = |lim =0
n—+olog, (3+n") n—+oonlog,n
because
n+1
—1 and — 0.
n 0g, 1

4 Computinglimits with the sequence converging to Euler’s num-
ber e

For indeterminate forms 1**°, one can use:

( 1
1+—
anp

Aan
— e as a,; — *oo.

Exercise 20

Compute the following limit

n—+oo\n—3

13



We have
(n—l)”_ (n—3—1+3)"_ (1 2 )”_ L)
n-3) n-3 B n-3) "7‘3
hence .
n=317-3
n_l n 2
n—+oo\ 1 —3 n—+oo ”7—3
since
n-3
z n n—-3+3
1+—| —e 2( ):2 =2[1+—|-2
”T n-3 n-3 n-3
—0
and
n-3
— +00
2
Exercise 21
Compute the following limit
. (nz +1\"
lim 7
n—+oo n
2 n n? %
. n+1 . 1 0
lim = lim 1+ — =e =1
n—-+oo nz n—+00 n2
since
1\ 1
1+ ) —-e, — — 0
n n
and
n® — +oo.
Exercise 22
Compute the following limit
. (2n—5)_”
lim
n—+oo 2n

14



n—+oo 2n n—-+oo —=
since
_2n
1 > 2n
1+— —e¢ and - — — -0

&l 5

5
Exercise 23
Compute the following limit

n—1

im
n—+oo (n—1)"

We have
n"1 1( n \» 1(n—1)‘” 1(
:—( ) = — = — 1+—
(m—-1)" n\n-1 n n n -n
hence
n-1 1 1 -n
= lim —|1+— =0
n—+oo (p—1)" n—+oop —-n
since
—n
(1+—) —e¢ and ——0
-n n

Exercise 24
Compute the limit of the following sequence, if it exists

2n

lim
n—+oo

nZ+2 )
n2+n+1

15




Since

( n+2
n+n+1

)—»1 and 2n — +o0

we have an indeterminate form of type [17°°].

Since

( n?+2 )2”_(n2+n+1—n+1)2”_(1+ —n+1 )2"
n2+n+1) n+n+1 - n+n+1

we can therefore write

—n+l
_’12+”+1 n2+n+1

—n+1 )27 1" 1 e
N
n2+n+1 n?+n+1 n?+n+1

—-n+l —-n+1
Hence
— 1
2n nenil (nzf;+1)
) n2+2 . 1 —n+1 5
lim [——— = lim 1+ ——— =e
n—+oo\n2+n+1 n—+oo n2+n+l
-n+1
since
~=2n?
n2+n+1 P —
1 il —n+1 —2n*+2n
> — e, 5 2n= > — =2
il n°+n+l n“+n+1
—n+1
i
and
-1
——tN—
2 1 1
5 ncll+ —+—
n“+n+1 n2
= —00.
-n+1 1
n
——

16




Computing limits with the comparison theorem

e If ¢, — 0 and |b,| < ¢, eventually, then b, — 0.

e If ¢, — 0 and b, is bounded (even if not convergent), then ¢, b, — 0. The
product of an infinitesimal sequence and a bounded one is infinitesimal.

¢ A sum of infinities and bounded sequences is asymptotically equivalent to
the infinity of highest order.

Exercise 25
Compute the following limit

n+sinn
im —————
n—+oo cosn+logn

We have

. . sinn
n+sinn~n since —— — 0
n

the product of an infinitesimal sequence {%} and a bounded one {sinn}. More-

over,
. cosn
cosn+logn ~logn since —
ogn
the product of an infinitesimal sequence {loén} and a bounded one {cosn}.
Hence .
. n+sinn . n
lim ——— = lim =400
n—+ococosn+logn n—+oologn
Exercise 26

Compute the limit of the following sequence, if it exists

n sin 7 + sin n?

lim
n—-+oo n?+1

17



We have
nsinn+sinn? nsinn  sinn?
2 = Tt
n“+1 nc+1 nc+1
and n
7 sinzn — 0 since 2 — 0 and sinn is bounded.
nc+1 nc+1
Moreover
5 sinn® — 0 since 5 — 0 and sinn® is bounded.
nc+1 nc+1
Hence
. nsinn+sinn? . nsinn sinn?
lim = lim + =
n—-+oco n?+1 n—+co n2+1  n?+1
—— N —
-0 -0

Alternative method.

Note that the sequences {sin n} and {sin n?} are irregular but bounded. Hence we
can write the following upper bound

2

nsinn+sinn - n+l
n2+1 T n?+1
and we have
n+1 . n . 1
= lim —= lim —=0.

im =1 =
n—+oop2+1 n—+oopn2 n—+oon
Hence, by the comparison theorem, we have:

. nsinn+sinn
lim =0
n—+oo n®+1

6 Computing limits with the ratio test

Given a positive sequence (a, > 0 for every n):

] ] . An+1
if there exists lim
n—+

=¢ and ¢<1, then a,, — 0,

an

an+1

if there exists lim

n—+oo

=¢ and ¢>1 (or ¢ =+oc0), then a, — +oo.
n

18



Exercise 27
Compute the limit of the following sequence, if it exists
Sn—l

lim ——
n—+oop(n+1)!

Since this is a sequence with positive terms whose general term is the ratio of
simpler sequences of exponential and factorial type, it is natural to apply the
ratio test.

We therefore compute:

3”

An+l _ aD-n+2) _ 3" nn+1)!
an g (n+1)- (n+2)! 3n-1
n((n+1)! N——
=(n+1)-(n+2)
3n 3n 3n 3

Tm+D(n+2) n2+2n+n+2 (1+2+2) n(l+2+3)
n n n n

We have:

. Qpyl . 3
lim 2= = lim = =0
n—+oo @ n—-+oo 3,2
n n (1 +5+ nZ)

Hence, by the ratio test:
n—1

lim —— =
n—+oop(n+1)!

Exercise 28

Compute the limit of the following sequence, if it exists

. ndon
lim

n—+oo n!

19



We have a positive sequence; we compute:

apna _ (n+1)32070 pl _(n+13 2 2
a,  (m+1)! n32n | n n+l n+l
1

We therefore have:

i =0
n—+oo n—+oon+1
Then, by the ratio test:
. n32n
lim =0

Exercise 29

Compute the limit of the following sequence, if it exists

n

lim
n—+oo (n+1)!

We have a positive sequence; we compute:

ane1 M+ (n+1)! n+1 (n+1)” (1+ 1)”

a, (n+2)! n" n+2\ n n
——
—1
We therefore have:
. An+1 . 1\"
lim == = lim 1+—) =e>1
n—+oo @, n—-+oo n

Then, by the ratio test:

n

lim = 400
n—+oo (n+1)!

Exercise 30

Compute the limit of the following sequence, if it exists

1
nn 2"

lim ———
n—+o0 (n+ 1)

20



We have:

—1
~ =

nw 2n  on
n+D)! (n+D)!

We now have the positive sequence {b,}; we compute:

bn

bpar 2" (n+1)! 2
by, (n+2)! 2"  n+2

We therefore have:

b 2
lim 22— g =0

= lim =
n—+oo b, n—+oo 3+ 2

Then, by the ratio test:

1
nn2"

lim =
n—+oo (n+1)!

7 Discussion depending on a parameter

Exercise 31
Compute, as the parameter « € R varies, the limit of the sequence
53an

lim

n—+o0o 23n+1

21



We have

53an 1 (5% 3n
23n+1 = E (?)
hence
5347 1(5%\*" 1 5%\°"
lim = lim —|— =— lim |— =¢
n—+o0 230+l p—t002 | 2 2 n—+oo\ 2

At this point, we can study three cases:
e Casel

a
?>1<:>a:>log52

then ¢ = +oo;

e Case2
a
O<7<1<:>a<log52

then ¢ = 0;

e Case3
a
= = 1< a=log;2
_1
then ¢ = 3.

In conclusion:

s3an +oo if a >logs2

g 1 . _
Jm o=z fa=logs2
0 if a <log;2

Exercise 32

Compute, as the parameter « € R varies, the limit of the sequence
: 2-a)n 1

lim (e +Dlog(1+—

n—+oo el

22



We have

— @@ 1 Dlog(1+ L) = (@@ D 10g[14
ap,=(e og on | = e e og o

1
— (pl2—a)n
= (e +1)zlog(1+z

1
~(e® M4 1)—

el’l
since
1 e” 1 e”
(1+—) —e and log(1+— -1
el el
Hence
s . 2-a)n 1
lim a,= lim (e +1)—
n—+oo n—+oo el
On the other hand

1
(e(z—a)n+1)_n:e(l—a)n_i_e—n_) 1 ifl—a=0
e

Summarizing, we obtain

" +oo ifa<l
lim (e(z_“)”+1)log(1+e—n): 1 ifa=1

n—+oo
0 ifa>1

~—— ——

+oo ifl—-a>0

0 ifl-a<0

8 Multiple choice exercises

Exercise 33
Let
( 3+n)
lim =
n—+oo| e—2n
@ ¢=0

(b) ¢=elV3-3)
(c) € =+oc0

(d) None of the other answers is correct.
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Setting

_\/§+n

a, =
e—-2n

n
3+n
a,|" = -0
aa (2)

since |a,| — 1/2. From |a,|" — 0 it follows that (a,)" — 0. The correct answer is

(a).

we have a, <0 for n =2 and

Exercise 34

Let

n
lim (—1)%“(1 +3") y

n—-+oo 2—n
(@) ¢ doesnotexistifa=0
(b) ¢ =+ooforeveryaeR
(¢ /=0ifa<0

(d) None of the other answers is correct.

We set

1+3n)” _

1+3n)”
2-n )

n-—2

an = (_l)n(

We have a,, — +oo since (1+3n)/(n—2) — 3. Let us compare a, with 3":

3n-6

3n-6
an _ (143n)" _ 1+L 7 g
3" \3n-6) 3n-6
from which
n .
It follows that

1+3n\"
lim (-1)"n“ (—) = lim ¢®*n%3" = +c0
n—+oo 2—n

even when a < 0, because 3” is an infinity of higher order than any power of 7.
The correct answer is (b).

24



Exercise 35

Let o\
an+
lim ( =/
n—+oo\en+a
(a) ¢= e(%‘l) ifa=e
(b) ¢=1ifa<e
(¢ £=0ifa>0
(d) None of the other answers is correct.
Setting
an+2
n =
en+a
we have a,, — a/e, hence
+00, a>e
(an)n -
0, O<a<e

therefore answers (b) and (c) are not correct. In the case a = e we have an inde-
terminate form 1°°:

2-e)n
en+e

en+2\" 1 |\* 2
( ) _ (1+_ el

en+e

The correct answer is (a).
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