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Exercises: complex numbers
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Exercise 1
Write the following complex numbers z in algebraic form, identifying their real part and imaginary
part. Then, for each of them, find the modulus, the conjugate and the reciprocal.
_2+5i _ 2+
"1+ “T1-s
24+5i 1-1 7+3i 7+,3
= . = = — 11—
1+i 1-1 2 2 2
from which
7 3 49 9 V58 7 .3
Rz=—,8z2=—, |z|={| —+—-=—,Z==-—1i-.
2 2 4 4 2 2 2
Finally
z_l_l z_ z 7-3i 4 7 —i3
zz lz2 2 58 29 29
2+i 1+3i -—-1+7i 1 7
z= =0 - = = —— 41—
1-3i 1+3i 10 10 10
from which
1 7 1 49 2 1 7
e = —=— G ==—, 2= —+—:£, P e— ——,
10 10 100 100 2 10 10
Finally
4 1 z % 1+7i 1 .7
Z === == 2=——=—i-.
z z |zl? 10 5 5
Exercise 2
Determine all the complex numbers z that satisfy:
|z| <z —2i]|




It is convenient to use the form z=x+1iy, x,y e R.

lx+iyl<|x+i(y-2)|
lx+iy?<|x+i(y—2)?
P4yt <x?+(y-2)°
0<-4y+4

y=1

Representing the solutions in the Cartesian plane, we obtain a closed half-plane.

Exercise 3

Determine all the complex numbers z that satisfy:

lz—(B+i)|=<2



This inequality is satisfied by those complex numbers z = x + iy which, in the
Gauss plane (complex plane), are represented by the points P(x, y) whose dis-
tance from the point (3, 1) is less than or equal to 2.

That is, all and only the points of the closed disk with center C(3,1) and radius 2
(careful: it is not the circle, but the disk, i.e., the interior together with the bound-
ary). The circle has equation:

y: x=3%+(y-1°>=4
while the closed disk has equation:
(x—=3°+(y-D*<4
Alternatively, the inequality can be handled through the substitution z = x + iy,

obtaining
|x+iy—-3-il<2

in which, factoring out the imaginary unit,
lx-3+i(y—-1)|=<2

Applying the definition of the modulus of a complex number, we have

V=32 +(y-12=s2
Since we can square both non-negative sides, we finally obtain:

(x-3%+(y-1?%=<4

Exercise 4

Determine all the complex numbers z that satisfy:

1-Dz-A+z=i

AI-Dx+iy-A+)x—-iy) =i
X+y—ix+iy—x—y—-ix+iy=1i
iQy—-2x)=i

2y—-2x=1.

Representing the solutions in the Cartesian plane, we obtain a line.




Exercise 5

Determine all the complex numbers z that satisfy:

lz+z|+|z—2| <2

lz+2z|+|z—2| <2
2Rz +2|Sz| <2

|x|+]yl<1.

Representing the solutions in the Cartesian plane, we obtain a closed square with
vertices +1, +i.

Exercise 6

Determine all the complex numbers z that satisfy:

S(z)—lz+z° <1

S(2)—-lz+zl2<1
S(z)—4 Rzl <1

y<4x®+1.

Representing the solutions in the Cartesian plane, we obtain the open region be-
low the parabola y = 4x? + 1.

Exercise 7

Determine all the complex numbers z that satisfy:



|z|2 <2 x2+y252

2Rz<2 x<1

Representing the solutions in the Cartesian plane, we obtain the part of the plane
common to the closed disk with center at the origin and radius v/2 and to the
closed half-plane to the left of the vertical line x = 1.

Exercise 8

The system in C
{ Z2+72=0
R +S(2)| =1

(a) two solutions  (b) three solutions

has:

(¢) four solutions (d) none of the other answers is correct

Setting z=x+1y, x,y € R, we have
(x+iy)?+(x—-iy)?=0
x| +|yl=1

X2 =y +2ixy+x%—y?—-2ixy=0

|x|+[yl=1
x? = y? x| =yl x| =1/2
|x|+[yl=1 lx|+|yl=1 lyl=1/2

We obtain the four points (1+1)/2, (-1+1)/2, (1 —-1i)/2, —(1 +i)/2. The correct
answer is (c).




Exercise 9

The solutions z = x + i y of the complex equation
22 —2Z+iz=-3+2i

satisfy

(@) ( +1)2+( +1)2—1 (b) _z +1
a) |x+e 7Eal = y=3%

Y .
Vs W) T y=3*

(x+iy)2— (% +y*)+ix—y=-3+2i
—2y? —y+i(x+2xy) =-3+2i
2y2+y-3=0 y=1vy=-3/2

X+2xy=2 x=2/(1+2y)

We obtain the two points (2/3) + i, —1 —i(3/2), which lie on the line y = (3/2)x.
The correct answer is (d).

Exercise 10

Find the modulus and the principal argument of

@z=-1-iV3, (b) z=—4i.

(a) We have |z| = v1+3 = 2. The principal argument Arg z is the unique 9 €
[—m, ) such that

cosd=Rzl|z| = —1/2, sind =Sz/|z| = —V3/2

hence Arg z = —271/3.




(b) We have |z| = 4. The principal argument Arg z is the unique 9 € [-m, ) such
that

cosd=Rz/|z|=0, sind =Sz/|z| = -1
hence Arg z = —n/2.
Exercise 11
Let .
z+1—1
w= -
zZ+1i

Determine, locating them in the Gauss plane, the complex numbers z for which w is a purely
imaginary number.

The complex number w is defined for z # —i. Moreover,

_z+l-i z—i Z2+z-1+i(-2z-1)

w ; =
z+i z—i zZ2+1
That is, separating the real part of w from its imaginary part:

Z2+z-1 —2z-1
= +1
z2+1 z2+1

The complex number w is purely imaginary when R(w) =0, i.e.,

2
zc+z—-1

R(w)=————=0
(w) Z2+1

This rational equation, under the condition z # +v -1, i.e., z # £i, gives the real

numbers
1 V5 1 V5
Z1=——+—,2p=——— —
2 2 2 2

which, in the Gauss plane, can be represented as two points on the real axis. In
conclusion, w is purely imaginary for the two values of z found.




Exercise 12

Let z = v/3 —3i. The number of solutions w with 3(w) < 0 of the equation

is:

wb = |z|(z + Z)

(a) two  (b) three

(¢) zero (d) none of the other answers is correct

We have |z| = V12, z+ Z = 2v/3, hence

wb =12.

The complex sixth roots of a positive real number are six, pairwise opposite, and
two of them are real. Of the remaining four, two have positive imaginary part
and two have negative imaginary part. The correct answer is (a). We neverthe-
less want to determine their values. Setting w = r(cos?9 + i sin9) and taking into

account that [12| =12, argl2 = 2kn, k € Z, we obtain
ré=12 r=12!6
60 =2kn 9=knl/3
We therefore have the six roots
wy =12Y8(coskn/3+isinkn/3), k=0,1,2,3,4,5,
ie.,
wo =126, w; =126(1/2+iv/3/2), wo =12V6(=1/2+iv/3/2)
ws =—-12Y6 w, =12V6(-1/2-iv/3/2), ws =12V8(1/2 - iy/3/2).

The two with negative imaginary part are w, and ws.

Exercise 13

Solve the following system in the unknown z € C.

{ 8=
R(2)S(z) <0




We first solve the equation z% = i. Setting z = r(cos® + isin?9) and taking into

account that |i| =1, arg(i) = n/2 + 2kmn, k € Z, we obtain
%=1 r=1
60 =m/2+2kn O=m/12+kn/3.
We therefore have the six roots
zr =cos((m+4km)/12) + isin((w +4km)/12), k=0,1,2,3,4,5.
Those satisfying the condition R (z)S3(z) < 0 (points in the second or fourth quad-

rant) are:
Z0=—V1/2+iV1/2, z5=V1/2—-iV1/2.

Exercise 14

Solve the following equation in the complex variable z.

22+8=0

The equation to be solved is, clearly,
z22=-8

Setting z = r(cosd + i sin{) and taking into account that | — 8| = 8, arg(-8) = +
2km, k € Z, we obtain

r3=8 r=2
39=n+2kn 9=02k+1)nm/3.
We therefore have the three roots
zr=2cos(2k+ 1)x/3) +2isin((2k+ 1)n/3), k=0,1,2,

ie.,
ZoZI+\/§i, z1= -2, Zgzl—\/gi.

Exercise 15

Solve the following equation in the complex variable z.

z28=-27i

10



Setting z = r(cos 9 + i sin) and taking into account that | —27i| = 27, arg(—-27i) =
—m/2+2kn, k € Z, we obtain

r3=27 =3
39=—m/2+2kn d=4k-1)xn/6.
We therefore have the three roots
zZr =3cos((4k—1)m/6) +3isin((4k—-1)x/6), k=0,1,2,

ie.,
20=3V3/2-3i/2, z1 =3i, zp = —3V3/2-3i/2.

Exercise 16

Solve the following equation in the complex variable z.

z5+(3+i\/§)z:0

We have
z(z4+3+i\/?_>) =0

hence one solution is z = 0. The other four are found by solving
2 =-3-iV3.
Setting z = r(cos 9 + i sin¥) and taking into account that
| -3—iV3|=2V3, arg(-3-iV3) = —-5n/6+2km, k€ Z

we obtain

419102 F=121/8

49 =-5m/6+2kn 0 =-5m/24+kn/2.
Besides the solution z = 0, we therefore have four more roots

zr = 1218 cos((12k — 5)7/24) + 128 sin((12k — 5)7/24), k=0,1,2,3.

11



Exercise 17
Solve the following equation in the complex variable z.

z+10)3
1+

= -8i

Setting w = (z+ i)/(1 + i), we solve w3 = —8i. Writing w = r(cos® + isin9) and
taking into account that | — 8i| = 8, arg(—8i) = —n/2 + 2kmn, k € Z, we obtain

r3=8 r=2
30=-m/24+2kn 9= 4k-1)n/6.
We therefore have the three roots
wy =2cos((4k—-1)n/6)+2isin((4k—1)x/6), k=0,1,2,

i.e.,
wO:\/g—i, w; =21, wzz—\/g—i.

Going back to the variable z, from z = (1+ i) w—i, the three solutions of the given
equation are

ZOZ\/§+1+i\/§—2i, zZ1=—-2+1, Z2:1—\/§—i\/§—2i.

Exercise 18

Solve the following equation in the complex variable z.

z—i)\*
i

12



From i* = 1 we have (z—i)* = —16. Setting w = z — i, we solve w* = —16. Writing
w = r(cosY+isind) and taking into account that |-16| = 16, arg(—-16) = —n+2km,
k € Z, we obtain

rt=16 r=2

49 = —mw+2km O=—-mld+kn/2.
We therefore have the four roots

wy =2cos((2k—1)m/4) +2isin(2k—-1)n/4), k=0,1,2,3,

ie.,

wo=V2-ivV2, w1 =V2+iv2, wo=-V2+iV2, wy3=-v2-iv2.

Going back to the variable z, from z = w + i, the four solutions of the given equa-
tion are

20=V2—iV2+i, 21 =V2+iV2+i, 20=—V2+iV2+i, 23=—V2—iV2 +i.

Exercise 19

Solve the following equation in the complex variable z.

Z =—Z

The equation can be seen as

Setting z = r(cos9+isind) and taking into account that | z| = r, arg(z) = —9+2km,
k € Z, and recalling that —1 = e'”, we obtain

rP=r r=0,r=1

59=m—-9+2kn 9=QR2k+1)m/6.

At this point,
e for r =0, we obtain zy = 0;

e for r = 1, we obtain the roots z = cos((2k + 1)7/6) + isin((2k + 1)xn/6), k=
0,1,2,3,4,5.

13



Exercise 20

The equation
28 -222+47°-22+3=0

has z; =i as a solution. Denoting by zy, z3, z4 the other solutions, we have:

(a) C\\S(lez.23Z4) =0 (b) %(zl +Zz+Zg+Z4) =0

(o) R ((21 +2zo+2z3+ Z4)_1) =1/2 (d) none of the other answers is correct

The equation has real coefficients, hence the solutions come in conjugate pairs;
in particular, another solution is zy = —i. It follows that the polynomial

p(z) = 2t—223+422-22+3
is divisible by (z — i) (z + i), i.e., by z? + 1. Performing the division we obtain
p(z) = (2> +1)(z> -2z +3)
hence among the solutions we also have the roots of
Z*-2z+3=0

which are z3 =1-iv2, z4 =1+ iV?2.
Summarizing, the solutions of the given equation are

z21=1,22=—1,23=1—-1iV?2, z4=1+i\/§.

Since z; + 2o + z3 + 24 = 2 and z3 222324 = 3, the correct answers are (a) and (c).

Exercise 21

Let zy, h=1,...,6 be the solutions of
22— 8-z -8i=0.
We have:

6 6
(@ ) Rz)=-1 () Y Slzp)=-1
h=1 h=1

6 6
(© Y R@ep=1 (@ ) Slzn)=0
h=1 h=1

6
(e) Z R(zp) =2  (f) none of the other answers is correct
h=1

14



It is convenient to factor it as
22-8)(Z2+i)=0

and then solve the two equations

with the usual method illustrated several times in the solutions of the previous
exercises. We obtain the values:

z21=2, Z2:—1+i\/§, Z3=—1—i\/§,
za=V312-1il2, z5=1i, zg=—V/3/2—i/2.

The correct answer is (d).

15




