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Exercises: principle of mathematical
induction
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Exercise 1

Prove by induction that for every integer n = 1 the following holds:

¢ m+1)@2n+1)
="
= 6

(sum of the squares of the first n natural numbers)

By induction on n.
¢ Base case
Let n = 1. Then the statement becomes:

1 10+ (@2-1+1
Y k%= QD1+ . -1
k=1 6

which is clearly true.

* Inductive step

hypothesis, we have:

i 2= nn+1l)2n+1)
k=1 6
Hence we can write:
n+1 n
Y k=) K+ (n+1)?
k=1 k=1

nn+1)@2n+1) , nn+1)@2n+1)+6(n+1)>
= - +(n+1)?%= =

_(m+D(n@r+1)+6(m+1) (n+1)(2n°+n+6n+6)
- 6 - 6

_(m+1)(2n*+4n+3n+6) (n+1)(2n)(n+2)+3(n+2)
- 6 - 6

_(n+)(n+2)(2n+3) (m+D+1+D(2n+D+1)
- 6 - 6

which is exactly the desired statement for 7 + 1.

Assume that it is true for n, and let us prove it for (7 + 1). By the inductive




Exercise 2

Prove by induction that for every integer n = 1 the following holds:
n-1 n
Y @k+D)=n* or Y k-1=n’
k=0 k=1

(sum of the first 7 odd numbers)

By induction on 7.

¢ Base case

Let n = 1. Then the statement becomes:
0
Y @k+1)=1% ie 1=1
k=0
which is clearly true.

e Inductive step

Assume that it is true for n, and let us prove it for (n + 1). By the inductive
hypothesis, we have:

n-1
Y @k+1)=n

k=0
Hence we can write:
n—-1+1 n-1
Y QRk+D=) Qk+D+2n+1
k:0 k:o
=n*+2n+1
= (n+1)?

which is exactly the desired statement for 7 + 1.

Exercise 3

Prove by induction that for every integer n = 1 the following holds:
n
2k=nmn+1)
k=1

(sum of the first n even numbers)



By induction on n.

¢ Base case

Let n = 1. Then the statement becomes:
1
Y 2k=1-2 ie 2=2
k=1

which is clearly true.

e Inductive step

Assume that it is true for n, and let us prove it for (n + 1). By the inductive

hypothesis, we have:
n

2k=n(n+1)
k=1
Hence we can write:
n+l1 n
Y 2k=) 2k+2(n+1)
k=1 k=1

=2() k+(n+1))
k=1

nn+1)
=2 — +(n+1))

7 n(n+1)+2(n+1))
B 2

=mn+l)(n+2)=n+1)(n+1+1)

which is exactly the desired statement for r2 + 1.

Exercise 4

Prove by induction that for every integer n = 1 the following holds:

>

k=12

k_2 n+2
ok < on




By induction on n.
¢ Base case
Let n = 1. Then the statement becomes:

i k ) 1+2 .
—=2—-—— le. —-=
i=12% 2!

N |~
N —

which is clearly true.

e Inductive step

Assume that it is true for n, and let us prove it for (n + 1). By the inductive

hypothesis, we have:

ok n+2
2 _k:2_
27’1

k=12

Hence we can write:

Ml nk op+l
2 5F = 2 o8 g
n+2 n+l

=2- on = 2n+1

2(n+2) n+1
= Sl
2n+1 2n+1

2(n+2)—-n-1
:2_( 2n+1 )

(n+3)
=2 —|—
2n+1
(n+1)+2
- 2n+1

which is exactly the desired statement for 7 + 1.

Exercise 5
Given a set X with n elements, prove by induction that the power set & (X) has 2" elements, that
is,

|2 (X)|=2" for n=0



By induction on n.

¢ Base case

Let n = 0. A set with 0 elements is the empty set (@). The power set of the
empty set contains only the empty set as an element. Then the statement
becomes:

|2(@)|=2° ie 1=1

which is clearly true.

* Inductive step

Assume the statement is true for a set of n elements, and let us prove it for
aset of (n+ 1) elements. By the inductive hypothesis, the power set of a set
of n elements has 2" elements.

Aset Y of (n+ 1) elements can be written as:
Y={a,a,..., a, an1}

hence:
P(Y)={S:ScY}={S:Sc{m,a,...,an, an1}}
The subsets of Y either contain the element a,.; or do not contain it. We
therefore define the set Z, formed by the first n elements of Y:
Z,=1{ay,a,...,a,} hence |P(Z,)|=2"

We now define the following set Z:

Zp = {SU{api1}:S<ia, ap, ..., ant} = {SUfans1}:S< Z,} and |Z,| = 2"
—_—
:Za
since Zj, has one element for each element of &2 (Z,).

In other words, #(Z,) contains all the subsets of Y in which the element
an+1 is not present, while Z; contains all the subsets of Y in which the
element a,, is present.

We also note that the sets &(Z,) and Zj, are disjoint, thatis: &(Z,) N Z, =
®. Hence | Z(Z,) U Zy| = 1P (Z,)| + | Zp|. Finally, we have:

| P (V)| = | P (Z) U Zp| = 2" +2" = 2""*!

which is exactly the desired statement for 7 + 1.




