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Exercises: summations
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Exercise 1

Prove, using the properties of summations, that for every integer n = 1 we have:
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(sum of the squares of the first n natural numbers, excluding zero).

We start by writing the sum };'_ (k + 1)3 in two different ways:
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Equating the two expressions and canceling the sum with k3, we obtain:
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Isolating the sum with k2, we obtain:

3 +1
n(n ) n+1:(n+1)3

L 3n(n+1
3 Zkzz(n+1)3—¥—n—l
k=1 2
3 . o 3n*+3n
=n’+3n% +3n+1-——-n-1

_2n’+3n*+n
a 2

Hence:
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Exercise 2

Prove, using the properties of summations, that for every integer n = 1 we have:

_ n?(n+1)?

n
Lk=—3
(sum of the cubes of the first n natural numbers, excluding zero). That is, we have:
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and hence the sum of the cubes is equal to the square of the sum of the natural numbers.

We start by writing the following sum in two different ways: 7! _ (k + D4
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Equating the two expressions and canceling the sum with k*, we obtain:
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Isolating the sum with k3, we obtain:
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