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Exercise 1

Solve the following inequality in the real variable x:

x2-2x

—_ >0
x2—-4x+3

The numerator x% — 2x is positive for x < 0 or for x > 2, zero for x =0, x =2, and
negative for 0 < x < 2. The denominator x> —4x + 3 is positive for x < 1 or for
x > 3, and negative for 1 < x < 3. The quotient is defined and has the required
positive sign for

X € (—00,0) U (1,2) U (3, +00).

Exercise 2

Solve the following inequality in the real variable x:

log(x—1)?—log(x—2) >0

The function f(x) = log(x — 1)2 —log(x — 2) is defined for x > 2, since for such x,
and only for such x, we have x—2 > 0, (x — 1)?> > 0. In its domain, we have, as
required, f(x) > 0 if and only if

log(x—1)*>log(x—2), x>2

hence if and only if
(x-1?>x-2
x>2

We obtain
x*-3x+3>0
x>2

which is equivalent to
x>2

since x% —3x+3 > 0 is satisfied for every x. On its whole domain (2, +o00) the
function f(x) takes positive values.




Exercise 3

Solve the following inequality in the real variable x:

10
ef+et<—
3
For every x e R
X —X 10
e +e —
3

is equivalent to
3¢ —10e*+3<0

hence to
1 X
—<e"<3.
3

It follows that the inequality is solved by

—log3 < x <log3.

Exercise 4

Solve the following inequality in the real variable x:

8x+1 > 2x2
For every x e R
8x+1 > 2)(2
is equivalent to
23x+3 > 2.762
hence to
3x+3=x*

since 2% is a strictly increasing function on R. It follows that the inequality is

solved by
3-v2l _ _3+v2l
2 -2




Exercise 5

Solve the following inequality in the real variable x:

log(l-sinx) =0

The function f(x) =log(1 —sin x) is defined for sinx < 1, hence for
x# g+2kn, keZ.

For such x we have f(x) = 0 if and only if
l1-sinx=1

hence for
sinx < 0.

The given inequality is solved for

n+2kn<x<2n+2kn, keZ

i.e., for

xe |Jm+2knm,2n +2knl.
keZ

Exercise 6

Solve the following inequality in the real variable x:

lxIV1-2x2>2x* -1

V1 -2x2is defined for 1 —2x% = 0. When 1-2x2 = 0 the inequality is not satisfied,
since it reduces to 0 > 0. When 1 - 2x? > 0 the inequality is satisfied, since the
left-hand side |x|V'1 — 2x2 is the product of two positive numbers while the right-
hand side 2x% — 1 = —(1 — 2x?) is negative. Therefore the inequality is solved for

f f
-/ =<X<\/ -
2 2




Exercise 7

Solve the following equation in the real variable x:

. 1
sm2x=20052x—§

The equation

. 1
smzx:ZCoszx—E

is equivalent to
2sin? x =4(1 —sin®x) -1

6sin®x =3

e /1
siInx = =+ 2

The solutions are given by

n kn
X=—+—, keZ.
4 2

Exercise 8

Solve the following inequality in the real variable x:

B
SN~ X—Sin x
e <1

= 2 s . .
For every x € R, ¥ *75""* < 1 is equivalent to

2

sin“x—sinx <0

hence to
O=sinx<1.
The solutions are given by
2kn<x<n+2kn, keZ
i.e., by

xe |JR2kn,w+2knl.
keZ




Exercise 9

Solve the following inequality in the real variable x:

2|x* — x| > x|

The inequality 2 |x* — x| > |x| is not satisfied for x = 0. For x # 0, dividing by the
positive term |x|, it is equivalent to

2lx-1|>1

hence to
lx—1|>1/2.

The solutions are given by
(x—1<-1/2, x#0) Vv (x-1>1/2),

(x<1/2, x#0)vx>3/2

hence by
X € (—00,0) U (0,1/2) U (3/2, +00).

Exercise 10

Solve the following inequality in the real variable x:

X+ 1>1

The function f(x) = (x+ 1)~ is defined for x > —1. For such x, f(x) > 1isequiv-

alent to ,
e(x -1 log(x+1) >1

hence to
(x> -Dlog(x+1)>0, x>-1.

Dividing by the positive term x + 1 we obtain
(x-1log(x+1)>0, x>-1.

The factor x—1 is positive for x > 1, zero for x = 1, and negative for -1 < x < 1. The
factor log(x + 1) is positive for x > 0, zero for x = 0, and negative for -1 < x <0.
By the rule of signs, the solutions are given by

x€e(-1,00u(,+o0).




Exercise 11

Solve the following equation in the real variable x:

3|x2—4| = 0

31¥*~4l = 0 has no solutions, since 3’ > 0 for every y € R.

Exercise 12

Solve the following inequality in the real variable x:

log,(4x—3)

>]1 O<axl
log,2x—1)

Because of the existence conditions of the logarithm and of the denominator, we
must impose the system

4x—-3>0
2x-1>0
log,(2x—-1) #0

which gives % < x < 1,x > 1. Now moving everything to the left-hand side, find-

ing the least common denominator and using the properties of logarithms, we
obtain

log, (7))

log,(2x—1)

Studying the sign of the numerator and of the denominator, and keeping in mind
that a < 1, for the numerator we obtain

4x—3
2x—1

1
<l=-<zx<l1
2x—1 2

while for the denominator we obtain

4
loga( al )>0<=>

log,2x-1)>0<=x<1

Combining the signs, the inequality is satisfied for % < x < 1,x > 1. Intersecting
this set of solutions with the existence conditions studied above, we obtain that
the inequality is satisfied for every x belonging to the set (%; U, +00).




Exercise 13

Solve the following inequality in the real variable x:

Vx2-3x+5<x+3

This irrational inequality has the form V/A(x) < B(x), with A(x) and B(x) polyno-
mials in x. First of all, we must impose the existence condition of the root, i.e.,
x? —3x+5 = 0. Moreover, since a square root is always positive or zero in R, we
impose x + 3 = 0. We therefore solve the system:

x> -3x+5=0
x+3=0
x> —-3x+5<(x+3)?

where, in the last inequality, we were allowed to square both sides, since they are
positive. The system reduces to:

<C
v =
m
EE)

= =
vV

|
ol W

whose set of solutions is the interval [—%, +00).

Exercise 14

Solve the following rational inequality in the real variable x:

x3-3x2+2x-6 . 2
x2-2x-3 x+1




First of all, we must write the inequality in canonical form (0 on the right-hand
side). The existence conditions (denominators different from zero) will be auto-
matically included in the sign study. We obtain

X-3x2+2x-6 2

— >0
x2-2x-3 x+1

We factor the numerator and the denominator of the first fraction, obtaining:

(x*+2)(x-3) 2
— >0
x-3)(x+1) x+1

Since we can cancel x — 3 and obtain an equivalent fraction, provided that x # 3
by the existence condition, we have

x2+2 2

x+1 x+1

that is,

x2

x+1
The numerator is positive Vx € R, x # 0, and the denominator is positive for x >
—1. Combining the signs, and taking into account the condition x # 3, we obtain
the solution set (—1,0) U (0, 3) U (3, +00).

>0




