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We have the following fundamental limit:

a n(x)
(1+T) —e? asn(x) — +oo, ae€R,a#0
n(x

We have the following 5 main fundamental limits:

sinée(x)

e —1 ase(x)—0

1—cose(x) 1

20 5 ase(x)—0
| 1
e(x)
et — 1
—1 ase(x)—0
e(x)

(1+e(x)*-1

ase(x)—0, aeR,a#0
e(x)

We also have the following fundamental limits of the hyperbolic functions:

sinh e(x)

—_ 1 —_
e ase(x)—0

coshe(x) -1 1
————— = ase(x)—0
£%(x) 2

By the hierarchy of infinities theorem, we have:

P (x) [log,e(x)]* — 0 ase(x) — 0", a,f>0, a>1




From the 5 main fundamental limits, the following asymptotic equivalences fol-
low:

sine(x) ~ e(x) ase(x)—0
l—coss(x)Néez(x) ase(x) -0
et — 1~ e(x) ase(x) —0
log(1+¢(x)) ~e(x) ase(x) — 0
(1+e()*-1~ae(x) ase(x) —0

From the 5 main fundamental limits, the following asymptotic expansions fol-
low:

sine(x) = €(x) + o(e(x)) ase(x) — 0
cose(x) = 1—%82(x)+0(£2(x)) ase(x) — 0
log(1+&(x) =€(x) + o(e() ase(x) — 0
M = 14+¢ex)+ o(e(x)) ase(x) — 0
(1+e()*=1+ae(x) +o(e) as €(x) — 0

From the fundamental limits, the following asymptotic equivalences also follow:

sinhe(x) ~ e(x) ase(x)—0

1
coshe(x)—1~ 5 £2(x) ase(x)—0




For the hyperbolic functions we have the asymptotic expansions:

sinhe(x) = e(x) + o(e(x)) ase(x) — 0

coshe(x) =1+ % £%(x) + o(e* (%)) as e(x) — 0

Operations with “little 0”:

o(1) denotes a generic infinitesimal;
C-o(x™) =o0(x");

x™-0(x™) = o(x™");

o(x™)-o(x™) = o(x™"")

O;Jﬁnn) =o(x"™") (n=2m);

o(x™) + o(x™) = o(xM) where M = min {m, n}.

Exercise 1

From e* =1+ x+ 0o(x), x — 0, deduce that

sinh(x) =x+o(x), x— 0.

X

For x — 0,wehave e ™ =1-x+ 0o(x), hence

sinhx = % = %((l +x+0(x))—(1-x+ o(x))) = x+o0(x).

Exercise 2
Using cosh? x — 1 = sinh? x and the previous exercise, prove that

. coshx-1 1
Iim—=-
x—0 x2 2
and deduce

1
coshx=1+ Exz +o(x?), x—0.



From the previous exercise we have sinh? x ~ x? as x — 0 and moreover cosh0 =

1, hence
~ coshx—1 coshx+1 . cosh®’x—-1 _ 1
lim . = lim -lim —
x—0 x? coshx+1 x—0 x2 x—0 coshx+1
(S —
_1
2
1. sinh®x 1. x* 1
==l =—lim— ==
2 x—0 x2 2 x—0x%2 2
Moreover
. coshx—1) 1 . coshx—1-1x?
li — —=1lim =
x—0 x2 2  x—0 x2

which means ]
coshx—1-—-x%=o0(x?),

1
coshx=1+ Exz +o(x%), x—0.

Exercise 3

Refine the equivalence
log(x® +1) ~ 2logx, x — +00

by proving that
’ 1 1
log(x +1)—210gx+?+0(?),x—>+oo.
log(x* +1) = log | x? 1+ — = g2 +Toa| 1+ —
og(x =log|x Z)]= ogx“ +log =2/
Now
1/x> >0 as x — +00
and
log(l+y)=y+o0(y) as y—0,
hence
1 2 il 1 1
og(x“+1)=2 ogx+?+0 2 , X — +o00.




Exercise 4

Compute the following limit of a function of a real variable:

lim logx—+v/x

X—+00

lim logx—+x= lim —v/x=—o0.
x—+00 x—+00

Exercise 5

Compute the following limit of a function of a real variable:

lim 2% —x?
X—+00
lim 2*—x%®= lim 2% = +oo0.

X—+00 X—+00

Exercise 6

Compute the following limit of a function of a real variable:

T log(x? +1)

X—+00 2X

We use the equivalence log(x2 +1) ~2logx as x — +o0:

log(x?+1 2logx
lim —g( ): lim 8 =0
X—+00 2% x—+oo 2%

Exercise 7

Compute the following limit of a function of a real variable:

x+2)x

im
x—+oo\x+1



We use the fundamental limit

X
lim (1 + —) =e.
X— 100 X

X
X xX+17 %41
) x+2\" . 1 R
lim [——| = lim |[[14+—— =e =e
x—+oo\x+1 x—+00 x+1
Exercise 8
Compute the following limit of a function of a real variable:
lim x'°8%
x—0*
We have
logx
xlogx — elogx — elogxlogx’
hence
—-00 ——00
S
lim x'6% = lim el08X108X _ pteo_ |,
x—07 x—0* '

Moreover, the base x tends to 0 and the exponent logx tends to —oo, hence the
limit is not an indeterminate form:
logx _

lim x =0 =400
x—0"

Exercise 9
Let
Jim x(log(x+2) ~logx) = L.
(@ L=2

(b) L does not exist
(c) L=1

(d) None of the other answers is correct.



' . 2 : 2
i <{og+2)-logs) = i siog(1+2) = 1 x.2 =2

The correct answer is (a).

Exercise 10

Compute the following limit of a quotient using equivalent power functions for each term:

Coer-1
lim —
x—0 sinx

er-1 . x
lim — =lim—-=1.
x—0 sSinx x—0Xx

Exercise 11

Compute the following limit of a quotient using equivalent power functions for each term:

. l—cosx
111'1'1 —2
x—0 sin“x
We have
. 1l—cosx 1 1,
hm—2 =— hence 1-cosx~—x" as x— 0.
x—0 X 2 2
Moreover, we have
sinx~ x as x— 0 hence (sinx)2 ~x% as x—0.
We then have:
1.2
. 1l-—cosx 53X 1
lim 5 = > ==
x—0 sin©x x—0 X 2
Exercise 12

Compute the following limit of a quotient using equivalent power functions for each term:

sin3x

lim —
x—0sin4x



sin3x_ . 3x 3

lim — =lim— =
x—0sindx x—04x 4

Exercise 13

Compute the following limit of a quotient using equivalent power functions for each term:

(1 _ eZX)Z

im-——-
x—01—-cosb5x

. (1-e®2 (-2x)*> 8
lim— =1 =
x—01—-cos5x x—0 %(5x)2 25

Exercise 14
Compute the following limit of a quotient using equivalent power functions for each term:
sin x3
im———
x—0 (1 —e¥)3

sin x3 X8

im———=1lim——=-1.
=0 (1-e¥)3 x—0(-x)3

Exercise 15

Compute

lim xze@ sin(xlog7)
x—0

We analyze the exponent using the equivalence sin(xlog7) ~ xlog7 as x — 0:
lim va sin(xlog7) = lim VT xlog7 = v/mlog7.
x—0 X x—0 X

The given limit equals

; VI
11rr(1)xze % sin(xlog?) _ ., eﬁlog? -0- 7\/5 -0.
X—




Exercise 16

Compute
. 1
lim (— +logx)
x—0* \SIn X
Using
lim sinxlogx = lim xlogx =0,
x—0% x—0*
we have

. 1 . l+sinxlogx
lim | — +logx|= lim ———— =+o0
x—0* \sinx x—0* sinx
since the numerator 1+sin xlog x tends to 1 while the denominator sin x is a pos-

itive function tending to 0.

Equivalently, again from

log x
lim = lim sinxlogx = lim xlogx =0,
x—0* x—0% x—07*

sinx

we have that 1/sin x is an infinity of higher order than log x as x — 0", hence

. 1 . 1
lim (— +logx) = lim — = +oo.
x—0* \ sinx x—0* Sinx

We also prove that
lim xlogx=0
x—0*

We make the change of variable x = %, hence

1 1 -1
lim xlogx= lim —log—= lim A 0

x—0* y—tooy Ty y—too y

Exercise 17

Compute

(1——cosx)3 —sinx®

lim
x—0 xG

10



From
]. 2 .
1—cosx~5x ,sinx~x, x—0,

we have
. _ B_7 6 . _ 8 . g 6
lim,_,o 4=cos0_—sin’ Cosfc)e SN _ Jimy_o L=S0s0- ‘;Oﬁsx) —limy_o %5~ =
1.6
_1 RNt @2 _ 1 __7
= llmx_.() 6 —llmx_.()F =3~ 1= -3

Equivalently, using the calculus of Landau symbols, from

1
cosx=1- Exz + o(xz), sinx=x+o(x), x—0,

we have L6 . .
. — 3 _ginx® . =X°—x +0(x°)
hmx—»o (1 COS);)G sinx> _ hmx—»o 8 S —
7.6 6 7.6
. —gX +o(x°) g —§X _ 7
llmx_>() - % llmx_>() 6 ~ "%
Exercise 18
Compute
. 8(1-cosx)®—sinx®
lim 5
x—0 X

11



From
]. 2 .
1—cosx~§x ,sinx~x, x—0,

we have

sinx® _

8(1—cos x)3—sin x® 8(1—cosx)3
x5 =

s = limx_,() I S limx_>0

limx—>0

. 6 . 6
:hmx_,o%—hmx_,o% =1-1=0.

Equivalently, using the calculus of Landau symbols, from

1
cosx=1- Exz + o(xz), sinx=x+o0(x), x—0,

we have , . s 6 &
. 8(1—cosx)’—sinx® _ 1 x°—x’+o(x°) _
limy_.o = 5 = lim,_.q — =
. 6
lim,_. O(xjﬁi ) =0

since the numerator o(x%), by the very definition of the Landau symbol, is an
infinitesimal of higher order than the denominator x°.

We have the asymptotic expansions as x — 0:

sinx=x+0(x), cosx=1-2x*+0(x?), e =1+x+0(x),

sinhx=x+o0(x), coshx=1+ %xz + o(x?).

Exercise 19

Compute the following limits using the comparison of infinitesimals

. (sinx)? + x
11m3—,
x—0 x3—sinx

q (sinx)?2+x _ 1: (x+o(x)*+x _
lim,_ P e lim,—o B—x+o(x)
2 2
1 X +ox)+x _1; X+0(xX) _ 1; 2L ==
=limy,_ Pxtoln = limy o 555 = limy—o = =-1.

12



Exercise 20

Compute the following limits using the comparison of infinitesimals

. |1—=cosx+sinx|
lim
x—0 (eX — 1)2

1.2 2
. |[1-cosx+sinx| _ 1: |3 x“+o(x*)+x+0(x)|
lim,_¢ —ez " lim,_¢ ot
i Ixto()| _ 1 R 1 _
lim,_g o) lim,_g 2= lim,_g ] = +oo.

Exercise 21
Compute the following limits using the comparison of infinitesimals
. sin2x—sin®x
lim —
x—0 er—1

sin2x—sin® x
e*—1

2x+0(x)—(x+0(x)* _

=lim,_g o)

limx—>0

2x+0(x)—x*+o(x?) _ 1 2x+o0(x) _1: 2x _
— itom - llmx_,() Xtolx) llmx_,() =2

=limy_.g =

Exercise 22
Compute the following limits using the comparison of infinitesimals

_ sin® x—sin4x
lim ——
x—0coshx—1+x

sin® x—sin4x
coshx—1+x

(x+0(x0)>—4x+0(x) _

=lim,_,
x=0 %x2+0(x2)+x

liquo

x3+0(x3)—4x+o(x)
x+o(x)

—4x+o0(x)
x+o0(x)

13



Exercise 23
Compute the following limits using the comparison of infinitesimals
. sin x — sin x?
m — -
x—0 sinh(2x) — sinh(2x)2

2

sin x—sin x x+o(x)—-x*+o0(x?)

im0 Gz —sinh@o? = WM —0 235 00— @xt 02 —
_1; x+0(x) _1: x+o(x) _ 1; x _1
= limy—o 2x+0(x)—4x2+0(x2) limy o 2x+o(x) — lim,—o 2x ~ 2°

Exercise 24

Compute
. log(l+vx-1)
lim ——
x—17 x*-1
We have
I log(1+vx—-1) I log(l1+vx—-1) 1 I log(1+vx-1)
im = = .

im =— lim
x—1* x2-1 =1 Vx—1Vx+1 V2x—17 x-1
Setting y = v x — 1, the limit becomes

1 lim log(1+y) _ 1

V2y—=0t  y NG

by the fundamental limit

lim —log(l Y =1
y—0 ¥y

Exercise 25

Compute

lim
X—+00

1
(x2 + Bx)(x+ 08)
x2—-5x

14



We have

22 +3x (x+log x) X+3 (x+logx) . 8 (x+logx)
m |— = — = lim |1+ ——
x—+oo\ x¢ —5x x—+oo\ x—5 X—+00 X—5
(x+logx)
= lim |1+—
X—+00 968;5

Using the fundamental limit

1 X
lim (1 + —) =e
X—+too X

we obtain

8(x+logx)

2 (x+log x) 10 8
xX“+3x o 1 3
= lim 1+ — =e

1m > 5
x—+oo\ x¢ —5x X—+00 XT

since
8(x +logx) 8X x—+o00 .
x-5 x-5 '
Exercise 26
Compute
x (¥ —e")
m--——————-
x—0 cos(x) —1
We have
X e\Xx e\X
lmx(ﬂx—ex)_ ot (1-(2)) . x(1-(%))
x—0 cos(x)—1 x—0 cos(x)—1 x—0 cos(x)—1
Since e e
SEge0
and also
cos(x)—1~ ——x?
we obtain ) (e)
x (¥ —e* —x“log( £
1m¥ _ limnf % Zlog(—)
x—0 cos(x)—1 x—0 —%xz

15



Exercise 27

Compute
. osin(In(1 —x))
lim —————
x—0 1-2%

The limit is in fact immediate if we observe that, as x — 0,
In(l-x)~-x

and also
1-2%~ —xlog2

thus obtaining

sin(dn(1-x)) .. sin(—x) 1
im———— = lim =
x—0 1-2% x—0 —xlog2 log2
since
sin(—x) ~—x
Exercise 28
Compute

x*sin? (7 — 2 arctan(x))

x—+00 x2+3

16



Recalling that

X—+00

T
arctan(x) —
2

and hence that
7 — 2arctan(x) —= 0

we can immediately use the asymptotic estimate

sin® (w —2arctan(x)) ~ (k-2 arctan(x))2

as well as
i »
> ~ X
x“+3
and say that
420 4o 2
. X" sin“(w — 2arctan(x)) . X" (mr — 2arctan(x))
lim = lim
x—-+oo x2+3 x—-+oo x2+3
= lim x?(7 - 2arctan(x))?
X—+00

which is still an indeterminate form of the type [0-+oc]. However, with the change
of variable y = m — 2arctan(x) and observing that

T
H= tan(— - Z) = cot(z)
2 2 2
we obtain
lim x? (7 —2arctan(x))? = lim y2 cot® (Z)
X—+00 y—>0 2
2
Yy 2 (J’ )
= cos“|=|=4
y—0 sin? (%) 2
Exercise 29
Compute

lim log (x*) —logx
x—1 1—cos(x—1)

17



Recalling that

log (x¥) —log x = log(e*'°8%)

—logx =xlogx—-logx=(x—-1)logx
we immediately have

log(x*) —logx I (x—1)logx
x—1 1—cos(x—1) _x—>11—cos(x—1)

Setting, for greater clarity in the use of the asymptotic estimates, x — 1 = ¢, we
obtain by substitution

(x—1)logx im tlog(1+1) 7
x—11-cos(x—1) —~0 1-cost

since
tlog(l+1) 2
l-cost ip2
2
Exercise 30
Compute
. 3x + x?
lim xlog| ——
x—+00 1+ x+ x?

18



We immediately observe that the limit is in the indeterminate form of the type
[+00-0], since
3Xx+ X% x—too
1+ x+ x?
In order to resolve the indeterminate form, we can add and subtract 1 inside the
argument of the logarithm:

1

3x+x2 3x+x2
log =log|1+

1+ x+ x2 1+ x+ x2

At this point, since
3x+x? L a0
1+x+x2

we can use the well-known asymptotic estimate of the logarithm, valid for some
€(x) — 0, obtaining

0

3x+x? 3x + x? 2x—1
log|ll+ ——-1| ~ —-1=
1+ x4+ x2 14+ x+x2 1+x+x2
The limit reduces to
. 2x—1
lim x =2
x—+oo |14 x+x2
Exercise 31
Compute
lim (e\/x2+x_e\/x2—l)
X—+00

19



VvV x2

Factoring out e¥* ! we obtain

lim e
X—+00

Vx2-1 (e

Va2+x—vVax2-1 _ 1)

We examine the indeterminate form v x2 + x — vV x2 —1 as x — +oo:

. Vx2 21 _1s X+ x—x?+1
llm_. \/x2+x—\/x2—1'M:hm_> —_—
X—too Va2+x+vVx2-1 X=H00 Va1
x+1 1

= limx—>+oo

1.1, / 1]25'
x( 1+;+ l_x_2

Hence the given limit equals

lim eV*¥1 (e‘/x2+x_‘/x2_l - 1) =(Ve- l)xliIP eVl = oo,
—+00

X—+00

Equivalently, from 1/x — 0 as x — +oco and from

V1+y=1+1/2)y+o0(y)

as y — 0, we have

1 1 1 1
Vx2+x=x\/l+—=x|1+—+o0|=||=x+=+0(1), x— +oo,
X 2x X 2

where o(1) denotes a generic infinitesimal, and

1 1 1 1 1
Vit-1l=x\/1-==x[l-—+o|=||=x——+0|—], x— +00.
57 2x? 2 2x x

Hence the given limit equals

(V37 - V1)

x+1/2+0(1) _ ex—l/(2x)+o(1/x)) —

limy— oo = limy— 100 (€

limx—>+00 ex (61/2+0(1) _ e—l/(2x)+0(1/x)) = (\/E_ 1) limx_)+oo ex = 4+00.

We have that 1/x — 0 as x — +oo and we have the asymptotic expansionsas y — 0

1
siny=y+o(y), cosy= 1—5y2+0(y2), e¥ = 1+y+o(y), logl+y)=y+o(y.

20




Exercise 32

Compute the following limit

1+ x*sin(1/x%)
im
x—+00 x2(1 — cos(1/x?))

From the asymptotic expansion we have:

1 1(1)? 1)2 11 1
cos =l1-=-|=| to|l|=| |=1-=—+0|—]| as x — +oo.
b 2\ x? 5 2
Expanding the ratio asymptotically, we have:

¢ for the numerator

4. (1 a1 1
l+x*sin|—|=1+x"|—+o0|—||=1+1+0(1) as x — +oc;
x4 x4 x4

¢ for the denominator
el
—cos|—
2

11 (1)
___0_
2 x4 x4

Hence we obtain:

x2

2

1+ x*sin (%)

} 2+0(1)
x1—1>r-+I—loo 1 - xX—+oo 1 1 1 -
xz[l—cos(?)] §?+0(?)

where, as always, o(1) denotes a generic infinitesimal.

Exercise 33

Compute the following limit

_ 4
B 2

i
fitr log(x? +1) —2logx

21



x2(671/x4—1)

limx_,+oo m = limx_,+oo

deoly)
= llmx—>+oo

— X

— llmx—>+oo 1 n ( 1 ) 1 o [ 1 )
—+0| =% ——+o| -+
)C2 x2 x2 )C2

Exercise 34

Compute
—x* 4
e —x"-1

Iim ———
x—0 x2cosx — x?

We use the expansion
4
e =1-x*+o0x* as x—0

and the equivalence
cosx—1~—x%/2 as x — 0.

Hence we have

4
: e —xt-1 _ s 1-xt+o(xh-—x*-1 _
limye—o ‘Zros oy = iMa—o x2(-ﬁ) =
. _944 4 . _944
= limy_o 250 = lim,_ =2 =4,
-7 -7

Exercise 35
Compute

1
lim (2 sin® X) cos2x
x—mnl4

22



Using cos2x = 1 —2sin x and setting y = 1 —2sin x, we observe that y — 0 as
x — /4 and the given limit equals

log(1-y)

. POt R |
llm(l—y)Y:hme y —e  =-
y—=0 0 e

y—>
also by virtue of the fundamental limit

lim —log(l Y =
y—0 y

—-1.

Exercise 36

Compute
1
(1 =+ x5) x2sin2x — ]
im
x—0*  2log(l+x3)

We write the numerator in the form

log(1+x5)
e x2sin2x — |

and we analyze the exponent. As x — 0 we have

log(1 + x°) x° x?

x?sin2x  x2-2x 2

From this and from e — 1 ~ y as y — 0, it follows that

5 2

log(1+x%) log(1+x°) x
e x%sin2x — D & =,
x%sin2x 2
The given limit equals
1 2
(1 + x°) @sinzx — 1 1
im = lim = =- lim — = +oo.

x—0+  2log(1l+ x3) x—0* 2x3 4 x—0* X

Exercise 37

Compute

23



Writing the numerator in the form

1- exlogx

)

the exponent xlog x tends to zero as x — 0. Since 1 — e’ ~ —y as y — 0, it follows
that

1-e*%8% ~ _xlogx, x— 0%,

The given limit equals

1-x* —xlogx —logx
lim 5— = lim —2g = lim & = +o00.
x—0t X x—0* X x—0* X
Exercise 38
Compute
lim sin(ex3 -1
=0yV1+x3-1
We have , ,
sine* —1)~e* —1~x3, x—0"
and

1
v1+x3—1~5x3, x—0".

The given limit equals

. sin(exs—l) X3
lim =

——— =]lim— =2.
—0 3 _ 20143
=0y14x3-1 *03x

Exercise 39

Compute

as the parameter a > 0 varies.
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We have

xlogx 0, wll
lim 8 =

x—0t x¢

—00, a=1

hence, as x — 0%, the infinitesimal xlogx is of lower order than x (x = o(xlogx))

but of higher order than x% if @ < 1 (xlogx = o(x%), a < 1).
Hence, from the expansion

eY=1+y+o0(y), y—0,

it follows
xx_ex+xa:exlogx_ex+xa:

1+ xlogx+o(xlogx)—1—-x+o0(x)+x% =

xlogx + o(xlogx), az=1

x%+ o(x9%), O<a<l.

The given limit equals

xlogx

. a
lim,_ o+ % =0,

limx_,0+ ﬁ = 1,

Vx

. a
limy_ o+ % = +00,

lim,_ o+ — lim,_g+ v/xlogx =0,

a=>1

1/12<a<1

a=1/2

O<a<l1/2.
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