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Exercises: Antiderivatives
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Exercise 1

Compute the following antiderivatives on the intervals where they are defined

4
(a)f(2x+{’/_—%)dx, (b)fx\/; dx

(c) [tanzxdx, (d) f(B—x)sdx

1 2 x+1
(e)f2—3xdx' (f)fx e dx

(g)fx\/x2+1dx, (h)[ﬂdx

1+sin?x

(i)f " x (')dex
13" V| Gnx

(@)

J

3 3
:x2+1x4/3—4x1/2+c:x2+Z\3/x4—4\/}+c

2
2x + \3’/_—7)dxzf(2x+x”3—2x_l/2)dx
X

on any interval I such that I c (0, +00).

(b) A
X—X
dx:f(xllz—xwz)dx:
V&
2 2 2 2
=32 —x¥2 p o= —xvx—=x*Vx+c
3 9 3 9

on any interval I such that I < (0, +00).

(©
ftanzxdx:f[(1+tan2x)—l]dx:tanx—x+c

on any interval I that does not contain points of the form 7/2 + kx with k € Z.




(d) "
f(3—x)5dx:—f(x—3)5dx:—g(x—3)6+c

on any interval I of R.

(e)

1 1 1
f dx:—f dx=—-=log|3x-2|+c
2—3x 3x-2 3

on any interval I such that2/3 ¢ I.

)
fxzex3+1dx: éex3+1 i

on any interval I of R.

(g

1 1
fx\/x2+1dx:g(x2+1)3/2+c:g(x2+1)\/x2+1+c

on any interval I of R.

(h)

sin2x 2sinxcosx
f—dx:f—dleog(1+sin2x)+c

1+sin®x 1+sinx

on any interval [ of R.




()

f & dx=1log(e*+3)+¢c
e*+3 — 108

on any interval I of R.

()

1 CcCOSX
f dx:f —dx =log|sinx| + ¢
tan x sinx

on any interval I that does not contain points of the form kx with k € Z.

Exercise 2

Compute the following antiderivatives using integration by parts

(a) fxsinxdx, (b)fxzcosxdx

(© f arcsinx dx, (d) f sin®x dx

(@)

fxsinx dx:—xcosx+fcosx dx=—-xcosx+sinx+c

on any interval I of R.

(b) Integrating by parts twice in a row, we have
fxz cosx dx = x* sinx—fosinx dx =

2

xzsinx+2xcosx—2fcosx dx=x"sinx+2xcosx—2sinx+c

on any interval I of R.




(c) Taking the constant function 1 as the factor to be integrated, we have

dx=xarcsinx+V1—-x2+c

. . X
arcsinx dx = xarcsinx — | ——
V1-x2

on any interval I c (—1,1).

2 2

(d) Integrating by parts and using cos” x = 1 —sin“ x, we obtain

fsinzxdx:—sinxcosx+fcoszxdx

:—sinxcosx+f1 dx—fsinzxdx

from which
sin® x dx:—sinxcosx+x—fsin2xdx+c

hence, moving | 'sin® x dx to the left-hand side,
Zfsinzx dx=—-sinxcosx+x+c
and finally, still denoting by c the arbitrary constant c¢/2,
1

: 1.
fsmzx dx = —ESIHJCCOSX-FE)C-FC

on any interval I of R.

Exercise 3

Compute the following antiderivatives using integration by substitution

e

(a)/e _1dx, (b)fﬂdx, (c)fx\/x+1dx
X+ 1 1+x



(a) Setting y = e*, y > 0, x € R, we have x = log y and we write dx = %dy, hence

=1 -1
fe dx:f y dy
eX+1 y(y+1)

Using partial fractions, we obtain

y—-1 1 2

=——+
y(y+1) y y+1

from which, taking into account that y > 0,

y—1
dy=-logy+2log(y+1)+c.
fy(y+1) y gy gLy

It follows, substituting back y = e*,

X
-1

on any interval I of R.

(b) Setting y = /X, X,y > 0, we have x = y* and we write dx = 2y dy, hence

2
ﬁdx:Zfly dy.

1+x +y?

From

¥ _y2+1—1_1 1

y2+1 241 _y2+1

we then have

2
2[ 1_J:yzdy:2y—2arctany+c.

It follows, substituting back y = v/x,

fﬁdx:Z\/}—Zarctan\/}+c

1+x

on any interval I c (0, +00).




(c) Setting y=vx+1,x>-1,y >0, we have x = yz— 1 and we write dx =2y dy,
hence

2 2
fx\/x+ ldxzzf(yz—l)y2 dy:Zf(y4—y2)dy:gy5—§y3+c.
It follows, substituting back y = vx+1,

2 2
fox+ ldx:g(x+ 1)5/2—§(x+ 1)3/2+c

on any interval I c (-1, +00).

Exercise 4

Compute the following antiderivatives of rational functions

X+1
()/de, (b)fxz dJC, (C)f dX, (d)/ 3542 dx

()fx3+3x2+3x+ldx’ (ﬂf dx, ()f dx,

(a) The given integral is immediate:

5 5 5
— dx=| ——dx=———+c¢
xX2+2x+1 (x+1)2 x+1

on any interval I such that —1 ¢ I.

(b) Writing the (irreducible) denominator as a sum of squares:

1 1 2 1
—dx= dx = — arctan —( —)
/ V3

+c
X’ +x+1 (x+1/2)2+3/4 V3

on any interval I of R.




(c) Using also the previous exercise:

X 1 2x+1 1 1
f—dxz—f—dx--f—dx
x2+x+1 2J 2+x+1 2J x2+x+1

1l(2++1) i 2(+1)+
—log(x“ +x ——arctan | — | x+ — c
2 %% V3 T2
on any interval I of R.
(d) We perform polynomial long division:
B+1 7x-5
— = Xx+3+—.
x2—-3x+2 x2—-3x+2
Setting up the partial fractions
7x—5 B 7x—5 B A N B
2-3x+2 (x-Dx-2) x-1 x-2
we obtain
A=-2, B=09.
In conclusion:
3
x°+1 2 9
f—dx:f(x+3——+— dx=
x2—-3x+2 x—-1 x-2

1
5x2+3x—210g|x— 1| +9loglx—2|+¢c

on any interval I suchthat1¢ 1,2 ¢ I.




(e) We set up the partial fractions:

X X A B C
= = + + )
x34+3x24+3x+1 (x+1)3 x+1 x+D1D?2 (x+1)3

We obtain
A=0,B=1, C=-1.

In conclusion

[
B13243x+1 7 " ) e+ 02 vz

1 1 1
4= +c
x+1 2(x+1)2

on any interval I such that -1 ¢ I.

(f) We set up the partial fractions:

1 1 A B Cx+D
= = + s )
x-1 x-DE+D2+1) x-1 x+1 x2+1

We obtain

In conclusion

f 1 d f(l 1 1 1 1 1 d
—dx=| |- == == X
x4-1 4x—1 4x+1 2x2+1

1 1 1
=-log|x—1|—-log|x+1| - —-arctanx +c
4 4 2

on any interval I such that +1 ¢ I.




(g) We set up the partial fractions:

B—x2 2x-1)

x+1 x+1 A B C
x x2 x-1

We obtain
A=-2,B=-1,C=2.

x+1 2 1 2
—dx:f(————+— dx
fx3—x2 x x2 x-1

1
=—-2logl|x|+—+2log|x—1|+c¢c
x

In conclusion

on any interval I such that0,1 ¢ I.

(h) We set up the partial fractions:

1 1 A Bx+C
= = + .
x3+1 x+DE2-x+1) x+1 x2-x+1
We obtain
1 1 2
A:—,B:——,C:—.
3 3 3
Hence

1 1 1 1 —x+2
f dx:f(— 5= )dx
x3+1 3x+1 3x2-x+1
1 1 2x—1 1 1
:glog|x+ 1|——f—dx+—f—dx

6J x2—x+1 2J x2—-x+1

1
dx
2)2+3/4

1l lx+1] 1l (x? +1)+1f
= —102|X ——1028(X — X —
3 & 6 & 2J (x-1/

+cC

1 1 1
= _log|x+1| - =log(x* — x + 1) + — arctan
508w+ 1= log( ) 7

3 %(x_%)

on any interval I such that -1 ¢ I.
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Exercise 5
Compute the following antiderivatives

tanx

e*+1 2
(a)erX+1dx, (b) [x log(x +1)dx, (c)[—dx

sin? x — cos? x

(d)fx-'-ﬁdx, (e)/ L dx, (ﬂf\/4—x2dx
2+x

COosXx

(a) With the substitution y = e*, y > 0, x € R, we have x = logy, we write dx =

%d ¥, and we obtain
X 1
f 62 il dx:f—y+ dy.
e2x 41 y(2+1)

We set up the partial fractions:

y+1 A By+C
— -
y@2+1) y  yA+1

We have
A=1,B=-1,C=1,

from which, taking into account also that y > 0,
+1 1 1
[
y(y2+1) y y¥+1 y2+1

1
=logy— Elog(y2 +1) +arctany +c.

Then, substituting back y = e*, we have

e*+1 1
f dx = x——log(e** + 1) +arctane* + ¢
e>* +1 2

on any interval I of R.
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(b) Integrating by parts and then computing the integral of a rational function,
we have

fleo (x+1)dx—lx310 (x+1)—lf x dx
5 =3* % 3J) x+1

1 1 1 1
:—x3log(x+1)——f(x2—x+1)dx+—f—dx
3 3 3J x+1

2

L (x+1) =S L+l (x+1)+
= —X 108X ——X —X ——X+ —-10g8(X Cc
3 5 9 6 3 3 6

on any interval I c (-1, +00).

(c) From tanx = 22X and sin® x = 1 - cos” x, we have

tan x sin x
f ) dx :f 2 dx
sin” x — cosZ x cos x(1 —2cos? x)

Now setting y = cos x, we write dy = —sin x dx and we obtain

f sinx A= 1 f 1 d
cos x(1 —2cos? x) 2J y(y=v112)(y+V1/2) 4
Using partial fractions, we then have

1 2 1 1
= —— 4 + ,
yiy—=v1/2)(y+v1/2) Yy y-v1/2 y+v1/2

from which
lf = ——m||+1m|2—um+c
2J yy-vir2)(y+v1i/z) BVt 08l '

In conclusion,

tan x 1
f_z—dx: —log|cos x| + —loglcoszx— 1/2|+c¢
sin® x — cos? x 2

on any interval / that does not contain points of the form x = 7/2 + kn or of the
form x = /4 + kn/2 with k an integer.

12




(d) With the substitution y = /%, x,y > 0, we have x = y?, we write dx =2y dy
and we obtain

=2
2+ x y+2

Integrating the rational function, we have

¥ y 2 1
dy=2 —y+2)dy-8| —d
f y= f(y y+2)dy fy+2y

fx+\/_ y3+y2d

__g 3 .2 -8l
—3y y-+4y—8log(y+2)+c.

Substituting back y = /x, we conclude

f;”\‘j__ :gx\/_ x+4vx—8log(vVx+2)+c

on any interval I < (0, +00).

(e) Using the rationalizing substitution y = tan3, dx = dy and taking into

1+2
l—y2

57 we have

1 1
f dx:—zf >
CoS X y-—1

Using partial fractions, we then have

account that cosx =

+C.

y+1
— ——~ ldv=log|L—=
(y+1 )y 8|y -

Going back to y = tan %, we conclude

1
dx=1
,[cosx HoRE

on any interval I that does not contain points of the form x = 7/2 + kn with k an
integer.

tan(x/2) +1
tan(x/2) —1

+cC
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(f) Using the rationalizing substitution x = 2siny, —n/2 <y <7m/2, -2 < x < 2,
dx =2cosy dy, and taking into account also that cos y > 0, we obtain

f\/4—x2dx:4fcoszydy.
From 4 cos? y = 2+ 2cos(2y), we then have

4[coszydy:2y+sin(2y) =2y+2sinycosy+c.

Now using siny = x/2, y = arcsin(x/2), cosy = /1 —sin?y = % 4 — x?, we con-

clude
f V4—x2dx=2arcsin(x/2) + (x/2)V4—-x2+¢

on any interval I c (-2,2).

Exercise 6

Compute the following limits

1 [ 1
(a) lim —3f log(1+vt)dt, (b) lim —4f (1-cosVt)dt
x—0* x3 Jo x—=0" x* Jo

4e 3
© lim (2 f logikx)dx—log(k(k+1))), @ lim ( f log(k(x +2))dx—3log(k+ 1)
4 —+oo\J1

k—+o00

14



(a) Setting f(x) = f0x2 log(1++v/1)dt, the limit takes the indeterminate form % given

by lim,_ o+ r g) The hypotheses of LHopital’s rule are satisfied, so we can move
on to computing the limit
!
X
lim m
x—0+ 3x2

We compute the derivative f’(x) using the Fundamental theorem of calculus and
the chain rule (derivative of a composite function):

£ = 2xlog(1 + V/x2) = 2xlog(1 + x), x> 0.

In conclusion

2

1 r* 2xlog(1 +
lim — log(1 + Vidt= lim M
x—0* x3 Jo x—0* 3x2
2 1
_ 5 e RS 2
3 x—0+ X 3

(b) Setting f(x) = foxz(l — cosV1)dt, the limit takes the indeterminate form %

given by lim,_ o+ % The hypotheses of LHopital’s rule are satisfied, so we can
move on to computing the limit

!
lim ) (x)'
x—0+ 4x3

We compute the derivative f’(x) using the Fundamental theorem of calculus and
the chain rule (derivative of a composite function):

f'(x) =2x(1 - cos Vx2) = 2x(1 - cosx), x>0.

In conclusion

2

1 r* 2x(1—-cosx
lim — (1-cosVhdt= lim ¥
x—0* x* Jo x—07* 4x3
1 . 1-cosx 1
=— lim =—
2 x—0+ x2 4

15




(c) We compute

4e1 k
Zf ydx = [log?(kx)13¢ = log®(4ke) —log? (4k)
4

= (log(4ke) —log(4k))(log(4ke) +log(4k))

4k
“* log(16K2e) = log(16Kk2e).

-1
%8 1k

It follows that

4e1
lim (2 f 08kD) ;¢ loglk(k+ 1)) = lim log(16k¢) ~log(k(k+1))
4 —+00

k—+o0 X

2

— 1 e — —
= klirfwlog 2k log(16e) =1+log16.

(d) We compute
3 3
f log(k(x+2))dx:[xlog(kx+2k)]?—f —~ dx
! 1 x+2

2

3
=3log(5k) —log(3k) —fl (1 s

dx

5
=3log(5k) —log(3k) —2 + 210g§.
It follows that

k—+o0

3
lim (f log(k(x +2))dx —3log(k + 1))
1

5
= lim 310g(5k)—10g(3k)—2+210g§—310g(k+ 1)

k—+o00

5k 5
= lim 310gm—log(3k)—2+210g§ = —oo0.

k—+o00
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