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Exercises: Bisection method
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¢ Authors: Fabio Furini and Gianluca Priori.

* Book: “Esercitazioni Analisi matematica 1”, Marco Bramanti, Esculapio.



Exercise 1

Using the bisection method, find the solutions of the equation
B+2x-1=0

correct to two decimal places.
(First of all, one must determine how many solutions there are.)

Written in the form
Bx=1- 2X,

the equation suggests first comparing the graphs of the functions y = x> and y =
1-2x, in order to determine beforehand the number of solutions of the equation.
Comparing the two graphs, we deduce that there exists a unique solution a €
(0,1), i.e., a unique zero of the function f(x) = x% 4+ 2x—1 in that interval. More
formally:

Aae0,1): fla)=0

We therefore proceed by applying the bisection method to the interval [a, b] =
[0,1], with f(0)=-1<0and f(1)=2>0.
Iteration 1 (n = 0)

[ao, bol = [0,1]
ag+by 1

CO = ==
2 2

with f(cp) = § > 0. Then, in the next iteration, b = co.




Iteration 2 (n=1)

,f(0)<0,f(%)>0

1
[alrbl] = 0;5

a1+b1

1

C p—
! 2 4
C

with f(c;) <0. Then, in the next iteration, ay = c;.

Iteration 3 (n = 2)

11

awin=[L1] 7 (2] <o (2] o

_612+b2_3

Co = —

2 2 8
with f(c2) < 0. Then, in the next iteration, as = ¢;. To reach the desired level of
approximation, we will have to wait until iteration 9 (n = 8), where we will obtain

29 117
a8:—=0,453 b8:—=0,457
64 256

29 111 correct to two decimal places.

We can finally state that a € (64, 25

]

Exercise 2
Using the bisection method, find the solutions of the equation

x+logx=0

correct to two decimal places.
(First of all, one must determine how many solutions there are.)




Written in the form
logx = —x,

the equation suggests first comparing the graphs of the functions y = logx and
¥y = —x, in order to determine beforehand the number of solutions of the equa-
tion. Comparing the two graphs, we deduce that there exists a unique solution
a € (0,1), i.e., a unique zero of the function f(x) = x + logx in that interval. More
formally:

Nae(,1): fla)=0

We therefore proceed by applying the bisection method to the interval [a, b] =
[0+¢,1], € >0, with f(1) =1 >0 and f <0 in a right neighborhood of the point
Xo = 0 of arbitrarily small radius € (note that y = logx is not defined at x = 0).
Iteration 1 (n =0)

[ao, bol = [0+¢,1]
_ a0+b0 _ 1+€~1

2 2 2

Co

with f(cp) = % —log2 < 0. Then, in the next iteration, a; = co.
Iteration 2 (n=1)

1 1
,bil=1=,1{, fl=1<0, fF1)>0
(a1, b1] 5 f(2)< fa>
a + b 3
Clz = —
2 4

with f(c;) > 0. Then, in the next iteration, by = c;.
Iteration 3 (n = 2)

13 1 3
)b === ~ 07 - 0
laz, by) [24 f(2)< f(4)>
a+b, 5
Co = = —
2 8

with f(cz) > 0. Then, in the next iteration, b3 = ¢,.




Iteration 4 (n = 3)

15 1 5
as,bsl=|=,=1|, f|=]<0, f[=]|>0
las, bs] '3 f(z) f 8)

as + bs 9

C3 = = —

2 16

with f(c3) <0. Then, in the next iteration, a4 = c3. Observe that
as = 0,5, b3 = 0,625

and we are therefore still far from having two correct decimal places. To reach
the desired level of approximation, we will have to wait until iteration 10 (n =9),
where we will obtain

145 291

a9 = — = 0,566 by = — = 0,568
256 512

We can finally state that a € (322, £21) correct to two decimal places.

Exercise 3

Using the bisection method, find the solutions of the equation
2sinx=x

correct to one decimal place.
(First of all, one must determine how many solutions there are.)

Exercise 4

Using the bisection method, find the solutions of the equation
x> —2-logx=0

correct to one decimal place.
(First of all, one must determine how many solutions there are.)



