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Exercises: Limits via asymptotic expansions
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Exercise 1

Compute the following limits:

. 6(x —sinx) — x3
lim ——
x—0 SN X

sinh? x + 2(1 — cosh x)

lim
(1 -cosx)?

x—0

2 2

. 4(1-cosx)?—x%sinx
lim

x—0

sin? xlog(1 + x*%)

q x2
. l+xsinx—e
lll’rl.—3
x—0 xsin(x?)

2

x? cosx —sinh x% + %x‘*

lim 5 7
x—0 x? —arctanx

xsinhx—2coshx+2
(esinx_ 1)2

8v1+sinx—8—4x+ x?

lim

x—0

im >
x—0 (2% —2 —2x — x2) cosh” x

2log(1+sinx) —2x + x2
x—0 (2eX =2 —2x— x2)cos? x

/ 5 1
( 4+——Zcos—)
X X

lim x
X—+00

3 5

6 120

The denominator is equivalent to x°:

6(x—sinx) — X = 6(— - + o(xs)) -5

sinx® ~ x°.
Hence the given limit is
. 3 x°
. b(x—sinx)—x . T35
lim - =lim —=* =
x—0 sin x° x—0 x°

We determine the principal part of the Maclaurin expansion of the numerator:

_x_5 +o(x°)
20 )




We determine the principal part of the Maclaurin expansion of the numerator:

x3 2 x* x*
sinh® x +2(1 — cosh x) = (x+ = + 0(x3)) —x*- e +o(xh = a +o(xh.

The denominator is equivalent to x*/4:

4
X

1-cosx)® ~—.

( ) 1

Hence the given limit is

. 12 x*
. sinh“x+2( —coshx)
lim

a
x—0 (1 —cosx)? x—0 XT“

We determine the principal part of the Maclaurin expansion of the numerator:

2 4 2 2
2 2.2 _ X X
4(1—-cosx)"—x“sin“x =4

——— (4)) - 2( . (3))

2 24 o(x X | X 6 o(x
6

:%+0(x6).

The denominator is equivalent to x:

sin xlog(1 + x*) ~ x* - x* = x®

Hence the given limit is

6
o X
. 4(1-cosx)?—x%sin’x .
11 ) = 11m _6 = —
x—0  sin“ xlog(1l + x*) x—0 X




We determine the principal part of the Maclaurin expansion of the numerator:

3 4
X X
1+xsinx—e"2 :1+x(x—z+0(x3))—(1+x2+?+0(x4)

2
=—=x*+o(x*.
3
The denominator is equivalent to x*:
3_ .4

xsin(x3) ~X-X"=Xx".

Hence the given limit is

. 2 2.4

1+ xsinx—e* . T3X 2
im P =lim ——=-—~
x—0 xsin(x°) x—0 X 3

We determine the principal part of the Maclaurin expansion of the numerator:
2 . 2 1 4
x“cosx—sinhx” + Ex

2 4 6 6

x° X X 1 X
=x[1-=—+=+ 0(x4)) = (xz = 0(x6)) +—xt=-=—+0(x%.

2 24 6 2 8

. . 3 .
For the denominator, from the expansion arctan x = x — % + 0(x%), it follows that

2 2 x°
X° —arctanx :?+o(x6).

Hence the given limit is:

X 6
. x*cosx—sinhx?+3x* = %

lim 5 5 =lim —=—-.
x—0 X-—arctanx x—0 x? 8




We determine the principal part of the Maclaurin expansion of the numerator

xsinhx—2coshx+2

3

x 3 ?  x 4 xt A
X+—+0(x")|-2|1+ —+—=+0(x")[+2=—+o0(x").
6 2 24 12

=X

The denominator is equivalent to x:

(e —1)% ~ (sinx)? ~ x°.

Hence the given limit is

xsinhx—2coshx+2 £ x?
im - =lim = =lim — =0.
X—0 (eSinx — 1)2

We expand to order 3 the composite function 8v'1 + sin x with initial point x = 0.
From sinx ~ x — x3/6 and 8,/1+ y ~ 8+ 4y — y? + y3/2, by composition, we have

x® BV o1 K3
8\/1+sinx:8+4(x—€)—(x—€) +§(x—— +0(x°)

1
:8+4x—x2—6x3+0(x3).

It follows that the numerator, in the given limit, is equivalent to —x3/6.
In the denominator we have the factor cosh? x which converges to 1, while

20 —2-2x—x*~x3/3.

The given limit is
3
. 8/1+sinx-8-4x+x*> | —-% 1
lim 5— = lim —==——.
x—0(2e*—-2-2x—x?)cosh“x x—0 Rx 2




We expand to order 3 the composite function 2log(1l + sin x) with initial point
x =0. From sinx ~ x— x3/6 and 2log(1 + y) ~ 2y — y*> + 2y3/3, by composition, we

have
2 3

2log(1 +si )—2( —x—g)—( —x—g) +§( —x—g) +o(x%)
0og SINnx) = X 6 X 3 X 6

1
=2x—x*+ §x3 + o(xg).

It follows that the numerator, in the given limit, is equivalent to x3/3.
In the denominator we have the factor cos? x which converges to 1, while

20 —2-2x—x*~x3/3.

The given limit is

2log(1+sinx) —2x+x> _ 3X° .
=lim=—=1.
x—0 (2eX—2—-2x—x2)cos?x x—0 %x?’

. 5 1 ) 5 1
lim x|[y/4+——-2cos—|= lim 2x 1+ ——cos—
X—+00 X X X—+00 4x X

Fromcosy=1+o0(y)and /1+y=1+ %y + o(y), by composition, we have

. 5 1 ) 1 5 1 1

lim 2x 1+ ——cos— lim 2x|1+—--—+o0|—|-1+0|—

X—+00 4x X X—+00 2 4x X X
1

5
= lim 2x (— + 0(—))
X—+00 8x X
= > +o0(1)
4
_ 5
4




