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Exercises: Maclaurin expansions
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* Book: “Esercitazioni Analisi matematica 1”, Marco Bramanti, Esculapio.



Exercise 1

Using the Maclaurin expansion of the following functions f(x), determine the equation of the
tangent line to the graph at the point (0, £(0)) and the local position of the graph with respect to
this tangent

fx)=1+sin(V1+x3-1)
f(x)=2V1+sinhx—x

f(x) =8V1 +sinx+ x?

f(x) =8y/1+log(1+x)+3x>

f(x)=8V1-2x—x2-8+8x

From ;
\/1+x3—1:5x3+0(x3)
€ 1
siny:y—gy3+0(y3)
we have

1
fO=1+sin(V1+x¥-1)=1+ 5x3 +0(x%).
The equation of the tangent line is
y=1

1
The term —x° + o(x>) says that there exists a neighborhood (-6,6),6 >0, 0f x =0

where the graph crosses the tangent line from below for —6 < x < 0 to above for
0 < x < 6. The point x = 0 is an inflection point with horizontal tangent.




From
sinhx = x+ o(xz)

_ 15 2
2 1+y—2+y—Zy +o0(y°)
we have
1 1
f(x):2\/1+sinhx—x:2+x—2x2+o(x2)—x:2—1x2+0(x2).
The equation of the tangent line is
y=2.

1
The term — sz +0(x?) says that there exists a neighborhood (-§,8), 5 > 0, of x = 0

where the graph lies below the tangent line for -6 < x < 8, x # 0. In particular,
since the tangent line is horizontal, the point x = 0 is a local maximum point.

From
. _ _l 3 3
sinx=x 6x +0(x7)
€ 1
8\/1+y:8+4y—y2+5y3+0(y3)
we have

f(x)=8V1+sinx+x*=

2 1 5\ 1 1 5)°
8+4x——x3—(x——x3) +—(x——x3) +o(x*) +x% =
3 6 2 6

2 1 1
8+4x—§x3—x2+5x3+x2+0(x3) :8+4x—8x3+0(x3).

The equation of the tangent line is

y=8+4x.

1
The term —gx?’ +o(x%) says that there exists a neighborhood (-6,6), 6 > 0, of

x = 0 where the graph crosses the tangent line from above for —§ < x < 0 to below
for 0 < x <6 . The point x = 0 is an inflection point.




From . |
log(1+x)=x— Exz + §x3 +o(x%)

1
8\/1+y:8+4y—y2+5y3+0(y3)

f(x)=81/1+log(l +x) +3x* =

1, 1 1, 1)
8+4(x——x2+—x3)—(x——x2+—x3) +
2 3 2

we have

3
11, 1,4)°
—(x——x2+—x3) +o(x®) +3x% =
2 2 S

4 1
8+4x—2x2+§x3—x2+x3+5x3+3x2+0(x3):

17 4 3
8+4x+3x +o(x”).
The equation of the tangent line is

y=8+4x.

17
The term — x>+ o(x>) says that there exists a neighborhood (=8,8), 8 > 0, of x = 0

where the graph crosses the tangent line from below for —§ < x < 0 to above for
0 < x < 6. The point x = 0 is an inflection point.

Exercise 2
Write the Maclaurin expansion of order 3 of the function
.
fx)=e*—e™* —sinx

and determine its order of infinitesimal. Based only on the expansion obtained, say whether the
function has at x = 0 a relative minimum point, a relative maximum point, an inflection point, or
none of these. Justify your answer.



Since we have to expand f(x) to the third order, we can stop at the second order
in the expansion of e~ That is:

1 1
ex:1+x+5x2+gx3+o(x3)

e =1-x+o0(x%)
sinx =x-— %x‘o’ +o(x%)
We then have
f)=1+x+ %xz i éxg’ +o(x®) -1 -x*+o(x*) - (x— éxs i o(xs))

3 1
==+ + 0(x3)
2 3

In particular, we have

3
f(x)~5x2 asx—0

from which we can immediately state that the order of infinitesimal of f(x) is
a = 2 and the principal part is %xz. The point x = 0 is a local minimum point;
indeed, the term %xz + 0(x?) says that there exists a neighborhood (-§,48), § > 0,
of x = 0 where the graph lies entirely above the horizontal tangent line y = 0.

Exercise 3

Determine the Taylor polynomial of order 3, centered at the point xy = %, of the function f(x) =
COS X.



In general, the Taylor polynomial of order n, centered at xy, of a function f(x) is

0 (xp)

ool =

(x — x0)*
=0 k!

with f©@(xq) = f(xp). In this case, we need the first, second and third derivatives,
evaluated at xo = 3. We have

n(®) = sin(F) = Y3
£"(3)=sin(3) =
and the Taylor polynomial of order 3, centered at the point xo = %, of the function

f(x) =cosxis
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1
T3,f,%(x) = 5




