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Parametric equations
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Exercise 1

Determine the number of solutions of the equation f(x) = k as the real parameter k varies, in the
following cases:

2x2 -1

fx)=

flx)= e ™

f(x) =log® x +2log x
f(x)=e—xlog*x

fx) = al arctan x
S x+1

All the functions are (infinitely) differentiable on their domains. To answer, it is
enough to determine the limits at the endpoints of the domain, the monotonicity
behavior and the extremum points (if any).

The function f(x) = 221 2x— % is defined for x # 0, is odd, with

X

xgrilwf(x) = 400, xlgf)ltf(x) = Foo
(the graph is a hyperbola with asymptotes x =0, y = 2x).
Moreover, we have

- 1
f(x)=2+ﬁ,

which is positive for every x # 0. The function is strictly increasing both on
(—o0,0) and on (0, +00), and on both intervals it takes all real values between the
limits —oo and +oo.

In conclusion, for every value of k € R the equation f(x) = k has two solutions:
one positive, the other negative. In particular, the equation f(x) = 0 has the two
solutions x = +v/1/2.




The function f(x) = x2e~* is defined for x € R, is even, with
Jim e =o.

The function takes only non-negative values; the point x = 0, where f(0) = 0, is
the (unique) absolute minimum point.
Moreover, we have

fl0)=2x1-xD)e ™™,

from which, for x > 0, f is strictly increasing on (0, 1) and strictly decreasing on
(1,+00). The point x = 1 is an absolute maximum point with value f(1) = 1/e. By
even symmetry we obtain the behavior for x < 0.

In conclusion, for every value k < 0 or k > 1/e, the equation f(x) = k has no
solutions: the set of values of f is the interval [0,1/e].

For k = 0, the equation f(x) = 0 has the unique solution x = 0.

For 0 < k < 1/e, the equation f(x) = k has four solutions: one in the interval
(0,1), one in the interval (1,+0c0), and the other two opposite to these by even
symimetry.

For k = 1/e, the equation f(x) = 1/e has the two solutions x = +1.




The function f(x) = l();(xe—zll) is defined for e* -1 >0, e* —1 # 1, hence for
x € (0,log2) U (log2, +00).
We have
. o y . T y
lim f(x) =lim——=0, lim f(x)= lim — = +o0o,
x—0 y—0logy x—log2* y—1%logy

lim f(x)= lim = +00.
X—+00 y—+oology

Moreover, we have
e*[log(e* —1)—1]

logz(ex -1
from which f is strictly decreasing on (0,log2), where it takes all values between
the limits —oo and 0; strictly decreasing on (log2,log(e + 1)), where it takes all
values k > e; the point x = log(e + 1) is a relative minimum point with value
flog(1 +e)) = e; f is again strictly increasing on the interval (log(1 + e), +o0),
where it again takes all values k > e.
In conclusion, for every value k < 0 the equation f(x) = k has one solution, which
lies in the interval (0,l0g2).
For 0 < k < e, the equation f(x) = k has no solutions.
For k = e, the equation f(x) = e has the unique solution x =log(e + 1).
For k > e, the equation f(x) = k has two solutions, one in (log2,log(1l + e)), the
other in (log(e + 1), +00).

flx)=

The function f(x) = log® x + 2log x is defined for x > 0. We have
. _ . 2 _ . _ . 2 _
}cl—%f(x) = yl—1>IPooy +2y = +o00, xl—l>IPoof(xJ = ygrilmy +2y = +o0.

Moreover, we have |
2(logx+1)

flay =282
from which f is strictly decreasing on (0, 1/e), where it takes all values k > —1; the
point x = 1/e is the absolute minimum point with value f(1/e) = —1; f is strictly
increasing on the interval (1/e, +00), where it again takes all values k > —1.
In conclusion, for every value k < —1 the equation f(x) = k has no solutions.
For k = —1, the equation f(x) = —1 has the unique solution x = 1/e.
For k > —1, the equation f(x) = k has two solutions, one in (0,1/e), the other in
(1/e,+00). In particular, the equation f(x) = 0 has the two solutions x = 1/¢€?,
x=1.




The function f(x) = e — xlog® x is defined for x > 0. We have
M= e lim f0) = —eo

Moreover, we have
f'(x) = —logx(logx +2),

from which f is strictly decreasing on (0,1/e?), where it takes all values k €
(e — %, e); the point x = 1/€2 is a relative minimum point with value f(l/ez) =e—
%; f is strictly increasing on the interval (1/e?,1), where it again takes all values

ke (e - %, e); the point x = 1 is the absolute maximum point with value f(1) = e;
f is again strictly decreasing on (1, +o0), where it takes all values k € (—oo, €).

In conclusion, for every value k < e — % the equation f(x) = k has only one so-
lution, which lies in the interval (1, +00). In particular, the equation f(x) = 0 has
the unique solution x = e.

For k=e—- %, the equation f(x) =e— % has two solutions: one is x = 1/¢2, the
other lies in the interval (1, e).

For e — % < k < e, the equation f(x) = k has three solutions, one in (0,1/¢?), one
in (1/€2,1), onein (1, e).

For k = e, the equation f(x) = e has the unique solution x = 1.

For k > e, the equation f(x) = k has no solutions.

The function f(x) = .35 —arctan x is defined for x # —1. We have

. _ z . L . . _z
xl—1>IPoof(x)_1+2’th f(x)—+m,xglllmf(x)—l >

-

Moreover, we have
2X

(x+1)2(x2+1)

from which f is strictly increasing on (—oo,—1), where it takes all values k €
(1+5,+00); f is also strictly increasing on the interval (-1,0), where it takes
all values k € (—o0,0); the point x = 0 is a relative maximum point with value
f(0) =0; f is strictly decreasing on (0, +o0), where it takes all values k € (1 — %, 0).
In conclusion, for every value k<1 — % the equation f(x) = k has only one solu-
tion, which lies in the interval (—1,0).

For 1 -7 < k <0, the equation f(x) = k has two solutions: one is in (-1,0), the
other lies in the interval (0, +00).

For k =0, the equation f(x) = 0 has the unique solution x = 0.

ForO<k=<1+ %, the equation f(x) = k has no solutions.

Fork>1+ %, the equation f(x) = k has a unique solution, which lies in the inter-
val (—oo,—1).

fl(x)=-




