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Continuous extensions
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Exercise 1

For the following function, determine whether there exist continuous extensions at the endpoints
of the domain. Then study the differentiability of such extensions.

f:10,m/2) =R, f(x) = (cos ) "'? 7

Setting y = w/2 — x we have

. . T . - .
lim f(x)= lim elz=x)logeosx _ iy pylogsiny _ iy, pylogly+oy) —
X—m/2” xX—m/2” y—0t y—0*

=lim,_o+ eYlogly(+o(1)) — lim o+ eYlogy+ylogl+o(1)) — ;0 — 1
We obtain a continuous extension by setting
f(m/2) =1.

We examine the limit of the difference quotient:

) = fr/2 elZ—x)logcosx _ |
x—m/2= X—T/2 x—7/2” x—7m/2
. (5-x)logcosx _ ..
=limy_.y/o- == 75— =limy_.5/2- —logcosx = +o0

using the equivalence
e'=1~1t, t—0
with =
t= (E — x) logcosx, x—m/2".

It follows that f can be extended continuously at x = 7/2, but this extension is
not differentiable at x = /2 (vertical tangent).

Exercise 2

For the following function, determine whether there exist continuous extensions at the endpoints
of the domain. Then study the differentiability of such extensions.

£:00,1) =R, f(x)=(cos(mx/2))°8*



We have

limf(x) = lim elogxlogcos(nx/Z) — eO -1
x—0 x—0

since
2

limlog xlogcos(nx/2) = lim logxlog(l T 4o (x*)| =
x—0 x—0 8

: .2 2 . n? . 2
=lim,_g (—?x +o(x )) log x =lim,_.o—%x*logx = 0.

We obtain a continuous extension by setting

fO)=1.

We examine the limit of the difference quotient:

f(x) _ f(O) elogxlogcos(nx/Z) -1
lim ———— =1lim =
x—0 X x—0 X
. log x1 2 . 2
=lim,_g W‘)S(”” =lim,_o—% xlogx=0

using the equivalences
el=1~t, t—0
with
t =logxlogcos(nx/2), x—0

and
2

Wz
logcos(nx/2) ~——x

, x—0.
It follows that f can be extended continuously at x = 0, and this extension is
differentiable at x = 0 with

f'(0) =0.




We now examine the behavior for x — 1 by setting y = x — 1:

llIIT{f(x) — lin} elogxlogcos(nx/Z) — liII(l) elog(l+y)log(— sin(wy/2)) — 60 —1

since
lin})log(l + y)log(-sin(wy/2)) = lin}) ylog(-my/2+o(y)) =
y= y=

=limy_¢ ylog(-my/2(1+0(1))) =

=limy_¢ ylog(-my/2) +limy_¢ ylog(l + 0(1))) =0+0 = 0.

We obtain a continuous extension by setting

fa=1.

We examine the limit of the difference quotient:

- f(JC) —f(l) . elogxlogcos(nx/Z) -1 . elog(1+y)log(—sin(ny/2)) -1 _
x—1 x—1 x—1 x—1 y—0 ¥y
= limy, o ‘2BIIOBESINVI) _ iy, log(—sin(zy/2)) = —co

using the equivalences
e'=1~t, t—0
with
t =log(1+ y)log(—sin(zy/2)), y—0
and
logl+y)~y, y—0.

It follows that f can be extended continuously at x = 1, but this extension is not
differentiable at x = 1 (vertical tangent).

Exercise 3

For the following function, determine whether there exist continuous extensions at the endpoints
of the domain. Then study the differentiability of such extensions.

£:0,1] >R, f(x)=—”:°;f_1



We expand the function y/cos x to order 3 with initial point x = 0, using
1
cosx=1- Exz +o(x%)

and
\/1+y:1+1y—1y2+iy3+0(y3)
2° 8 16

with y = —(1/2)x? + 0(x?):

1
veosx=1- sz + o(xs).

It follows that
vecosx—1 1
flx) = — :_Z+O(X)

hence f can be extended continuously at x = 0 by setting

1
ro=-;

and this extension turns out to be differentiable with

f'(0) =0.
Indeed | |
iy ) = i+ o) =3
and . .
- f(0 —71tox)+ 4
lim —f(x) V) =lim—2—— % —1lim _o(x) =0.
x—0 X x—0 X x—0 X
Exercise 4

For the following function, determine whether there exist continuous extensions at the endpoints
of the domain. Then study the differentiability of such extensions.

f:0,m/2] =R, f(x)=(1- cos x)'081+x)



We have

limf(x) = lim elog(l+x)10g(1—cosx) — eO =1
x—0 x—0

since .
limlog(1 + x)log(1 — cos x) = lim xlog (—x2 +0 (xz)) =
x—0 x—0 2
=lim,_¢ xlog(%xz(l +o() =

=lim,_o xlog (3 x?) + lim,_o xlog(1 + 0(1)) =0+ 0 = 0.

We obtain a continuous extension by setting

f0)=1.

We examine the limit of the difference quotient:

f(x) _ f(()) elog(1+x)log(1—cosx) -1
lim —— =lim =
x—0 X x—0 X

log(1+x)log(1—cos x)
0

=lim,_ ~

=lim,_olog(l—cosx) = —o0
using the equivalence
el—1~1t, t1—0
with
t =log(1+ x)log(l1 —cosx), x—0.

It follows that f can be extended continuously at x = 0, but this extension is not
differentiable at x = 0 (vertical tangent).




