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Computing derivative functions
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Table of the derivatives of the elementary functions:

f f’
1) ¢ (constant) 0
2) X 1
3) x2 2Xx
1 1
4 X B
1
5) Vx 5 (for x > 0)
6) x% (aeR,x>0) ax% 1
7) sin x CoS X
8) CoS X —sinx
9) tan x l1+tan®x = ——
COSs~ X
_ 2 v 1
10) cotx (1+cot“x) = pr o
11) e* eX
1
12) logx <
13) a* (a>0) a*loga
14) log,x(a>0,a#1) X léga
15) sinh x cosh x
16) cosh x sinh x
. 1
17) arcsinx —
18) arccos x - >
1-x:
1
19) arctan x Tis2




Exercise 1

Let f:R—R, f(x) = x>.
1. Write the difference quotient of f at the point x = 1.
2. Compute f'(1) as the limit of the difference quotient.

3. Write the equation of the tangent line to the graph of f at the point (1, 1).

fA+hn-f1) Q+h*-1_ 3h+3K*+h
h - h h

=3+3h+h?

= }lin})3+3h+h2 =3
3. The tangent line has equation y = f(1) + f'(1)(x— 1), hence
y=1+3(x-1)

from which
y=3x-2

Exercise 2

Compute the derivative of the following function f, specifying the domain of f and of f':

f(x) = x*sin (x°)

The functions f and f’ are defined on all of R.

Using the rules for the derivative of a product and of composite functions, we
have

f'(x) = 2x-sin (x*) + x* - cos (x*) - 3x% = 2xsin (x*) + 3x* cos (x?)

Exercise 3

Compute the derivative of the following function f, specifying the domain of f and of f':

f(x) = x>cos (esxz)



The functions f and f’ are defined on all of R.

Using the rules for the derivative of a product and of composite functions, we
have , , ,
f(x) = 3x2-cos(e5x )— x3 -sin(e5x )-e5x 10x =

2 2 . 2
=3x2%cos (eSx )— 10x%e®* sin (esx )

Exercise 4

Compute the derivative of the following function f, specifying the domain of f and of f’:

Using the rules for the derivative of composite functions, we have
1
/ 1/x
(X)=-—"-e
f P

The functions f and f’ are defined on R\ {0}.

Exercise 5

Compute the derivative of the following function:

fx) =3x*+5x+x3%-2x73

6

3
/ _ 3 e
flx)=12x +5+2\/}+x4

Exercise 6

Compute the derivatives of the following functions:

xX+2

1) fx)=log(lxl), 2 f(x)=logBx), (3) f(x)=log( 3,

|



1.
1 1
(1og(1xl) )" = -sgn(0 = 7
2. 1
(log3x)) = (log3+logx) = p
3.
(1 (x+2))' 1 (x+2)((x+2 )’ ((&2))
(0] = -SonN o —
& 3—x |§L2 & 3—x 3—x x+2
-X 3—x
_((x+2) )’ 3-x 3-Xx+x+2 3-x
\l3=-x x+2  (3-x2 x+2
B 5 B 5
T B-x)-(x+2) —-x2+x+6
Exercise 7

Compute the derivative of the following function:

f)=e3*x*+2x-1)

Using the rules for the derivative of a product and of composite functions, we
have:
flx)=-3e3*(x*+2x-1)+e3*2x+2) =
= e ¥ (=3x* —6x+3+2x+2) = e ¥(-3x* - 4x+5)
Exercise 8

Compute the derivative of the following function:

flx) = % arctan(g), a>0

11 1 1 1
a 1+x2/a®> a a2 612;2162_612+x2




Exercise 9

Compute the derivative of the following function:

f(x)=xlogx

Using the rules for the derivative of a product, we have:

1
f'(x)=logx+x-—=logx+1.
X

Exercise 10

Compute the derivative of the following function:

f(x) =arctan (T—x)

Using the rules for the derivative of a quotient and of composite functions, we
have:
, 1 1-0+1+x) (1-x)? 2
fx)= 2’ 2 - 2 2 2=
1+ {440 (1-x) 1-x+0+x)¢ (1-x)
(1-x)?
B 2 B 2 1
14 x2-2x+1+x24+2x 2(x2+1) x2+1
Exercise 11

Compute the derivative of the following function:

flx)= e** (2'sin3 x—4 cos3 x)

Using the rules for the derivative of a product and of composite functions, we
have

fl(x)=2e**(2sin3x—-4cos3x)+e**(2-3cos3x+4-3sin3x) =

=2e**(2sin3x—4cos3x+3cos3x+6sin3x)=2e**(8sin3x—cos3x)




Exercise 12

Compute the derivative of the following function:

fx) = ¥

Using the rules for the derivative of composite functions, we have

x+2

f’(x) —ex3

x+2
—5 ex-3

C (x-3)2

(x—3)—(x+2)
(x—3)?

Exercise 13

Compute the derivative of the following function:

f(x) =tanhx

We compute the derivative of the hyperbolic tangent function

sinh x

f(x) =tanhx coshx

Using the rules for the derivative of a quotient, we have

cosh? x — sinh? x
fl(x)= - =1-tanh®x
cosh” x

Moreover, since cosh? x — sinh? x = 1, we also have

, cosh? x — sinh? x 1 9
fx)= > = >— =sech”x,
cosh” x cosh” x

1

where sech x is the hyperbolic secant, defined as sech x = o

Exercise 14

Compute the derivative of the following function:

f(x) =cothx



We compute the derivative of the hyperbolic cotangent function

h
f(x)=cothx = cosix

sinh x

Using the rules for the derivative of a quotient, we have

sinh® x — cosh? x
flx) = - =1-coth®x
sinh” x

Moreover, since cosh? x — sinh? x = 1, we also have

, cosh? x —sinh® x 1 2
fix)=- — =-———=—csch®x,
sinh” x sinh” x

where csch x is the hyperbolic cosecant, defined as csch x = ﬁ

Exercise 15

Compute the derivative of the following function:

f(x) — ex2+3x

Using the rules for the derivative of composite functions, we have

Flx)=e* 3% (2x+3)

Exercise 16

Compute the derivative of the following function:

f(x) =log, (I3 xI)

For x # 0, we have:

3 _ 1
10g2 (3 x), x>0 3xlog2 ~ xlog2’

flx) = hence f'(x)=

-3 _ 1
lOgZ(_?’x)’ x<0 —3xlog2 ~ xlog2’

x>0

x<0




log, (I3 x1)

=15

-1 =05

The function is discontinuous at x = 0, hence it is not differentiable.

Exercise 17

Compute the derivative of the following function:

Using the rules for the derivative of a quotient, we have

2x+3)2x+1)—2(x*+3x-2) Ax*+2x+6x+3-2x*—6x+4

flx)=

(2x+1)?

_ 2x%+2x+7
T 2x+1)2

(2x+1)?




Exercise 18

Compute the derivative of the following function:

f(x) = x*1og(cos x)

Using the rules for the derivative of composite functions, we have

1
f'(x) = 2x-log(cos x) + x*- cosx (—sin x) = 2xlog(cos x) — x> tan x

Exercise 19

Compute the derivative of the following function:

f(x) = Varctan(1 + x2)

Using the rules for the derivative of composite functions, we have

1 1 X
)= : 55 2% =
2+v/arctan(1 + x2) 1+ (1 +x9) (1+ (1 + x2)2)/arctan(1 + x?)
X
- (x*+2x% +2)y/arctan(l + x2)
Exercise 20

Determine whether the function
fx)=e " —27x-1

is invertible and compute the derivative of f~!(y) for y = —27.

10



Since f'(x) = —e **! — 27 < 0, for every x € R, we immediately obtain that f is
strictly monotonically decreasing and hence invertible on R. We also observe
that

e _opx—l=-22n=x=1,

i.e., f~1(=2m) = 1. From the theorem on the derivative of the inverse function we

immediately obtain
1

) l+en

(f Y (-2m) =

Remark: We would not have been able to write the analytic expression of £,
even though it exists since f is invertible; the theorem on the derivative of the
inverse function allows us to overcome this obstacle, without going through the
explicit expression of the inverse.

Exercise 21

Determine whether the function
f(x)=4x+msinx

is invertible and compute the derivative of f~1(y) for y = 4.

Since f’(x) = 4+mcosx > 0, for every x € R, we immediately obtain that fis strictly
monotonically increasing and hence invertible on R. We also observe that

dx+nsinx=4n < x =,

ie., f ~1(47) = . From the theorem on the derivative of the inverse function we

immediately obtain
1

f'(m) T4-n

(f Y am) =

Remark: We would not have been able to write the analytic expression of £,
even though it exists since f is invertible; the theorem on the derivative of the
inverse function allows us to overcome this obstacle, without going through the
explicit expression of the inverse.

Exercise 22

Let f € €'(R) be such that f'(1) = 5e. Setting g(x) = f(logx), compute g’(e).

11



We observe that g € € 10, +00), since it is a composition of functions of class € 1
on their domains. Therefore, using the theorem on the derivative of composite
functions, we obtain

=5.

1 (1
g'(x) :f’(logx); = g'(e)= fé )

Exercise 23

Compute the derivative of the following function:

hix) = x* logx

We use the rule for the derivative of a function raised to another function. The
two functions are:
f(x)=x and g(x)=xlogx

Hence:

/

hl(x)=(ex Jog2x) ) = oo ) [v.1062 «) =
p(x-log x)) exp (x-log” x) (x log x)

! 2-1
= x"l‘)gx-(logzx+x- (logzx) ) = x“ogx-(logzx+x- ng)

= x*logx -logx- (logx +2)

f 2

1.5

I I I I I I I
K 0 02 04 06 08 1 12 14 16 1.8 y
X

Exercise 24

Compute the derivative of the following function:

12



Using the rules for the derivative of a quotient, we have

3 alcx+d)—clax+Db) 3 acx+ad—acx—bc 3 ad—bc
a (cx+d)? - (cx+d)? " (cx+d)?

f'x)

Exercise 25

Compute the derivative of the following function:

f(x) =log(llogxl)

For x # 1, we have:

1 1 _ 1
log(logx), x>1 logx " x ~ xlogx’ x>1
fx) = hence  f'(x) =
log(_logx)’ x<l —légx'_%:xlégx’ x<l1

The function is discontinuous at x = 1, hence it is not differentiable.

o =
1t log (logxl) 5

e e

~ 0
—_ Il Il Il Il Il Il Il Il Il
2 0.5 1 1.5 2 25 . .
X

L

Exercise 26

Compute the derivative of the following function f, specifying the domain of f and of f’:

f(x) =/ x%log(x3)

13



From x> > 0 and x?log(x%) = 0 it follows that f is defined for x € [1,+00), and for

such x we have
f(x)=1/3x%logx

By the usual differentiation rules, for x > 1 the function f is differentiable and we
have:
V3

44/ x81og> x

For x = 1, since the usual differentiation rules cannot be applied (the function
V/y is not differentiable at y = 0), we directly examine the limit of the difference
quotient, where the increment # makes sense only if /2 > 0:

flx)= (2xlogx +x).

— 4 2
i T4 - fO _ 3 lim Y/ +h)2log(1+ h) _

h—0* h h—0* h
o= .. log'*(1+h) e 1
=V T \/ghlfﬁﬂT_‘fl”BﬂW_m

where we used log'/*(1+ h) ~ h'/* for h — 0*. The function f is not differentiable
at x = 1. At the point (1,0) the graph has a vertical tangent line.

Alternatively, we reach the same conclusion f'(1) = +oo by observing that f is
continuous and that

m L3 f JO = _ lim f'(x) = lim — > (2xlogx+ 1) = 400

x—>1+ X — x—1* 4
x81log® x

using Lagrange’s mean value theorem or, equivalently, LHopital’s rule for the in-
determinate forms 0/0.
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Exercise 27

Give an example of f : R — R, continuous at x = 1, not differentiable at x = 1, and such that

fo)=2.

For example
fX)=]x-1]+1.

The function satisfies f(0) = 2 and is continuous on all of R.

At x =1 we have f] (1) =1, f/ (1) = —1, hence the function is not differentiable.

= 5\

[x=1]+1 —
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