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Derivatives of elementary functions
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1 Derivatives of elementary functions

e In what follows we derive the derivative functions of some of the main elementary func-
tions.

Given the function f(x) = ¢ with c € R constant, the derivative function is f'(x) = 0.

Proof. We have:
flx+h) - f(x) _c—¢

=0
h h
hence I
Fia) = lim 2T 0—0
h—0 h h—0

1.1 Derivatives of power functions

n-1

Given the function f(x) = x" with n € N, n = 1, the derivative function is f'(x) = n x

Proof. From the binomial theorem (Newton’s binomial formula) we have:

fa+m—f)  x+m"—x" Tiy (7)) xR —x"
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hence
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Proof. With n =2, we have:

fx+h)—fx) (x+h?-x* x*+2xh+h*-x°

= =2
A A A xX+h

hence

f'(x) = lim fo+m - fx) =lim2x+h=2x
h—0 h h—0

Given the function f(x) = x* with a € R, the derivative function is f'(x) = a x*~! for x > 0.

Proof. Let x > 0. We have:

h h h
a
1L =1 al
:x“-%fwx“-f:ax“_l for h—0

where we used the fundamental limit

(1+em)*~1~ae(h) for e(h)—0

where ,
e(hy=——0 for h—0.
X
Hence 1) .
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f'(x) = lim fx fx =lim ax®'=ax®!
h—0 h—0
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flx)=x10 fl(x)=10x% (for xeR)

f)=L=x71 fl=-%  (orx>0)

f(x)z\/}:x% f’(@:ﬁ (for x> 0)




1.2 Derivatives of elementary trigonometric functions

Remark 4

Given the function f(x) = sin x, the derivative function is f'(x) = cos x.

Proof. Using the addition formulas we have:

fx+h)—f(x) sin(x+h)—sinx sinxcosh+sinhcosx—sinx _

h h h
—sinxCOSh_1 + Sinhcosx
a h h

Using the fundamental limit

l-cosh 1
T—’E for h—>0
we have
cosh—1 1-cosh 1
T:h' —T N—Eh fOI' h-’O
—_——

Using the fundamental limit

sinh
—1 for h—0

we have

inh
SH; cosx~cosx for h— 0.
Then
+h) — h-1 inh
f,(X):}li_r}‘(l)f(x l)z f(x):}li_r%sinxcosh +s1r; COS X

.. 1
=limsinx |—— h|+cosx =cosx
h—0 2

Given the function f(x) = cos x, the derivative function is f'(x) = —sin x.




Proof. Using the addition formulas we have:

fx+h)—f(x) cos(x+h)—cosx cosxcosh—sinxsinh—cosx _
h - h - h -

cosh—1 sinh .
=COoSX - sinx

h h

and, using the arguments of the previous proof, we have:

fx+h)-fx) . cosh—1 sinh .
=limcosx — sinx
h h—0 h h

o=l

. 1 . .
=limcosx|——h|—-sinx=-sinx
h—0 2

1.3 Derivatives of the exponential and logarithmic functions with base e

Remark 6

Given the function f(x) = e*, the derivative function is f'(x) = e*.

Proof. We have

fx+h)—-fx) gth_ g* B .eh—
h ~h h

using the fundamental limit

h_
e -1 — 1 for h— 0.
hence h
f'(x) = lim fxth - fx) =lime*=¢*
h—0 h h—0

Given the function f(x) = log x, the derivative function is f'(x) = %




Proof. We have:

x+h)—fx) log(x+h) —logx 108 1+% h
f( )—f(0) _ log( ) gx

~ — -
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=— for h—0
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where we used the fundamental limit
log(1 +¢&(h)) ~ e(h) for e(h) — 0,

and

h
e(hy=——0 for h—0.
X

hence

f(x+h})l_f(X) :liml:—

f'(x) = lim
h—0 h—0X X
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Example 2: Tangent line

We compute the equation of the tangent line to the graph of the function

f(x)=e" at the point with abscissa x =2
We have f(2) = €2, f'(x) = %, f'(2) = €%, hence the tangent line at the point (2, ¢?) is:

y=f@+f@x-2)=e*+e*(x-2)
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Example 3: Tangent line

We compute the equation of the tangent line to the graph of the function
f(x) = x> at the point with abscissa x =2
We have f(2) =8, f'(x) =3x?, f(2) =12, hence the tangent line at the point (2, 8) is:

y=f@)+f'2)(x-2)=8+12(x-2)
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