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Chapter 11

Revised simplex algorithm

11.1 Problems with two variables

Exercise 11.1 — Revised simplex algorithm (P0)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 1 constraint:

max 2x; + 4xo

IN
o

subject to 2x1 + 3z

v
o

€1, €2

By introducing the slack variable, we get the following LP problem in standard maximiza-
tion form with n 4+ m = 3 variables and m = 1 constraint:

max 2z + 4xo

subject to 2x1 + 322 + x3 = 4

v
o

Z1, €2, €3

Questions

Execute the revised simplex algorithm to find an optimal solution of this LP problem

using Bland’s rule to select the pivot column and the pivot row.
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Linear Programming

We have:

2
A=(2 31 b=(4) c=(4] z=|=
0

e Initialization

Since it is an LP problem in standard form obtained from an LP problem in canonical
form with b > 0 by adding the slack variables, the partition B = {3} and N' = {1, 2}
is associated with the following basic feasible solution:

-0 (-0
e Iteration 1

With B = {3} and N = {1, 2}, we have:

25 = (x3) As=(1) es=(0) b=(4)

Optimality check

We solve m A = cp to compute 7 = ¢ Agl, first system of linear equations:

{W3 = 0 7= (0)

We compute the basic feasible solution value z = 7 b = (0) (4) =0
We compute the reduced costs ¢ = ¢\, — 7 Ay

-6 9-0e 9L Y- 09 -y

c1 c2 wA WA (G}

Not all reduced costs are non-positive then we perform a pivoting operation.
Pivoting operation
Since ¢; > w Aq, x1 is the pivot column and we have A1 = (2)

We solve Ap d = A to compute d = AglAl, second system of linear equations:
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Linear Programming

We have to find the largest ¢ such that b —t d > 0:

u,z_zg {t <2 then ¢, =2
x3>0

Accordingly the value of the pivot column becomes t,,, i.e., x1 = 2. The value of x3
becomes zero and x3 is the pivot row.

e Iteration 2

With B = {1} and N' = {2, 3}, we have:

TR = (:171) Ap = (2) cp = (2) b= (2)

Ty = (ii) Ay=(3 1) ey= (g)

We solve A = cj3 to compute 7 = cjz Agl, first system of linear equations:

Optimality check

{2m = 9 7= (1)

We compute the basic feasible solution value z = 7 b = (1) (4) =4
We compute the reduced costs ¢ = ¢\, — 7 Ay

d=( 0-@E V=@ - @Y -0 )

c2  c3 w Ay A3 c2 C3

Not all reduced costs are non-positive then we perform a pivoting operation.
Pivoting operation
Since co > 7w Ag, x2 is the pivot column and we have Ay = (3)

We solve Ag d = Ay to compute d = AglAg, second system of linear equations:

{2a, = 3 d:@)

We have to find the largest ¢ such that b —t d > 0:

3
2—t-=—>0 4
2~ tgﬁ then ¢, = -
—_—— 3 3

x1>0

4
Accordingly the value of the pivot column becomes t,,, i.e., x3 = 3 The value of 21

becomes zero and x7 is the pivot row.
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Linear Programming

e Iteration 3

With B = {2} and N' = {1, 3}, we have:

wp = (z2) Ap=(3) cg=(4) b= <3>

Optimality check

We solve m Ag = cp to compute 7 = ¢ Agl, first system of linear equations:

(30 =4 ==(2)

1
We compute the basic feasible solution value z = b = <4> (4) = 16

We compute the reduced costs € = ¢, — 7 Ay

e n-(e n-ga- (39 -(2 -

c1 c3 —
T A A3 C1 c3

All reduced costs are non-positive, then the basic feasible solution

= (3) =) ()

16
is an optimal solution of the LP problem and z = 3 is the optimal solution value.
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Linear Programming

Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

~

-

Wl
T

x2

N /

An optimal solution &( LP) is:

16
the optimal value z( LP) is 3

In violet the first and the second vertex explored by the previous execution of the revised
simplex algorithm (before reaching the optimal one depicted in blue).

In dashed blue, the contour lines of the objective function associated with the values taken

in the three vertices.
g J

Exercise 11.2 — Revised simplex algorithm (P1)

Consider the following LP problem in canonical maximization form with n = 2 variables

and m = 1 constraint:

max r1 + 8uxo

subject to 3x1 + 6z9 16

IN

v
o

Iy, T2

By introducing the slack variable, we get the following LP problem in standard maximiza-
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tion form with n +m = 3 variables and m = 1 constraint:

max r1 + 8x9

subject to 3x; + 6x2 + x3 = 16

v
o

X1, x2, €3

Questions

Execute the revised simplex algorithm to find an optimal solution of this LP problem

using Bland’s rule to select the pivot column and the pivot row.

A J

We have:

1
A=(3 6 1) b=(16) c=|8| == a2
0

e Initialization

Since it is an LP problem in standard form obtained from an LP problem in canonical
form with b > 0 by adding the slack variables, the partition B = {3} and N' = {1, 2}
is associated with the following basic feasible solution:

(r3) = (16) and <2) = <8>
e Iteration 1

With B = {3} and N' = {1, 2}, we have:

xp = (z3) Ag=(1) eg=(0) b= (16)

Optimality check

We solve w A = cj3 to compute 7 = cj Agl, first system of linear equations:

{TF3 =0 m = (0)

We compute the basic feasible solution value z = b = (0) (16) =0
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We compute the reduced costs ¢ = ¢, — 7 Ay

=0 906 00 9 09 -0

Not all reduced costs are non-positive then we perform a pivoting operation.
Pivoting operation
Since ¢; > w Aq, x1 is the pivot column and we have A = (3)

We solve Ag d = Ay to compute d = AglAl, second system of linear equations:

{d = 3 d=(3)

We have to find the largest ¢ such that b —t d > 0:

16

16—-¢t-3>0 16
{\_,_—/ {tg = then thE

x3>0

16
Accordingly the value of the pivot column becomes t,,, i.e., x1 = = The value of xg

becomes zero and x3 is the pivot row.

Iteration 2

With B = {1} and N' = {2, 3}, we have:

TR = (:Ul) Ap = (3) cj

Il
—
—_
SN—

(<!
Il
7N\
—
w5
~__

Optimality check

We solve w A = cj3 to compute 7 = cj Agl, first system of linear equations:

(m =1 a=()

16
We compute the basic feasible solution value z = 7 b = <1> (16) ==

We compute the reduced costs ¢ = ¢\, — 7 Ay

s (o e ) - )

Cc2 Cc3 _ _
wAy wA3 C2 C3
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Not all reduced costs are non-positive then we perform a pivoting operation.
Pivoting operation
Since co > w Ag, x2 is the pivot column and we have Ay = (6)

We solve Ag d = Ay to compute d = AglAg, second system of linear equations:

{341 = 6 d=(2)

We have to find the largest ¢ such that b —t d > 0:

16
- —t-22>20 8 8
3 {tSS then tm:§

x1>0

8
Accordingly the value of the pivot column becomes t,,, i.e., 3 = 3" The value of z;

becomes zero and x; is the pivot row.

e Iteration 3

With B = {2} and ' = {1, 3}, we have:

xp = (12) Ap=(6) cg=(8) b= <§>

Optimality check

We solve w A = cj3 to compute 7 = cjz Agl, first system of linear equations:

(om =8 ==()

4
We compute the basic feasible solution value z =7 b = <4> (16) = e

We compute the reduced costs ¢ = ¢\, — 7 Ay

@ r-en () )

c1 c3 — —
T A wAs3 C1 c3

All reduced costs are non-positive, then the basic feasible solution

ot (3) = (2)-)

64
is an optimal solution of the LP problem and z = 3 is the optimal solution value.
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Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

[ T T T T T \

z2

x1

\_ /

An optimal solution &( LP) is:

64
the optimal value z( LP) is 3

In violet the first and the second vertex explored by the previous execution of the revised
simplex algorithm (before reaching the optimal one depicted in blue).

In dashed blue, the contour lines of the objective function associated with the values taken

in the three vertices.
(. J

Exercise 11.3 — Revised simplex algorithm (P2)

Consider the following LP problem in canonical maximization form with n = 2 variables

and m = 2 constraints:

max r1 + 3xo
subject to —4x; + 1022 < 35
3x1 + To < 12
1, Ty > 0
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By introducing the slack variables, we get the following LP problem in standard maximiza-
tion form with n + m = 4 variables and m = 2 constraints:

max r1 + 3 xo
subject to —4x7 + 10x2 + x3 = 35
3z + T2 + x4 = 12
Iy, x2, 3, T4 > 0

Questions

Execute the revised simplex algorithm to find an optimal solution of this LP problem

using Bland’s rule to select the pivot column and the pivot row.

& J

We have:
—4 10 1 0 35
A‘(s 1 0 1) b‘(u) €=

e Initialization

I
L2
r3

SO O W

T4

Since it is an LP problem in standard form obtained from an LP problem in canonical
form with b > 0 by adding the slack variables, the partition B = {3,4} and N =
{1,2} is associated with the following basic feasible solution:

r3\ 35 and 1\ 0
T4 - 12 i) - 0
e Iteration 1
With B = {3, 4} and N' = {1, 2}, we have:
(3 (1 0 (0 -~ (35
w0=(21) 4= o 1) ==(o) 2= ()
£t (-4 10 (1
o= () 4= (5 ) o= (3)

Optimality check

We solve m Ag = cj to compute 7 = ¢ Agl, first system of linear equations:
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3 = 0
7= (0 0)
m = 0

We compute the basic feasible solution value z = 7 b = (0 O) <?2> =0

We compute the reduced costs € = ¢y, —m Ay

=0 9-00(7 )09 09 -0y

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation
. . . —4
Since ¢; > w Aq, x1 is the pivot column and we have A = 5

We solve Ag d = Ay to compute d = AglAl, second system of linear equations:
LT e
di = 3 S

We have to find the largest ¢ such that b —t d > 0:

35—t-(—4)>0 35
il 4 then ¢, =4
x>0

Accordingly the value of the pivot column becomes t,,, i.e., x1 = 4. The value of x4
becomes zero and x4 is the pivot row. The other basic variables take values b — t,, d,
then we have:

23 =35—4-(—4) =51

e Iteration 2

With B = {1, 3} and N = {2, 4}, we have:

(5 o) ==(o) 2= ()
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Optimality check

We solve m A = cj3 to compute 7 = cj Agl, first system of linear equations:

—4m 4+ 373

Il
—

3

Il
/N

(@n)
W
~__

T = 0

We compute the basic feasible solution value z = 7 b = <0 1) (35> =4
We compute the reduced costs € = ¢, — m Ay

wen-( ) )-e0 (96 )

c2  C4 _ _
Ay w™Ay Cc2 Cq

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation

10
Since cg > W Ag, xo is the pivot column and we have Ay = ( 1 )

We solve Ag d = Ay to compute d = AglAQ, second system of linear equations:

1
—4d; + d3 = 10 =
d— 3
3dy - 1 B
3
We have to find the largest ¢ such that b —t d > 0:
4—t-120
_ 3 t<12 .
51 —zf()?’ﬁ>o o fhen In=3
3 = =y
—_—
x3>0

9
Accordingly the value of the pivot column becomes t,,, i.e., z9 = 7 The value of x3
becomes zero and x5 is the pivot row. The other basic variables take values b — t,, d,

then we have:

o
2

| ©
Wl

1171:4*
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e Iteration 3

With B = {1, 2} and N' = {3, 4}, we have:

—4 10 1\ -
(o) 4= (5 7) =) 2

| © N ot

Optimality check

We solve w A = cj3 to compute 7 = cj Agl, first system of linear equations:

—4m 4+ 3m = 1 411
=5 )
10m + T = 3

We compute the basic feasible solution value z = b = 4 1 35 =16
17 17/ \12

We compute the reduced costs ¢ = ¢), — 7 Ay

0 0-(4 B Y-k -4 Y

c3 ¢4

N — —
wA3 wAy C3 C4

All reduced costs are non-positive, then the basic feasible solution

i == ()= (o)

is an optimal solution of the LP problem and z = 16 is the optimal solution value.

2

8
=
Il
N
8 8
A
N———
Il
N © N
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Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

4 N

N|©

[SIEN]

Z2

\_ /

An optimal solution &( LP) is:
the optimal value z( LP) is 16.
In violet the first and the second vertex explored by the previous execution of the revised

simplex algorithm (before reaching the optimal one depicted in blue).

In dashed blue, the contour lines of the objective function associated with the values taken

in the three vertices.
|\ J

Exercise 11.4 — Revised simplex algorithm (P3)

Consider the following LP problem in canonical maximization form with n = 2 variables

and m = 2 constraints:
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max 2x1 + 4xo

subject to —x; + To < 2
8xr1 4+ 229 < 19
x1, 2 = 0

By introducing the slack variables, we get the following LLP problem in standard maximiza-
tion form with n + m = 4 variables and m = 2 constraints:

max 2x1 + 4xo

subject to —x; + To +  x3 = 2
8xr1 4+ 2x9 + x4 = 19
x1, x2, x3, zg > 0

Questions

Execute the revised simplex algorithm to find an optimal solution of this LP problem

using Bland’s rule to select the pivot column and the pivot row.

AN J

We have:

2 I
111 0 2 4 o
A: p— P— ==
(8 0 1) b <19> “Tlol 7|
0 Ty

e Initialization

Since it is an LP problem in standard form obtained from an LP problem in canonical
form with & > 0 by adding the slack variables, the partition B = {3,4} and N =
{1,2} is associated with the following basic feasible solution:

€T3 - 2 and X1 . 0
xry)  \19 xo)  \O
e Iteration 1
With B = {3, 4} and N' = {1, 2}, we have:

ws= () as=(g 1) = (o)
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Optimality check

We solve w A = cj3 to compute 7 = cjz Agl, first system of linear equations:

3 = 0
m=(0 0)
m = 0

We compute the basic feasible solution value z = b = (O 0) ( 129) =0

We compute the reduced costs ¢ = ¢\, — 7 Ay

-1 1

=6 9-0 0y )0 - 00 69

c1  c3 T A Ay C1 C2

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation
. . . -1
Since ¢; > w Aq, x1 is the pivot column and we have A = g

We solve Ap d = A to compute d = AglAl, second system of linear equations:
SR )
d= g
dy = 8

We have to find the largest ¢ such that b —t d > 0:

—t.(=1) >

2—t-(=1)>0 > 2 Y
2320 then ¢, = —

19—-t-8>0 . 8

—,—/ _8

x4>0

9
Accordingly the value of the pivot column becomes t,,, i.e., x1 = 3 The value of x4

becomes zero and x4 is the pivot row. The other basic variables take values b — t,, d,
then we have:
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e Iteration 2

With B = {1, 3} and N = {2, 4}, we have:

x -1 1 2\ 8
= () 4=(5 o) ==0) o= |2

Optimality check

We solve m Ag = cj to compute 7 = ¢ Agl, first system of linear equations:

—71 + 871'3

Il
)
3
Il
N
o
| =
~__

1 = 0
. . . _ 1 2 19
We compute the basic feasible solution value Zz=m7 b= (0 a 19) =71
We compute the reduced costs ¢ = ¢, — 7 Ay

v~ 0-(0 ) Y=g 0-( D-(

c2 ¢4 — —
T Ay Ay Cc2 C4

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation

1
Since cg > w Ag, x2 is the pivot column and we have Ay = ( 2>

We solve Ag d = Ay to compute d = AglAg, second system of linear equations:

1
—dy + d3 = 1 g Z
8d, — 9 9
4
We have to find the largest ¢ such that b—t d > 0:
19 1
5 220 19
—_——— t < 5 7
35 $1Z% then tm = =
5 gl r<l 2
8 4 =5
x3>0
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7
Accordingly the value of the pivot column becomes t,,, i.e., o = 7 The value of xg

becomes zero and x3 is the pivot row. The other basic variables take values b — t,, d,
then we have:

Iteration 3

With B = {1, 2} and N' = {3, 4}, we have:

o= () 0= (5 3) = () o

N N w

Optimality check

We solve w A = cj3 to compute 7 = cj Agl, first system of linear equations:

—171 + 871'2 = 2 <14 3>
7T = — =

1 A B = A 5 5

We compute the basic feasible solution value z =7 b = <154 ?) < 129) =17

We compute the reduced costs ¢ = ¢\, — 7w Ay

=0 9-(5 56 V=25 -5 )

c3 ¢4

TV
wA3 ™Ay Cc3 C4

All reduced costs are non-positive, then the basic feasible solution

i o= ()= (o)

is an optimal solution of the LP problem and z = 17 is the optimal solution value.

£

8

(o]

I
R

8 8
N =
N——

I
N T N

Author: Fabio Furini
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Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

s N

[SIEN]

T2

\_ J

An optimal solution &( LP) is:

the optimal value z( LP) is 17.

In violet the first and the second vertex explored by the previous execution of the revised
simplex algorithm (before reaching the optimal one depicted in blue).

In dashed blue, the contour lines of the objective function associated with the values taken
in the three vertices.

Exercise 11.5 — Revised simplex algorithm (P4)

Consider the following LP problem in canonical maximization form with n = 2 variables

and m = 2 constraints:
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max Hx; + 3z

subject to 2x; + ro < 14
1 + 8z < 32
x1, 2 = 0

By introducing the slack variables, we get the following LLP problem in standard maximiza-
tion form with n + m = 4 variables and m = 2 constraints:

max Hx; + 3z

subject to 2x; + To + I3 = 14
r1 + 8ux9 + x4 = 32
1, T2, 3, T4 > 0

Questions

Execute the revised simplex algorithm to find an optimal solution of this LP problem
using Bland’s rule to select the pivot column and the pivot row.

AN J

We have:

5 I
2110 14 3 s
A: = = p—
<1 8 0 1) b (32) ““lo|l 7|
0 T4

e Initialization

Since it is an LP problem in standard form obtained from an LP problem in canonical
form with & > 0 by adding the slack variables, the partition B = {3,4} and N =
{1,2} is associated with the following basic feasible solution:

I3 - 14 and X1 . 0
zs)  \32 xo) \O
e Iteration 1
With B = {3, 4} and N' = {1, 2}, we have:

o= (1) a0= (i ) = (5) o= ()
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Optimality check

We solve w A = cj3 to compute 7 = cj Agl, first system of linear equations:

3 = 0
= (0 0)
m = 0

We compute the basic feasible solution value z = b = (O 0) (zl));l) =0

We compute the reduced costs ¢ = ¢\, — 7 Ay

=t y-0af )=e 909 =€y

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation
. . . 2
Since ¢; > w Aq, x1 is the pivot column and we have A = 1

We solve Ap d = A to compute d = AglAl, second system of linear equations:

ds =’
+=(5)
dg = 1

We have to find the largest ¢ such that b —t d > 0:

14—t-2>0

— t<7
x3>0

32—t-1>0 < 32

x>0

then ¢, =7

Accordingly the value of the pivot column becomes t,,, i.e., 1 = 7. The value of z3
becomes zero and x5 is the pivot row. The other basic variables take values b — t,, d,
then we have:

ry=32—-7-1=25

Author: Fabio Furini
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e Iteration 2

With B = {1, 4} and N' = {2, 3}, we have:

aam (B0 dam (20) cam (B} 5= (1)
en=(32) Aav=(s o) ov=(0)

Optimality check

We solve m A = cj to compute 7 = ¢ Agl, first system of linear equations:

2m 4+ my = 5 5
==(3 o)

™ = 0

We compute the basic feasible solution value Z = 7 b = <Z 0> (;g) =35

We compute the reduced costs € = ¢\, — 7 Ay

=6 9-(5 2)(s 0)=09-(5 3) =G 3)

Cc2 c3 _ _
7w Ay A3 C2 C3

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation

. . . 1
Since ¢y > ™ Asg, x5 is the pivot column and we have Ay = (8)

We solve Ap d = A to compute d = AglAg, second system of linear equations:

2d 1 !
1 = %
4= 125
d + dy = 8 ?
We have to find the largest ¢ such that b —t d > 0:
1
T—1t- 3 >0
= 15 10 then tm =
25—t-— >0 -
2 - = 3
N———
x4>0

Author: Fabio Furini

SAPIENZA

UNIVERSITA DI ROMA

23


https://github.com/fabiofurini/linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Programming

10
Accordingly the value of the pivot column becomes t,,, i.e., x5 = 3 The value of x4

becomes zero and x4 is the pivot row. The other basic variables take values b — t,, d,
then we have:
10 1 16

n=TTy Ty

Iteration 3

With B = {1, 2} and N' = {3, 4}, we have:

(T (21 _ (5} = 3
o= () 2= (o) =) o= [

Optimality check

We solve w A = cj3 to compute 7 = cjz Agl, first system of linear equations:

2m  + ™ = 5 37 1
’Tr —_
15 15

37 1Y (14) 110
15 15)\32) 3
We compute the reduced costs ¢ = ¢\, — 7 Ay

00 (36 )00 (E -5 4

c3 ¢4

1 = 8’/’1’2 = 3

We compute the basic feasible solution value z =7 b

TV _
wA3 ™Ay C3 C4

All reduced costs are non-positive, then the basic feasible solution

w—acl—?andac—x?’—o
B_.'L'Q_E N_.T4_0

110
is an optimal solution of the LP problem and z = KD is the optimal solution value.

Author: Fabio Furini
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Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

[ T Yo T T \

\J 110
5x1 +3x2 =35 “‘\‘5581 + 3z = ?

.

x2

N J

An optimal solution &( LP) is:

11
the optimal value z( LP) is 3

In violet the first and the second vertex explored by the previous execution of the revised
simplex algorithm (before reaching the optimal one depicted in blue).

In dashed blue, the contour lines of the objective function associated with the values taken
in the three vertices.

Exercise 11.6 — Revised simplex algorithm (P5)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 2 constraints:

max 2x1 -+ 3o

subject to 6x1 + 21z < 77
8x1 + 3ra < 36
x1, o > 0

By introducing the slack variables, we get the following LP problem in standard maximiza-
tion form with n + m = 4 variables and m = 2 constraints:
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max 2x1 -+ 3 T2

subject to 6x1 + 2lzy + x3 = 77
8x1 + 3 T2 + x4, = 36
Ty, z2, T3, T4 = 0

Questions

Execute the revised simplex algorithm to find an optimal solution of this LP problem
using Bland’s rule to select the pivot column and the pivot row.

. J

We have:
6 21 1 0 7
A‘(s 3 0 1) b_<36> €=

e Initialization

1
T2
T3

o o w N
8
Il

Since it is an LP problem in standard form obtained from an LP problem in canonical
form with & > 0 by adding the slack variables, the partition B = {3,4} and N =
{1, 2} is associated with the following basic feasible solution:

3\ 77 and 1\ 0
ry) \36 z3)  \0
e Iteration 1
With B ={3, 4} and N' = {1, 2}, we have:

) O O

Optimality check

We solve m Ag = cj to compute 7 = ¢ Agl, first system of linear equations:

T3 = 0
= (0 0)
m = 0
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We compute the basic feasible solution value z = b = (0 O) (;g) =0

We compute the reduced costs ¢ = ¢\, — 7 Ay

6 21

=6 9-00( 5)=g 9 09 -¢

c1 c2 wA wA2 c1 C2

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation
. . . 6
Since ¢; > w Aq, x1 is the pivot column and we have A = g

We solve Ag d = Ay to compute d = AglAl, second system of linear equations:

ds = 6
=3
dy = 8

We have to find the largest ¢ such that b—t d > 0:

T—t-6>0
—_————
x3>0
36—-t-8>0
—_———

x>0

~
IN

9
then ¢, = 3

~

IA

b © -
S

9
Accordingly the value of the pivot column becomes t,,, i.e., 1 = 3 The value of x4

becomes zero and x4 is the pivot row. The other basic variables take values b — t,, d,
then we have:

9
r3 =TT~ 6=50

e Iteration 2

With B = {1, 3} and N' = {2, 4}, we have:

T 6 1 2\ -
= () An=(5 o) == (g) o-
50
x 21 0 3
= (0n) av=(5 %) v=(g)

Optimality check
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We solve m Ag = cj to compute 7 = ¢ Agl, first system of linear equations:

6m + 8wy = 2 1
(o =
" ( 4)

™ = 0

We compute the basic feasible solution value z = b = <0 1) (;Z) =9

We compute the reduced costs ¢ = ¢\, — 7w Ay

600 @ D-ea- (-6 )

Cc2 Cq
wAy wAy Ca C4

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation

21
Since cg > w Ag, x2 is the pivot column and we have Ay = ( 5 >

We solve Ap d = Ay to compute d = AglAg, second system of linear equations:

3

6dy + d3 = 21 =
d—| 8

8d; — 3 ™
1

We have to find the largest ¢ such that b—t d > 0:

9 3
Z_t-=>0
I t<12 .
112075 3 then ¢, = 3
50—t-— >0 t< —
4 =3
| S ——
x3>0

8
Accordingly the value of the pivot column becomes t,,, i.e., x3 = 3 The value of x3

becomes zero and z3 is the pivot row. The other basic variables take values b — t,, d,
then we have:

e Iteration 3
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With B = {1, 2} and N' = {3, 4}, we have:

6 21 2\
() =G5 5) ==(3) o=

Wl NI

Optimality check

We solve w A = cj3 to compute 7 = cjz Agl, first system of linear equations:

6m + 8my = 2 3 4
=z m)
20m 4+ 3m = 3

We compute the basic feasible solution value z = b = <3 4) <77> =15

We compute the reduced costs ¢ = ¢\, — 7w Ay

=005 %)0 )0 x)-(5 5

c3 ¢4

7 Ag Ay A
All reduced costs are non-positive, then the basic feasible solution
7
m—x1—2andm—$3—0
5= X9 18 N = T4 1\

3

is an optimal solution of the LP problem and z = 15 is the optimal solution value.

Author: Fabio Furini
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Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

a N

2

&)
I |-
wj© [

N /

An optimal solution &( LP) is:
the optimal value z( LP) is 15.

In violet the first and the second vertex explored by the previous execution of the revised
simplex algorithm (before reaching the optimal one depicted in blue).

In dashed blue, the contour lines of the objective function associated with the values taken

in the three vertices.
_ J

Exercise 11.7 — Revised simplex algorithm (P6)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 2 constraints:

max r, + X2
subject to 4z, + 1bzy < 70
1221 + 3re < 52
1, To > 0

By introducing the slack variables, we get the following LP problem in standard maximiza-
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tion form with n + m = 4 variables and m = 2 constraints:

max r1 + 9
subject to 4x; + 15z + a3 = 70
1221 + 3To + x4 = 52
Iy, z2, T3, Ty = 0

Questions

Execute the revised simplex algorithm to find an optimal solution of this LP problem
using Bland’s rule to select the pivot column and the pivot row.

. J

We have:

1 X
4 15 1 0 70 1 s
A: b_ p— pr—
(12 3 0 1) <52> ol *7 |2
0 T4

e Initialization

Since it is an LP problem in standard form obtained from an LP problem in canonical
form with b > 0 by adding the slack variables, the partition B = {3,4} and N =
{1,2} is associated with the following basic feasible solution:

z3\ (70 and 1\ _ (0
T4 N 52 ) N 0
e Iteration 1
With B = {3, 4} and N' = {1, 2}, we have:
_ (=3 (1 0 _(0\ = (70
w0=(21) 4= o 1) == (o) 2= ()
(7 (4 15 (1
o= (0) =i 5) o= ()

Optimality check

We solve w A = cj3 to compute 7 = cj Agl, first system of linear equations:
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3 = 0
7= (0 0)
m = 0

We compute the basic feasible solution value z = b = (0 O) (57)2) =0

We compute the reduced costs ¢ = ¢\, — 7 Ay

d=(1 1)-(0 0)<142 135>=(1 1)— (0 0) =(1 1)

—— N N~

c1 c2 wA wA2 c1 C2

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation

4
Since ¢; > w Aq, x1 is the pivot column and we have A = (12>

We solve Ag d = Ay to compute d = AglAl, second system of linear equations:
ds = 4 4
4= |19
dgy = 12

We have to find the largest ¢ such that b —t d > 0:

—t-4>

70—-t-4>0 t§32—5 "
@320 s then tng

52 —t-12>0 tS?

x4>0

13
Accordingly the value of the pivot column becomes t,,, i.e., x1 = 3 The value of x4

becomes zero and x4 is the pivot row. The other basic variables take values b — t,, d,
then we have: i R
=70 - —-4=—
= 3 3

e Iteration 2
With B = {1, 3} and N' = {2, 4}, we have:
13

e (41 A
o= () Ae= (a2 o) o= (o) 2= | s
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= () av=(31) o= ()

Optimality check

We solve w A = cj3 to compute 7 = cj Agl, first system of linear equations:

4m 4+ 1273 = 1 1
(0 %)

1 = 0

We compute the basic feasible solution value z = 7w b = (0 112) <;g> = ?

We compute the reduced costs ¢ = ¢j, — 7 Ay

=0 0-(0 ) (5 9)-09-6G 5)-( )

c2 Cc4 =
Ay wAy C2 C4

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation

15
Since co > ™ As, xo is the pivot column and we have Ay = ( 5 >

We solve Ag d = Ay to compute d = AglAg, second system of linear equations:

4dy + dz = 15 1
d= |4
12d; = 3 14
We have to find the largest ¢ such that b —td > 0:
13 1
3 tg=0 52
t< =2
158 2120 < then ¢, = @
m =
1420 p< 9 el
— 21
x3>0
. : , 9
Accordingly the value of the pivot column becomes t,,, i.e., xo = oTh The value of x3

becomes zero and x3 is the pivot row. The other basic variables take values b — t,, d,

then we have:
13 79 1 95

R TR R
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e Iteration 3
With B = {1, 2} and N' = {3, 4}, we have:
95

. 4 15 N - [328
xB_(y;;) AB_<12 3) CB_<1> b=119

21

Optimality check

We solve w A = cj3 to compute 7 = cjz Agl, first system of linear equations:

47'('1 + 1277'2 = 1 <3 11>
T =

151 + 3m = 1 56 168

1
We compute the basic feasible solution value z =7 b = g i 70 = oL
56 168 52 84

We compute the reduced costs ¢ = ¢), — 7 Ay

=095 @) 1) -2 G w5 W)

c3 ¢4

~
w A3 ™Ay c3 C4

All reduced costs are non-positive, then the basic feasible solution

95

w:xlzfgandwzxgzo
Bmg 79 Nx4 0

21

601
is an optimal solution of the LP problem and z = 1 is the optimal solution value.
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Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

a N

z2

Z1

N /

An optimal solution &( LP) is:
95

%7

_
21

i
=
Il

601
the optimal value z( LP) is TR

In violet the first and the second vertex explored by the previous execution of the revised
simplex algorithm (before reaching the optimal one depicted in blue).

In dashed blue, the contour lines of the objective function associated with the values taken

in the three vertices.
. J

Exercise 11.8 — Revised simplex algorithm (P7)

Consider the following LP problem in canonical maximization form with n = 2 variables

and m = 2 constraints:
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max 3x1 -+ T2

subject to r1 + 4dxy < 12
2x1 + T < 5
x1, x2 > 0

By introducing the slack variables, we get the following LLP problem in standard maximiza-
tion form with n + m = 4 variables and m = 2 constraints:

max 3x1 -+ o

subject to r1 + 4x9 + x3 = 12
2x1 + w2 + 14 = 5
T, €2, €3, T4 Z 0

Questions

Execute the revised simplex algorithm to find an optimal solution of this LP problem

using Bland’s rule to select the pivot column and the pivot row.

AN J

We have:

3 I

/1410y, (12 |1 R
A_<2 10 1) b_(5> ““lo| T |
0 T4

e Initialization

Since it is an LP problem in standard form obtained from an LP problem in canonical
form with & > 0 by adding the slack variables, the partition B = {3,4} and N =
{1,2} is associated with the following basic feasible solution:

I3 - 12 and X1 . 0
T4 N 5 ) - 0
e Iteration 1
With B = {3, 4} and N' = {1, 2}, we have:

w= () as=(p 1) = (o) 2= (%)
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Optimality check

We solve w A = cj3 to compute 7 = cj Agl, first system of linear equations:

3 = 0
m=(0 0)
m = 0

We compute the basic feasible solution value z = b = (O 0) (152) =0

We compute the reduced costs ¢ = ¢\, — 7 Ay

=606 0k3)=g )9 ¢

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation
. . . 1
Since ¢; > w Aq, x1 is the pivot column and we have A = 5

We solve Ap d = A to compute d = AglAl, second system of linear equations:

ds = 1
1= (5)
dgy = 2

We have to find the largest ¢ such that b —t d > 0:

12—t-1>0 <12

320 then t,, = =
5—¢-2>0 b
\—v—/ _2

x4>0

B
Accordingly the value of the pivot column becomes t,,, i.e., 1 = o The value of x4

becomes zero and x4 is the pivot row. The other basic variables take values b — t,, d,
then we have:
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e Iteration 2

With B = {1, 3} and N'={2, 4}, we have:

o= (5) 4= o) @) 3

Optimality check

We solve w A = cj3 to compute 7 = cj Agl, first system of linear equations:

m™m + 273

I
w
3
Il
N
o
| o
~__

1 = 0

We compute the basic feasible solution value z =m b

3 12 15
03)(5)-3
We compute the reduced costs ¢ = ¢), — 7 Ay

oo-p)(en (36 )

co ¢4 — —
T Ay wAy Co C4

All reduced costs are non-positive, then the basic feasible solution
5

ZB—xl—2 andm—xQ—O

E T3 B g N = T4 B 0

2

15
is an optimal solution of the LP problem and z = 5 is the optimal solution value.
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Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

~

-

<o

x2

N /

An optimal solution &( LP) is:

15
the optimal value z( LP) is 5

In violet the first vertex explored by the previous execution of the revised simplex algorithm
(before reaching the optimal one depicted in blue).

In dashed blue, the contour lines of the objective function associated with the values taken

in the two vertices.
_ J

Exercise 11.9 — Revised simplex algorithm (P8)

Consider the following LP problem in canonical maximization form with n = 2 variables

and m = 2 constraints:
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max r1 + 2x9

subject to —xz; 4+ 220 < 2
r1 -+ To < 3
1, z2 > 0

By introducing the slack variables, we get the following LLP problem in standard maximiza-
tion form with n + m = 4 variables and m = 2 constraints:

max r1 + 2z

subject to —x1 4+ 222 + 3 = 2
r1 + T2 + x4 = 3
r1, 2, z3, gy > 0

Questions

Execute the revised simplex algorithm to find an optimal solution of this LP problem

using Bland’s rule to select the pivot column and the pivot row.

AN J

We have:

1 Il

/-2 0\ L, 2y |2 e
A_<1 10 1) b‘(a) ““lo| T
0 T4

e Initialization

Since it is an LP problem in standard form obtained from an LP problem in canonical
form with & > 0 by adding the slack variables, the partition B = {3,4} and N =
{1,2} is associated with the following basic feasible solution:

T3\ 2 and 1\ 0
T4 - 3 xT9 N 0
e Iteration 1
With B = {3, 4} and N' = {1, 2}, we have:

o (2) ae= (3 %) =) 5=()
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Optimality check

We solve w A = cj3 to compute 7 = cjz Agl, first system of linear equations:

3 = 0
= (0 0)
m = 0

We compute the basic feasible solution value z = b = (O 0) (g) =0

We compute the reduced costs ¢ = ¢\, — 7 Ay

= -0 0( )0y 09 -0y

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation
. . . -1
Since ¢; > w Aq, x1 is the pivot column and we have A = 1

We solve Ap d = A to compute d = AglAl, second system of linear equations:
SR )
d= 1
dy = 1

We have to find the largest ¢ such that b —t d > 0:

2—t-(=1)>0
—_—

t> -2
Tl then ¢, =3
3—t-1>0
N =9 t<3

x>0

Accordingly the value of the pivot column becomes t,,, i.e., x;1 = 3. The value of x4
becomes zero and x4 is the pivot row. The other basic variables take values b — t,, d,
then we have:

1’3:2—3'(—1):5
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e Iteration 2

With B = {1, 3} and N'={2, 4}, we have:

ws= () 4s=(3 o) es=(5) 5= ()
) 4 () )

Optimality check

We solve A = cj3 to compute 7 = cjz Agl, first system of linear equations:

-m + m3 = 1
m=(0 1)
™ = 0

We compute the basic feasible solution value z = 7 b = (0 1) <§) =3

We compute the reduced costs € = ¢y, — m Ay

20

d=(2 0)—(0 1)(1 1):(12_ ey =0

c2 4 T Ay w Ay Ca (4

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation
. . . 2
Since ¢y > ™ Ao, x5 is the pivot column and we have Ay = 1

We solve Ag d = Ay to compute d = AglAg, second system of linear equations:
—dy 4+ dz3 = 2 1
= (3)
dq = 1 2

We have to find the largest ¢ such that b —t d > 0:

3—t-1>0 t<3 i
2120 then ¢, = -
5—t-3>0 . 3
N —’ =73
x3>0
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5
Accordingly the value of the pivot column becomes t,,, i.e., o = 3" The value of xg

becomes zero and x3 is the pivot row. The other basic variables take values b — t,, d,
then we have:
5 4

—3_2.1=2
e 3 3

Iteration 3

With B = {1, 2} and N' = {3, 4}, we have:

s ) 2o (1 2) e () 5=

W Ut W

Optimality check

We solve w A = cj3 to compute 7 = cj Agl, first system of linear equations:

—7 + o = 1 <1 4>
T = — —

2m 4+ mwy = 2

We compute the basic feasible solution value z = 7 b = <1 4> (2> = 14

We compute the reduced costs ¢ = ¢\, — 7 Ay

=09-(G 96 D-0-G -39

Cc3 C4
wA3 ™Ay c3 C4

All reduced costs are non-positive, then the basic feasible solution

i o= ()= (o)

14
is an optimal solution of the LP problem and z = 3 is the optimal solution value.

8
(o]
I
R
8 8
N =
N——
I
Wl ot W

Author: Fabio Furini
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Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

a )

Wl

z2
—

\_ /

An optimal solution &( LP) is:

14
the optimal value z( LP) is =

In violet the first and the second vertex explored by the previous execution of the revised
simplex algorithm (before reaching the optimal one depicted in blue).

In dashed blue, the contour lines of the objective function associated with the values taken

in the three vertices.

Exercise 11.10 — Revised simplex algorithm (P9)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 2 constraints:

max 2x; + To

subject to —x1 + To < 1
61 + 4x9 < 39
x1, 2 > 0
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By introducing the slack variables, we get the following LP problem in standard maximiza-
tion form with n + m = 4 variables and m = 2 constraints:

max 2x; + T2

subject to —x1 + To + x3 = 1
61 + 4duzo + x4 = 39
T1, T2, s, zg > 0

Questions

Execute the revised simplex algorithm to find an optimal solution of this LP problem

using Bland’s rule to select the pivot column and the pivot row.

& J

We have:

2 T
111 0 1 1 s
A: p— p— =
(6 40 1) b (39) “Tlo| T |
0 Ty

e Initialization

Since it is an LP problem in standard form obtained from an LP problem in canonical
form with & > 0 by adding the slack variables, the partition B = {3,4} and N =
{1,2} is associated with the following basic feasible solution:

3\ 1 and 1\ 0
)  \39 xo)  \O
o Iteration 1

With B = {3, 4} and N' = {1, 2}, we have:

e (2) 2o ) o ) - (2

Optimality check

We solve m Ag = cj to compute 7 = ¢ Agl, first system of linear equations:
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3 = 0
7= (0 0)
m = 0

We compute the basic feasible solution value z = b = (0 O) (319) =0

We compute the reduced costs ¢ = ¢\, — 7 Ay

d=(2 1)-(0 0)<_61 i):(z 1)— (0 0) =(2 1)

| e

c1 c2 wA wA2 c1 C2

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation

—1
Since ¢; > w Aq, x1 is the pivot column and we have A = ( 6 >

We solve Ag d = Ay to compute d = AglAl, second system of linear equations:
© LT e
d= 6
dy = 6

We have to find the largest ¢ such that b —t d > 0:

1—t-(=1)>0
| S —

. 13

wll then t,, = —

30—¢-6>0 ;< 13 2
N —— — 2

x4>0

13
Accordingly the value of the pivot column becomes t,,, i.e., x1 = EX The value of x4

becomes zero and x4 is the pivot row. The other basic variables take values b — t,, d,
then we have:
=1-=—"(=1) ==
oy =1- 2 (-1)=7%
e Iteration 2

With B = {1, 3} and N' = {2, 4}, we have:

N CAN Co R A £ 5
B= a3 B=\6 0o/ B~ \o 15

o
Il
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Optimality check

We solve m Ag = cj to compute 7 = ¢ Agl, first system of linear equations:

—71 + 671'3

Il
[\
3
Il
N
(@)
| =
N

1 = 0

We compute the basic feasible solution value z = 7 b = (0 ;) ( L ) =13

We compute the reduced costs ¢ = ¢\, — 7 Ay

d=(1 0)—<0 ;> (i ?)ZU_ (g 21%) :<_51’) _51)’)

c2  Ca
Ay wAy C2 C4

All reduced costs are non-positive, then the basic feasible solution

13
w—xl—?andw—m—o
5= xz3) E = za) \O
2
is an optimal solution of the LP problem and Zz = 13 is the optimal solution value.

Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

a )

[N}

x2
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An optimal solution &( LP) is:

the optimal value z( LP) is 13.

In violet the first vertex explored by the previous execution of the revised simplex algorithm
(before reaching the optimal one depicted in blue).

In dashed blue, the contour lines of the objective function associated with the values taken

in the two vertices.

Exercise 11.11 — Revised simplex algorithm (P10)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 3 constraints:

max bx; + 2xo

subject to —z1 + 3z < 12
r1 + 2x9 < 12

31 — 2x9 < 8

1, r2 > 0

By introducing the slack variables, we get the following LP problem in standard maximiza-
tion form with n +m = 5 variables and m = 3 constraints:

max bdx; + 2x9

subject to —z1 4+ 3x2 + 3 = 12
1 + 22 + 24 = 12

3r1 — 2x9 + x5 = 8

x1, x2, x3, 24, s > 0

Questions

Execute the revised simplex algorithm to find an optimal solution of this LP problem

using Bland’s rule to select the pivot column and the pivot row.
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We have:
5 I
-1 3 1 00 12 2 9
A=1|1 2 010 b=|12 c=|0 x=|x3
3 =2 0 0 1 8 0 Ty
0 5

e Initialization

Since it is an LP problem in standard form obtained from an LP problem in canonical
form with b > 0 by adding the slack variables, the partition B = {3,4,5} and
N = {1,2} is associated with the following basic feasible solution:

I3 12 T 0
ze | = |12 and ( 1) = < )

i) 0
xTs5 8

e Iteration 1

With B=1{3, 4, 5} and N = {1, 2}, we have:

T3 1 00 0 12
xp=|zs| Ag=|0 1 0| eg=|(0] b= |12
Ts5 0 1 0 8

Optimality check

We solve w A = cj3 to compute 7 = cjz Agl, first system of linear equations:

3 = 0
T4 = 0 m=(0 0 0)
m = 0
12
We compute the basic feasible solution value z = b = (0 0 0) 121 =0
8

We compute the reduced costs ¢ = ¢\, — 7 Ay
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-1 3
d=( 2—-(0 001 2
—2

=(52)- (00 =(5 2

c1 c2 T A A c1 C2

Not all reduced costs are non-positive then we perform a pivoting operation.
Pivoting operation

—1
Since ¢; > w Aq, x1 is the pivot column and we have A1 = | 1
3

We solve Ap d = A to compute d = AglAl, second system of linear equations:

ds = -1
-1
d4 = 1 d: ].
ds = 3
We have to find the largest ¢ such that b—t d > 0:
(12—t (-1)>0
~ t>—12
x3>0
L=i1-0 t <12 then tm:§
£4>0 3
8—t-3>0 s S
%,—/ - 3
x5>0

8
Accordingly the value of the pivot column becomes t,,, i.e., z1 = —. The value of x5

becomes zero and x5 is the pivot row. The other basic variables take values b — t,, d,
then we have:

8 44
—12- S (—1) =2
5 3 (D=3
8 2
p=12-5.1=-2
3 3

Iteration 2

With B = {1, 3, 4} and N = {2, 5}, we have:

8

- 110 5\ f4

= | =3 Ap = 1 01 cg=10 b= 3
- 3 00 0 e

3

Author: Fabio Furini
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Optimality check

We solve 7 A = cj3 to compute 7 = cj Agl, first system of linear equations:

-m + @w3 + 3m = 5
5
™1 = 0 ™ = (0 0 3)
™3 = 0
5 12 40
We compute the basic feasible solution value z = 7w b = (0 0 3> 12| = 3
8

We compute the reduced costs ¢ = ¢), — 7 Ay

¢ =(2 0)—(0 0 g)

e (29

2
2 C5

7 Ay As & e
Not all reduced costs are non-positive then we perform a pivoting operation.
Pivoting operation

3

Since cg > 7w Ag, xo is the pivot column and we have As = | 2
—2

We solve Ag d = Ay to compute d = Ag,lAg, second system of linear equations:

2

—di + ds = 3 3
7

dy + dy = 2 d= —
3

8

3d = =9 z
' 3
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We have to find the largest ¢ such that b —t d > 0:

9

~
v
L

7
then ¢, = 3

w

w

|
~
IA

[\]
o
o
~
IN
ST}

7
Accordingly the value of the pivot column becomes t,,, i.e., z9 = 7 The value of x4

becomes zero and x4 is the pivot row. The other basic variables take values b — t,, d,
then we have:

e Iteration 3

With B={1, 2, 3} and N = {4, 5}, we have:

)
T -1 3 1 ) 7
xp=|z2| Ag=|1 2 0] ecg=|2] b= 3
2
0
TN = (1}4) Ayv=11 0] env= <O>
xT5 1 0

Optimality check

We solve w A = cj3 to compute 7 = cjz Agl, first system of linear equations:

—m + m™ + 3w = 5
3m + 2m — 2w = 2 =0 2 1)
™ = 0
12
We compute the basic feasible solution value z = 7 b = (0 2 1) 12 | =32
8

Author: Fabio Furini
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We compute the reduced costs ¢ = ¢, — 7 Ay

=0 0)— (2 1) =(-2 -1)
N—— N—— N—_——
c4  Cp T Ay wA; C4 Cs

All reduced costs are non-positive, then the basic feasible solution

5

= 7 T4 0

zp= (22 = | 3 and xy = . =0
3 13
2

is an optimal solution of the LP problem and Z = 32 is the optimal solution value.

Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

e N

(SR

€2

N /

An optimal solution &( LP) is:

the optimal value z( LP) is 32.
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In violet the first and the second vertex explored by the previous execution of the revised
simplex algorithm (before reaching the optimal one depicted in blue).

In dashed blue, the contour lines of the objective function associated with the values taken

in the three vertices.
(. J

Exercise 11.12 — First phase of the revised simplex algorithm (P21)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 3 constraints:

max T + 2 x9
subject to — z1 — T < =2
4 1 — 2 x9 < 7
1 + 5z <21
x1, Ty > 0

Questions

1. Solve the first phase of the simplex algorithm using Bland’s rule to select the pivot
column and the pivot row.

2. Starting from the basic feasible solution obtained in the previous question, solve this
LP problem using the revised simplex algorithm and Bland’s rule to select the pivot
column and the pivot row.

(& J

1. We write the auxiliary problem:

max — o
subject to — xzg — 1 — To + I3 = -2
— zo +4 1 — 2 29 + x4 = 7

— x0 + r1 + 5 x9 + x5 = 21

Zo, 1, T3, 3, Ty, x5 > 0

Now there are n +m + 1 = 6 variables and m = 3 constraints. We have:
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—1 X0

1 -1 -1 10 0 -2 0 n
A=|-1 4 2010 b=|7]| e=|Y] x=|™
0 I3

-1 1 5 001 21 0 24

0 xIs

e Initialization

We consider B = {3, 4, 5} and N ={0, 1, 2}, we have:

T3 1 0 0 0 —2
xg=|za| Ag=[0 1 0] eg=[(0]| b=]| 7
T5 0 0 1 0 21
0 ~1 -1 -1 ~1
zny=|xz1] Ayv=|-1 4 2| exy=1]0
9 -1 1 ) 0

First Pivoting operation

The variable zy enters the basis and x3 leaves the basis, since x3 is the slack
variable associated with the most negative RHS (also the only negative one).
We have xg = —b1 = 2.

The other basic variables x; with j € B take values z; = bj — by, then we have:
za=7T—(-2)=9

x5 =21 — (—2) = 23

Zo
The new basic variables are £z = | 24 |. The basic feasible solution is b =
Zs
2
9
23

e Iteration 1

With B = {0, 4, 5} and N = {1, 2, 3}, we have:

o -1 0 0 =1l 2
R = | 24 Ag=1-1 1 0 cg=10 b=19
5 -1 0 1 0 23

T1 -1 -1 1 0

zny=[xz2] Ayv=|4 -2 0] exy=10

T3 1 5 0 0
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Optimality check

We solve w A = cj3 to compute 7 = cjz Agl, first system of linear equations:

— m — m®4 — 75 = -1
7 = 0 m=(1 0 0)
s = 0
—2
We compute the basic feasible solution value z = 7 b = (1 0 0) 7T =-2
21

We compute the reduced costs ¢ = ¢\, — 7 Ay

-1 -1 1
d=000—-(1 004 -20
1 5 0

=0 00— (-1 -1 1) =(1 1 -1

-~

TV
c1  c2 C3 wA wAy wA;3 c1 ) C3

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation

—1
Since ¢; > w Aq, x1 is the pivot column and we have A; = | 4
1

We solve Ag d = A; to compute d = AglAl, second system of linear equations:

— dy = =l

— do + dg = 4 d=

[N

— dy + dy = 1

We have to find the largest ¢ such that b —t d > 0:

2—t-(1)>0
z0>0
9—t-(5)>0
T a5
23—t-(2)>0 t

x5>0

~
IA
[\

9
then t,, = 5

~
IA

AN
ol e

e
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Accordingly, the value of the pivot column becomes t,,, i.e., x1 = %. The value
of x4 becomes zero and x4 is the pivot row. The other basic variables take values

b —t,, d, then we have:

e Iteration 2

With B={0, 1, 5} and N = {2, 3, 4}, we have:

1
T —i =i [ —1l 5
xg=|z1| Ag=[-1 4 0] eg=| 0 b=| 2
Ts5 -1 1 1 0 o
5

o -1 1 0 0

xy = | 23 Ay=1-2 0 1 cy=10

T4 5 00 0

Optimality check

We solve m Ag = cp to compute 7 = ¢ Agl, first system of linear equations:

— @M — m — 7w = =1
— m + 4m = 0 r:(% % 0)
T = 0
-2
We compute the basic feasible solution value z = 7 b = (% % 0) 7| = —%
21

We compute the reduced costs € = ¢\, — 7 Ay

-110
d=000-( fo0f-201
5 00
—0o0-(E4H =( -4
c2 c3 ¢4 wAy; wA3 wAy Co C3 C4

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation

Author: Fabio Furini
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-1
Since co > w Ag, xo is the pivot column and we have As = | —2
5

We solve Ag d = Ay to compute d = AglAQ, second system of linear equations:

— d() — d1 = -1 6
5
— dy + 44, - 9 d=|-1
132
— dy + di + ds = 5 5

We have to find the largest ¢ such that b —t d > 0:

x>0 t< 1
9 1 -6
Z—t-(-=)>0 1
5 5 t>-9 then tmzé
x1>0
97 32 t<¥%
——t-|—1] >0
5 5
x;go

Accordingly, the value of the pivot column becomes t,,, i.e., xo = %. The value
of xy becomes zero and xq is the pivot row. The other basic variables take values

b—t,, d, then we have:

97 1 (32 95

e Iteration 3
With B = {1, 2, 5} and N = {0, 3, 4}, we have:

[y
—_

T -1 -1 0 0 6
R = | T2 Ag=14 -2 0 cg=10 b= é
3

To -1 1 0 -1

zy=|z3] Ayv=|[-1 0 1| exy=1[0

T4 -1 0 0 0

Optimality check
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We solve m Ag = cj to compute 7 = ¢ Agl, first system of linear equations:

- m + 4m + w5 = 0
— m — 2m + bmwy = 0 7r:(000)
m™ = 0
-2
We compute the basic feasible solution value z = 7 b = (0 0 0) 7 1=0
21

We compute the reduced costs ¢ = ¢\, — 7 Ay

-1 10
d=(-100-(000][-10 1
-1 0
=(-100- (000 =(-10 0
—_— S———
co c3 cg mwAyg wAs wAy Co C3 Cq

All reduced costs are non-positive, then the basic feasible solution

T % i) 0
To | = é and z3| =10
xIs % T4 0

is an optimal solution of the auxiliary LP problem and Z = 0 is the optimal
solution value.

Warning

An optimal basic solution of the auxiliary problem of value zero (where the
auxiliary variable is a non-basic variable) corresponds to a basic feasible
solution of the original LP problem.

By removing the auxiliary variable zy from the non-basic variables, we obtain
B={1, 2, 5} and N = {3, 4} and the basic feasible solution of the original

LP problem:
11
I 6
T3 0
To | = % and =
o T4 0
Is5 3

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 59


https://github.com/fabiofurini/linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Programming

2. We execute the revised simplex algorithm for the original LP problem. We have:

~1 -1 1 0 0 —2 1 i
2 T2
A=]14 -2 01 0 b=| 7 c=|0 x=|x3
0 Ty
1 5 001 21 0 o
e Iteration 1
With B={1, 2, 5} and N = {3, 4}, we have:
1 -1 -1 0 1 5
xR = | 2 Ag=| 4 -2 0 cg= 12 b= %
5 1 5 1 0 %
10
I3 0
TN = Ay =10 1] exv=
T4 0
00

Optimality check

We solve m Ag = cj to compute 7 = ¢ Agl, first system of linear equations:

- m 4+ 4m + s = 1
- m — 2m 4+ bms = 2 ﬂ:(—g —% 0)
5 = 0

We compute the basic feasible solution value

—2
_ 13
s=mb=(-§ -} o)1)=
21
We compute the reduced costs ¢ = ¢j, — 7 Ay
10
d=(0 0—-(-2 -2 0)fo0 1
0 0
=0 0-(-5 -5 =G 3

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini

60


https://github.com/fabiofurini/linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Programming

Pivoting operation

1
Since c3 > w Ag, x3 is the pivot column and we have A3 = | 0
0

We solve Ag d = A3 to compute d = AglAg, second system of linear equations:

= d — do = 1 1
3
4dy — 2ds = 0 d=|-2
11
di + bdy + ds = 0 3
We have to find the largest ¢ such that b —t d > 0:
11 1
= =2z
s (3)2
2120 t >-4
1 2
— =) =0 )
6 3 t >—5 then &,=5
x2>0
55 11 t <5
= i (=}=z0
s (s)
\ x5>0

Accordingly, the value of the pivot column becomes t,,, i.e., xz3 = 5. The value
of x5 becomes zero and x5 is the pivot row. The other basic variables take values

b—t,, d, then we have:

e Iteration 2
With B={1, 2, 3} and N = {4, 5}, we have:

1 -1 -1 1 1 z
R = | 2 A= 4 -2 0 cg=12 b= %
T3 1 5 0 0 5
0 0
T4 0
TN = Ayv=1|1 0] env=
xIs 0
0 1
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Optimality check

We solve w A = cj3 to compute 7 = cjz Agl, first system of linear equations:

- m + 4m + T = 1
—m - m ok osmo— 2 =0 § f)
™1 = 0
—2
We compute the basic feasible solution value z = 7w b = (0 % %) 7| = %
21
We compute the reduced costs ¢ = ¢\, — 7 Ay
00
G0 -0 & )10
0 1
_ 3 5\ _ 3 5
=0 0- (3% 7)) =% -7
~—— ——— —— ———
c4 C5 wAs TAs C4 Cs

All reduced costs are non-positive, then the basic feasible solution

7
I 3
Ty 0
To | = % and =
xI5 0
I3 5

21

5 1s the optimal solution

is an optimal solution of the LP problem and z =
value.

Author: Fabio Furini
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Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red.
In violet the basic feasible solution obtained by the first phase, (%, %
one, (%, %) In dashed blue, the contour lines of the objective function associated with the
values % and % taken in the two vertices.

~

), in blue the optimal

U\‘B

(VIR

Z2
[\

[N

- /

(& J

Exercise 11.13 — Revised simplex algorithm (B1)

Consider the following LP problem in canonical maximization form with n = 2 variables

and m = 2 constraints:

max 25x; + 1622

subject to  50x; + 3lxze < 250
—3z1 + 2z < 4
X1, To 2> 0

By introducing the slack variables, we get the following LP problem in standard maximiza-
tion form with n 4+ m = 4 variables and m = 2 constraints:
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max 25x1 + 16x9

subject to  50x; + 3laxe + x3 = 250
—3x1 -+ 219 + x4 = 4
1, T2, 3, T4 2 0

Questions

Execute the revised simplex algorithm to find an optimal solution of this LP problem
using Bland’s rule to select the pivot column and the pivot row.

We have:
25 X
50 31 1 0 250 16 T9
A= b: = =
(—3 2 0 1) (4) Tlo| T s
0 T4

e Initialization

Since it is an LP problem in standard form obtained from an LP problem in canonical
form with & > 0 by adding the slack variables, the partition B = {3,4} and N =
{1, 2} is associated with the following basic feasible solution:

T3 o 250 and I - 0
xy) \ 4 xo) \O
e Iteration 1
With B = {3, 4} and N' = {1, 2}, we have:
EE (1 0 ~(0\ & (250
wa=(5) 4= (o 1) @=() 5=(%)
S T An — 50 31 o — 25
N=\ay) N7 \3 2) M7\

Optimality check

We solve m A = cj to compute 7 = ¢ AEI, first system of linear equations:

T3 = 0
= (0 0)
m = 0
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We compute the basic feasible solution value z = b = (0 O) (2?10) =0

We compute the reduced costs ¢ = ¢\, — 7 Ay

d=(25 16)— (0 0) Cg 321>:(25 16~ (0 0) = (25 16)
c1 o c2 wA wA c1  C2

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation

Since ¢; > w Aq, x1 is the pivot column and we have A = (5(§];>

We solve Ag d = Ay to compute d = AglAl, second system of linear equations:

ds = 50
(%)
dy = -3

We have to find the largest ¢ such that b—t d > 0:

250 —¢-50 >0
| ———

t<5
x3>0
= then ¢, =5
4—t-(=3)>0 i> 4 "
—— =
x4>0 3

Accordingly the value of the pivot column becomes t,,, i.e., 1 = 5. The value of x3
becomes zero and x5 is the pivot row. The other basic variables take values b — t,, d,
then we have:

x4=4-5-(=-3)=19

e Iteration 2

With B = {1, 4} and N' = {2, 3}, we have:

eo= (1) 5= (% ) = (¥) 5-(3)
o= () av=(3 5) o= (7)

Optimality check

We solve A = cj3 to compute 7 = cj Agl, first system of linear equations:
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50m — 3my = 25 (1
T=|= O>

Ty = 0

We compute the basic feasible solution value z = b = <; 0> (250) =125

We compute the reduced costs ¢ = ¢), — 7 Ay

=0 0-(3 o) (3 ) -eon-(¥ - Y

ca  c3

Ay wA3 C2 C3
Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation

31
Since cg > ™ Ag, xo is the pivot column and we have Ay = ( 5 )

We solve Ap d = Ay to compute d = AglAg, second system of linear equations:

50d = 31 31
! - d— | 50
193
—3d; + dy = 2 e
1 4 50
We have to find the largest ¢ such that b —t d > 0:
31
bt gy =l 250
—_— t< —
x1>0 31 950
193 o50 " "= 103
19—-t-— >0 t< 222
B0 =193
x>0
. . . 950
Accordingly the value of the pivot column becomes t,,, i.e., 5 = 103" The value of x4

becomes zero and x4 is the pivot row. The other basic variables take values b — t,, d,

then we have:

go—5_ 00 31 376
1727993 50 193

e Iteration 3
With B = {1, 2} and N = {3, 4}, we have:

876
193

oo (71 4. (50 3Ly (25
B=\x, CA B= \16 950

193

o
Il
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Optimality check

We solve w A = cj3 to compute 7 = cj Agl, first system of linear equations:

5077'1 — 37T2 = 25 ~ < 08 25 )

31m 4+ 2m = 16 193 193

24
We compute the basic feasible solution value z = 7w b = LR 220 = 24600
193 193 4 193

We compute the reduced costs ¢ = ¢\, — 7 Ay

1 0
=0 - (8 BY(L O o (B By (L8 _B)
193 193 01 N , 193 193 193 193

c3 Cc4 _ vV _
w A3 ™Ay c3 C4

All reduced costs are non-positive, then the basic feasible solution

Author: Fabio Furini

376
o — (1) — [ 193 anda::m:(]
& To @ N T4 0
193
. : . _ 24600 . . .
is an optimal solution of the LP problem and z = 193 is the optimal solution value.
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Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

4 N

950
193

x2

0 1 376 )
193

Z1

N v

An optimal solution &( LP) is:
576 _ 950
193" 77 193

24600
193 °

the optimal value z( LP) is

In violet the first and the second vertex explored by the previous execution of the revised
simplex algorithm (before reaching the optimal one depicted in blue).

In dashed blue, the contour lines of the objective function associated with the values taken
in the three vertices.

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 68


https://github.com/fabiofurini/linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Programming

11.2 Problems with three variables

Exercise 11.14 — Revised simplex algorithm (P41)

Consider the following LP problem in canonical maximization form with n = 3 variables
and m = 4 constraints:

max 2x1 + X2 + 3x3

subject to 1 + x2 + r3 < 4
T2 < 2

r3 < 3

321 + x3 < 6

x, T2, 3 > 0

By introducing the slack variables, we get the following LP problem in standard maximiza-
tion form with n 4+ m = 7 variables and m = 4 constraints:

max 2x; + zo + 3zx3

subject to  x1 + X2 + x3 + x4 =4
T + x5 =2

xs + =3

3T + 3 + x7 = 6

Ty, T3, 3, T4, Ts, Zg, xzr > 0

Questions

Execute the revised simplex algorithm to find an optimal solution of this LP problem
using Bland’s rule to select the pivot column and the pivot row.
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We have:

T
%)
x3
T4
Ts5

w o O
oS O ==
—_ = O
oo o
o O = O
o= o o
o O O
S W N >

L6

(¢}

Il
ER=N=R=NTH
8
Il

g

e Initialization

Since it is an LP problem in standard form obtained from an LP problem in canonical
form with b > 0 by adding the slack variables, the partition B = {4,5,6,7} and
N ={1,2,3} is associated with the following basic feasible solution:

T4

4
X 0
Iy 2
= and o]l =10
. 3 T 0
T7 6 3

e Iteration 1

With B={4, 5, 6, 7} and N = {1, 2, 3}, we have:

4 100 0 0 4
s lo1o00 ol oL ]2
ze=1, | 48=[0 0 1 of &= o] * |3

©n 000 1 0 6

i 11 1
1
1
mN:ig ANzgo(l)cN:1
3 301

Optimality check

We solve A = cj3 to compute 7 = cj Agl, first system of linear equations:

.
o = 0

5 = 0
=0 0 0 0)
6 = 0

m = 0
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We compute the basic feasible solution value z =7 b = (0 0 0 0)

S W N

We compute the reduced costs € = ¢\, — 7 Ay

11 1
e 3 010
c_(213)(0000)001
301

=2 13- (000 =(213)

c1 c2 ¢33 wA 7r742 T Aj Ci C2 ¢C3

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation

Since ¢; > w Aq, x1 is the pivot column and we have A =

wWw o O =

We solve Ap d = A to compute d = Al_glAl, second system of linear equations:

dy = 1
1
ds = 0 4 0
~|o
d = 0
‘ 3
{ dr = 3
We have to find the largest ¢ such that b—t d > 0:
4—t-1>0
—— t<4
6 “Z; 0 then t,, =2
—t.3>
N———— t§2
x7>0

Accordingly the value of the pivot column becomes t,,, i.e., x1 = 2. The value of x7
becomes zero and x7 is the pivot row. The other basic variables take values b — t,, d,

then we have:
T4=4—-2-1=2

T5=2-2-0=2

T6=3-2-0=3
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e Iteration 2

With B = {1, 4, 5, 6} and N ={2, 3, 7}, we have:

e 1100 2 2
o 0010 ol - |2
TB= | o B= 10 00 1| o 9
g 300 0 0 3
110
1
= 100
Ny = | 23 AN:01OCN:3
Y 01 1 0

Optimality check

We solve w A = cj3 to compute 7 = cj Agl, first system of linear equations:

(

T + 3mg = 2

™ = 0
2

T4 = 0

5 = 0

We compute the basic feasible solution value z = b = <0 0 0 2)

S W N

We compute the reduced costs € = ¢, — 7w Ay

110
¢d=(1 30)—<000 ;) égg
01 1
=(1 3 0)— <02 2) _<17—2)
~—— 3 3 3 3
BT Ay mAs T As & o e

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation

Since cg > ™ Ag, x2 is the pivot column and we have Ay =

S O = =
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We solve Ag d = Ay to compute d = AglAg, second system of linear equations:

,

di + da = 1
0
ds = 1 1
d= 1
ds = 0 0
\ 3dy = 0
We have to find the largest ¢ such that b —t d > 0:
2—t-1>0
= t<2
) “210 0 then t,, =2
—t-1>
S = t<2
x5>0

Accordingly the value of the pivot column becomes t,,, i.e., xo = 2. The value of x4
becomes zero and x4 is the pivot row. The other basic variables take values b — t,, d,
then we have:

21 =2-2-0=2
25=2-2-1=0
16=3-2-0=3

e Iteration 3

With B={1, 2, 5, 6} and N = {3, 4, 7}, we have:

1 1100 2 2
| o110 oL ]2
zs=1. 1 =000 1| = |o| o
6 300 0 0 3
110
9 00 0 :
zny = (21| An = cy=10
. 100 .
7 101

Optimality check

We solve A = cj3 to compute 7 = cj Agl, first system of linear equations:
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8! + 3mg = 2
™ + T2 = 1 < 1
w=(1 0 0 )
o = 0 2
\ 5 = 0
4
. : : _ 1 2
We compute the basic feasible solution value Zz=wb=(1 0 0 3 3| = 6
6

We compute the reduced costs € = ¢\, — 7w Ay

¢=(30 o)—(1 00 ;)

_— = O =
—_ o O O

=(3 0 0)— (;l 1 ;) :(g -1 —§>
c3 cq4 c7 N—— S—_—

w A3 wAL w™A7 c3 ¢C4 C7

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation

Since c3 > w Ag, x3 is the pivot column and we have A3 =

—_ = O

We solve Ap d = A3 to compute d = AglAg, second system of linear equations:

1
d + d = 1 il
1 2 3
dy + ds = 0 2
d= 3
dg = 1 2
3
L 3d1 = 1 1
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We have to find the largest ¢ such that b —t d > 0:

1
2—t~§20
_/_/ (
1‘1220 t<6
2—t-=>0
_ 3 t<3
z3>0 ) then ¢, =3
0—t (—)20 t>0
3
25>0 \t<3
3—t-1>0
x>0

Accordingly the value of the pivot column becomes t,,, i.e., x3 = 3. The value of xo
becomes zero and x9 is the pivot row. The other basic variables take values b — t,, d,
then we have: "
r1=2-3-=-=1
! 3

2

z6=3—-3-1=0
e Iteration 4

With B={1, 3, 5, 6} and N ={2, 4, 7}, we have:

1 1100 9 1
BEr loo 1o REIRE
zs=1 | A= (o010 1| &= |0] 7|2
6 3100 0 0
110
1
vz 100
. 00 0 .
7 00 1

Optimality check

We solve w A = cj3 to compute 7 = cjz Agl, first system of linear equations:

p

! + 3m = 2
T + w5 + T = 3 7 1

T3 = 0

L 5 = 0
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We compute the basic feasible solution value z =7 b = <; 0 0 —;)

We compute the reduced costs € = ¢\, — 7 Ay

=11

Sy W N

1 10
7 1 1 0 0
¢ = (1 — (2 _Z

d=(1 0 0 (200 2>000

0O 0 1
oo (TI Ny o(2 1Y
2 \2 2 2 2 2 2
2T A, mAL w A G 1 &

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation

Since ¢7 > w Az, x7 is the pivot column and we have A7 =

We solve Ap d = A7 to compute d = AglA7,

di + d3
ds

ds

3di + ds

We have to find the largest ¢ such that b—t d > 0:

( 1
1—t-§20
—_———
x1>0
3—t 1 >0
5 ) =
x3>0
1
O—t-§20
—_————
x>0

— O O O

second system of linear equations:

1
= 0 -
2
— 0 1
d=| 2
+ dg = 0 0
2
t<2
t>—6 then ¢, =0
t<0

Author: Fabio Furini
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Accordingly the value of the pivot column becomes t,,, i.e., x7 = 0. The value of xg
remains zero and x¢ is the pivot row. The other basic variables take values b — t,, d,
then we have: |

1
x3:30-(2> =3

5 =2—-0-0=2
e Iteration 5
With B= {1, 3, 5, 7} and N = {2, 4, 6}, we have:

1 1100 9 1
T3 00 1 0 3] - |3
= A: = =]
TB= | o 5=1o 10 0| = o] 7|2
T 3101 0 0
110
xZ9 1
xy = | 24 ANzloocho
N 00 1 0
6 00 0

Optimality check

We solve A = cj3 to compute 7 = cjz Agl, first system of linear equations:

(

1 2 37T7 = 2

m + ™ + w = 3
m=(2 0 1 0)

3 = 0

m = 0

We compute the basic feasible solution value z = 7 b = (2 0 1 0) =11

D W N

We compute the reduced costs € = ¢\, — 7 Ay

110
d=(100-(20 10 (1)8(1)
000
=1 00- (221 =(-1 -2 -1
c2 ¢4 c6 TwAy WAy T Ag C2 Ca Ce
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All reduced costs are non-positive, then the basic feasible solution

1
il 3 w2 0
TR = 3] = and zy=|z4] =10
xIs 2 . 0
T7 0 6

is an optimal solution of the LP problem and z = 11 is the optimal solution value.

Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

a N

T3

N /

An optimal solution &( LP) is:

ZE1:1, 332:0, 563:3

the optimal value z( LP) is 11.

In violet the first and the second vertex explored by the previous execution of the revised
simplex algorithm (before reaching the optimal one depicted in blue).
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Exercise 11.15 — Revised simplex algorithm (P42)

Consider the following LP problem in canonical maximization form with n = 3 variables
and m = 3 constraints:

max 3x1 + 2x9 + 4duxg
subject to r  + ro 4+ 2x3 < 4
221 + 3z3 < 5
2x1 + ro 4+ 3xzz3 < 7
Z1, 2, r3 > 0

By introducing the slack variables, we get the following LP problem in standard maximiza-
tion form with n 4+ m = 6 variables and m = 3 constraints:

max 3x1 + 2x9 + 43

subject to x1 + a2 + 223 + x4 =4
221 + 33 + x5 =35
221 + a2 + 323 + x5 =7
1, T2, 3, Z4, s, ze > 0

Questions

Execute the revised simplex algorithm to find an optimal solution of this LP problem
using Bland’s rule to select the pivot column and the pivot row.

& J

We have:

3 I
2 T2

112100 4 .y
A=[2 03 01 0| b=|5 c:om:ig
21300 1 7 4
0 xIs
0 Te
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e Initialization

Since it is an LP problem in standard form obtained from an LP problem in canonical
form with b > 0 by adding the slack variables, the partition B = {4,5,6} and
N = {1,2,3} is associated with the following basic feasible solution:

Ty 4 X 0
x5 | =[5 and zo | =0
L6 7 T3 0

e Iteration 1

With B = {4, 5, 6} and N = {1, 2, 3}, we have:

T4 1 0 0 0 4
g = | 5 Ag=10 1 0 cg= 10 b=|5
Z6 0 01 0 7

x1 1
zy= 22| An=12
I3 2

Optimality check

We solve A = cj3 to compute 7 = cjz Agl, first system of linear equations:

T4 = 0
Ty = 0 7r:(0 0 O)

T = 0

4
We compute the basic feasible solution value z = 7 b = (O 0 0) 5] =0
7

We compute the reduced costs € = ¢, — 7 Ay

=32 49— (000 =

cit c2 c3 mwA; wAy wA3 ¢Ci Cy ¢C3

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation
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Since ¢; > w Aq, x1 is the pivot column and we have A; =

N DN =

We solve Ag d = A to compute d = Ag,lAl, second system of linear equations:

dy = 1
1
d5 = 2 d: 2
2

d¢ = 2

We have to find the largest ¢ such that b —t d > 0:

4—-t-1>0 (
N————
x4>0
9—t-22>0
—_——
x5>0
P—5:220 L <

~— =
x62>0

t <

S

then ¢, =

N | Ot

N N ot

\

5
Accordingly the value of the pivot column becomes t,,, i.e., 1 = 3 The value of x5

becomes zero and x5 is the pivot row. The other basic variables take values b — t,, d,
then we have:

5 3
—q_2.1=2
- 2 2
5
Tg=T—2-2=2

e Iteration 2

With B = {1, 4, 6} and N = {2, 3, 5}, we have:

5
x1 110 3 2
g = | 24 Ag=(2 0 0 cg=10 b= §
Tg 2 0 1 0 2
2
x9 1 2 0 2
zny=[xz3] Ayv=|0 3 1| epy=1[4
5 1 3 0 0

Optimality check
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We solve m Ag = cj to compute 7 = ¢ Agl, first system of linear equations:

m™m 4+ 2wy + 27 = 3
3
T =0 71':(0 5 0)
m = 0

4
We compute the basic feasible solution value z =7 b = <0 — 0> 5| = >
7

We compute the reduced costs ¢ = ¢\, — 7 Ay

120
5’2(240)—( 0) 031
130
9 3 13
=(2 4 0)- = =) = —= —=
eao- (55 -3
e e

co c3 cCj
T Ay wA3 T A;5 Cc2 Cc3 C5

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation

1

Since cg > w As, xo is the pivot column and we have Ay = | 0
1

We solve Ap d = Ay to compute d = AglAg, second system of linear equations:

dy + dy = 1
0

2d1 = 0 d= 1
1

2dq + dg = 1

We have to find the largest ¢ such that b —td > 0:

3

— i 3

2—t-1>0 t<2

—_——— —

x>0

Author: Fabio Furini
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3
Accordingly the value of the pivot column becomes t,,, i.e., o = 7 The value of x4

becomes zero and x4 is the pivot row. The other basic variables take values b — t,, d,

then we have:

5 3 5
n=5-59=3
3 1

=2 —Soil==
e 2 2

e Iteration 3

With B={1, 2, 6}and N ={3, 4, 5}, we have:

5
2 110 3\ ?,
rp = | T2 AB: 2 0 cp = 2 b= 5
Tg 2 1 1 0 1
2
T3 2 1 0 4
zny=|ze4] Ayv=13 0 1| eny=1{0
x5 300 0

Optimality check

We solve w A = cj3 to compute 7 = cjz Agl, first system of linear equations:

m + 2m + 27w = 3
1
T + e = 2 7TZ<2 5 0>
6 — 0

4

21

We compute the basic feasible solution value z = 7w b = (2 % 0> 9| =—
7

We compute the reduced costs ¢ = ¢), — 7 Ay

=(4 0 0)-— <121 2 ;) :<—; —7 —i)

c3 ¢4 cs

TV
w A3 wAy wA;s C3 C4 Cp

Author: Fabio Furini
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All reduced costs are non-positive, then the basic feasible solution

5
X g I3 0
rp= |22 | = 5 and zy=|z4] =10
Te 1 xT5 0

2

21
is an optimal solution of the LP problem and z = 5 is the optimal solution value.

Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

4 N

wlot

z3

T1
X9 4

N %

[\l [y

An optimal solution &( LP) is:

21
the optimal value z( LP) is 5

In violet the first and the second vertex explored by the previous execution of the revised
simplex algorithm (before reaching the optimal one depicted in blue).
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Exercise 11.16 — Revised simplex algorithm (P43)

Consider the following LP problem in canonical maximization form with n = 3 variables
and m = 2 constraints:

max x1 + 2x9 + Tx3

subject to 1z + 2z3 < 2
To + 2xz3 < 2
1, T2, z3 > 0

By introducing the slack variables, we get the following LP problem in standard maximiza-
tion form with n 4+ m = 5 variables and m = 2 constraints:

max x1 + 2x9 + T3

subject to a7 + 2x3 4+ x4 = 2
To + 23 + x5 = 2
1, T2, s, T4, zs > 0

Questions

Execute the revised simplex algorithm to find an optimal solution of this LP problem
using Bland’s rule to select the pivot column and the pivot row.

. J

We have:

1 I
2 X9

10210 P
A‘(o 120 1) b‘(z) c=|T T
0 Xq
0 xIs

e Initialization

Since it is an LP problem in standard form obtained from an LP problem in canonical
form with & > 0 by adding the slack variables, the partition B = {4,5} and N =
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{1,2, 3} is associated with the following basic feasible solution:
T 0
<x4> = <2> and zo | =10
I 2
T3 0

e Iteration 1

With B = {4, 5} and N = {1, 2, 3}, we have:

() e e ()

(2

1
e 10 2

= |z2| Ax= cy = |2
01 2

T3 7

Optimality check

We solve w Ag = cj3 to compute 7 = cjz Agl, first system of linear equations:

Ty = 0
7= (0 0)
5 = 0

2
We compute the basic feasible solution value z = 7 b = (0 O) ( 2) =0

We compute the reduced costs € = cj, — 7 Ay

d=(1 2 7)—(0 o)(é ’ 3)

=(1 27— (0 0 0)

cit c2 ¢c3 mwA; wAy A3 ci C2 ¢C3

I
—
—_
[\)
-~
~—

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation

1
Since ¢; > w Aq, x1 is the pivot column and we have A = (0)

We solve Ag d = Ay to compute d = AglAl, second system of linear equations:

dy = 1
=0
ds = 0
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We have to find the largest ¢ such that b —t d > 0:

2=t 120 {t <2 then t, =2
x4>0

Accordingly the value of the pivot column becomes t,,, i.e., x1 = 2. The value of x4
becomes zero and z4 is the pivot row. The other basic variables take values b — t,, d,
then we have:

r5=2-2-0=2

e Iteration 2

With B={1, 5} and N ={2, 3, 4}, we have:

= (5) A=) = (o) ¢

(2

2

2 021
xny=|xz3| Ay = 1 2 0] N= 7
T4 0

Optimality check

We solve w A = cj3 to compute 7 = cj Agl, first system of linear equations:

1 = 1
= (1 O)
U 0

We compute the basic feasible solution value z = 7 b = (1 O) (;) =F)

We compute the reduced costs ¢ = ¢\, — 7 Ay

d=(2 17 0-(1 0)<(1) ; (1)>

=(270- (021 =(25 -1)
N’ N’ D
co c3 ¢4 T Ay wA3 wAy Co C3 C4

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation

0
Since co > w Ag, xo is the pivot column and we have Ay = (1)

We solve Ag d = Ay to compute d = Ag,lAg, second system of linear equations:
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dy = 0
=)
ds = 1

We have to find the largest ¢ such that b —t d > 0:

gi,liq {t <2 then t,, =2
x5>0

Accordingly the value of the pivot column becomes t,,, i.e., xo = 2. The value of x5
becomes zero and x5 is the pivot row. The other basic variables take values b — t,, d,
then we have:

r1=2—-2-0=2

o Iteration 3

With B = {1, 2} and N ={3, 4, 5}, we have:

2 = @;) A= (é (1)> o = @ b= @

3 2 10 7
Ty = |axa| An = 5 0 1 cy=10
T5 0

Optimality check

We solve m A = cj to compute 7 = ¢ Agl, first system of linear equations:

1 = 1
m=(1 2)
9 = 2

We compute the basic feasible solution value z =7 b = (1 2) (;) =6

We compute the reduced costs € = ¢, — 7w Ay

d=(700-(1 2)<§ é (1)>

=(7 00— (612 =(1 -1 -2
—— N—— N——
c3 c4 ¢ wA3 WAL TA;s C3 C4 Cp

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 88


https://github.com/fabiofurini/linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Programming

2
Since c3 > w Ag, x3 is the pivot column and we have Az = <2>

We solve Ap d = A3 to compute d = AglAg, second system of linear equations:

dy = 2
=3
dy = 2

We have to find the largest ¢ such that b —t d > 0:

2—t-22>0
N———— tS]_
) “220 0 then ¢, =1
—t.2>
N = t<1
x22>0

Accordingly the value of the pivot column becomes t,,, i.e., x3 = 1. The value of x;
becomes zero and z; is the pivot row. The other basic variables take values b — t,, d,
then we have:

To=2-1-2=0

o Iteration 4

With B = {2, 3} and N = {1, 4, 5}, we have:
(2 (0 2 (2 + (0
o= () 4= 2) =) *- ()
T 1
11
Ty = | 24 AN:< 0) cy=10
xT5 0

Optimality check

We solve w A = cj3 to compute 7 = cj Agl, first system of linear equations:

v (3 >
™ = 3 2
+ 2m3 = 7

We compute the basic feasible solution value z = 7 b = (2 2) (;) =T

27T2

We compute the reduced costs ¢ = ¢), — m Ay
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ca  cs

coo- (39 (3

T A WAy wA;

All reduced costs are non-positive, then the basic feasible solution

I 0
T2 0
a:B—< )—() and xn = | x4
T3 1

=10
5 0

Graphical solution:

/

~

\

J
An optimal solution &( LP) is:

the optimal value z( LP) is 7.

In violet the first, the second and the third vertex explored by the previous execution of

the revised simplex algorithm (before reaching the optimal one depicted in blue).

Linear Programming

is an optimal solution of the LP problem and z = 7 is the optimal solution value

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:
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Exercise 11.17 — Revised simplex algorithm (P44)

Consider the following LP problem in canonical maximization form with n = 3 variables
and m = 3 constraints:

max 1 + 222 + 3z3

subject to 1 4+ 2z — 2z23 < 1
2x1 — o — 3zz3 < 4

Ty 4+ 29 4+ bdHzz < 2

Z1, T2, r3 > 0

By introducing the slack variables, we get the following LP problem in standard maximiza-
tion form with n 4+ m = 6 variables and m = 3 constraints:

max T1 + 2z0 + 323

subject to  x1 + 2290 — 223 + x4 =1
2x1 — X9 — 313 + x5 =4
1 + 2z0 + Sx3 + x6 = 2
1, Z2, 3, Z4, s, ze > 0

Questions

Execute the revised simplex algorithm to find an optimal solution of this LP problem

using Bland’s rule to select the pivot column and the pivot row.

& J

We have:

I
L2
L3
L4
L5

S OO W N

L6
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e Initialization

Since it is an LP problem in standard form obtained from an LP problem in canonical
form with b > 0 by adding the slack variables, the partition B = {4,5,6} and
N = {1,2,3} is associated with the following basic feasible solution:

Ty 1 X 0
x5 | = | 4 and zo | =0
Te 2 X3 0

e Iteration 1

With B = {4, 5, 6} and N = {1, 2, 3}, we have:

T4 1 00 0 1
xp=|x5| Ag=|0 1 0| eg=|(0]| b=
Tg 0 0 1 0 2
T 1 2 -2 1
Ty = | x2 Ay =12 -1 =-3] ecyv=1|2
T3 1 2 5 3

Optimality check

We solve A = cj3 to compute 7 = cjz Agl, first system of linear equations:

T4 = 0
5 = 0 m=(0 0 0)
mg = 0
1
We compute the basic feasible solution value z = 7 b = (O 0 0) 41 =0
2

We compute the reduced costs € = ¢, — 7 Ay

1 2 -2
d=(123—-(0 002 -1 -3

1 2 5
=(1 23— (000 =(12 3

c1 c2 c3 wTA, WAy A3 Cl C2 C3
Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 92


https://github.com/fabiofurini/linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Programming

Since ¢; > w Aq, x1 is the pivot column and we have A; =

— N

We solve Ag d = A to compute d = Ag,lAl, second system of linear equations:

dy = 1
1
d5 = 2 d: 2
1

d¢ = 1

We have to find the largest ¢ such that b —t d > 0:

1—-t-1>0
—————
x4>0
4—-t-2>0
—_————
x5>0
2—t-1>0 <2

—_———
620

\

Accordingly the value of the pivot column becomes t,,, i.e., x1 = 1. The value of x4
becomes zero and z4 is the pivot row. The other basic variables take values b — t,, d,
then we have:

5 =4-1-2=2
z=2—-1-1=1

e Iteration 2

With B = {1, 5, 6} and N = {2, 3, 4}, we have:

T 1 00 1 1
xp= 25| Ag=12 1 0| eg=|(0] b=]2
T 101 0 1
T 2 -2 1 2
xyn = | x3 Ay=1|-1 -3 0 cy =13
T4 2 5 0 0

Optimality check

We solve A = cj3 to compute 7 = cj Agl, first system of linear equations:

Author: Fabio Furini
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m + 275 4+ wm = 1
5 =0 m=(1 0 0)
mw = 0

1
We compute the basic feasible solution value z = 7 b = (1 0 0) 41 =1
2

We compute the reduced costs ¢ = ¢\, — 7 Ay

2 -2 1
d=(230-(100[-1 =30
2 5 0
=23 0)- (2 -2 1) =(0 5 —1)
c2 cs ¢4 wAy wAs mA, G2 s &4

Not all reduced costs are non-positive then we perform a pivoting operation.
Pivoting operation

-2
Since c¢3 > m As, x3 is the pivot column and we have A3 = | —3

5

We solve Ag d = A3 to compute d = AglAg, second system of linear equations:

dq = =2
2dy 4+ ds = =3 d= 1

dq + dg = 5

We have to find the largest ¢ such that b —t d > 0:

1-t-(-2)>0 1
—_——
z1>0 2
2—t-1>0 "
~————
x5>0
1—t-7>0 ¢

—_——
x>0

IA
N

1
then ¢, = =

[N
|+~

1
Accordingly the value of the pivot column becomes t,,, i.e., z3 = =. The value of xg

becomes zero and zg is the pivot row. The other basic variables take values b — t,, d,
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then we have:

e Iteration 3

With B = {1, 3, 5} and N = {2, 4, 6}, we have:

Y
21 1 -2 0 1\ I
R = | 3 Ag=12 -3 1 cg= 1|3 b= -
T5 1 5 0
13
7
T2 2 1 0 2
zny=|za|] Ayv=1]-1 0 0] exy={0
g 2 0 1 0

Optimality check

We solve w A = cj3 to compute 7 = cj Agl, first system of linear equations:

m 4+ 273 + T = 1
2 5
—2m — 3m3 + o5m = 3 7T—<7 0 7)
T3 = 0
1
. : : _ 2 5 12
We compute the basic feasible solution value z = b = <7 0 7> 41 = -
2

We compute the reduced costs ¢ = ¢\, — 7 Ay

5 5 2 10
—(2 0 0)- <7o7> 10 0
2 0 1

ern (39 (3

Cc2 C4 C6
T Ag T Ay T Ag

All reduced costs are non-positive, then the basic feasible solution

9
I I T2 0
xg=|z3| = = and xzy=|z4] =10
5 13 T 0

7
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12
is an optimal solution of the LP problem and z = - is the optimal solution value.

e Multiple optimal solutions

The optimal solution is not unique: in the final basis the non-basic variable xo has

1 1
reduced cost ¢s = 0, and every point of the edge joining (2, 0, 7) and <O, %, 7)

is optimal, with value =

Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

-

(S]]

zs3

o NI

I

\ /

~l©

An optimal solution &( LP) is:

12
the optimal value z( LP) is =

In violet the first and the second vertex explored by the previous execution of the revised
simplex algorithm (before reaching the optimal one depicted in blue).

Exercise 11.18 — Revised simplex algorithm (P45)

Consider the following LP problem in canonical maximization form with n = 3 variables
and m = 2 constraints:
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max 4z — 13x9 + Tx3
subject to 3x1 + 2x9 + bxg < 5
o 3ra 4+ S5x3 < 3
1, T2, z3 > 0

By introducing the slack variables, we get the following LP problem in standard maximiza-
tion form with n 4+ m = 5 variables and m = 2 constraints:

max 4x; — 13x9 + Tax3
subject to 3x; + 2x9 4+ dx3 + 14 = 5
ry — 3x2 + Ox3 + x5 = 3
1, T2, 3, T4, r5s > 0

Questions

Execute the revised simplex algorithm to find an optimal solution of this LP problem
using Bland’s rule to select the pivot column and the pivot row.

. J

We have:

4 I
A_32510b_5c__;3 R
“\1 3501 —\3 - - |
0 Ty

0 Is

e Initialization

Since it is an LP problem in standard form obtained from an LP problem in canonical
form with b > 0 by adding the slack variables, the partition B = {4,5} and N =
{1,2, 3} is associated with the following basic feasible solution:

T 5 1 0
( 4) = ( ) and zo | = |0
Is5 3 0

T3
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e Iteration 1

With B={4, 5} and N ={1, 2, 3}, we have:
_ (%4 (1 0 (0 = (5
o= () 4= (0 5) o= ) 2= )

I 4
3 2 5
zy = |22 An = (1 3 5) cy=|-—13
T3 7

Optimality check

We solve m Ag = cj to compute 7 = ¢ Agl, first system of linear equations:

Ty = 0
m=(0 0)
m = 0

We compute the basic feasible solution value z =7 b = (0 0) (g) =0

We compute the reduced costs ¢ = ¢y, — m Ay

¢=(4 -13 7)-(0 0) G) —23 Z)

=4 -13 7)— (0 0 0) =(4 -13 7

-~

c1 c2 c3 wA wAx wA3 ci C2 C3

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation

. . . 3
Since ¢; > w Aq, x1 is the pivot column and we have A; = <1>

We solve A d = A to compute d = AglAl, second system of linear equations:
D6
d= 1
ds 1

We have to find the largest ¢ such that b —td > 0:

5—t-3>0 5

2y 3 then tm:§
3—t-1>0 £ <3

x5>0
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5
Accordingly the value of the pivot column becomes t,,, i.e., 1 = 3" The value of x4

becomes zero and x4 is the pivot row. The other basic variables take values b — t,, d,

then we have:
_ 5 5 1— 4
YT gt =g

Iteration 2

With B= {1, 5} and N' = {2, 3, 4}, we have:

5
o T1 o 3 0 - 4 T §
() 09 () o
3
T2 9 5 1 —13
xyn = | x3 Ay = 3 5 0 cN = 7
T4 0

Optimality check

We solve  Ag = cj3 to compute 7 = cj Al_gl, first system of linear equations:

3m + @ = 4 4
-9

7T5:0

We compute the basic feasible solution value z =7 b = <4 0> (5> = 20

We compute the reduced costs € = ¢\, — 7 Ay

(<13 7 0)<§ 0> (_23 i é)

i3 70— (224 (L
2 \3 3 3 3 3 3

c2 3 ca

(—2/

~
™ A2 iy A3 ™ A4 @) C3 Cq

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation

5
Since c¢g > w Ag, x3 is the pivot column and we have A3z = (5)

We solve Ag d = A3 to compute d = AglAg, second system of linear equations:

Author: Fabio Furini
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3d 5 >
1 = 2
d= 130
di + ds = 5 ?
We have to find the largest ¢ such that b —t d > 0:
§ —t- ? >0
L;?;_/ t<1 9
%_tl_g - 9 then tm: g
3 5 = t<<
x5>0

2
Accordingly the value of the pivot column becomes t,,, i.e., 3 = £ The value of x5

becomes zero and x5 is the pivot row. The other basic variables take values b — t,, d,
then we have:

Iteration 3

With B = {1, 3} and N =1{2, 4, 5}, we have:

1
e (3 5 (4 =

wn=(in) 4= 3) «=(5) 5-|
5

2 2 10 -13

ey = |24 Axn= cy=1| O

-3 0 1
xTs5 0

Optimality check

We solve w A = cj3 to compute 7 = cjz Agl, first system of linear equations:

371'1 + R 4 <13 1 >

™= \10 10
5m + bmy = T

4
We compute the basic feasible solution value Z = 7 b = (13 110> (5> = 3—

We compute the reduced costs € = cj, — 7 Ay
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i 13 1\/2 10
‘= (-13 0 0)— (=2 —
@=1 ) <1o 10><—3 0 1)

:(_13 0 0)_<23 13 1>:<_153 & _1>
~— 10 10 10/ 10 10 10

ca ¢4 s

~
wAs ™Ay T As Coy C4 Cs

All reduced costs are non-positive, then the basic feasible solution

. 1 i) 0

:L'B:< 1>: 9 and xzy=|x4| =10
x3

5 5 0

34
is an optimal solution of the LP problem and z = = is the optimal solution value.

Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

4 N

Z2

2
5

[\l [y

T1

\ /

wlot

An optimal solution &( LP) is:

4
the optimal value z( LP) is %

In violet the first and the second vertex explored by the previous execution of the revised
simplex algorithm (before reaching the optimal one depicted in blue).
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Exercise 11.19 — Revised simplex algorithm (P46)

Consider the following LP problem in canonical maximization form with n = 3 variables
and m = 3 constraints:

max bxy + 6z + 10z3
subject to 9x1 + 2x0 + 223 < 11
2x1 + 6x2 + 6xg3 < 16
41 + 229 + Txz3 < 10
T1, T2, r3 > 0

By introducing the slack variables, we get the following LP problem in standard maximiza-
tion form with n 4+ m = 6 variables and m = 3 constraints:

max 5x; + 6xo + 10z3

subject to 9x1 + 229 + 223 + x4 =11
2x1 + 6x9 + 63 + x5 = 16
4x1 + 229 + Tuxs + z¢ = 10
1, Z2, 3, Z4, s, ze > 0

Questions

Execute the revised simplex algorithm to find an optimal solution of this LP problem

using Bland’s rule to select the pivot column and the pivot row.

& J

We have:

5 I
6 T2

92 210 0 11 0
A=[26 601 0] b={16] c=| z=|"
427001 10 -
0 xIs5
0 Te
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e Initialization

Since it is an LP problem in standard form obtained from an LP problem in canonical
form with b > 0 by adding the slack variables, the partition B = {4,5,6} and
N = {1,2,3} is associated with the following basic feasible solution:

Iy 11 I 0
x5 | = | 16 and o | =10
Te 10 T3 0

e Iteration 1

With B = {4, 5, 6} and N = {1, 2, 3}, we have:

T4 1 00 0 11
xp=|z5| Ag=|0 1 0| eg=|(0]|] b= |16
T 0 0 1 0 10

T1 9 2 2 5

xny=|x2] Av=1(2 6 6] cxy=1]6

T3 4 2 7 10

Optimality check

We solve A = cj3 to compute 7 = cjz Agl, first system of linear equations:

T4 = 0
5 = 0 m=(0 0 0)
mg = 0
11
We compute the basic feasible solution value z = 7 b = (O 0 0) 16| =0
10

We compute the reduced costs € = ¢, — 7 Ay

9 2 2
d=( 6 100—(0 0 0)[2 6 6
4 2 7

=(5 6 100— (0 0 0 =( 6 10)

N————

c1 ca c3 wA WAy wA3 ¢k C2 ¢C3

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation
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Since ¢; > w Aq, x1 is the pivot column and we have A; =

_~ N ©

We solve Ag d = A to compute d = Ag,lAl, second system of linear equations:

dy = 9
9
d5 = 2 d = 2
4
dg = 4
We have to find the largest ¢ such that b —t d > 0:
11-t-92>0 11
——— t< —
x4>0
—t. 11
p-t220 £<8  then fy=—
x5>0
10-¢-4>0 1<
| 2620 ( 2

11
Accordingly the value of the pivot column becomes t,,, i.e., x1 = X The value of x4

becomes zero and x4 is the pivot row. The other basic variables take values b — t,, d,

then we have:

11 122

— 16— — .2 = 2%
e 9 9
11 46
10— — 4=
a 9 9

e Iteration 2

With B = {1, 5, 6} and N = {2, 3, 4}, we have:

11
2 9 0 0 5 122
R = | Ts5 AB: 2 1 0 cg= |0 b= ?
T 4 0 1 0 46
9
9 2 21 6
xy=|x23] Ay=]|6 6 0| exy=1{10
Ty 2 70 0

Optimality check
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We solve m Ag = cj to compute 7 = ¢ Agl, first system of linear equations:

9m + 275 + 4mg = 5
5
5 = 0 7l'=<9 0 0>
me = 0
5 11 55
We compute the basic feasible solution value z = 7w b = (9 0 0) 16 =3
10

We compute the reduced costs ¢ = ¢\, — 7 Ay
5 2 21
¢d=(6 10 0)—(9 0 0) 6 6 0
2 70

:(6 10 0)_<10 E 5>:<44 @ _5>
— 9 9 9 9 9 9

c2 €3 C4 — X —
T Ay wA3 ™Ay Cc2 €3 (4

Not all reduced costs are non-positive then we perform a pivoting operation.

Pivoting operation

2
Since cg > w As, xo is the pivot column and we have Ay = | 6

DO

We solve Ap d = Ay to compute d = AglAg, second system of linear equations:

p 2
9d; = % 9
2dy + ds = 6 d—= %
4dy T =2 10
9
We have to find the largest ¢ such that b —t d > 0:
9 9 11
—_——
122 " 50 =2
9 g 1< then =2
— en = —
=25 ™25
6 70 23
——t-— >0 t< —
9 9 — \ 5
—_——
x>0
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61
Accordingly the value of the pivot column becomes t,,, i.e., xo = % The value of x5
becomes zero and x5 is the pivot row. The other basic variables take values b — t,, d,
then we have:
11 61 2 17

=G % 9 %

46 61 10 12
=9 "25° 9 5

e Iteration 3

With B={1, 2, 6}and N = {3, 4, 5}, we have:

17
21 9 2 0 5\ 2?
rp = | T2 AB =12 6 0 CR = 6 b= 2—5
T 4 2 1 0
E
b}
T3 2 10 10
xny=|xz4] Ay=(6 0 1| exy=1]0
Zs 700 0

Optimality check

We solve w A = cj3 to compute 7 = cjz Agl, first system of linear equations:

9m 4+ 2m + 4mg = 5
2 + 6 + 2 = 6 ™= o 2 0
7” 2 o= “\» 2
e — 0
11
451
We compute the basic feasible solution value z =7 b = 9 22 0 16 | = —
25 25 25
10
We compute the reduced costs ¢ = ¢j, — m Ay
9 22 2 10
¢ =(10 0 0)—<25 T 0> 6 0 1
7 0 0
22 22
=(10 0 0)-— <6 9 ) :<4 9 —>
N ’ 25 25 25 25
c3 ¢4 cp ~~
wAs ™Ay wA; C3 C4 Cs
Not all reduced costs are non-positive then we perform a pivoting operation.
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Pivoting operation

2
Since c3 > w Ag, x3 is the pivot column and we have A3 = | 6

J

We solve Ag d = A3 to compute d = AglAg, second system of linear equations:

9d; + 2dy = 2
2dy 4+ 6ds = 6 d=11
4dy 4+ 2dy + dg = T

We have to find the largest ¢ such that b —t d > 0:

61
— —t-1>0
25 t<61
N — < —
22>0 25 12
19 2 e then tm:%
——t-520 < =
4 =25
x>0

12
Accordingly the value of the pivot column becomes t,,, i.e., x3 = % The value of xg

becomes zero and xg is the pivot row. The other basic variables take values b — t,, d,
then we have:

w12 17
1= 55 25 7 925
61 12 49
PO, L N
25 25 25

e Iteration 4

With B = {1, 2, 3} and N = {4, 5, 6}, we have:

17
21 9 2 2 5 g
g = | T2 Ag=12 6 6 cg= 1|6 b= o
I3 4 27 10 12
25

Ty 1 0 0 0

xy = | x5 Ay=10 1 0] exy=1{0

Tg 0 01 0

Optimality check
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We solve m Ag = cj to compute 7 = ¢ Agl, first system of linear equations:

9m 4+ 2m 4+ 4wy = 5
1 18 4
2 6 2 = 6 - (- = =
mow bmow AT “(25 2 5)
2m 4+ 6m 4+ 7wy = 10
11
499
We compute the basic feasible solution value z = 7 b = 1184 16 | = —
25 25 5 10 25

We compute the reduced costs ¢ = ¢\, — 7 Ay
1 1 4
d=0 00— 184
25 25 5

:(0 0 0)_<1 § 4>—<_1 _§ _4>
— 25 25 5 25 25 5

~
™ A4 ™ A5 ™ A6 Cq Cs Ceé

All reduced costs are non-positive, then the basic feasible solution

17
I 4213 Ty 0
rg= |z | = = and zy=|z5] =10
I3 12 Te 0

25

499
is an optimal solution of the LP problem and z = 25 is the optimal solution value.

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 108


https://github.com/fabiofurini/linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Programming

Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

‘ N

N3

x3

=
cnlw

N J

An optimal solution &( LP) is:

. 17T 49 12
1To5 T o T as
499
the optimal value z( LP) is 25

In violet the first, the second and the third vertex explored by the previous execution of
the revised simplex algorithm (before reaching the optimal one depicted in blue).
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Chapter 12

Revised dual simplex algorithm

Exercise 12.1 — Revised dual simplex algorithm (P11)

N\

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 2 constraints:

Since ¢ < 0, the basis of the m slack variables is dual feasible but it is not primal feasible.

Questions

max —2 x1 — 4 z9
subject to — x1 — To < =2
I — xT9 S 0
T, Ty = 0

Execute the revised dual simplex algorithm to find an optimal solution of this LP
problem, solving at each iteration the two systems of linear equations. As pivot row
choose the basic variable with the smallest index among those with b, < 0, and break
ties in the ratio test for the pivot column by choosing the smallest index.

J/

We have:

e Initialization

-2 1
-1 -1 1 0 —2 —4 T2
1 -1 0 1 0 0 3
0 Ty

Author: Fabio Furini
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Since it is an LP problem in standard form obtained from an LP problem in canonical
form with ¢ < 0 by adding the slack variables, the partition B = {3, 4} and N =
{1, 2} is dual feasible, since Az = I and cg = 0 give

d=cdy=(-2 —4)<o.
The associated basic solution is not feasible, and then the dual simplex algorithm is
used.

e Iteration 1

With B = {3, 4} and N' = {1, 2}, we have:

I3 1 0 0
rp = AB = cp =
T4 0 1 0
T -1 -1
TN = Ay = ¢ = (—2 —4)
T2 1 —1

Feasibility check

We solve Ag b = b to compute b = Agl b, first system of linear equations:

b3 = -2 B -2
b—
64 = 0 0
Not all the basic variables are non-negative, since b3 = —2 < 0, then we perform a

dual pivoting operation.
Dual pivoting operation
1

Since b3 < 0, x3 is the pivot row and we have ez =

0

We solve u Ag = € to compute u = e} Agl, second system of linear equations:

us = 1
u = (1 0)
Uy = 0

We compute the row of A associated with z3, az; = u Aj:

—1 —1
~— ~—
asi as2

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 111


https://github.com/fabiofurini/linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Programming

The candidates are the non-basic variables with a3; < 0, and the ratio test gives:

. -2 —4
min , — =2

-1 -1

~—

=) =1

then x; is the pivot column.

We update the reduced costs with the row as3; already computed, ¢; < ¢; — 2 as;:

-2 -2
~—~ ~—~
Co c3

The new basis is B = {1, 4}.

e Iteration 2

With B = {1, 4} and N' = {2, 3}, we have:

T -1 0 —2
T = Ap = cB =
Ty 1 1 0
T -1 1
aBRF = Ay = ¢ = (—2 —2)
T3 -1 0

Feasibility check

We solve Ag b= b to compute b = Agl b, first system of linear equations:

—by = 2 ~ 2
b—
by +by = 0 —2
Not all the basic variables are non-negative, since by = —2 < 0, then we perform a

dual pivoting operation.
Dual pivoting operation
0

Since by < 0, x4 is the pivot row and we have ey =
1

We solve u Ag = €/ to compute u = e Agl, second system of linear equations:

—u; Fug = 0
u=(1 1)
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We compute the row of A associated with x4, a4 = u Aj:

—2 1
~~ ~
a42 a43

The candidates are the non-basic variables with as; < 0, and the ratio test gives:

then x5 is the pivot column.

We update the reduced costs with the row ay4; already computed, ¢; < ¢; — 1 ay;:

-3 -1
~—~ ~—~
c3 C4

The new basis is B = {1, 2}.

e Iteration 3

With B = {1, 2} and N' = {3, 4}, we have:

T -1 -1 —2
xp = Ap = cg =
€T 1 -1 —4
I3 1 0
TN = Ay = cd = (—3 —1)
T4 01

Feasibility check

We solve Ag b= b to compute b = Agl b, first system of linear equations:

b b = -2 1
by —-by = 0 1

All the basic variables are non-negative, then the basis is primal feasible and dual
feasible: it is optimal.

We compute the optimal value z = ¢z b= (-2 —4) =—6

An optimal solution of this LP problem is

Zfl:l, 13:“2:1 and Z(LP):—G

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 113


https://github.com/fabiofurini/linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Programming

Graphical solution:

The feasible region of the LP problem in
The feasible region is unbounded.

canonical form is the polyhedron shaded in red.
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An optimal primal LP solution is:
Z1=1, Z2=1 and 2(LP)=—6

The feasible region of the dual LP problem in canonical minimization form is the polyhe-
dron shaded in red. In the following figure we plot the two original dual variables: 71, ms.

Author: Fabio Furini
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An optimal dual LP solution is:
71=3, me=1 and z( D(LP))=—6.
In violet, we show the first and the second vertex explored by the previous execution of
the revised dual simplex algorithm, before reaching the optimal one depicted in blue.

Exercise 12.2 — Revised dual simplex algorithm (P12)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 2 constraints:

max — X1 — 2 I9
subject to — x; -— To < =3
ry — 2 xy < -1
1, To > 0

Since ¢ < 0, the basis of the m slack variables is dual feasible but it is not primal feasible.

Questions
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Execute the revised dual simplex algorithm to find an optimal solution of this LP
problem, solving at each iteration the two systems of linear equations. As pivot row
choose the basic variable with the smallest index among those with b, < 0, and break
ties in the ratio test for the pivot column by choosing the smallest index.

We have:

—1 1
-1 -1 1 0 -3 -2 T9
A= b= c= Tr =
1 -2 01 -1 0 T3
0 Ty

e Initialization

Since it is an LP problem in standard form obtained from an LP problem in canonical
form with ¢ < 0 by adding the slack variables, the partition B = {3, 4} and N =
{1, 2} is dual feasible, since Az = I and cg = 0 give

d=cdy=(-1 -2)<o0.
The associated basic solution is not feasible, and then the dual simplex algorithm is
used.

e Iteration 1

With B ={3, 4} and N’ = {1, 2}, we have:

I3 1 0 0
rp = AB = cp =
T4 01 0
I -1 -1
TN = Ay = ¢ = (—1 —2)
xI9 1 —2

Feasibility check

We solve Ag b= b to compute b = Agl b, first system of linear equations:

b3 = -3 - -3
b=
Not all the basic variables are non-negative, since b3 = —3 < 0, then we perform a

dual pivoting operation.
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Dual pivoting operation

1
Since bg < 0, x3 is the pivot row and we have eg =
0

We solve u Ag = € to compute u = e} AEI, second system of linear equations:

us = 1
u = (1 0)
u = 0

We compute the row of A associated with z3, as; = u Aj:

—1 —1
~— ~—
asi a3z

The candidates are the non-basic variables with a3; < 0, and the ratio test gives:

min 4 1 = 1
~—
=1 =2

then x is the pivot column.

We update the reduced costs with the row as; already computed, ¢; < ¢; — 1 as;:

—1 —1
~— ~—
C2 C3

The new basis is B = {1, 4}.

e Iteration 2

With B = {1, 4} and N' = {2, 3}, we have:

I -1 0 —1
T = Ap = cB =
Ty 1 1 0
T -1 1
TN = Ay = ¢ = (—1 —1)
T3 -2 0

Feasibility check

We solve Ag b= b to compute b = Agl b, first system of linear equations:

o
|
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Not all the basic variables are non-negative, since by = —4 < 0, then we perform a
dual pivoting operation.

Dual pivoting operation
0

Since by < 0, x4 is the pivot row and we have ey =
1

We solve u Ag = €/ to compute u = e AEI, second system of linear equations:

—uy Jug = 0
u=(1 1)
Uy = 1

We compute the row of A associated with x4, a4 = u Aj:

-3 1
~~ ~
a42 a43

The candidates are the non-basic variables with a4; < 0, and the ratio test gives:

. =1l 1
min ¢ — =
-3 3

~—~

then x5 is the pivot column.

We update the reduced costs with the row a4; already computed, ¢; < ¢; — % Qy4;:

4 1

The new basis is B = {1, 2}.

e Iteration 3

With B = {1, 2} and N' = {3, 4}, we have:

T -1 -1 —1
TR = Ap = cp =
x9 1 -2 -2
I3 1 0
Ty = Ay = ¢=(-5 —3)
T4 0 1

Feasibility check
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We solve Ag b= b to compute b = Agl b, first system of linear equations:

—b1 —by = -3

o
Il

by —-2b, = -1

All the basic variables are non-negative, then the basis is primal feasible and dual
feasible: it is optimal.

5
he optimal value % = cjs b = o
We compute the optimal value z = ¢z b = (—1 —2) =3
B
An optimal solution of this LP problem is
5 4 13
jlzg, i‘gzg and Z(LP):—g

Graphical solution:

The feasible region of the LP problem in canonical form is the polyhedron shaded in red.
The feasible region is unbounded.

(s )

3 |
)
2 |-
4|
3
0
| |
0 5 3 5
3
N o J
An optimal primal LP solution is:
5 13
.CZ'l = g, 52 = — and Z(LP) = —g.
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The feasible region of the dual LLP problem in canonical minimization form is the polyhe-
dron shaded in red. In the following figure we plot the two original dual variables: 7y, .

K \\I I\
"\
\
\
\
1
g
1
3
0
| |
0 1 4
3
N i _/

An optimal dual LP solution is:

In violet, we show the first and the second vertex explored by the previous execution of
the revised dual simplex algorithm, before reaching the optimal one depicted in blue.

Exercise 12.3 — Revised dual simplex algorithm (P13)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 3 constraints:

max — X1 — 3 I9
subjectto — x;1 — 2 zy < —6
1 — 4 9y < —6
2 1 — 2 x9 < 3
1, T > 0
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Since ¢ < 0, the basis of the m slack variables is dual feasible but it is not primal feasible.

Questions

Execute the revised dual simplex algorithm to find an optimal solution of this LP
problem, solving at each iteration the two systems of linear equations. As pivot row
choose the basic variable with the smallest index among those with b, < 0, and break
ties in the ratio test for the pivot column by choosing the smallest index.

A J

We have:

—1 1

-1 -2 1 0 0 —6 -3 2
A=]1 -4 01 0 b=|-6 c=1| 0 x=|x3
2 =2 0 0 1 3 0 T4

0 T5

e Initialization

Since it is an LP problem in standard form obtained from an LP problem in canonical
form with ¢ < 0 by adding the slack variables, the partition B = {3, 4, 5} and
N = {1, 2} is dual feasible, since Ag = I and cg = 0 give

d=cy=(-1 -3)<o.
The associated basic solution is not feasible, and then the dual simplex algorithm is
used.

e Iteration 1

With B={3, 4, 5} and N = {1, 2}, we have:

T3 100 0
rp = | T4 AB: 010 CR = 0
5 001 0
-1 -2
T1
TN = Ay=11 —4| d=(-1 -3)
T2
2 =2

Feasibility check
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We solve Ag b= b to compute b = Agl b, first system of linear equations:

bs = —6 -6
by = -6 b= | -6
bs = 3 3
Not all the basic variables are non-negative, since b3 = —6 < 0, then we perform a

dual pivoting operation.
Dual pivoting operation

1
Since b3 < 0, x3 is the pivot row and we have ez = | 0

0

We solve u Ag = €} to compute u = e} Agl, second system of linear equations:

Uus = 1
uy = 0 u=(1 0 0)
Uus = 0

We compute the row of A associated with z3, as; = u Aj:

—1 —2
~— ~—
asi as2

The candidates are the non-basic variables with az; < 0, and the ratio test gives:

. -1 =3
min , — = 1,

=17 =%

P

=1l _3

then z; is the pivot column.

We update the reduced costs with the row as; already computed, ¢; < ¢; — 1 as;:

-1 -1
~~ ~~
Co c3

The new basis is B = {1, 4, 5}.
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e Iteration 2

With B={1, 4, 5} and N ={2, 3}, we have:

1 -1 0 O -1
rg = | T4 ABI 1 1 0 cp = 0
5 2 0 1 0
-2 1
T2
xy = Ay=|[-4 0] d=(-1 -1)
T3
-2 0

Feasibility check

We solve Ag b= b to compute b = Agl b, first system of linear equations:

—by = —6 6
by +by = —6 b=|-12
20 +bs = 3 -9
Not all the basic variables are non-negative, since by = —12 < 0, then we perform a

dual pivoting operation.
Dual pivoting operation

0
Since by < 0, x4 is the pivot row and we have ey = | 1

0

We solve u Ag = €} to compute u = € Agl, second system of linear equations:

—u1 +ug +2us = 0
Uy = 1 u=(1 1 0)
us = 0

We compute the row of A associated with x4, ag; =u Aj:

—6 1
~—~ N~~~
a42 a43
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The candidates are the non-basic variables with a4; < 0, and the ratio test gives:

then x9 is the pivot column.

We update the reduced costs with the row ay4; already computed, ¢; < ¢; — % Qy4;:

1
6 6
g hg
C3 C4

The new basis is B = {1, 2, 5}.

e Iteration 3

With B= {1, 2, 5} and N = {3, 4}, we have:

T -1 -2 0 -1
R = | T2 Ag=| 1 -4 0 cg=|-3
s 2 -2 1 0
10
— s An = ¢d=(—7 _1
TN = AN=1|0 1 c = ( 5 6)
T4
0 0

Feasibility check

We solve Ag b= b to compute b = Agl b, first system of linear equations:

*bl *21_)2 = —6 2
Bl —4 62 = —6 B = 2
2 61 -2 62 —|—B5 — 3 3

All the basic variables are non-negative, then the basis is primal feasible and dual
feasible: it is optimal.

We compute the optimal value z = ¢j b= (—1 -3 O) 21 =-8

An optimal solution of this LP problem is

T1=2, T3=2 and z(LP)=-8.
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Graphical solution:

The feasible region of the LP problem in canonical form is the polyhedron shaded in red.
The feasible region is unbounded.

O 6 N

(SR

T2
Nt
[
1

\_ i /

An optimal primal LP solution is:

T1=2, T3=2 and 2z(LP)=-8.

The feasible region of the dual LP problem in canonical minimization form is the poly-
hedron shaded in red. In the following figure we plot the three original dual variables:

1, T2, T3.
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An optimal dual LP solution is:

_ T
T =7, T2 =

& 73 =0, and z( D(LP))=-8.

1
67

In violet, we show the first and the second vertex explored by the previous execution of
the revised dual simplex algorithm, before reaching the optimal one depicted in blue.

Exercise 12.4 — Revised dual simplex algorithm (P14)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 3 constraints:
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max — x1 — 2 x9
subject to — x1 + 9 < 2
1T — 2 x5 < 2
- r - T < -3
1, Ty > 0

Since ¢ < 0, the basis of the m slack variables is dual feasible but it is not primal feasible.

Questions

Execute the revised dual simplex algorithm to find an optimal solution of this LP
problem, solving at each iteration the two systems of linear equations. As pivot row
choose the basic variable with the smallest index among those with b, < 0, and break
ties in the ratio test for the pivot column by choosing the smallest index.

- J

We have:

-1 1 1 0 0 2 =% 9

-1 -1 0 0 1 -3 0 Ty

e Initialization

Since it is an LP problem in standard form obtained from an LP problem in canonical
form with ¢ < 0 by adding the slack variables, the partition B = {3, 4, 5} and
N = {1, 2} is dual feasible, since Ag = I and cg = 0 give

d=cy=(-1 -2)<o.

The associated basic solution is not feasible, and then the dual simplex algorithm is
used.

e Iteration 1
With B = {3, 4, 5} and N = {1, 2}, we have:
T3 1 0 0 0
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T
Ty = Ay=11 =2 d=(-1 -2)
T2

Feasibility check

We solve Ag b = b to compute b = Algl b, first system of linear equations:

bs = 2 2
by = 2 b= 2
bs = -3 -3
Not all the basic variables are non-negative, since b5 = —3 < 0, then we perform a

dual pivoting operation.
Dual pivoting operation

0
Since bs < 0, x5 is the pivot row and we have e5 = | 0

1

We solve u Ag = el to compute u = e}, Agl, second system of linear equations:

us = 0
uy = 0 u=(0 0 1)
us = 1

We compute the row of A associated with zs, as; = u Aj:

—1 -1
~ ~
asi as2

The candidates are the non-basic variables with d5; < 0, and the ratio test gives:

min 10 1 = 1,
~—
=1 =)

then x; is the pivot column.
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We update the reduced costs with the row as; already computed, ¢; <- ¢; — 1 as;:

-1 -1
~~ ~~
Co Cs

The new basis is B = {1, 3, 4}.

e Iteration 2

With B= {1, 3, 4} and N = {2, 5}, we have:

1 -1 10 -1
g = | 3 A= 1 0 1 cg=1 0
T4 -1 0 0 0
1 0
L2
TN = Ay=1-2 0| d=(-1 -1)
x5
-1 1

Feasibility check

We solve Ag b = b to compute b = Al}1 b, first system of linear equations:

—by  +b3 = 2 3
b1 +by = 2 b=| 5
—by = -3 -1
Not all the basic variables are non-negative, since by = —1 < 0, then we perform a

dual pivoting operation.
Dual pivoting operation

0
Since by < 0, x4 is the pivot row and we have e4 = | 0

1

1

We solve u Ag = €} to compute u = € Ap ", second system of linear equations:

—u; Huz —ug = 0
uy = 0 u=(0 1 1)
us = 1
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We compute the row of A associated with x4, a4 = u Aj:

-3 1
~~ ~
a42 a4s5

The candidates are the non-basic variables with as; < 0, and the ratio test gives:

then x4 is the pivot column.

We update the reduced costs with the row a4; already computed, ¢; < ¢; — % Q4;:

1 4
3 3
~— ~—~
C4 Cs

The new basis is B = {1, 2, 3}.

e Iteration 3

With B={1, 2, 3} and N = {4, 5}, we have:

T -1 1 1 —1
R = | T2 Ag=| 1 -2 0 cg=| -2
T3 -1 -1 0 0

0 0
() anv=|1 o] =1 s
TN N ¢ = (-3 3)

z5
0 1

Feasibility check

We solve Ag b = b to compute b = Agl b, first system of linear equations:

~by  +by b3 = 2 8
by —2by = 2 b= 1
_ _ 13
b b = -3 B

All the basic variables are non-negative, then the basis is primal feasible and dual
feasible: it is optimal.
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8
3
We compute the optimal value z = ¢ b= (—1 -2 O) % = —%
13
3
An optimal solution of this LP problem is
1 1
T = g, To = 3 and z(LP)= —go.

Graphical solution:

The feasible region of the LP problem in canonical form is the polyhedron shaded in red.
The feasible region is unbounded.

o )

T2
(SIS
[

o wi=

=)
ol |-
wloo |-

S~

(=]

\_ i /

An optimal primal LP solution is:

1 1
%, Zg == and z(LP):—go.

3
The feasible region of the dual LP problem in canonical minimization form is the poly-
hedron shaded in red. In the following figure we plot the three original dual variables:

1,72, T3

Xr1 =
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a R
1k
€
0 0
0
= /

An optimal dual LP solution is:

1 4 10
7~T1:0, 7~T2:§, 7~T3:§, and Z( D(LP)):—E.

In violet, we show the first and the second vertex explored by the previous execution of
the revised dual simplex algorithm, before reaching the optimal one depicted in blue.

. J

Exercise 12.5 — Revised dual simplex algorithm (P15)

Consider the following LP problem in canonical maximization form with n = 2 variables

and m = 2 constraints:

max —3 x1 — 2 X9
subject to — x1 — To < —4
—x1 — 3 2 < -6
Ty, T9 > 0

Since ¢ < 0, the basis of the m slack variables is dual feasible but it is not primal feasible.

Questions

Execute the revised dual simplex algorithm to find an optimal solution of this LP
problem, solving at each iteration the two systems of linear equations. As pivot row
choose the basic variable with the smallest index among those with b, < 0, and break

ties in the ratio test for the pivot column by choosing the smallest index.
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We have:

-3 I
-1 -1 1 0 —4 —2 T2
-1 -3 0 1 —6 0 3
0 T4

e Initialization

Since it is an LP problem in standard form obtained from an LP problem in canonical
form with ¢ < 0 by adding the slack variables, the partition B = {3, 4} and N =
{1, 2} is dual feasible, since Ag = I and cp = 0 give

d=cy=(-3 -2)<o.
The associated basic solution is not feasible, and then the dual simplex algorithm is
used.

Iteration 1

With B = {3, 4} and N' = {1, 2}, we have:

T3 1 0 0
xp = A= cp =
T4 0 1 0
I -1 -1
TN = Ay = ¢ = (—3 —2)
xI9 -1 -3

Feasibility check

We solve Ag b = b to compute b = AEI b, first system of linear equations:

bg = —4 B —4
b=
Not all the basic variables are non-negative, since b3 = —4 < 0, then we perform a

dual pivoting operation.

Dual pivoting operation

Since b3 < 0, x5 is the pivot row and we have ez =

Author: Fabio Furini
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We solve u Ag = € to compute u = e} AEI, second system of linear equations:

us = 1
u = (1 0)
Uyg = 0

We compute the row of A associated with z3, az; = u Aj:

-1 —1
~— ~—
asi as2

The candidates are the non-basic variables with as; < 0, and the ratio test gives:

min 10 1 = 2%
~— =~
=3 =)

then x5 is the pivot column.

We update the reduced costs with the row as; already computed, ¢; < ¢; — 2 as;:

—1 —2
~ ~
C1 C3

The new basis is B = {2, 4}.

e Iteration 2

With B = {2, 4} and N' = {1, 3}, we have:

T2 -1 0 —2
T = Ap = cp =
T4 -3 1 0
1 -1 1
TN = Ay = ¢ = (—1 —2)
T3 -1 0

Feasibility check

We solve Ag b = b to compute b = Agl b, first system of linear equations:

—by = —4 4

o
Il

—31_)2 +(_)4 = -6 6

All the basic variables are non-negative, then the basis is primal feasible and dual
feasible: it is optimal.
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We compute the optimal value z = ¢ b= (—2 0) = -8

An optimal solution of this LP problem is

5120, Lf2:4 and Z(LP):*S

Graphical solution:

The feasible region of the LP problem in canonical form is the polyhedron shaded in red.
The feasible region is unbounded.

s 1)

T2

\_

An optimal primal LP solution is:

Z1=0, Z2=4 and 2z(LP)=-8.

The feasible region of the dual LP problem in canonical minimization form is the polyhe-
dron shaded in red. In the following figure we plot the two original dual variables: 7, ms.
The constraint —m; — o > —3 is redundant.

~

2
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An optimal dual LP solution is:

71 =2, #3=0, and z(D(LP))=-8.

In violet, we show the first vertex explored by the previous execution of the revised dual
simplex algorithm, before reaching the optimal one depicted in blue.

Exercise 12.6 — Revised dual simplex algorithm (P16)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 2 constraints:

max - x1 = 2 x
subject to -2 x; -— To < —4
—x1 — 3 2 < -6
Ty, To > 0

Since ¢ < 0, the basis of the m slack variables is dual feasible but it is not primal feasible.

Questions

Execute the revised dual simplex algorithm to find an optimal solution of this LP
problem, solving at each iteration the two systems of linear equations. As pivot row
choose the basic variable with the smallest index among those with b, < 0, and break
ties in the ratio test for the pivot column by choosing the smallest index.

- J

We have:

—1 I
-2 -1 1 0 —4 —2 T9
A= b= c= T =
-1 -3 0 1 —6 0 T3
0 Ty

e Initialization

Since it is an LP problem in standard form obtained from an LP problem in canonical
form with ¢ < 0 by adding the slack variables, the partition B = {3, 4} and N =
{1, 2} is dual feasible, since Az = I and cg = 0 give

d=cy=(-1 -2)<o.
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The associated basic solution is not feasible, and then the dual simplex algorithm is
used.

e Iteration 1

With B = {3, 4} and N' = {1, 2}, we have:

I3 1 0 0
TR = Ap = cp =
T4 01 0
T -2 -1
TN = Ay = ¢ = (71 72)
xI9 -1 -3

Feasibility check

We solve Ag b= b to compute b = Agl b, first system of linear equations:

b3 = —4 B —4
b—
64 = —0 —6
Not all the basic variables are non-negative, since b3 = —4 < 0, then we perform a

dual pivoting operation.
Dual pivoting operation
1

Since b3 < 0, x3 is the pivot row and we have ez =
0

We solve u Ag = € to compute u = e} Agl, second system of linear equations:

us = 1
u = (1 0)
u = 0

We compute the row of A associated with x3, as; =u Aj:

—2 —1
~— ~—
asi a3z

The candidates are the non-basic variables with a3; < 0, and the ratio test gives:

. -1 -2 1
min , — = -,
=27 =l 2
~—
—1 =2
2
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then x; is the pivot column.

We update the reduced costs with the row as; already computed, ¢; < ¢; — % ag;:

3 1
2 2
~~ ~—~
Co C3

The new basis is B = {1, 4}.

e Iteration 2

With B = {1, 4} and N' = {2, 3}, we have:

T -2 0 —1
T = Ap = cB =
Ty -1 1 0
B 9 A -1 1 L s N
TN = N = ol (_2 _2)
T3 -3 0

Feasibility check

We solve Ag b= b to compute b = Al_31 b, first system of linear equations:

—2b; = —4 ) 2
b=
—-b; +by = -6 —4
Not all the basic variables are non-negative, since by = —4 < 0, then we perform a

dual pivoting operation.
Dual pivoting operation
0

Since by < 0, x4 is the pivot row and we have ey =
1

We solve u Ag = €} to compute u = € Agl, second system of linear equations:

—2u; —ugs = 0

Uy = 1

5 1

2 2
~ ~

a42 a43
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The candidates are the non-basic variables with a4; < 0, and the ratio test gives:

1
. 2 2 _3
min —2, —= = -
_5’? _1 5’
2 2
~—
-3 =1
5

then x5 is the pivot column.

We update the reduced costs with the row a4; already computed, ¢; < ¢; — % G4;:

1 3
) 5
~~ ~~
c3 C4

The new basis is B = {1, 2}.

e Iteration 3

With B = {1, 2} and N' = {3, 4}, we have:

T -2 -1 -1
TR = Ap = cg =
X9 -1 -3 —2
I3 1 0
Ty = Ay = ¢=(-5 -3)
Ty 0 1

Feasibility check

We solve Ag b = b to compute b = Agl b, first system of linear equations:

—2by —by = —4

o
Il

by —-3by = -6

All the basic variables are non-negative, then the basis is primal feasible and dual
feasible: it is optimal.

6
W he optimal value % = cj b = "l =-2
e compute the optimal value z = ¢z b = (—1 —2) o =73
5
An optimal solution of this LP problem is
6 8 22
i’lzg, i‘gzg and Z(LP):—K
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Graphical solution:

The feasible region of the LP problem in canonical form is the polyhedron shaded in red.

The feasible region is unbounded.

- )

T2

o
alo |—
(=]

N . J
An optimal primal LP solution is:

22
:ilzg, igz% and z(LP):—E.

The feasible region of the dual LP problem in canonical minimization form is the polyhe-
dron shaded in red. In the following figure we plot the two original dual variables: 71, ms.
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An optimal dual LP solution is:

In violet, we show the first and the second vertex explored by the previous execution of
the revised dual simplex algorithm, before reaching the optimal one depicted in blue.

(& J

Exercise 12.7 — Revised dual simplex algorithm (P51)

Consider the following LP problem in canonical maximization form with n = 3 variables

and m = 2 constraints:

max —2 x1 — o
subject to A ro — 3 x3 < =5
-3 x1 - 2 my + 2 z3 < =2
x1, T2, r3 = 0

Since ¢ < 0, the basis of the m slack variables is dual feasible but it is not primal feasible.

Questions

Execute the revised dual simplex algorithm to find an optimal solution of this LP
problem, solving at each iteration the two systems of linear equations. As pivot row
choose the basic variable with the smallest index among those with b, < 0, and break
ties in the ratio test for the pivot column by choosing the smallest index.

- J

We have:

—2 X1

—1 D)
1 -1 -3 10 -5

A= b= c=1]0 x=|x3
-3 -2 2 01 -2

0 T4

0 5

e Initialization

Since it is an LP problem in standard form obtained from an LP problem in canonical
form with ¢ < 0 by adding the slack variables, the partition B = {4, 5} and N =
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{1, 2, 3} is dual feasible, since Ag = I and ¢z = 0 give

d=cy=(-2 -1 0)<o.
The associated basic solution is not feasible, and then the dual simplex algorithm is
used.

e Iteration 1

With B={4, 5} and N = {1, 2, 3}, we have:

T4 1 0 0
5 01 0
T
1 -1 -3
TN = | 22 Ay = 6/:(—2 -1 0)
-3 -2 2
T3

Feasibility check

We solve Ag b= b to compute b = Agl b, first system of linear equations:

ba = =5 - -5
b pu—
by = —2 -2
Not all the basic variables are non-negative, since by = —5 < 0, then we perform a

dual pivoting operation.
Dual pivoting operation
1

Since by < 0, x4 is the pivot row and we have e4 =
0

We solve u Ag = €} to compute u = € Agl, second system of linear equations:

Uy = 1
u = (1 0)
us = 0

We compute the row of A associated with x4, ag; = u Aj:

1 —1 -3
Y ~ ~~
aq1 a2 Qa3
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The candidates are the non-basic variables with a4; < 0, and the ratio test gives:

. -1 0
min ' 3 =0,
~—
=1 =0

then z3 is the pivot column.

We update the reduced costs with the row ay4; already computed, ¢; < ¢; — 0 ay;:

—2 —1 0
\7/./ \,/ \7/
Cc1 Cc2 Cq

The new basis is B = {3, 5}.

e Iteration 2

With B={3, 5} and N ={1, 2, 4}, we have:

x3 -3 0 0
T5 2 1 0
Ty
1 -1 1
Ny =|z2| Ayx= cd = (—2 -1 0)
-3 -2 0
T4

Feasibility check

We solve Ag b= b to compute b = Agl b, first system of linear equations:

7 — 5
—3b3 = -5 ) 5
b= 16
2b3 +bs = -2 -3
Not all the basic variables are non-negative, since by = —% < 0, then we perform a

dual pivoting operation.
Dual pivoting operation
0

Since bs < 0, x5 is the pivot row and we have e5 =
1

We solve u Ag = e} to compute u = e} Agl, second system of linear equations:

—3uz 4+2us = 0

us = 1
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We compute the row of A associated with zs, as; = u Aj:

T 8 2
3 3 3
~ ~ ~
asi as2 as4

) -2 -1 | 3
mny 7, Ty (T g
3 3
6 3
IR

then xs is the pivot column.

We update the reduced costs with the row as; already computed, ¢; < ¢; — % as;:

L
8 4 8
c1 C4 Cs

The new basis is B = {2, 3}.

e Iteration 3
With B = {2, 3} and N ={1, 4, 5}, we have:

i) -1 -3 —1
xp = Ap = cg =
I3 —2 2 0
€1
1 1
T — A — 0 1 _ (9 1 3
N = | %4 N = d=(-g -1 —8)
-3 0 1
Ts5

Feasibility check

We solve Ag b= b to compute b = Agl b, first system of linear equations:

—by —3by = -5 2

o
Il

All the basic variables are non-negative, then the basis is primal feasible and dual
feasible: it is optimal.

2
We compute the optimal value z = ¢j b= (—1 0) , = -2

An optimal solution of this LP problem is
5:1:0, .532:2, f:3:1 and Z(LP):—Q.
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Graphical solution:

The feasible region of the LP problem in canonical form is the polyhedron shaded in red.
The feasible region is unbounded.

- T R

€3

\

An optimal primal LP solution is:
:E1:0, .CEQZQ, 533:1 and Z(LP):—2

The feasible region of the dual LP problem in canonical minimization form is the polyhe-
dron shaded in red. In the following figure we plot the two original dual variables: 7y, mo.
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e 1)
2| i
3
1] i
2
3| i
a8
&
0
|
0 1
4
N i J
An optimal dual LP solution is:
- 1 3
71=-, ma=—- and z(D(LP))=-2.
4 8
In violet, we show the first vertex explored by the previous execution of the revised dual
simplex algorithm, before reaching the optimal one depicted in blue.
(N J

Exercise 12.8 — Revised dual simplex algorithm (P53)

Consider the following LP problem in canonical maximization form with n = 3 variables
and m = 3 constraints:

max — x1 — 2 x93 — 4 x3
subject to — =z — To < =2
— Ty — r3 < =3
— 1 — xg < =2
x1, x2, xr3 2 0

Since ¢ < 0, the basis of the m slack variables is dual feasible but it is not primal feasible.
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Questions

Execute the revised dual simplex algorithm to find an optimal solution of this LP
problem, solving at each iteration the two systems of linear equations. As pivot row
choose the basic variable with the smallest index among those with b, < 0, and break
ties in the ratio test for the pivot column by choosing the smallest index.

- J

We have:

—1 I

—2 o
-1 -1 0 1 0 0 =2

—4 T3

A=]0 -1 -1 0 1 0 b=| -3 c= T =

0 T4
-1 0 -1 0 0 1 =2

0 xT5

0 T6

e Initialization

Since it is an LP problem in standard form obtained from an LP problem in canonical
form with ¢ < 0 by adding the slack variables, the partition B = {4, 5, 6} and
N = {1, 2, 3} is dual feasible, since Ag = I and c5 = 0 give

d=dy=(-1 -2 —4)<o.
The associated basic solution is not feasible, and then the dual simplex algorithm is
used.

e Iteration 1

With B={4, 5, 6}and N = {1, 2, 3}, we have:
Ty 1 00 0
rp = | Ts AB =10 1 0 Ccp = 0

T6 0 0 1 0

T -1 -1 0
oy=|z2| Av=|0 -1 -1 &=(-1 -2 —4)

T3 -1 0 -1

Feasibility check
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We solve Ag b= b to compute b = Agl b, first system of linear equations:

by = =% —9
bs = -3 b=|-3
by = -2 .
Not all the basic variables are non-negative, since by = —2 < 0, then we perform a

dual pivoting operation.
Dual pivoting operation

1
Since by < 0, x4 is the pivot row and we have e = | 0

0

We solve u Ag = €/ to compute u = e Agl, second system of linear equations:

Uy = 1
us = 0 u=(1 0 0)
U — 0

We compute the row of A associated with z4, a4 = u Aj:

-1 —1 0
~~ ~~ ~
aq1 a2 Qa3

The candidates are the non-basic variables with a4; < 0, and the ratio test gives:

. -1 =2
min , — = 1,

-1 -1

~—

=1 =2

then x; is the pivot column.

We update the reduced costs with the row ay4; already computed, ¢; < ¢; — 1 ay;:

-1 —4 -1
c2 Cc3 Cq

The new basis is B = {1, 5, 6}.
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e Iteration 2

With B={1, 5, 6}and N ={2, 3, 4}, we have:

1 -1 0 O -1
rpy = | I5 ABI 0 1 0 cp = 0
Tg -1 0 1 0
o -1 0 1
oy=|as| Ay=|-1 -1 0| d=(-1 -4 -1)
4 0 -1 0

Feasibility check

We solve Ag b= b to compute b = Agl b, first system of linear equations:

—by = =2 )
bs = —3 b=|-3
—by +bg = —2 0
Not all the basic variables are non-negative, since b5 = —3 < 0, then we perform a

dual pivoting operation.
Dual pivoting operation

0
Since bs < 0, x5 is the pivot row and we have e5 = | 1

0

We solve u Ag = e} to compute u = e} Agl, second system of linear equations:

—Uul —Ug S 0
us = 1 u=(0 1 0)
ug = 0

We compute the row of A associated with xs, as; = u Aj:

-1 —1 0
~ ~ ~
as2 as3 as4
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The candidates are the non-basic variables with as; < 0, and the ratio test gives:

. -1 —4
min , — = 1,

-1 -1

~—

=1l =1

then x5 is the pivot column.

We update the reduced costs with the row as; already computed, ¢; < ¢; — 1 as;:

-3 —1 —1
~—~ ~~ ~~
c3 C4 Cs

The new basis is B = {1, 2, 6}.

e Iteration 3

With B={1, 2, 6}and N = {3, 4, 5}, we have:

1 -1 -1 0 —1
= | xo Ag=]10 -1 0| eg=1]-2
6 -1 0 1 0
3 0 10
zy=|zs| Av=|[-10 1| &=(-3 -1 -1)
5 -1 .00

Feasibility check

We solve Ag b= b to compute b = Agl b, first system of linear equations:

—-b1 —by = =2 -1
—by = -3 b= 3
—by +bg = -2 -3
Not all the basic variables are non-negative, since by = —1 < 0, then we perform a

dual pivoting operation.
Dual pivoting operation

1
Since by < 0, x; is the pivot row and we have e; = | 0

0
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We solve u Ag = €] to compute u = €} AEI, second system of linear equations:

—Ui —Ug = 1
o —u = 0 u=(-1 1 0)
Ug = 0

We compute the row of A associated with z1, a; =u Aj:

-1 -1 1
_Y =V _Y
a13 a14 ais

-3 -1
. —o -1 1
min 4 1 ,
~—
=3 =1

then x4 is the pivot column.

We update the reduced costs with the row ay; already computed, ¢; < ¢; — 1 ay;:

—1 -2 -2
Cc1 Cc3 Cs5

The new basis is B = {2, 4, 6}.

e Iteration 4

With B =1{2, 4, 6} and N = {1, 3, 5}, we have:

o -110 -2
ry = | T4 ABI -1 0 O cp = 0
6 0 01 0
) -1 0 0
oy=|as| Ay=|0 -1 1| d=(-1 -2 -2
5 -1 -1 0

Feasibility check

We solve Ag b = b to compute b = Agl b, first system of linear equations:
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—by +by = =2 3
—by = =3 b= 1
be = —2 —2
Not all the basic variables are non-negative, since bg = —2 < 0, then we perform a

dual pivoting operation.
Dual pivoting operation

0
Since bg < 0, x¢ is the pivot row and we have eg = | 0

1

1

We solve u Ag = ey to compute u = e Ap ", second system of linear equations:

—Uu9 —Uyg = 0
up = 0 u=(0 0 1)
ug = 1

We compute the row of A associated with zg, ag; = u Aj:

. -1 =2
min , — = 1,

-1 -1

~—

=1 =2

then x; is the pivot column.

We update the reduced costs with the row ag; already computed, ¢; < ¢; — 1 ag;:

-1 =2 -1
c3 Cs C6

The new basis is B = {1, 2, 4}.

e Iteration 5
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With B={1, 2, 4} and N = {3, 5, 6}, we have:

) -1 -1 1 —1
x = | zo Ag=]10 -1 0| ecg=1]-2
T4 -1 0 0 0
T3 0 0 0
zy=|as| Av=|-11 0| &=(-1 -2 -1)
T -1 0 1

Feasibility check

We solve Ag b= b to compute b = Agl b, first system of linear equations:

by by +by = -2 2
*[_)2 = -3 B — 3
by - _9 3

All the basic variables are non-negative, then the basis is primal feasible and dual
feasible: it is optimal.
2

We compute the optimal value z = c'B b= (—1 -2 O) 3| =-8

3
An optimal solution of this LP problem is

51:2, 532:3, 5320 and Z(LP)Z—&
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Graphical solution:

The feasible region of the LP problem in canonical form is the polyhedron shaded in red.
The feasible region is unbounded: we draw only its faces, cut at 1 = 4, o = 5 and z3 = 5.

4 =) )

€3

vIw N

o

T1=2, T9=3, T3=0 and z(LP)=-8.

The feasible region of the dual LP problem in canonical minimization form is the poly-
hedron shaded in red. In the following figure we plot the three original dual variables:
m1, T, 3. The constraint —my — m3 > —4 is redundant.
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~

An optimal dual LP solution is:

In violet, we show the four vertices (0,0,0) — (1,0,0) — (1,1,0) — (0,2,0) explored by
the previous execution of the revised dual simplex algorithm, before reaching the opti-
mal one (0,2, 1) depicted in blue. The dual objective values are 0 - —2 — —5 — —6 — —8.
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Chapter 13

The primal-dual method

Exercise 13.1 — The primal-dual method (PD1)

Consider the following LP problem in standard minimization form with n = 3 non-negative
variables and m = 2 equality linear constraints:

min 2 x1 + 2 x + 2 z3

subject to T + rTo + 2 x3 = b
T + 2 xz2 + r3 = 4
zy, x2, r3 = 0

Its right-hand side is non-negative and its objective-function vector is non-negative, and
then w = (0 0)’ is a feasible solution of its dual problem.

Questions

Execute the primal-dual method starting from 7 = (0 0)’, showing at each iteration
the admissible set, the optimal value of the restricted primal problem and the dual
step.

. J

e Iteration 1

With v = (0 0)’ the dual slacks s; = ¢; — Al are

81:2, 82:2, 83:2,
and then the admissible set is J = 0.

The restricted primal problem RP(J) has only the m artificial variables, since no
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.

original variable is admissible. Its optimal value is

EJT)=9>0.

The optimal solution of DRP(J) is y = (1 1), and for the non-admissible columns
we have

Yy =2, by = 3, 5y = 3.

Dual step. The candidates are the non-admissible columns with A;»y > 0:

attained by j* = 2,3. The new dual solution is

T 0430 ) = 3,

whose dual objective value is b'w = 6.

Iteration 2

With 7 = (% %)’ the dual slacks s; = ¢; — A;-‘rr are

2 —0 —0
S1 = 3’ s2 = U, s3 =V,
and then the admissible set is J = {2, 3}.

The restricted primal problem RP(J) has the variables xo, x3 and the m artificial
variables. Its optimal value is

§(J) =0,
and then the method stops. An optimal solution of this LP problem is

T1=0, To=1, T3=2
with optimal value ¢/ = 6. An optimal solution of the dual problem is 7 = (% %)’ ,
whose objective value is b'w = 6: the two values coincide, in accordance with the
Strong Duality theorem.

J

Exercise 13.2 — The primal-dual method (PD2)

Consider the following LP problem in standard minimization form with n = 3 non-negative
variables and m = 2 equality linear constraints:

Author: Fabio Furini
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min 2 21 + 2 xo + 2 x3

subject to r1  + To + r3 = 4
x1 + 2 x2 + r3g = 5
1, xo, 3 > 0

Its right-hand side is non-negative and its objective-function vector is non-negative, and
then ¥ = (0 0)' is a feasible solution of its dual problem.

Questions

Execute the primal-dual method starting from = = (0 0)’, showing at each iteration
the admissible set, the optimal value of the restricted primal problem and the dual
step.

- J

e Iteration 1

With 7« = (0 0)’ the dual slacks s; = ¢; — Ai7r are

81:2, 82:2, 83:2,
and then the admissible set is J = 0.

The restricted primal problem RP(J) has only the m artificial variables, since no
original variable is admissible. Its optimal value is

&J)=9>0.

The optimal solution of DRP(J) is y = (1 1), and for the non-admissible columns
we have

Yy =2, by = 3, 3y = 2.

Dual step. The candidates are the non-admissible columns with A;-y > 0:

attained by j* = 2. The new dual solution is
2 2 2
00 +=-(1 1)=( 2)

whose dual objective value is b’ = 6.
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e Iteration 2

With 7w = (2 %)’ the dual slacks s; = ¢; — A7 are

2 2
- =] 07 =] -
3 S92 S3

S1 = 3
and then the admissible set is J = {2}.

The restricted primal problem RP(J) has the variables z2 and the m artificial vari-
ables. Its optimal value is

5(])=;>0.

The optimal solution of DRP(J) isy = (1 —3)’, and for the non-admissible columns
we have

;o1 poo 1
1y—2, 3!/—2-

Dual step. The candidates are the non-admissible columns with A;-y > 0:

2

4 = ﬁ’ % _é’
172’ 1/2 3
~ S~
—4/3 =4/3

attained by j* = 1,3. The new dual solution is

me (G 245 -5 =20,

whose dual objective value is b’ = 8.

e Iteration 3

With 7= = (2 0)’ the dual slacks s; = ¢; — Almr are
8120, 8220, 8320,
and then the admissible set is J = {1, 2, 3}.

The restricted primal problem RP(J) has the variables x1, x2, z3 and the m artificial
variables. Its optimal value is

§(J) =0,
and then the method stops. An optimal solution of this LP problem is

with optimal value ¢/ = 8. An optimal solution of the dual problem is & = (2 0),
whose objective value is b'w = 8: the two values coincide, in accordance with the
Strong Duality theorem.
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Exercise 13.3 — The primal-dual method (PD3)

Consider the following LP problem in standard minimization form with n = 3 non-negative
variables and m = 2 equality linear constraints:

min 2 z1 + 3 o + 4 z3

subject to r 4+ 2 x99 + 2 xz3 = 6
2 x1 4+ 2 x —+ T3 = 2
1, T2, 3 > 0

Its right-hand side is non-negative and its objective-function vector is non-negative, and
then w = (0 0)’ is a feasible solution of its dual problem.

Questions

Execute the primal-dual method starting from 7 = (0 0)’, showing at each iteration
the admissible set, the optimal value of the restricted primal problem and the dual
step.

A J

e Iteration 1

With v = (0 0)’ the dual slacks s; = ¢; — Al are

81:2, 82:3, 83:4,
and then the admissible set is J = 0.

The restricted primal problem RP(J) has only the m artificial variables, since no
original variable is admissible. Its optimal value is

£&(J)=8>0.

The optimal solution of DRP(J) is y = (1 1), and for the non-admissible columns
we have

Ily:?)v /2y:47 gy:?"

Dual step. The candidates are the non-admissible columns with Agy > 0:

0 = min , ,

2 3 4
3 4 3
~ =~ =~
=2/3 =3/4 =4/3
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attained by j* = 1. The new dual solution is
2 2 2
~00+=-11)=(E= =2
e (0 0Y 42 (11 =( 2,
whose dual objective value is b'mw = 13—6.
e Iteration 2

With 7w = (2 2)’ the dual slacks s; = ¢; — Alm are

81:07 S2 = 3, 83:27

and then the admissible set is J = {1}.

The restricted primal problem RP(J) has the variables z; and the m artificial vari-
ables. Its optimal value is

§&(J)=5>0.

The optimal solution of DRP(J)isy = (1 — %)' , and for the non-admissible columns
we have

3
g = 1 ! = =.
2Y ) 3Y 9

Dual step. The candidates are the non-admissible columns with Agy > 0:

1/3 2 1
§=min{ L2, = L_:
Y 7 37 3’
N
=1/3 =4/3

attained by j* = 2. The new dual solution is

2 2, 1 1, 1,
2z 2.1 =ZY=(1 =

whose dual objective value is b'mw = 7.

e Iteration 3

With 7w = (1 1)’ the dual slacks s; = ¢; — Al are

3
81:0, 82:0, 8325,
and then the admissible set is J = {1, 2}.

The restricted primal problem RP(J) has the variables x1, xo and the m artificial
variables. Its optimal value is

§&J)=4>0.

The optimal solution of DRP(J) isy = (1 —1)’, and for the non-admissible columns
we have

gyzl.
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Dual step. The candidates are the non-admissible columns with A;-y > 0:

: 3/2 3
0 = min L = -,
1 2

~

=3/2

attained by j* = 3. The new dual solution is

me( S0 - =( -1,

whose dual objective value is b’ = 13.
e Iteration 4

With 7w = (3 — 1)’ the dual slacks s; = ¢; — Al are
L
2 )
and then the admissible set is J = {2, 3}.

S1 = 8220, 8320,

The restricted primal problem RP(J) has the variables x2, x3 and the m artificial
variables. Its optimal value is

E§JT)=2>0.

The optimal solution of DRP(J) isy = (1 —2)’, and for the non-admissible columns
we have

Ily = _37

which is non-positive, and there is no other non-admissible column. Accordingly 6
can grow without bound: the dual problem is unbounded and this LP problem is

infeasible.
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Chapter 14

Sensitivity analysis

Exercise 14.1 — Sensitivity analysis (S1)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 2 constraints:

max 4 =z + 3 x2
subject to 2 =z + xo < 10
1 + Ty < 8
x1, g =2 0
By adding m = 2 slack variables, the simplex algorithm determines the optimal basis
B={1, 2} and N = {3, 4}, with the associated dictionary:
T = 2 - 3 + T4
To = 6 + x3 — 2z4
and we have
Ao (P d 1 2)
= an T = .
5 —1 2

Questions

1. Determine the interval of values of ¢; for which the basis B = {1, 2} remains optimal,
and state how the optimal solution and the optimal value change inside that interval.

2. Determine the same interval for cs.

3. Determine the new optimal value when c¢; is increased from 4 to 5.
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e The variable x; is basic, and then a change ¢; — 4 4 ¢ modifies all the reduced costs.
The row of 7 in the matrix A is (1 — 1), with one positive entry, which gives a lower
bound on §, and one negative entry, which gives an upper bound:

a13 a4
1 2
==l=-1 ==2=2
that is, —1 < § < 2 and then
Cc1 € [3, 6].

- 2
For every value of ¢; in this interval the optimal solution remains &( LP ) = < 6)’

while the optimal value becomes 26 + § - 1 = 26 + 24.

e The variable x5 is basic as well. The row of x5 in A is (=1 2), and then

4 <5< =2
Q24 a23
= =
==2=-1 ==1=1
that is, —1 < < 1 and then
Cy € [2, 4].

For every value of ¢ in this interval the optimal solution does not change, while the
optimal value becomes 26 + § - To = 26 + 6 6.

e With ¢; = 5 we have § = 1, which belongs to the interval [—1,2] determined at the
first question. Accordingly, the optimal solution does not change and the new optimal
value is

2(LP)=26+1-2 =28,

which is confirmed by 5-2 + 3 -6 = 28.

Exercise 14.2 — Sensitivity analysis (52)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 2 constraints:

max 4 x1 + 3 x9

subject to 2 x; + zo < 10
1 -+ T2 <8
x1, g = 0
By adding m = 2 slack variables, the simplex algorithm determines the optimal basis
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B={1, 2} and N = {3, 4}, with the associated dictionary:

rw = 2 — r3 + x4
T = 6 + x3 — 224
z = 26 — x3 — 2xy4
and we have
Ao (P d 1 2)
= an T = .
B 1 2

Questions
1. Write the shadow prices of the two linear constraints and explain their meaning.
2. Determine the interval of values of by for which the basis B = {1, 2} remains optimal.

3. Determine the same interval for b2, and compute the new optimal value when bs is

increased from 8 to 9.

- J

e The shadow prices are the entries of the row vector w = c% Agl = (1 2), that is,

m =1 and Ty = 2.

The shadow price m; is the increase of the optimal value per unit increase of b;, as long
as the optimal basis remains optimal. Both constraints are binding at the optimal
solution, since both slack variables are non-basic with value 0. Both shadow prices
are strictly positive, and then increasing any of the two right-hand sides increases the
optimal value. A binding constraint may also have a zero shadow price, under dual
degeneracy: here this does not happen, since m; = 1 and my = 2.

e A change by — 10 4+ 0 modifies the values of the basic variables by § times the
first column of Ay', which is (1 —1)":

2435>0
—  —2<§<6 = b €[8 16].
6-6>0

e The second column of Al_gl is (=1 2)’, and then
2—-62>20

= —3<6<2 = by €[5, 10].
6+20>0

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 165


https://github.com/fabiofurini/linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Programming

With by = 9 we have § = 1, which belongs to the interval [—3,2], and then the new
optimal value is
2(LP)=26+0m =26+1-2=28.

The new optimal solution is ;3 = 2 —1 = 1 and 3 = 6 + 2 = 8, and indeed
4-14+3-8=28.

Exercise 14.3 — Sensitivity analysis (53)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 2 constraints:

max 4 x1 + 3 x9
subject to 2 =z + ro < 10
Ty + 2 < 8
x1, 2 = 0
By adding m = 2 slack variables, the simplex algorithm determines the optimal basis

B={1, 2} and N = {3, 4}, with the associated dictionary:

T, = 2 - 3 + Ty
To = 6 + 3 — 2z4
z = 26 — x3 — 214
and we have
ao (P d (1 2)
= an T = .
B 12

Questions

1. A new non-negative variable x, is added to the LP problem, with objective-function

1
coefficient ¢, = 7 and column A, = ( 5

the optimal basis B = {1, 2} and state whether the basis is still optimal.

>. Compute its reduced cost with respect to

2. If it is not, restart the simplex algorithm from that basis and determine the new
optimal solution and the new optimal value.

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 166


https://github.com/fabiofurini/linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Programming

e The reduced cost of the new variable is

1
Gh=C—mA, =7—(1 2)<2>:7—5=2>0.

Accordingly, the basis B = {1, 2} is no longer dual feasible and it is not optimal for

the new LP problem: it is convenient to produce the new variable.

e We restart the simplex algorithm from the basis B = {1, 2}, which is still primal
feasible, with x4 as pivot column. Its column in the dictionary is

_ 1 -1 1 -1
A, =Az' A, = = :
=azta=(1 ) 0)-()
The only positive entry is the one of the basic variable x2, and then

and the pivot row is x9, which leaves the basis. After this single pivoting operation
all the reduced costs become non-positive, and the new optimal solution is

with optimal value
2(LP)=4-443-0+7-2=230.

Exercise 14.4 — Sensitivity analysis (54)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 2 constraints:

max 4 x1 + 3 xo
subject to 2 z; + ro < 10
ry + ryg < 8
1, x2 > 0
By adding m = 2 slack variables, the simplex algorithm determines the optimal basis

B={1, 2} and N = {3, 4}, with the associated dictionary:

xrT = 2 - 3 + X4
To = 6 + x3 — 2x4
z = 26 — x3 — 2x4
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and we have

Questions

1. A new linear constraint z1 + 229 < 10 is added to the LP problem. Check whether
2
the optimal solution &( LP) = <6> satisfies it.

2. Write the equation of the slack variable x5 of the new constraint in the dictionary
of the basis B = {1, 2, 5}, and state which algorithm has to be used to restore
optimality.

3. Execute one pivoting operation of that algorithm and determine the new optimal
solution and the new optimal value.

- J

e The optimal solution of the original LP problem violates the new constraint, since

T1+2T2=2+12=14 > 10.

e The slack variable of the new constraint is x5 = 10 — 1 — 2x2. By substituting the
equations of x1 and xo of the dictionary, we obtain:

(. J

x5=10—(2—x3+$4)—2 (6+$3—2x4)=—4—m3+3x4,

=x =x2
that is, l_)5 = —4, as3 = 1 and as4 = —3.
The extended basis B = {1, 2, b5} is still dual feasible, since the reduced costs

¢3 = —1 and & = —2 are unchanged, but it is not primal feasible, since b5 = —4 < 0.
Accordingly, we use the dual simplex algorithm.

e The pivot row is x5. The only negative entry of its row is asy = —3, and then the
ratio test gives
¢4  —2 2
asa -3 3

and the pivot column is 4. After this single dual pivoting operation the basis becomes
primal feasible, and the new optimal solution is

10

3 1 1
#(LP) = (130) with  z(LP) =4-§0+3~?O _ ?

3

Adding a constraint cannot enlarge the feasible region, and then the optimal value
of a maximization problem cannot increase: indeed ? < 26.
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Chapter 15

The geometry of Linear Programming

Exercise 15.1 — The geometry of Linear Programming (P2)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 2 constraints:

max 1 + 3 x2
subject to —4 x1 + 10 zo < 35
3 1 + g <12
Ty, 2 = 0

Questions

1. Determine the dimension of the feasible region F and say whether it is full-
dimensional.

2. Determine the facets and the vertices of F'.

3. Write its standard maximization form, enumerate all the bases and say which of them
are associated with a basic feasible solution. Check the correspondence with the
vertices found at the previous question.

& J

e The feasible region is

F:{ <x1>ER2:—4x1+10x2§35, 3rx1+x20 <12, 21 >0, :L'QZO}

1
The point ( 1) satisfies all four constraints strictly, and then a small disc around it
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is contained in F: we have dim(F') = 2 and F' is full-dimensional.

e Since dim(F') = 2, its facets are the faces of dimension 1, that is, its edges, and its
vertices are the faces of dimension 0. Each of the four constraints defines one facet,
and the vertices are

4
O 9

x2

T

e By adding m = 2 slack variables we obtain the standard maximization form with
n + m = 4 non-negative variables and m = 2 equality linear constraints. A basis is a
subset of 2 indices out of 4, and there are (3) = 6 such subsets, all of them giving an
invertible matrix:

B B feasible vertex (z1,x2)
{12t (3 2) v (3:2)

{1,3} (4, 51) v (4,0)

{14} (=% )

{2,3} (12, —85)

24 G 37F) v 0,3)

(3,4} (35, 12) v (0,0)

Exactly 4 of the 6 bases are feasible, and they correspond to the 4 vertices found
at the previous question. The correspondence is one-to-one, since no basic feasible
solution is degenerate.
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Exercise 15.2 — The geometry of Linear Programming (G2)

Consider the following LP problem in standard maximization form with n = 3 non-negative
variables and m = 1 equality linear constraint:

max 2 x1 + 2 x9 + T3

subjectto 2 z1 4+ 3 zy 4+ x3 = 4

Vv
o

Z, z2, x3

Questions

1. Determine the dimension of the feasible region F' and say whether it is full-
dimensional.

2. Determine the vertices of F' by enumerating all the bases.

3. Determine the set of the optimal solutions and say whether it is a face of F'.

A J

e All the points of F satisfy the equality constraint 2x1 + 3z9 +x3 = 4, and then aff (F)
is contained in that plane:

dim(F) < n—rank(A)=3—-1=2.

2 0 0
The three points | 0 |, % and | 0] belong to F' and are not aligned, and then
0 0 4

dim(F') = 2. The feasible region is therefore not full-dimensional, as it always happens
for the standard maximization form.

e A basis is a subset of m = 1 index out of n = 3, and there are 3 such subsets, all of
them giving an invertible matrix:

B xp feasible vertex

@ v (2,0,0)
2 3 v (0,5,0)
B8} 0 v (0,0,4)
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e The objective values at the three vertices are
2:2=4, 2. - =— 1-4=4,

and then the optimal value is z( LP ) = 4, attained at two vertices. By the observation
on multiple optimal solutions, every point of the segment joining them is optimal:

2 0
Aol +a=x1{o] : xefo,1]
0 4

This set is the face of F' defined by the valid inequality 2z1 + 2z9 + x3 < 4, and it
has dimension 1: it is an edge of the triangle.

Exercise 15.3 — The geometry of Linear Programming (G3)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 4 constraints:

max 1 + 2 z9
subject to r1 + To < 2
- 1 - To < =2
A o < 0
-z + 2 < 0
T, Tg > 0

Questions
1. Determine the feasible region F' and its dimension.

2. Say how many bases of the standard maximization form are associated with the only
point of F', and explain why the correspondence between bases and vertices is not

one-to-one.
. J

e The first two constraints impose 1 + z2 < 2 and x1 + z9 > 2, that is, 1 + z2 = 2.

The last two impose x1 < x9 and x1 > x2, that is, x1 = x2. The two equalities give
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x1 = x2 = 1, and then

F= { G) } and  dim(E) —0.

The single point of F' is therefore a vertex (here the vertex is the face G = F itself, of
dimension 0), and it is the optimal solution, with optimal value z( LP) =1+2 = 3.

e In standard maximization form the problem has n + m = 6 non-negative variables
and m = 4 equality linear constraints, and a basis is a subset of 4 indices out of 6. At

1
the point <1> all four constraints are binding, and then all four slack variables take

the value 0. Since x1 = 9 = 1 > 0, every basis associated with that point contains
the indices 1 and 2 of the two structural variables, together with two of the four slack
variables. Out of the (g) = 6 choices, {1,2,3,4} and {1,2,5,6} give a singular matrix
Ap (the columns of z1 and z restricted to the rows of the other two slack variables
are linearly dependent), while the remaining four are bases:

{1,2,3,5}, {1,2,3,6}, {1,2,4,5},  {1,2,4,6},

that is, four different bases give the same vertex. In each of them two basic variables
take the value 0: the basic feasible solution is degenerate.

Every basic feasible solution is a vertex, but a degenerate vertex may be associated
with several bases, as in this case: the correspondence between bases and vertices
is onto, not one-to-one.
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