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Chapter 9

Duality theory

9.1 Building the dual

Exercise 9.1 — Dual problem (P71)

Consider the following primal LP problem in canonical maximization form with n = 4
variables and m = 3 constraints:

max 4 x; + T2 + 5 x3 + 3 14
subject to T — To — rzs + 3 x4 < 1
5 x1 + o 4+ 3 x3 + 8 x4 < bBS
—x1 + 2 22 4+ 3 x3 — 5 g4 < 3
X1, X2, xs3, T4 2 0
The optimal dictionary of LP problem in standard form is:
;1:2:14 — 2.1‘1 — 4$3 — 5.%'5 — 3$7
T4y=5 - rT - T3 — 2 x5 — T7

=1 4+ 521 4+ 923 + 21 x5 + 11 xy

Questions

1. Compute lower bounds and upper bounds on the optimal solution value z( LP ) of the
LP problem.

2. Compute the linear combination of the three constraints using the multipliers 7, o
and 3. Give the necessary conditions under which the RHS of the linear combination
provides an upper bound for the optimal solution value z( LP ) of the LP problem.
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3. Write the dual problem of the LP problem. Then, using the optimal dictionary, find
an optimal solution of the dual problem.

- J

1. A lower bound on the optimal solution value is given, for example, by the following
feasible solution:

21=0, Zo=1, Zz3=2, =T4=1 withvalue 14.

Hence, we have z(LP) > 14.
We can improve the lower bound using, for example, the following feasible solution:

T1 =05, Zo=4, T3=0, x4=0 withvalue 24.

Hence, we have z(LP) > 24.

An upper bound on the optimal solution value can be obtained, for example, multi-
plying the second constraint by g:

253:—|—5x+5x+40x P 275
3 Tt g T2 3t 3% = 3

>4 x1 +w2:5 343 x4

Hence, we have z(LP) < 22,

We can improve the upper bound using, for example, summing up the second and
third constraints:

il$1+31’2+6$3+3$4 < 58
>4 xl—‘rl‘grf) 343 T4

Hence, we have z(LP) < 58.

2. Multiplying each constraint by its multiplier we get:

( [ To — xz3 + 3wy ) m < 1 m
( 5 x + xa + 3 w3 + 8 x4 ) my < 55 my
( — x1 + 2 29 + 3 23 — 5 x4 ) 7w < 3 T3
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The linear combination of the three constraints generates the following inequality:

(m) + 5wy — m3) 1 + (=7 + ™o + 273) T2+
+(—m1 + 372 + 3m3) x3 + (3w + 8wy — 5m3) x4 <
< 7 + 55wy + 373

The RHS 71 + 5579 + 373 of this inequality is an upper bound for z( LP) if and only

if:
m™m 4+ 5 m — T3 > 4
— ™  + m™ + 2m3 > 1
— m™m + 3 m + 3 m3 > 5
3 m + 8 m — 5 w3 > 3
1, 2, 3 > 0

3. The dual problem of the LP problem with m = 3 non-negative variables and n = 4
greater-than-or-equal-to constraints reads as follows:

min m™m + 55 my 4+ 3 w3
subject to T+ 5 w9 — T3 > 4
- m + m™ + 2mw3 > 1
-—m 4+ 3 m 4+ 3 w3 > 5
3 m + 8 my — 5 w3 > 3
1, 2, m > 0

An optimal dual solution is given by

Cj if jGN

i = —Cnyi, Vie{l,2,...,m} where ¢ =
0 otherwise

The values ¢; are the reduced costs of the non-basic variables.

In the optimal dictionary we have N' = {1, 3,5, 7}, accordingly:
s =—11, ¢6=0, ér=—6 and 7 =11, F2=0, #3=06

is an optimal solution of the dual problem.
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9.2 Graphical solution of primal and dual

Exercise 9.2 — Primal and dual problems (P2)

variables and m = 2 constraints:

max 1
subject to —4 1z
3 T

€,

constraints:
min 35 m
subject to — 4 m
10 m
1,
Questions

AN

10

12

L2

L2

L2

L2

T2

T2

T2

Consider the following primal LP problem in canonical maximization form with n = 2

IN N

v

and its dual LP problem in canonical minimization form with m = 2 variables and n = 2

v v

v

1. Find graphically an optimal solution of the primal problem and an optimal solution
of the dual problem. Compute the optimal values of the two problems.

35

12

J/

e For the primal LP problem, we have:
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An optimal primal LP solution is:
5 9 5 9
T1 = — To — — LP =7 To = — = 1
Z1 5 To . and  z( ) =2%1+3 I 2+3 . 6
e For the dual LP problem, we have:
K
€
11
17
0
\_ o /
An optimal dual LP solution is:
- 4 11 ~ . 4 11
Mm=qm M= and z(D(LP))—357T1+127r2—35~ﬁ+12-17—16
e The two optimal values coincide, z( LP ) = z( D(LP) ) = 16, as stated by the Strong
Duality theorem.
(&
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Exercise 9.3 — Primal and dual problems (P3)

variables and m = 2 constraints:

max 2 x
subject to — 1

81131

X1,

constraints:
min 2 m
subject to — w1
1
1,
Questions

-

+ o+ o+

19

Consider the following primal LP problem in canonical maximization form with n = 2

T2

T2

T2

T2

and its dual LP problem in canonical minimization form

2

2

T2

2

1. Find graphically an optimal solution of the primal problem and an optimal solution
of the dual problem. Compute the optimal values of the two problems.

IN
B

IN

19

v
o

with m = 2 variables and n = 2

(AYARRN AV
e~ [\V]

vV
o

J

e For the primal LP problem, we have:
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7
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An optimal primal LP solution is:
3 7 3 7
5125, fgzi and z(LP):2;%1+4:%2:2-§+4-§:17

e For the dual LP problem, we have:

4 T

2

olw
[

N s /

An optimal dual LP solution is:

14 3 14 3
fi=—, fo=> and 2(D(LP))=27 +197=2-— +19.-2 =17
) ) ) )
e The two optimal values coincide, z( LP ) = z( D(LP) ) = 17, as stated by the Strong
Duality theorem.
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Exercise 9.4 — Primal and dual problems (P4)

-

Consider the following primal LP problem in canonical maximization form with n = 2
variables and m = 2 constraints:

max 51 + 3 x9
subject to 2 z; + ro < 14
1y + 8 2 < 32
1, z2 > 0

and its dual LP problem in canonical minimization form

constraints:
min 14 m 4+ 32 mo
subject to 2 mwm + T > b
T + 8 T2 2 3
1, m > 0
Questions

1. Find graphically an optimal solution of the primal problem and an optimal solution
of the dual problem. Compute the optimal values of the two problems.

with m = 2 variables and n = 2

J

e For the primal LP problem, we have:

s T N
%
4k |
10 x
= |F 1+8(L‘2:32 —
o w2
8 °
\Q\
AU A
o
e No
O 2
| |
0 % 7
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An optimal primal LP solution is:

10 16 10 110
561:?7 5/'223 and Z(LP):51'1+3§2:5§+3?:7

e For the dual LP problem, we have:

-

2
.

N i /

An optimal dual LP solution is:

37 1 37 1 110
T = —, 79 = — d D(LP) )=14nx 279 =14 — 2. — = —
1 5 9 T an z( D(LP)) 1+ 32 7 15+3 T 3

e The two optimal values coincide, z( LP ) = z( D(LP) ) = 12, as stated by the

Strong Duality theorem.

- J
Exercise 9.5 — Primal and dual problems (P5)

Consider the following primal LP problem in canonical maximization form with n = 2
variables and m = 2 constraints:

max 2x1 + 3 x9

subjectto 6 x1 4+ 21 a9 < 77
8 xz1 + 3 x9 < 36
x1, o > 0

and its dual LP problem in canonical minimization form with m = 2 variables and n = 2
constraints:
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min 77
subject to 6

21

Questions

N\

1

1

Ut

71,

36

2

2

™2

™2

(AVARRAY]

AV

1. Find graphically an optimal solution of the primal problem and an optimal solution
of the dual problem. Compute the optimal values of the two problems.

J/

e For the primal LP problem, we have:

aw

3

[

w|oo
T

T2

e For the dual LP problem, we have:

0
| |
0 id 9
2 2
N ot
An optimal primal LP solution is:

~ T 8 - -

$1_§, w2:§ and z2(LP)=2%14+332=2"

=15

N~
+
w

w| co
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4 T

T2

\ i %

An optimal dual LP solution is:

3 4 3 4
55 2 and  z( D(LP) ) =77 +36 2 =77+ 32 +36- 7= = 15

= ~ 25 25

e The two optimal values coincide, z( LP ) = z( D(LP) ) = 15, as stated by the Strong
Duality theorem.

(& J

Exercise 9.6 — Primal and dual problems (P6)

Consider the following primal LP problem in canonical maximization form with n = 2

variables and m = 2 constraints:

max I T2
subject to 4 1 + 15 x9 < 70
12 »1 + 3 o < 52
1, 2 > 0

and its dual LP problem in canonical minimization form with m = 2 variables and n = 2
constraints:

min 70 wm; 4+ 52 mo

subject to 4 m + 12 m > 1
15 m + 3 m > 1
1, m > 0
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Questions

1. Find graphically an optimal solution of the primal problem and an optimal solution
of the dual problem. Compute the optimal values of the two problems.

. J

e For the primal LP problem, we have:

-

T2

28 3

\_ i %

An optimal primal LP solution is:

95 79 95 79 601
xr1 = —

P d=22 and A(LP)=F1+da= o+ o= 2
= T2 =5 an 2( ) =1+ T 28+21 3

e For the dual LP problem, we have:
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a T

2

+

v-- 70T +52m = (;0741

\_ i /

An optimal dual LP solution is:

3 11 3 11 601
2= m d D(LP)) =70 #1452 7y = 70+ — +52. — = -
=g =1 2d  2(DIP)) M+ oL 56 °° 168 84

e The two optimal values coincide, z( LP ) = z( D(LP) ) = %, as stated by the

Strong Duality theorem.

\ J

Exercise 9.7 — Primal and dual problems (P7)

Consider the following primal LP problem in canonical maximization form with n = 2

variables and m = 2 constraints:

max 3 x1 + T2
subject to 1 + 4 x0 < 12
2 1 + r2 <5
1, Ty > 0

and its dual LP problem in canonical minimization form with m = 2 variables and n = 2
constraints:

min 12 m 4+ 5 mo

subject to ™ 4+ 2 m > 3
4 ™ + m > 1
T, m > 0
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Questions

1. Find graphically an optimal solution of the primal problem and an optimal solution
of the dual problem. Compute the optimal values of the two problems.

. J

e For the primal LP problem, we have:

T2

\_ i %

An optimal primal LP solution is:

5 b} 15

fi=g, $2=0 and 2(LP)=3&+&=3 5+0=—

e For the dual LP problem, we have:

4 T

(NI
|

T2
—_
T

Ny -
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An optimal dual LP solution is:

3 3 15
f1=0, fo=> and 2(D(LP))=12/ +5/=12-045-5 ==
e The two optimal values coincide, z( LP ) = z( D(LP) ) = 13, as stated by the Strong

2
Duality theorem.
(& J

Exercise 9.8 — Primal and dual problems (P8)

Consider the following primal LP problem in canonical maximization form with n = 2

variables and m = 2 constraints:

max T1 + 2 x9
subject to —x1 + 2 2 < 2
T+ r2 < 3
1, o > 0

and its dual LP problem in canonical minimization form with m = 2 variables and n = 2

constraints:
min 2 m + 3 mo
subject to —m + m > 1
2 m + Ty > 2
1, m = 0
Questions

1. Find graphically an optimal solution of the primal problem and an optimal solution
of the dual problem. Compute the optimal values of the two problems.

g J

e For the primal LP problem, we have:
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51
3
& 1
0
| |
0 % 3
\_ . /
An optimal primal LP solution is:
4 5 4 5 14
jlzg, {if2:§ and Z(LP):.{E]_+2§72:§+2 323
e For the dual LP problem, we have:
4 T
€ 4 |
3
0
|
0 1
3
- i /
An optimal dual LP solution is:
1 4 1 4 14
7?123, 7?225 and z(D(LP)):27?1—#37?2:2-5—1-3-5:?

e The two optimal values coincide, z( LP ) = z( D(LP) ) = %, as stated by the Strong
Duality theorem.
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Exercise 9.9 — Primal and dual problems (P9)

Consider the following primal LP problem in canonical maximization form with n = 2
variables and m = 2 constraints:

max 2 x1 + T2
subject to — z1 + o < 1
6 r1 + 4 x9 < 39
1, r2 > 0

and its dual LP problem in canonical minimization form with m = 2 variables and n = 2

constraints:
min m™m 4+ 39 m
subject to — w1 4+ 6 m > 2
m 4+ 4 m > 1
T, m > 0
Questions

1. Find graphically an optimal solution of the primal problem and an optimal solution
of the dual problem. Compute the optimal values of the two problems.

- J

e For the primal LP problem, we have:
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njo
[

x2

-

An optimal primal LP solution is:

13 13
=0 and 2(LP)=2& +i3=2-—+0=13

T 2

e For the dual LP problem, we have:

4 1

g
1l
3
0
|
0 1
N m /
An optimal dual LP solution is:
- - 1 . _ 1
1 =0, =3 and z(D(LP)):7r1+39772=0+39-§:13

e The two optimal values coincide, z( LP ) = z( D(LP) ) = 13, as stated by the Strong
Duality theorem.

Exercise 9.10 — Primal and dual problems (P10)

Consider the following primal problem in canonical maximization form with n = 2 variables
and m = 3 constraints:
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max b x1 + 2 x9

subjectto — x1 4+ 3 xy < 12
1 + 2 x99 < 12

3 1 — 2 x9 < 8

1, z2 > 0

and its dual LP problem in canonical minimization form with m = 3 variables and n = 2

constraints:
min 12 m + 12 m + 8 73
subject to — w1 + m 4+ 3 w3 > 5
3 m + 2 m — 2wy > 2
1, T2, 3 > 0
Questions

1. Find graphically an optimal solution of the primal problem and an optimal solution
of the dual problem. Compute the optimal values of the two problems.

g J

e For the primal LP problem we have:
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4 — h

\
\
\
24
5
4
7
2
N
S
0
L |
0 12 8 )
5 3
T1

(1) — 21+ 3z =12 (2) 21 +2x2 = 12
(3) 31 —2x2 =38 level curve: 5x1 4+ 22 = 32

. J

An optimal primal solution is:

- - 7
1‘1:5, 132:5

and the optimal value of the primal problem is:

7
2(LP) =58 +282=55+2 5 =32

e For the dual LP problem we have:
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e = N

3

N

The feasible region of the dual problem is unbounded, and the optimal solution is the
vertex marked in blue:

=0, Te=2, 73=1
and the optimal value of the dual problem is:

2(DLP)) =127 + 127+ 873 =12-0+12-2+8 -1 = 32

e The two optimal values coincide, z( LP ) = z( D(LP) ) = 32, as stated by the Strong
Duality theorem.

. J
Exercise 9.11 — Primal and dual problems (P11)

Consider the following primal LP problem in canonical maximization form with n = 2

variables and m = 2 constraints:

max —2 x1 — 4 x9
subject to — x1 — T < =2
T - To < 0
Ty, T = 0

and its dual LP problem in canonical minimization form with m = 2 variables and n = 2
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constraints:
min —2 m
subjectto — @ + W > =2
— 1 — T2 Z —4
1, Ty > 0
Questions

1. Find graphically an optimal solution of the primal problem and an optimal solution
of the dual problem. Compute the optimal values of the two problems.

N\

J/

e For the primal LP problem, we have:

T1 — T2 =
o 2[ :
& 1 — Ta|=—2
~
‘\
~
\\
~
S
N
1 ~ 721‘1741’2276 m
So ‘
~ o I
SS)
~
\\
\\
~
\\
0 S
| RS
0 1
_ o J

An optimal primal LP solution is:

f1=1, da=1 and 2(LP)=-23 —43=-2-1-4-1=-6

e For the dual LP problem, we have:
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1
1
1
Nely|
|
I
€
Y
[
1
1
. :
& \
-, — T = —4 —— :
|
|
1+ N
1
1
—m1 + T2 = —2 —; :
:
0 ]
!
0 3
\_ m J

An optimal dual LP solution is:

Duality theorem.

-

71=3, me=1 and z(D(IP))=-274+07=-2-3+0-1=-6

e The two optimal values coincide, z( LP ) = z( D(LP) ) = —6, as stated by the Strong

9.3 Complementary slackness

Exercise 9.12 — Complementary slackness (P3)

and m = 2 constraints:
max 2 I
subject to — x3
8 11

X,

Questions

is an optimal solution of the LP problem.

L2

T2

T2

T2

T1 =0, To=2

IN A

v

Consider the following LP problem in canonical maximization form with n = 2 variables

1. Using the Complementary Slackness theorem, check whether the feasible solution

19

Author: Fabio Furini
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2. Using the Complementary Slackness theorem, check whether the feasible solution

30T

is an optimal solution of the LP problem.

- J

e We check if the feasible solution

of the LP problem is optimal.

1. Since

m
> aymi=c; if z; >0, Vje{1,2,...,n}
=1

we build the following linear equation with two variables:
™ + 2 7w = 4 (£2:2>0>
2. Since

n
7 =0 if > aiz; <bi, Vi€ {1,2,...,m}
j=1
we compute:
-1-0 + 1-2 = 2«2
8-0 + 2-2 = 4<19 SO o =10
We then solve the previous equation with one variable and we get:

T =4, =0

3. We need to check

Zaijﬁ'izcj, Vje{l,Z,...,n}
i=1

SO we compute:
~1-4 + 8-0 = —4%}2
1-4 + 2.0 = 4>4

so we stop the check and conclude that the solution is not optimal.

e We check if the feasible solution

of the LP problem is optimal.
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1. Since
m
Zaijﬁi =cj if z; >0, Vi e{1,2,...,n}
i=1
we build the following system of two linear equations with two variables:

— T + 8 m = 2 (51=%>0)

™M + 2 m = 4 (:Z‘Q:%>0)
2. Since

=0 if Zaiji'j<bi, Vi€{1,2,...,m}

j=1
we compute:
3 7T _
-1-5 + 1-5 = 2 < 2
8-3 + 2.1 =19 219

We then solve the previous system of two equations with two variables and we

get:
14 3

= Ty = 5

3. We need to check .
ZaijﬁZ-ch, Vi e{1,2,...,n}
i=1

SO we compute:

-8 4 2.2 = 4>4

4. We need to check
m >0, Vie{l,2,...,m}

SO since

T =—2>0, =

>0
5 =

—
I
ol W

the solution is optimal.
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Graphical solution: the feasible region of the LP problem is the polyhedron shaded
in red; the solution z; = 0, o = 2, which is not optimal, is marked in violet and the
optimal solution Z; = %, Ty = %, of value 17, is marked in blue, together with the
level curve of value 17.
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\_ - /
The feasible region of the dual LP problem in canonical minimization form is the

polyhedron shaded in red. The dual solution 71 = 4, ™3 = 0 obtained from the first
14

solution (in violet) violates the first dual constraint, while the dual solution 71 = %,
Ty = % obtained from the second solution (in blue) is feasible and has value 17, equal

to the value of the primal solution.
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Exercise 9.13 — Complementary slackness (P10)

Consider the following LP problem in canonical maximization form with n = 2 variables

and m = 3 constraints:
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max b x1 + 2 x9

subjectto — x1 4+ 3 xy < 12
1 + 2 x9 < 12

3 1 — 2 x9 < 8

1, z2 > 0

Questions

1. Using the Complementary Slackness theorem, check whether the feasible solution

is an optimal solution of the LP problem.

2. Using the Complementary Slackness theorem, check whether the feasible solution
r1 =3, To=4

is an optimal solution of the LP problem.

- J

e We check if the feasible solution

of the LP problem is optimal.

1. Since
m
Zaz‘ﬁz‘ =¢; if z;>0,Vje{l,2,...,n}
i=1
we build the following system of one linear equation with three variables:

- T + @ + 37 =5  (31=35>0)

2. Since .
7T, =0 if Zaija_:j<bi, Vi€{1,2,...,m}
j=1

we compute:
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-1-% + 3.0 = -%$<12 so 71 =0
1-8 + 2.0 = $<12 so =0
3-8 - 2.0 = 8«8

We then solve the previous equation with one variable and we get:

5
7?1:05 7?2207 777325

3. We need to check

m
ZaijfriZCj, VjG{l,Q,...,n}
i=1

SO we compute:

-1-0 + 1-0 + 3- = 525

g

Since the second dual constraint is violated, we stop the check and conclude that

wlot ot

3-0 4+ 2-0 - 2.

the solution is not optimal.
e We check if the feasible solution
T =3, To=4
of the LP problem is optimal.

1. Since
m
Zaiﬁri =cj if r; > 0, Vj € {1,2,...,71}
i=1
we build the following system of two linear equations with three variables:
- T+ T + 3 @ = 5 (z1=3>0)
37T + 2 7 — 2 @3 = 2 (2 =4>0)
2. Since

n
=0 if Zaiji‘j<bi, ViE{l,Q,...,m}

j=1
we compute:
-1-3 + 3:-4 = 9<12 SO m =0
1-3 + 2-4 = 11<12 SO me =10
3:-3 — 2:-4 = 1<8 SO w3 =0

With 7 = 9 = 73 = 0 the two equations of the previous system read 0 = 5 and
0 = 2. Since the system cannot be solved, we stop the check and conclude that
the solution is not optimal.

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 29


https://github.com/fabiofurini/linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Programming

Graphical solution: the feasible region is the polygon shaded in red; the two solu-
tions checked above are marked in violet and the optimal solution Z; = 5, 2o = %, of
value 32, is marked in blue, together with the level curve of value 32.
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level curve: 5x1 + 222 = 32

\_ J

Exercise 9.14 — Complementary slackness (P11)

Consider the following LP problem in canonical maximization form with n = 2 variables

J

and m = 2 constraints:

max -2 x1 — 4 xo
subject to - x1 - To < =2
I — T2 S 0
T, Ty = 0

Questions

1. Using the Complementary Slackness theorem, check whether the feasible solution

is an optimal solution of the LP problem.
2. Using the Complementary Slackness theorem, check whether the feasible solution
T1 =1, To=2

is an optimal solution of the LP problem.
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e We check if the feasible solution

of the LP problem is optimal.

1. Since

m
Zazﬁi =¢; if z;>0,Vje{l,2,...,n}
i=1
we build the following system of two linear equations with two variables:

- m  + T = =2 (:f‘lzl>0)
- T — T = —4 (52:1>0)

2. Since

n
;=0 if Zaij£j<bia Vie{l,2,...,m}
j=1

we compute:
-1-1 — 1-1 = =2 £-2
1-1 — 1-1 = 0 Z 0

We then solve the previous system of two equations with two variables and we

get:
T =3, m=1

3. We need to check

m
Zaijﬁ'i >¢j, Vje{l,2,...,n}
=1

so we compute:

-1-3 + 11 = -2>-2
-1-3 — 11 = —4>-4
4. We need to check

So since

the solution is optimal.

e We check if the feasible solution
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1. Since

we build the following system of two linear equations with two variables:

2. Since

we compute:

Since the previous system of equations cannot be solved, we stop the check and

m

i=1

- m

- m
m =0
-1-1 =
1-1 —

ol Ty = =2 (i‘1=1>0)
= T = —4 (f2=2>0)
n
Zaiji'j <b;, Vi€ {1,2,...,777,}
j=1
1-2 = -3 <=2 SO m =0
1-2 = -1 <0 SO o =10

conclude that the solution is not optimal.

Graphical solution: the feasible region of the LP problem is the polyhedron shaded
in red (it is unbounded); the solution Z; = 1, T2 = 2, which is not optimal, is marked
in violet and the optimal solution 1 = 1, o = 1, of value —6, is marked in blue,

together with the level curve of value —6.

The feasible region of the dual LP problem in canonical minimization form is the
polyhedron shaded in red. The dual solution 71 = 3, T3 = 1 obtained from the first
solution is marked in blue: it is feasible and has value —6, equal to the value of the

primal solution.

-

€2

X1 — T2 =

N

-

x1
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1
1
1
Nely}
(!
I
€1
Y
[
1
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o 1
& \
-, — T = —4 —— :
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—m + T2 = —2 —, :
:
0 I
| !
0 2 3
\_ m %
(& J

Consider the following LP problem in canonical maximization form with n = 3 variables

and m = 3 constraints:

max 1 + 2 22 + 3 x3
subject to 1 + 2 x — 2 z3 < 1
2 1 - To — 3 x3 < 4
1 + 2 zy + 5 z3 < 2
1, 9, 3 > 0

Questions

1. Using the Complementary Slackness theorem, check whether the following feasible
solutions are optimal solutions of the LP problem:

9 1 9 1
—?, To =0, i‘3=? and 1 =0, i‘gzﬁ, 3_332?
2. Calculate the objective function values of the two solutions.

3. Replace the objective function with the following one:

max 7 x4+ 14 9 + 30 x3

and check whether the following feasible solutions are optimal solutions of the LP
problem:

9 1 2
1 ==, X9 =0, SL‘3=§ and 1 =0, o =0, Lf3:5
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1. We check if the feasible solution

9
jlz?; 3}'220, €r3 =
of the LP problem is optimal.

(a) Since

m
Zaz’jﬁi=0j if z; >0, Vje{1,2,...,n}
=1

we build the following system of two linear equations with three variables:

1 m™m + 2 m + 1 @ = 1 (21=%>0)
-2 @ — 3@ + 57 =3 (B=1>0)
(b) Since
n
7, =0 if Zaiji‘j < by, ViE{l,Q,...,m}
j=1
we compute:
9 1 _
-2 + 2:0 - 2.5 = 1«£1
2-2 - 1.0 - 3-1 = B4 so =0
9 1 _
-2 + 2:0 + 5.5 = 2£2
We then solve the previous system of two equations with two variables and we
get:
_ 2 _ 0. 7 5
T ==, Ty= Ty = —
1 75 2 ) 3 7

(c) We need to check

m
Zaijﬁ'izcj, Vj€{1,2,...,n}

i=1
SO we compute:
2 5
1-2 + 2-0 + 1-2 = 12>1
2 5
2.2 — 1-0 + 2-2 = 222
2 5
-2-2 - 30 + 5-2 = 323
(d) We need to check
>0, Vie{l,2,...,m}
so since
T 2>O s 0>0, 7 5>0
m = — TTo — Mo = —
1 7_7 2 Z U, 3 7=
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We check if the feasible solution
S 0. g — 9 1
1 =V, T2 = 147 xr3 = 7

of the LP problem is optimal.

(a) Since
m
Zaijﬁ‘i =Cj if T > 0, Vj € {1’27-"7n}
i=1

we build the following system of two linear equations with three variables:

2 mm — 1 m + 2 713 = 2 (f2=%>0)
-2 m - 3 ™ + 5 m = 3 (f3:%>0)
(b) Since
n
7 =0 if Zaija_:j<bi, vie{1,2,...,m}
j=1
we compute:
1-0 + 2-2% — 2-3 = 1¢1
2.0 — 1-% - 3.1 = —P<4 so  @p=0
1-0 + 2-3% + 5.3 = 22

We then solve the previous system of two equations with two variables and we
get:

2 B
m=g T=0 T=z

(c) We need to check

m
Zaijﬁ'iZCj, Vj€{1,2,...,n}

i=1
SO we compute:
2 5 _
-2 + 2-0 + 1-2 = 121
2 5 _
2.2 - 1-0 + 2-32 = 222
2 5
-2-2 - 30 £+ 5-2 = 323
(d) We need to check
m >0, Vie{l,2,...,m}
so since
T 2>O T 0>0, 7 5>0
m = — TTo = T = —
1 7_7 2 Z U, 3 7=

the solution is optimal.
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2. The objective function value of the first solution is:

Fi + 28 + 333 = 2 + 0 + 3.2 = =
1 X9 r3 — 7 - = =
and the objective function value of the second is:
9 1 12
T 2% Fa — 9.2 o= =
T1 + 2Zo + 323 0 + 14-1—37 -

Since the solutions are both optimal, the two values must coincide. Moreover, both
solutions satisfy the first and the third constraints at equality, and every point of the
segment joining them,

9
= 0
s =x[lof+a-N[Z]. A €o,1],
1 1
7 7
is a feasible solution of value 1—72 Accordingly, the LP problem has infinitely many

optimal solutions: the whole edge of the polyhedron between the two solutions is
optimal.
3. We check if the feasible solution
_ 9 _ _ 1
.'Elz?, 332:07 1“3:?
of the LP problem is optimal when considering the new objective function:

max 7 x1+ 14 x9 + 30 x3

(a) Since
m
S agmi=c; if >0, Vje{l,2...,n}
i=1
we build the following system of two linear equations with three variables:

1 m + 2 m + 1 73 = 7 (5)1=%>0)

-2 1 - 3@ + 57 = 30 (Tyz=1>0)

(b) From point 1(b) we have that 7o = 0. We then solve the previous system of two
equations with two variables and we get:

5 44
T =0, 3= —

7’ 7

T =
(¢) We need to check

m
Zaijﬁizcj, Vje{l,z,...,n}
i=1

SO we compute:
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1-2 + 2.0 + 1-2 = 7>7
2-2 - 1.0 + 2-% = 14>14
-2-%2 - 3.0 + 5-% = 30>30

(d) We need to check

So since

the solution is optimal.

We then check if the feasible solution
2
T1 =0, o =0, f3:5

of the LP problem is optimal when considering the new objective function:

max 7 x1+ 14 x9 + 30 x3

(a) Since
m
Zaijfri:cj if z; >0, Vj€{1,2,...,n}
i=1
we build the following linear equation with three variables:
-2 7T - 3@ + 57 = 30 (Tz=2%>0)
(b) Since
n
7, =0 if Zaiji‘j<bi, ViE{l,Q,...,m}
j=1
we compute:
1-0 + 2:0 — 2-%2 = -1<1 so w1 =0
2.0 — 1.0 — 3-2 = -%<4 so =0
1-0 + 20 + 5-2 = 2¢£2

We then solve the previous equation with one variable and we get:
m =0, M9 =0, 3=206
(¢) We need to check

m
Zaij'f_rizcj> Vie{l,2,...,n}
i=1

SO we compute:

1-0 + 2:0 + 1-6 = 627

we stop the check and conclude that the solution is not optimal.
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Exercise 9.16 — Complementary slackness (P71)

Consider the following LP problem in canonical maximization form with n = 4 variables
and m = 3 constraints:

max 4 x + o + 5 x3 + 3 x4
subject to T, - Ty — r3 + 3 x4 < 1
5 x1 + o 4+ 3 x3 + 8 x4 < BD
—x1 + 2 22 4+ 3 x3 — 5 w4 < 3
x1, x2, z3, xg =2 0

Questions

1. Using the Complementary Slackness theorem, check whether the feasible solution

is an optimal solution of the LP problem.

2. Using the Complementary Slackness theorem, check whether the feasible solution

is an optimal solution of the LP problem.
3. Using the Complementary Slackness theorem, check whether the feasible solution
X1 =05, To=4, 3=0, 4=0

is an optimal solution of the LP problem.

- J

e We check if the feasible solution

of the LP problem is optimal.

1. Since
m
Zaijﬁ'izcj if (1_7j>0, Vj€{1,2,---7n}
=1

we build the following system of two linear equations with three variables:
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— W+ T 4+ 2 w3 = 1 (Za =14 > 0)
3m™m 4+ 8 m — b wm = 3 (534:5>0)
2. Since
n
;=0 if Zaiji“j<bi, vie{1,2,...,m}
j=1
we compute:
1-0 — 1-14 — 1-0 + 3-5 = 11
5.0 + 1-14 + 3-0 + 8-5 = 54<55 SO mo =10
-1-0 + 2-14 + 3-0 — 5-5 = 343

We then solve the previous system of two equations with two variables and we

get:
m =11, =0, 73=06
3. We need to check
Zaijfrizcj, Vje{l,z,...,n}
i=1
SO we compute:
1-11 + 5-0 — 1-6 = 5>4
—-1-11 4+ 1-0 + 2-6 = 1>1
-1-1 4+ 3:-0 4+ 3:-6 = 72>5
3-11 + 80 — 5-6 = 3>3
4. We need to check
m >0, Vie {1,2, ,m}
So since
m=11>0, ma=02>0, 13=62>0
the solution is optimal.
e We check if the feasible solution
1 =0, Zo=1, x3=2, T4=1

of the LP problem is optimal.

1. Since

m
Zaijﬁizcj if T > 0, Vj € {1’27-"7n}

=1

we build the following system of three linear equations with three variables:

Author:

Fabio Furini
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- T+ T + 2 w3 = 1 (Z2=1>0)
— T 4+ 3 m + 3 @3 = b (f3—2>0)
3m™m 4+ 8 m — 5 w3 = 3 ($4=1>0)

2. Since "
T =0 if Zaiji‘j<bi, ViE{l,Q,...,m}

j=1
we compute:
1-0 - 1-1 — 12 + 3-1 = 0<1 S0 =0
5-0 4+ 11 + 3-2 4+ 8-1 = 15<55 S0 m =0
-1-0 + 2-1 4+ 3:-2 — 5-1 = 3£3

Since the previous system of equations cannot be solved, we stop the check and
conclude that the solution is not optimal.

e We check if the feasible solution
T1 =95, xo=4, x3=0, 4=0
of the LP problem is optimal.

1. Since

m
Zaijﬁi =c¢j if z; >0, Vje {1,2,...,n}
i=1
we build the following system of two linear equations with three variables:

T + 5w — 3 = 4 (z1=5>0)
- 7T+ T 4+ 2 w3 = 1 (T2 =4>0)

2. Since .
T, =0 if Zai]’.’fj<bi, ViE{l,Q,...,m}

j=1
we compute:
1-5 - 14 — 1-0 + 3-0 = 1£1
55 4+ 1-4 + 3-0 4+ 8-0 = 29<55 SO w9 =0
-1-5 + 2-4 + 3-0 — 5-0 = 3£3

We then solve the previous system of two equations with two variables and we

get:
T =9, =0, m3=25
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3. We need to check .
ZaijﬁZ-ch, Vi e{1,2,...,n}
i=1

SO we compute:

1-9 + 5:0 — 1-5 = 4>4
-1-9 + 1-0 + 2-5 = 1>1
-1-9 + 3.0 + 3:-5 = 625
3:9 + 8:0 — 5-5 = 2%#3

so we stop the check and conclude that the solution is not optimal.
. J

Exercise 9.17 — Complementary slackness (P72)

Consider the following LP problem in canonical maximization form with n = 5 variables
and m = 4 constraints:

max 7 x1 + 6 x2 4+ 5 x3y — 2 x4 + 3 x5
subject to 1 + 3 x99 + H x3 — 2 x4 + 2 x5 < 4
4 1 + 2 x9 — 2 x3 —+ T4 + s < 3
2 x1 + 4 290 + 4 x3 — 2 x4 + 5 x5 < B
3 1 + To + 2 x3 — Ty — 2 x5 < 1
x1, xg, x3, x4, s > 0

Questions

1. Using the Complementary Slackness theorem, check whether the feasible solution

4 2 5
j1:07 j2:§7 j3257 j4:§7 j5:0

is an optimal solution of the LP problem.

2. Using the Complementary Slackness theorem, check whether the feasible solution

_ 39 0 91 _ 166 _ 37
€r1T = — €Tro —= TrTraq —= — T4 == — Trs — —
1 2 ) 3 59, 4 59 ) 5 59

is an optimal solution of the LP problem.
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e We check if the feasible solution

of the LP problem is optimal.

1. Since
m
Zam‘m =¢; if z;>0,Vje{l,2,...,n}
i=1

we build the following system of three linear equations with four variables:

3m + 2@ + 47+ mo= 6 (2=%>0)
5 71 — 2 @ + 4 73 + 2 74 = 5 (3 =2 >0)
~ ~ - - = _5
-2 m + T — 2 @3 - Ty, = —2 (.’L‘4—§>0)
2. Since
n
7 =0 if > aiz; <bi, Vi€ {1,2,...,m}
j=1
we compute:
4 2 5 _
4 2 5 _
40 + 2-3 - 2-%2 + 1-32 4+ 1.0 = 3¢3
20 + 4-32 + 4-2 - 2.2 4+ 5.0 = Y<5 so  w3=0
4 2 5 —
3.0 + 1-4 + 22 - 1.3 - 2.0 = 1#1

We then solve the previous system of three equations with three variables and
we get:
m=1, m=1, w3 =0, =1

3. We need to check .
Zaijﬁ'izcj, Vje{l,Z,...,n}

i=1
SO we compute:
1-1 + 41 + 2-0 + 3-1 = 8=>17
3-1 4+ 2-1 + 4-0 4+ 1-1 = 6>6
5-1 — 2-1 + 4-0 4+ 2-1 = 525
-2-1 + 11 - 2.0 - 1-1 = =-22>-2
2.1 4+ 11 + 5-0 — 2-1 = 1%#3

so we stop the check and conclude that the solution is not optimal.
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e We check if the feasible solution

91
- 59’

166
59’

37

39 _ 37
59

Ty = Ts
of the LP problem is optimal.

1. Since

m
Y aymi=c¢; if 7;>0,Vj€{L2,...,n}
=1

we build the following system of four linear equations with four variables:

get:

3. We need to check

SO we compute:

1-1 + 4-2
3-1 + 2.3
5-1 — 2.3
-2-1 + 1.3
2-1 + 1.2

T3 =

+ 2.8
+ 4.8
+ 4.8
_ 2.%
+ 5.8

+ o+ o+

13

@)

T + 4 T + 2 73 + 3 Wy = 7 (fl:%>0)
5 M — 2 m + 4 7w + 2w = 5 (53:%>0)
2 M+ W - 2@ - Fy o= -2 (T=E>0)
2 ™+ To 4+ 5 7 — 2 m = 3 (z5 =3 > 0)
2. Since
n
=0 if Zaiji‘j<bi, Vz‘e{l,Q,...,m}
j=1
we compute:

1-8 + 3.0 + 5.8 — 2.8 4 2.3 = 4 24
4-8 + 2.0 - 2.5 + 1-8 + 1-8 = 3 #£3
2-8 4+ 4.0 + 4.8 - 2.186 4 5.5 — 5 #£5
3-8 + 1.0 + 2.8 - 1.4 2-8% = 1 #£1

We then solve the previous system of four equations with four variables and we

Ty =

Vie{l,2,...,n}

32
59

032
59
32
59
32
59

32
59

32
59
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4. We need to check

So since

the solution is optimal.
(& J

Exercise 9.18 — Complementary slackness (B1)

Consider the following LP problem in canonical maximization form with n = 2 variables

and m = 3 constraints:

max 3 1 + 3 xo
subject to 1 + 2 9 < 6
2 =1 + o < 6
T1 + T < 4
T, zo > 0

Questions

1. Using the Complementary Slackness theorem, check whether the feasible solution
T1=2, To=2
is an optimal solution of the LP problem.
2. Using the Complementary Slackness theorem, check whether the feasible solution
Z1=3, To=0

is an optimal solution of the LP problem.

- /

e We check if the feasible solution

.1'1:2, 372=2

of the LP problem is optimal.
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1. Since

m
i=1

we build the following system of two linear equations with three variables:

1 m™m + 2 1 + 1 w3 = 3 (E1=2>0)

2 m 4+ 1 m + 1 73 = 3 (572=2>0)

2. Since

7i=0 if > aiz; <bi, Vi€ {1,2,...,m}

j=1
we compute:
1-2 4+ 22 = 6«£6
2-2 + 1-2 = 6£6
1-2 4+ 1.2 = 4«4

All three constraints are active, so no dual variable is forced to zero. The system
of step 1 has two equations and three unknowns and therefore has infinitely
many solutions. Subtracting the second equation from the first we get mo—71 =
0, i.e., m = 7o. Setting 1 = Ty = s and substituting into the first equation we
get m3 = 3 — 3s. We choose s = 1 and we get:

3. We need to check .
ZaijﬁZ-ch, Vi e{1,2,...,n}

i=1

SO we compute:
1-1 4 21 4 1-0 = 3>3
2-1 + 1-1 + 1-0 = 323

4. We need to check
m >0, Vie{l,2,...,m}

SO since
m =120, ma=12>0, 713=02>0

the solution is optimal.

e We check if the feasible solution

of the LP problem is optimal.
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1. Since

m
Zaijﬁi =c; if z;>0,Vj¢€ {1,2,...,n}
i=1

we build the following linear equation with three variables:

1 m™m + 2 1 + 1 w3 = 3 (.7_71=3>0)

2. Since

7i=0 if > aiz; <bi, Vi€ {1,2,...,m}

j=1
we compute:
1-3 + 2-0 = 3<6 SO =0
2-3 + 1-0 = 6«£6
1-3 4+ 1-0 = 3<4 SO 3 =0

We then solve the previous equation with one variable and we get:

3
7 =0, 77225, 3 =20

3. We need to check .
Zaijﬁ'iZCj, Vj€{1,2,...,n}
i=1
SO we compute:
1-0 + 2-3 + 1-0 = 32>3
3

2:0 + 1-3 4+ 1.0 = 3#3

so we stop the check and conclude that the solution is not optimal.
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Graphical solution: the feasible region of the LP problem is the polyhedron shaded
in red; the solution z; = 3, o = 0, which is not optimal, is marked in violet and the
optimal solution Z1 = 2, Ty = 2, of value 12, is marked in blue, together with the
level curve of value 12. The level curve coincides with the line 1 +x9 = 4 of the third
constraint, which touches the feasible region only at the optimal vertex: the optimal
vertex is degenerate, since the three constraints are all active at it.

T T T \
4f " .
3, .
g8
2, .
0 N
| | 1\‘
0 2 3 4
N i /
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9.4 Primal-dual outcomes

.

Exercise 9.19 — Primal and dual outcomes (P31)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 2 constraints:

max r1 + T9
subject to — 1 4+ 1z < 1
o To < 1
x1, o > 0

Questions
1. Write the dual problem.

2. Determine the outcome of the primal problem (optimal solution, unbounded or infea-

sible).

3. Determine the outcome of the dual problem and check that the pair is one of the four
cases of the Theorem on the possible outcomes of a pair of primal and dual problems.

J

e The dual problem has m = 2 non-negative variables and n = 2 greater-than-or-equal-
to linear constraints, obtained by transposing the constraint matrix:

min T+ 9
subject to — w1 4+ w > 1
T = m > 1
1, m > 0

e The primal problem is unbounded. Indeed, for every value t > 0 the point z; =
To =t is a feasible solution, since

—t+t=0<1, t—t=0<1, t>0,
and its objective value is 2 ¢, which is larger than any fixed value M for ¢ large enough.
e The dual problem is infeasible. Indeed, by summing its two constraints we obtain

(—m +m2) 4+ (m —m2) =02> 2,
—_———— N——

>1 >1

Author: Fabio Furini
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which is never satisfied.

The pair is then in the case “primal unbounded, dual infeasible”, as predicted by the
Corollary: if the primal problem is unbounded, then the dual problem is infeasible.

Graphical solution: the feasible region of the primal problem is the unbounded
polyhedron shaded in red; the level curve 7 + z9 = 3 is drawn in blue, and the
level curves x1 + x2 = k intersect the feasible region for every value of k > 0, so the
objective function can increase without limit. \

e

N

T2

N i J
The two half-planes defined by the dual constraints, lightly shaded in red, have no
point in common in the non-negative orthant: the dual feasible region is empty.

4 T

2

N m /
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Exercise 9.20 — Primal and dual outcomes (P33)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 2 constraints:

max r, + X9
subject to r1 + x99 < 2
e To < —4
T1, T = 0

Questions
1. Write the dual problem.

2. Determine the outcome of the primal problem (optimal solution, unbounded or infea-
sible).

3. Determine the outcome of the dual problem and check that the pair is one of the four
cases of the Theorem on the possible outcomes of a pair of primal and dual problems.

A J

e The dual problem has m = 2 non-negative variables and n = 2 greater-than-or-equal-

to linear constraints, obtained by transposing the constraint matrix:

min 2 ™1 — 4 )
subject to T = Ty > 1
™ — m > 1
T, m > 0

(the two dual constraints coincide, since the two columns of the primal constraint
matrix are equal).

e The primal problem is infeasible: the first constraint imposes x1 + x2 < 2 and the
second one, multiplied by —1, imposes 1 + x5 > 4.

e The dual problem is unbounded. Indeed, for every value ¢ > 0 the point 7 =1 +1¢
and 7o =t is a feasible solution, since T — o = 1 > 1, and its objective value is

2(1+1t)—4t=2—2t,

which tends to —oo as t grows. Since the dual problem is a minimization problem, it
is unbounded.
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The pair is then in the case “primal infeasible, dual unbounded”.

Graphical solution: the two half-planes defined by the primal constraints, lightly
shaded in red, have no point in common: the primal feasible region is empty.

/ T T
4 §
g
2 §
0
l l
0 2 4

N i /

The dual feasible region is the unbounded polyhedron shaded in red (the two dual

constraints coincide). The level curve 2w —4m = —2 is drawn in blue: moving along
the direction (1, 1) the objective function decreases without limit.

s w =

2

N i J

- J

Exercise 9.21 — Primal and dual outcomes (P35)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 2 constraints:
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max r1 + X9
subject to r1 — x99 < 1
-z + ®m < =2
x1, x2 = 0

Questions
1. Write the dual problem.

2. Determine the outcome of the primal problem (optimal solution, unbounded or infea-
sible).

3. Determine the outcome of the dual problem and check that the pair is one of the four

cases of the Theorem on the possible outcomes of a pair of primal and dual problems.

N\ J

e The dual problem has m = 2 non-negative variables and n = 2 greater-than-or-equal-

to linear constraints, obtained by transposing the constraint matrix:

min m — 2 o
subject to T — T > 1
- m + m > 1
1, m > 0

e The primal problem is infeasible: the two constraints impose z1 — 2 < 1 and
1 — T > 2.

e The dual problem is infeasible as well: by summing its two constraints we obtain
0 > 2, which is never satisfied.

The pair is then in the case “both problems infeasible”. This example shows that the
infeasibility of the primal problem alone does not determine the outcome of the dual
problem: in the exercise P33 the primal problem is infeasible and the dual problem
is unbounded, while here both are infeasible.
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Graphical solution: the two half-planes defined by the primal constraints, lightly
shaded in red, have no point in common: the primal feasible region is empty.

/ I I

X2

- i v

Also the two half-planes defined by the dual constraints have no point in common:

the dual feasible region is empty as well.

-

N

Exercise 9.22 — Primal and dual outcomes (P36)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 2 constraints:
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max — X1 — 9
subject to — x1 — 1z < =2
Ty - r9 < 2
x1, x2 = 0

Questions
1. Write the dual problem.

2. Determine the outcome of the primal problem (optimal solution, unbounded or infea-
sible).

3. Determine the outcome of the dual problem and check that the pair is one of the four
cases of the Theorem on the possible outcomes of a pair of primal and dual problems.

N\ J

e The dual problem has m = 2 non-negative variables and n = 2 greater-than-or-equal-
to linear constraints, obtained by transposing the constraint matrix:

min —2 m 4+ 2 mo

subject to — m + T > —1
— M — 79 Z —1
m, Ty = 0

e The primal problem admits an optimal solution. Its feasible region is unbounded,
but the first constraint imposes x1 + x2 > 2 for every feasible solution, and then

—x1 — 2o < —2, \ <$1> e F.
Z2

The two feasible solutions (g) and ((2)> attain this value, and then the optimal value
is z(LP) = —2.

e The dual problem admits an optimal solution as well, and by Strong Duality its
optimal value is z( D(LP)) = —2. An optimal dual solution is

7~T1:1 and 77'2:0,

which is feasible, since —14+0 = —1 > —1 and —1—-0 = —1 > —1, and whose objective
value is —2-1+4+2-0= —2.
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The pair is then in the case “both problems admit an optimal solution, with equal
optimal values”.

Graphical solution: the feasible region of the primal problem is the unbounded
polyhedron shaded in red. The level curve —x; — 29 = —2, drawn in blue, coincides
with the line of the first constraint: all the points of the segment between the two
vertices marked in blue are optimal solutions of value —2.

‘ )

2

\_ “ J
The dual feasible region is the triangle shaded in red; the optimal dual solution 771 = 1,

79 = 0 is marked in blue. The level curve —2 m; + 2 15 = —2, drawn in blue, coincides
with the line of the first dual constraint, which touches the triangle only at the optimal

vertex.

s | N

2
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Chapter 10

Dual Simplex algorithm

10.1 Problems with two variables

Exercise 10.1 — Dual simplex algorithm (P11)

Consider the following primal LP problem in canonical maximization form with n = 2
variables and m = 2 constraints:

max —2x1 — 4xo
subject to —x1 — T < =2
ry - T < 0
r1, To > 0

and its dual LP problem in canonical minimization form with m = 2 variables and n = 2

constraints:
min —2m
subject to —m 4+ my > =2
—m — my > —4
T, T > 0

Since ¢ < 0, the basis of the m slack variables is dual feasible but it is not primal feasible.

Questions

Solve the primal LP problem with the dual simplex algorithm and, in parallel, the
dual LP problem with the simplex algorithm, showing at each iteration the dual and
the primal dictionaries.
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e Initialization

We shift the indices of the original dual variables by n = 2 and we add n = 2 surplus
variables in front. We then obtain the following standard maximization form:

max 2 w3
subject to —m — T3+ my = =2
- m - w3 - m = —4
T, T2, T3, T4 > 0

The dual initial dictionary is:
m=2 - T3+ My
me=4 - m3 — T4
—w=0 + 2 73

where B = {1,2} and N = {3,4}. The basic dual feasible solution is:

T =2, T =4, 3 =0, m =0 of value 0

After having added the slack variables to the primal problem, we obtain the following
standard form:

max —2x1 — 4uxo
subject to —x; — o + x3 = =2
rKT — T2 + T4 = 0
xI1, xTo, I3, T4 Z 0

The primal initial dictionary is:
T3 =—2 -+ 1 + o
=0 - r1 + 9
z=0 — 2z — 4 29

where B = {3,4} and N = {1,2}. The basic primal non-feasible solution is:

T3 =—2, 24=0, Z1 =0, T2 =0 of value 0
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e Iteration 1

The only basic variable with negative value is x3, which is the pivot row. Correspond-
ingly, in the dual dictionary we increase the variable 73, and we can get a better dual
solution. We have:
2—m3>0
m = 2—13 N— m3 < 2
m1>0

Ty = 4-—m3 <
>0

These are exactly the ratios of the dual simplex algorithm on the row of x3: s, =

}%, :—i‘} = 2, attained by x;. By increasing the value of w3 to 2, the value of m;

decreases to 0. Then we have that:

min {

w3 becomes dual basic and, accordingly, x3 becomes primal non-basic;

71 becomes dual non-basic and, accordingly, £; becomes primal basic.

— For the dual LP problem, we have:
m =2—m3+my then 73=2—m + m4.
Substituting in the other equations of the dual dictionary, we get:
ma=4—2—m+my)—m4=2+m —2my

—w=04+22—-m+my)=4—-2m +2my

Accordingly, we now have the following dual dictionary:

Ty =2 + T — 27y
=2 — T+ o
—w=4 — 2 m + 2 my

where B = {2,3} and N' = {1,4}. The basic dual feasible solution is:
Mg =2, T3 =2, =0, m4=0 of value —4
— For the primal LP problem, we have:
r3=—24+x1+2x9 then z1=2— 129+ z3.
Substituting in the other equations of the primal dictionary, we get:

T4 =0—(24+x3—T2) + 22 = 24222 — 23
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2=0—-2 (2+ax3—2x9) —4x9=—-4—219 — 213

Accordingly, we now have the following primal dictionary:

T = 2 — To + T3
Ty= -2 + 2 x5 — &3
z = —4 — 2 T = 2 I3

where B = {1,4} and N' = {2,3}. The basic primal non-feasible solution is:

T =2, Bn==% To=0, z3=0 of value —4

e Iteration 2

The only basic variable with negative value is x4, which is the pivot row. Correspond-
ingly, in the dual dictionary we increase the variable 74, and we can get a better dual
solution. We have:
2—2m4 >0
2—2my —— m <1
w9 >0

24714 >0
N———

w3>0

Ty =
3= 24 my

These are exactly the ratios of the dual simplex algorithm on the row of x4: s, =
:—3 = 1, attained by x5 (as3 = 1 > 0 gives no candidate). By increasing the value of
74 to 1, the value of mo decreases to 0. Then we have that:

74 becomes dual basic and, accordingly, x4 becomes primal non-basic;

w9 becomes dual non-basic and, accordingly, x5 becomes primal basic.

— For the dual LP problem, we have:

1 1
7T2:2—27T4+7T1 then 71'4:1—{—57'(1—57-‘-2'

Substituting in the other equations of the dual dictionary, we get:

1 1 1 1
7T3:2+<1+27T1—27T2>— 7r1=3—§7r1—§7r2

1 1
—w=4+2 (1+27r1—27T2>—27T1:6—7T1—7T2

Accordingly, we now have the following optimal dual dictionary:
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5 1 1

T3 = 9 1 5 T2
1 1

m= 1 + =-m —- = m
2

—w= 6 - T — o

where B = {3,4} and N' = {1,2}. All the coefficients of the objective function
are non-positive, and then the dual basic optimal solution is:

’7(3:3, 7~T4:1, 7~T1:O, 7~T2:0 of value —6

Recalling that the original dual variables are the shifted variables s, w4, the
optimal solution of the original dual LP problem is:

1 =3, me=1, and z(D(LP))= —6.

— For the primal LP problem, we have:

1 1
Ty = —2—1x3+ 229 then $2:1+§x3+§x4,

Substituting in the other equations of the primal dictionary, we get:

=2+ 14 Sag+ = —141 .
T = T3 233‘3 2$4 = 2.7}3 21’4

1 1
z=-—-4—2x3—2 (1+2l’3+2l‘4> =—6—3x3— 14

Accordingly, we now have the following optimal primal dictionary:

1
xr] = 1 + 5 xr3 — 5 Ty
1 + L I L
Xro = - X - X
2 2 3 2 4
z= -6 - 3 x3 — T4

where B = {1,2} and N = {3,4}. The basic solution is now primal feasible and
dual feasible, and then the primal basic optimal solution is:

1 =1, =1, T3 =0, Z4=0 of value —6,

in accordance with the Strong Duality theorem.

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 60


https://github.com/fabiofurini/linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Programming

Graphical solution:

The feasible region of the LP problem in canonical form is the polyhedron shaded in red.
The feasible region is unbounded.

/

T2

-

N

X1

An optimal primal LP solution is:

Z1=1, Z2=1 and 2(LP)=—6

The feasible region of the dual LP problem in canonical minimization form is the polyhe-
dron shaded in red. In the following figure we plot the two original dual variables 7y, o,
corresponding to the variables 73, w4 of the dual dictionaries.

Author: Fabio Furini
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An optimal dual LP solution is:
71=3, me=1 and z( D(LP))=—6.
In violet, we show the first and the second vertex explored by the previous execution of
the dual simplex algorithm, before reaching the optimal one depicted in blue.

Exercise 10.2 — Dual simplex algorithm (P12)

Consider the following primal LP problem in canonical maximization form with n = 2
variables and m = 2 constraints:

max — X1 — 2 Z9
subject to — x1 — To < =3
T — 2 19 < -1
1, T9 > 0

and its dual LP problem in canonical minimization form with m = 2 variables and n = 2
constraints:
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min -3 m - T
subject to — w1+ Ty > —1
—m = 2 my > =2
1, Ty > 0

Since ¢ < 0, the basis of the m slack variables is dual feasible but it is not primal feasible.

Questions

Solve the primal LP problem with the dual simplex algorithm and, in parallel, the
dual LP problem with the simplex algorithm, showing at each iteration the dual and
the primal dictionaries.

- J

e Initialization

We shift the indices of the original dual variables by n = 2 and we add n = 2 surplus
variables in front. We then obtain the following standard maximization form:

max 3 T3 + 4
subject to — m — m3  + Ty = -1
— My — T = 2 my = =2
1, T2, T3, Ty 2> 0

The dual initial dictionary is:

m= 1 - w3 + T4
o= 2 - T3 — 2 my
—w= 0 + 3 m + T4

where B = {1,2} and N = {3,4}. The basic dual feasible solution is:

with —w =0, i.e.,, w = 0.

After having added the slack variables to the primal problem, we obtain the following
standard form:
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max — x1 — 2 I3
subject to — =z — To + I3 = -3
T — 2 X9 + x4 = -1
1, 2, s, T4 > 0

The primal initial dictionary is:

3= -3 + r + )
4= -1 - 1 + 2 29
7= 0 - r1 — 2 x9

where B = {3,4} and N = {1,2}. The basic primal non-feasible solution is:

T3 =-—-3, Ty=—1, Z1 =0, Zo =0 of value 0
e Iteration 1
In the primal dictionary, the basic variables with negative value are x3 and x4: by

the smallest-index rule the pivot row is x3. Correspondingly, in the dual dictionary
we increase the variable w3, and we can get a better dual solution. We have:

1—71’320
m= 1— m3 N—— m3 <1
w1>0
Ty = 2— T3 2-m=20 my < 2
w9 >0

These are exactly the ratios of the dual simplex algorithm on the row of x3: s, =

min {:—%, :—f} = 1, attained by x;. By increasing the value of w3 to 1, the value of m;

decreases to 0. Then we have that:

73 becomes dual basic and, accordingly, x3 becomes primal non-basic;

71 becomes dual non-basic and, accordingly, £; becomes primal basic.

— For the dual LP problem, we have:
m=1—m3+ my then w3=1-—m + m4.
Substituting in the other equations of the dual dictionary, we get:
me=2—(1—m+my)—2my=1+m —3my

—w=31—-m+my)+m4=3-3m +4my
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Accordingly, we now have the following dual dictionary:

m= 1 4+ T — 3 my
= 1 - m™  + T4
—w= 3 — 3 m + 4 m

— For the primal LP problem, we have:

z=—B8—xz9+x3) — 229 = -3 — 9 — 3

Accordingly, we now have the following primal dictionary:

T = 3 - Tr9 + xs3
4= -4 + 3 2 — 3
z= -3 - To — T3

T1 =3, T4=—4, To=0, z3=0 of value

e Iteration 2

solution. We have:

1-3m4>0

m= 1—3my N T4
m2>0

14+m4 >0

—_—————

w3>0

m3= 14my T4

These are exactly the ratios of the dual simplex algorithm on the
=il
==
74 tO %, the value of 9 decreases to 0. Then we have that:

where B = {2,3} and N' = {1,4}. The basic dual feasible solution is:

r3=—-34+x1+xo then x;=3-—1x9+ 23.
Substituting in the other equations of the primal dictionary, we get:

x4=—-1—B8—mzo+x3)+220=—-4+3x9 — 23

where B = {1,4} and N = {2,3}. The basic primal non-feasible solution is:

The only basic variable with negative value is x4, which is the pivot row. Correspond-
ingly, in the dual dictionary we increase the variable 74, and we can get a better dual

= %, attained by z2 (@43 = 1 > 0 gives no candidate). By increasing the value of

-3

1
< 3

> -1

row of x4: Sy, =
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74 becomes dual basic and, accordingly, x4 becomes primal non-basic;

w9 becomes dual non-basic and, accordingly, x5 becomes primal basic.

— For the dual LP problem, we have:

1 1 1
=1 -3 th = -4 = — — 9.
D) + m T4 en Ty 3 + 371'1 37r2

Substituting in the other equations of the dual dictionary, we get:

1 i 1+1 1 4 2 1
mg=1-m St oM M| =S — oM — ST
3 1 3T 3mM = 3™ 3 3T~ 3™

w—3—3maafty Lt 1 N_18_5 4
- m 3 3T T 3gMm )T g Ty g

Accordingly, we now have the following optimal dual dictionary:

4 2 1

T3 — 3 — 37'(']_ — §7T2
1 1 1

T4 = 3 + M — 3T
— 13 o 5 . 4

—w = 3 37'('1 37['2

where B = {3,4} and N = {1,2}. All the coefficients of the objective function
are non-positive, and then the dual basic optimal solution is:
- 4 1 13 13

3=, T4= 3, m =0, m=0, —-w=-—, w=

3 3 3 3

Recalling that the original dual variables are the shifted variables s, w4, the
optimal solution of the original dual LP problem is:

4 1 13
7~T1 = g, 7~T2 = g, and Z(D(LP)) = —?
— For the primal LP problem, we have:
4 1 1
=—44+3xy — th =—-+- = Zy4.
T4 +3x9 — 3 en I 3+3x3+3x4

Substituting in the other equations of the primal dictionary, we get:

Tk — 3 — %—i-lx +1x +x—§+gx—1m
1= 3 T 3%t g 3= 3t 3T~ 3T
4

< 1 1 ) 13 4 1
z=—3—|-+z-23+-T4) —23=—

3 3%

Accordingly, we now have the following optimal primal dictionary:

3 3 3
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5 2 1
T = 3 + 3 T3 — 3 T4
4 1 1
T2 = 3 + 3 I3 + 3 T4
- _ 13 _ 4 _ 1
z = 3 3 T3 3 Ty

where B = {1,2} and N/ = {3,4}. The basic solution is now primal feasible and

dual feasible, and then the primal basic optimal solution is:

5 4 13
= =3 T3=0, Z4=0 of value — —

3 b
in accordance with the Strong Duality theorem.

Graphical solution:

The feasible region of the LP problem in canonical form is the polyhedron shaded in red.
The feasible region is unbounded.

@ R
3 |
)
2 |
41
3
0
| |
0 5 3 5
3
N o J
An optimal primal LP solution is:
5 4 13
57125, 532:5 and Z(LP):—g

The feasible region of the dual LLP problem in canonical minimization form is the polyhe-
dron shaded in red. In the following figure we plot the two original dual variables 7y, ma,
corresponding to the variables 73, 74 of the dual dictionaries.
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An optimal dual LP solution is:

4 1 13
7~T1:§, 7~T2:§, and Z( D(LP) ):—g

In violet, we show the first and the second vertex explored by the previous execution of
the dual simplex algorithm, before reaching the optimal one depicted in blue.

Exercise 10.3 — Dual simplex algorithm (P13)

Consider the following primal LP problem in canonical maximization form with n = 2
variables and m = 3 constraints:

max — X1 — 3 I9
subjectto — 1 — 2 x93 < —6
gy — 4 9 < -6
2 xr1 — 2 x9 < 3
1, Ty > 0

and its dual LP problem in canonical minimization form with m = 3 variables and n = 2
constraints:
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min —-6m — 6 m + 3 w3
subject to — w1 4+ T 4+ 2mg > -1
—2m - 4 m - 2 w3 > =3
T, 2, T3 2 0

Since ¢ < 0, the basis of the m slack variables is dual feasible but it is not primal feasible.

Questions

Solve the primal LP problem with the dual simplex algorithm and, in parallel, the
dual LP problem with the simplex algorithm, showing at each iteration the dual and
the primal dictionaries.

- J

e Initialization

We shift the indices of the original dual variables by n = 2 and we add n = 2 surplus
variables in front. We then obtain the following standard maximization form:

max 6 13 + 6 M — 3 ms
subject to — m — T3+ T 4+ 2w = -1
- m — 2 w3 — 4 my — 2w = -3
T, o, m3, Ty, T > 0

The dual initial dictionary is:

m= 1 - w3  + T + 2 s
T — 3 — 2 T3 - 4 T4 - 2 5
—w= 0 4+ 6 m3 + 6 M4 — 3 73

where B = {1,2} and N' = {3,4,5}. The basic dual feasible solution is:

with —w =0, i.e.,, w = 0.

After having added the slack variables to the primal problem, we obtain the following
standard form:
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max — 1 — 3 9
subject to — 1 — 2 zy + 3 = —0
1 — 4 x5 + x4 = —6
2 1 — 2 x &+ @dBE; = 3
z1, x2, x3, Z4, zs = 0
The primal initial dictionary is:
r3= —6 4+ r1 + 2 x9
= -6 - 1 4+ 4 x9
5 = 3 — 2 z1 + 2 m
z = 0 - T1 — 3 X9

where B = {3,4,5} and N' = {1,2}. The basic primal non-feasible solution is:

T3 =—6, T4=—06, T5=3, Z1 =0, ZTo =0 of value 0
e Iteration 1
In the primal dictionary, the basic variables with negative value are x3 and x4: by

the smallest-index rule the pivot row is x3. Correspondingly, in the dual dictionary
we increase the variable w3, and we can get a better dual solution. We have:

1—m3>0

m= 1— mg S——— 3 <1
w120

™= 3-2m idm2d < 3
w9 >0

These are exactly the ratios of the dual simplex algorithm on the row of x3: s, =

}%, :—g} = 1, attained by x;. By increasing the value of w3 to 1, the value of m;

decreases to 0. Then we have that:

min {

w3 becomes dual basic and, accordingly, x3 becomes primal non-basic;

71 becomes dual non-basic and, accordingly, £; becomes primal basic.

— For the dual LP problem, we have:
m=1—m3+ m+2n5 then w3=1—7m +m4+275.
Substituting in the other equations of the dual dictionary, we get:

7T2:3—2(1—7T1+7T4—|—27T5)—47T4—27T5:1+27T1—67T4—67T5
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—w=04+6 (-7 +7m4+27m5)+6m4—375=6—67m + 1274+ 975

Accordingly, we now have the following dual dictionary:

m= 1 4+ 2 m - 6 m4 — 6 s
m= 1 - T+ ™ 4+ 2 75
—w= 6 — 6 m + 12 m + 9 sy

where B = {2,3} and N' = {1,4,5}. The basic dual feasible solution is:

=1, w3 =1, =0, my=0, 75=0, —w=6, w=—6.

— For the primal LP problem, we have:
r3=—-64+x1+2x9 then x1=6—2x9+ x3.
Substituting in the other equations of the primal dictionary, we get:
xg=—6—(6—2x9+x3)+4x0 =—-12+ 622 — 23

$5:3*2(6*2$2+l‘3)+21‘2:*9+6I2*21‘3
2=0— (6—2x9+x3) —3x2=—6— 22 — 3

Accordingly, we now have the following primal dictionary:

a5y = 6 — 2 x2 + T3
ra= —-12 + 6 x5 — x3
T5 = -9 + 6 2 — 2 z3

7B = -6 — Ty — T3

where B = {1,4,5} and N' = {2,3}. The basic primal non-feasible solution is:

T =6, T4=-—12, x5= -9, To=0, T3=0 of value —6

e Iteration 2
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In the primal dictionary, the basic variables with negative value are x4 and x5: by
the smallest-index rule the pivot row is x4. Correspondingly, in the dual dictionary
we increase the variable 74, and we can get a better dual solution. We have:
1—-6mm4 >0 1
m= 1—06my SN——— T < 6
T >0
1+m4 >0
N——

7w3>0

m3= 1+my my > —1

These are exactly the ratios of the dual simplex algorithm on the row of x4: s, =
=i

= = %, attained by xo (a43 = 1 > 0 gives no candidate). By increasing the value of

4 to %, the value of w5 decreases to 0. Then we have that:

74 becomes dual basic and, accordingly, x4 becomes primal non-basic;

9 becomes dual non-basic and, accordingly, x5 becomes primal basic.

— For the dual LP problem, we have:

1 1 1
my=14+2m —6my — 675 then 7r4:6+§771—67r2—7r5.

Substituting in the other equations of the dual dictionary, we get:

1 + 1+1 L +2 T2 ! +
my=1—-m —+-m -T2 —T Ty =—— =T — -T2 +T
3 1 6 T3 T g™ 5 5= 3™ ™ 5

1

1 1
—w=6—06m +12 <6+37T1—67['2—7T5>+97T5_8—27T1—27['2—37T5.

Accordingly, we now have the following optimal dual dictionary:

7 2 1
™= § — 3T — W2 + 75
1 1 1
= § + 3M — g™ — 5
—w= 8 — 2 m - 2 m — 3 5

where B = {3,4} and N = {1,2,5}. All the coefficients of the objective function
are non-positive, and then the dual basic optimal solution is:

7 1
7}3:6’ 7}4:6’ 7T1:0) 71'2:0, 775:05 _w:87 w = —8.

Recalling that the original dual variables are the shifted variables w3, 74, 75, the
optimal solution of the original dual LP problem is:

7 1

g Mm=pg =0, and z(D(LP))= —8.

T =
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— For the primal LP problem, we have:

1 1
x4 =—12+6x2 — 3 then x2:2+6x3+6x4,

Substituting in the other equations of the primal dictionary, we get:

—6-2 (24 2as+ 2wa) a5 =2+ 2 .
T = 6:E3 6$4 xr3 = 3133 3l’4

1 1
r5=—-94+6 <2+6x3+6x4)23}3:3$3+ T4

= 6 (24 x5+ = — g ! !
Z = 61‘3 61‘4 r3 = 61’3 61‘4

Accordingly, we now have the following optimal primal dictionary:

;

T = 2 + % r3 - % T4
_ 1 1

T2 = 2 + 6 I3 T G T4

g = 3 - r3 + T4
7 1

z= -8 — § T3 — § T4

where B = {1,2,5} and N/ = {3,4}. The basic solution is now primal feasible

and dual feasible, and then the primal basic optimal solution is:

T1=2, To=2, T5=3, T3 =0, T4=0 of value -8,

in accordance with the Strong Duality theorem.
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Graphical solution:

The feasible region of the LP problem in canonical form is the polyhedron shaded in red.
The feasible region is unbounded.

O 6 N
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An optimal primal LP solution is:

T1=2, T3=2 and 2z(LP)=-8.

The feasible region of the dual LP problem in canonical minimization form is the poly-
hedron shaded in red. In the following figure we plot the three original dual variables
1, T, T3, corresponding to the variables 73, 74, m5 of the dual dictionaries.
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An optimal dual LP solution is:

1
=g 77'2257 73 =0, and z(D(LP))=-8.

In violet, we show the first and the second vertex explored by the previous execution of
the dual simplex algorithm, before reaching the optimal one depicted in blue.
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SageMath Code: 3D Polyhedra (

# Variables are (pi_3, pi_4, pi_5), i.e., the original dual variables.
# Define the polyhedron using inequalities (Hyperplane Representation)
p = Polyhedron(iegs=[

1, -1, 1, 2), #1 - pi_3 +pi_d + 2xpi 5 >=0

(3, -2, -4, -2), # 3 - 2xpi_3 - 4*pi_4 - 2*pi 5 >= 0

0, 1, 0, 0), # pi_3 >= 0
0, 0, 1, 0), # pi_d >= 0
(0, 0, 0, 1) # pi_5 >= 0

D

# Display the inequalities of the polyhedron
p-Hrepresentation()

# Display the extreme points and extreme rays of the polyhedron
p.Vrepresentation()

# Plot the polyhedron (3D)
p-plot()

Exercise 10.4 — Dual simplex algorithm (P14)

Consider the following primal LP problem in canonical maximization form with n = 2
variables and m = 3 constraints:

max — X1 — 2 I9
subject to — xz; + To < 2
T — 2 xo < 2
- x1 - T < =3
T, To = 0

and its dual LP problem in canonical minimization form with m = 3 variables and n = 2

constraints:
min 2m + 2 m — 3 73
subject to — w1 4+ Ty — T3 > -1
™ — 2 my - T3 > =2
T, 2, T3 > 0
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Since ¢ < 0, the basis of the m slack variables is dual feasible but it is not primal feasible.

Questions

the primal dictionaries.

A

Solve the primal LP problem with the dual simplex algorithm and, in parallel, the
dual LP problem with the simplex algorithm, showing at each iteration the dual and

J/

e Initialization

variables in front. We then obtain the following standard maximization form:

max —2m3 — 2 my + 3 ms
subject to — m — T3+ Ty — s = —1
— my + M — 2 my — T o= —2
e, 9, 3, T4, 5 > 0

The dual initial dictionary is:

m= 1 - 3 + Ty — 5
T = 2 + T3 — 2 Wy — 5
—w= 0 — 2 w3 — 2 my + 3 msx

where B = {1,2} and N = {3,4,5}. The basic dual feasible solution is:

with —w =0, i.e., w = 0.

standard form:

max — X1 — 2 X9
subject to — z1 + To + x3 = 2
1T — 2 x9 + x4 = 2
- x1 - To + x5 = -3
Ty, 9, xs, T4, Tr5 > 0

We shift the indices of the original dual variables by n = 2 and we add n = 2 surplus

After having added the slack variables to the primal problem, we obtain the following
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The primal initial dictionary is:

T3 = 2 + x - 9
Ty = 2 - r1 + 2 x
5= -3 + r1 + T2

z = 0 - TT — 2 3

where B = {3,4,5} and N' = {1,2}. The basic primal non-feasible solution is:

T3 =2, Ty=2, Ts=-3, 21 =0, ZTo =0 of value 0
e Iteration 1
The only basic variable with negative value is x5, which is the pivot row. Correspond-

ingly, in the dual dictionary we increase the variable 75, and we can get a better dual
solution. We have:

1—71'520
m= 1— 75y N——— <1
w1>0
= 2-— 75 uf’iq 5 < 2
w9 >0

These are exactly the ratios of the dual simplex algorithm on the row of x5: s, =

min {:—%, :—%} = 1, attained by x;. By increasing the value of 75 to 1, the value of m;

decreases to 0. Then we have that:

75 becomes dual basic and, accordingly, x5 becomes primal non-basic;

71 becomes dual non-basic and, accordingly, x; becomes primal basic.

— For the dual LP problem, we have:
m=1—m3+my— m then 75=1—m3+my— 7.
Substituting in the other equations of the dual dictionary, we get:
me=24+m3—2my— (1 —m3+my—m)=1+m + 273 — 3my

—w=-2m3—2m4+3(1—mg+my—m)=3—3m — 53+ My

Accordingly, we now have the following dual dictionary:

m= 1 + m + 2 m3 — 3 my
= 1 - ™ = T3 + T4
-w= 3 — 3 m — 5 w3 -+ Ty
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where B = {2,5} and N' = {1,3,4}. The basic dual feasible solution is:

=1, w5 =1, =0, m3=0, Ty=0, —w=3, w=-3.

— For the primal LP problem, we have:
T5 = —3+x1+x9 then xz1=3-—129+ z5.
Substituting in the other equations of the primal dictionary, we get:
3 =24+ B8 —z2+1x5) —22=5— 229+ 75

x4:2—(3—$2+x5)+2m2:—1+3x2—$5
z=—B8—xa+x5) — 229 = -3 —x2—T5

Accordingly, we now have the following primal dictionary:

T = 3 - To + 5
T3 = 5 — 2 12 + x5
zs= -1 + 3 zo -— 5

z= -3 = To — 5

where B = {1,3,4} and N' = {2,5}. The basic primal non-feasible solution is:

T1 =3, x3=09, x4=—1, To=0, Tg=0 of value —3

e Iteration 2

The only basic variable with negative value is x4, which is the pivot row. Correspond-
ingly, in the dual dictionary we increase the variable 74, and we can get a better dual
solution. We have:

1-3m >0

mo= 1-3m —_— < %
m2>0

5 = 1+ﬂ'4 ]."‘71'420 7_(_42 -1
75>0

These are exactly the ratios of the dual simplex algorithm on the row of z4: s, =
:—é = %, attained by zo (a45 = 1 > 0 gives no candidate). By increasing the value of

4 to %, the value of my decreases to 0. Then we have that:

4 becomes dual basic and, accordingly, x4 becomes primal non-basic;
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o becomes dual non-basic and, accordingly, x5 becomes primal basic.

For the dual LP problem, we have:

1 1 2 1
o =14+ m + 273 — 374 then 7r4:§+§771+§773—§7r2.

Substituting in the other equations of the dual dictionary, we get:

1 o 1+1 +2 1 4 2 1 1
m=1—-m -7 —+ oMt M3 — T | =5 — oW — M2 — =T
5 1 3 3 31 33 32 3 31 32 33

Cw—3—3m B (Lo 2 1 N 10 8 1 13
- R R 3 3

Accordingly, we now have the following optimal dual dictionary:

1 1 1 2
4= 3 + 3gm — 3w + 373
4 2 1 1
Ty = 3 — gﬂ'l — gﬂ'Q — §7T3
- 1 _ 8 _ 1 _ 13
—w = 3 3 1 3 79 3 3

where B = {4,5} and N = {1,2,3}. All the coefficients of the objective function
are non-positive, and then the dual basic optimal solution is:

Recalling that the original dual variables are the shifted variables 73, w4, 75, the
optimal solution of the original dual LP problem is:

1 4 10
T =0, 7~T2=§, 7?325, and z(D(LP)):—g.
For the primal LP problem, we have:
1+3 th L + L + 1
By = — To— T en 9= -+ -x4+ —T5.
4 2 5 2= 5t 3Tt 3T

Substituting in the other equations of the primal dictionary, we get:

3 1+1 +1 n g8 1 +2
r1=3—|-+z-z =47 By = = — =48 -
1 3 34 35 5 3 34 35

5_9 1+1 +1 n 13 2 +1
T3 =95 — = ok =5 - By = — — =48 =3
3 3 T 3Tt 3T 5 3 3T 3T

Author: Fabio Furini

SAPIENZA

UNIVERSITA DI ROMA

80


https://github.com/fabiofurini/linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Programming

U T 10 1 4
= o e g e e

Accordingly, we now have the following optimal primal dictionary:

T = % - %964 + %1‘5
Ty = % + %1‘4 + %IE5
T3 = % - %964 + %965
2= R - Lo -t

where B = {1,2,3} and N/ = {4,5}. The basic solution is now primal feasible
and dual feasible, and then the primal basic optimal solution is:
8 1 13 10
jl = g, .'iQ— g, 3}3:?, 274:0, .'175:0 of value —?,
in accordance with the Strong Duality theorem.

Graphical solution:

The feasible region of the LP problem in canonical form is the polyhedron shaded in red.
The feasible region is unbounded.
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An optimal primal LP solution is:

1 1
=, igzg and z(LP):—go.
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The feasible region of the dual LP problem in canonical minimization form is the poly-

hedron shaded in red. In the following figure we plot the three original dual variables
1, Ty, T3, corresponding to the variables s, 74, m5 of the dual dictionaries.
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Ay
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An optimal dual LP solution is:

1 4 10
m =0, 772=§, 7~F3=§, and Z(D(LP)):—*

3

In violet, we show the first and the second vertex explored by the previous execution of
the dual simplex algorithm, before reaching the optimal one depicted in blue.
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SageMath Code: 3D Polyhedra (

# Variables are (pi_1, pi_2, pi_3), i.e., the original dual variables.
# Define the polyhedron using inequalities (Hyperplane Representation)
p = Polyhedron(iegs=[

(1, -1, 1, -1), #1 - pi_1 +pi 2 - pi_3>=0

(2, 1, -2, -1), # 2+ pi_1 - 2%pi_ 2 - pi_ 3 >=0

0, 1, 0, 0), # pi_1l >=0
0, 0, 1, 0), # pi_2 >= 0
(0, 0, 0, 1) # pi_3 >= 0

D

# Display the inequalities of the polyhedron
p-Hrepresentation()

# Display the extreme points and extreme rays of the polyhedron
p.Vrepresentation()

# Plot the polyhedron (3D)
p-plot()

Exercise 10.5 — Dual simplex algorithm (P15)

Consider the following primal LP problem in canonical maximization form with n = 2
variables and m = 2 constraints:

max —-3 x1 — 2 X9
subject to — x1 — T < —4
— 1 — 3 x3 < -6
T, To = 0

and its dual LP problem in canonical minimization form with m = 2 variables and n = 2

constraints:
min -4 m — 6 mo
subject to — wm — T > =3
- m = 3 m > =2
1, m > 0

Since ¢ < 0, the basis of the m slack variables is dual feasible but it is not primal feasible.
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Questions

Solve the primal LP problem with the dual simplex algorithm and, in parallel, the
dual LP problem with the simplex algorithm, showing at each iteration the dual and
the primal dictionaries.

- J

e Initialization

We shift the indices of the original dual variables by n = 2 and we add n = 2 surplus
variables in front. We then obtain the following standard maximization form:

max 4 7m3 + 6 my
subject to — m — T3 — T = -3
— Ty - M — 3 m = =2
1, T2, T3, Ty 2> 0

The dual initial dictionary is:

m= 3 - T3 = Ty
T = 2 = T — 3 My

—w= 0 4+ 4 m + 6 my

where B = {1,2} and N = {3,4}. The basic dual feasible solution is:

T =3, Ty=2, m3=0, m4=0

with —w =0, i.e., w = 0.

After having added the slack variables to the primal problem, we obtain the following
standard form:

max —3 1 — 2 X9
subject to — x1 — To + x3 = —4
— x1 — 3 x9 + x4 = —6
X1, x2, 3, T4 > 0
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The primal initial dictionary is:

3= —4 + 1+ Z2
ry= -6 ++ 1 + 3 22
2= 0 — 3 =1 — 2 x9

where B = {3,4} and N' = {1,2}. The basic primal non-feasible solution is:

T3 = —4, T4 = —06, T1=0, ZTo =0 of value 0
e Iteration 1
In the primal dictionary, the basic variables with negative value are x3 and x4: by

the smallest-index rule the pivot row is x3. Correspondingly, in the dual dictionary
we increase the variable 73, and we can get a better dual solution. We have:

3—7‘1’320
m= 33— 73 — m <3
w1>0
Ty = 2— T3 2-m=20 w3 < 2
w9 >0

These are exactly the ratios of the dual simplex algorithm on the row of x3: s, =

min {:—i’, :—%} = 2, attained by x9. By increasing the value of w3 to 2, the value of w5

decreases to 0. Then we have that:

3 becomes dual basic and, accordingly, x3 becomes primal non-basic;

o becomes dual non-basic and, accordingly, o becomes primal basic.

— For the dual LP problem, we have:
Ty =2— m3—3my then w3=2—m9— 3my.
Substituting in the other equations of the dual dictionary, we get:
m=3—(2—mg—3my)—mg=1+ma+2my

—w:4(2—71'2—37T4)+67['4:8—47T2—67T4

Accordingly, we now have the following optimal dual dictionary:
m= 1 + My 4+ 2 my
mT3= 2 - T — 3 my

—w= 8 — 4 m — 6 my
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where B = {1,3} and N = {2,4}. All the coefficients of the objective function
are non-positive, and then the dual basic optimal solution is:

m =1, w3 =2, To=0, my=0, —w=8 w=-8.
Recalling that the original dual variables are the shifted variables ms, w4, the
optimal solution of the original dual LP problem is:

71 =2, #3=0, and z(D(LP))=-8.

— For the primal LP problem, we have:
r3=—44+x1+2x9 then x9=4— 121+ 23.
Substituting in the other equations of the primal dictionary, we get:
x4=—-6+x1+3(4d—21+23)=6—221+ 373
z=-3xz1—2(4—z1+2x3)=-8—21 — 223

Accordingly, we now have the following optimal primal dictionary:

To = 4 — r1 + T3
Ty = 6 — 2 1 + 3 =x3
z= =8 - T — 2 x3

where B = {2,4} and N/ = {1, 3}. The basic solution is now primal feasible and
dual feasible, and then the primal basic optimal solution is:

.fg = 4, 54 = 6, fl = 0, 53 =0 of value - 8,

in accordance with the Strong Duality theorem.
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Graphical solution:

The feasible region of the LP problem in canonical form is the polyhedron shaded in red.
The feasible region is unbounded.

s )

T2

-

An optimal primal LP solution is:

21 =0, Ta=4 and 2(LP)=-8.

The feasible region of the dual LLP problem in canonical minimization form is the polyhe-
dron shaded in red. In the following figure we plot the two original dual variables 7y, o,
corresponding to the variables 73, m4 of the dual dictionaries. The constraint —m; —mo > —3
is redundant.

-

2

\_

An optimal dual LP solution is:

m1=2, mo=0, and z(D(LP))=-8.

In violet, we show the first vertex explored by the previous execution of the dual simplex
algorithm, before reaching the optimal one depicted in blue.
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Exercise 10.6 — Dual simplex algorithm (P16)

Consider the following primal LP problem in canonical maximization form with n = 2
variables and m = 2 constraints:

max — I — 2 X2
subject to -2 x; -— Ty < —4
—x1 — 3 x3 < -6
T, Ty > 0

and its dual LP problem in canonical minimization form with m = 2 variables and n = 2

constraints:
min —-4m — 6 m9
subject to -2 mwm — Ty > -1
- m — 3 m > =2
T, T > 0

Since ¢ < 0, the basis of the m slack variables is dual feasible but it is not primal feasible.

Questions

Solve the primal LP problem with the dual simplex algorithm and, in parallel, the
dual LP problem with the simplex algorithm, showing at each iteration the dual and

the primal dictionaries.

AN J

e Initialization

We shift the indices of the original dual variables by n = 2 and we add n = 2 surplus
variables in front. We then obtain the following standard maximization form:

max 4 m3 + 6 my
subject to — m - 2 M3 = Ty = -1
- My - ™ = 3 my = =2
T, T2, T3, Ty > 0

The dual initial dictionary is:
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m= 1 — 2 w3 = Ty
o= 2 - T3 — 3 my
—w= 0 + 4 3 + 6 my

where B = {1,2} and N = {3,4}. The basic dual feasible solution is:

7T1:1, 7T2:2, 71'3:0, 7T4:0

with —w =0, i.e., w = 0.

After having added the slack variables to the primal problem, we obtain the following
standard form:

max — 11 — 2 x9
subject to -2 x; -— T2 + x3 = —4
— 21 — 3 x9 + x4 = -6
T1, T2, x3, T4 =2 0

The primal initial dictionary is:

3= —4 + 2 z; + )
r4y= -6 + r1 + 3 22
2= 0 - r1T — 2 x9

where B = {3,4} and N' = {1,2}. The basic primal non-feasible solution is:

T3 = —4, x4 = —6, 21 =0, Zo=0 of value 0

e Iteration 1

In the primal dictionary, the basic variables with negative value are x3 and x4: by
the smallest-index rule the pivot row is x3. Correspondingly, in the dual dictionary
we increase the variable w3, and we can get a better dual solution. We have:

1-2m3>0

m= 1—2mg —_———— 3 < %
w120

Ty = 2— 3 2-m=>0 s < 2
w9 >0

These are exactly the ratios of the dual simplex algorithm on the row of x3: s, =

min {:—;, :—%} = %, attained by x;. By increasing the value of 73 to %, the value of

71 decreases to 0. Then we have that:
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73 becomes dual basic and, accordingly, x3 becomes primal non-basic;

71 becomes dual non-basic and, accordingly, £; becomes primal basic.

— For the dual LP problem, we have:

1 1 1
=1—2mg — th = - — —T] — = 4.
m T3 — T4 en T3 2 27r1 2774

Substituting in the other equations of the dual dictionary, we get:

5 1 1 1 3 3+1 )
TTo = — - — —T1 — =T — oMYy = < 571 — 5T
2 9 2 1 9 4 4 2 2 1 9 4

1 1 1
—w = (—7T1—7T4> +6my=2—2m +4my

Accordingly, we now have the following dual dictionary:

3 1 5
= 5 + 3 M — 5 M4
1 1 1
T3 — 5 — 5 1 — 5 T4
—w= 2 - 2 m + 4 m

where B = {2,3} and N' = {1,4}. The basic dual feasible solution is:

Ty =

3
Z. a= =
25 3 27

— For the primal LP problem, we have:

r3 = —4+2x; +wy then z1=2-z2+ ;s

Substituting in the other equations of the primal dictionary, we get:

1 1 5 1
T4 6+< 2x2+2x3>+3x2 +2$2+2x3

= (2—fop+ 1 dwy= 2O L
z = 21‘2 21’3 Tro = 2ZE2 2$3

Accordingly, we now have the following primal dictionary:

T = 2 - % ro + % &3

ry= -4 + % To + % T3
3 1

z= -2 — 35 x2 — 5 X3

where B = {1,4} and N = {2,3}. The basic primal non-feasible solution is:

To=0, Z3=0 of value —2
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e Iteration 2

solution. We have:

T =

T3 =

=520 <12

[\G][GV]

N[ =

My = -+ -T1 — 574

where B = {3,4} and N = {1,2}
are non-positive, and then the dual basic optimal solution is:

T3=—, 4=,

The only basic variable with negative value is x4, which is the pivot row. Correspond-
ingly, in the dual dictionary we increase the variable 74, and we can get a better dual

polon
3
S

N[ =
3
~
N |
\)
|

These are exactly the ratios of the dual simplex algorithm on the row of x4: s, =

min{_3/2 —1/2} .

=3,
of w9 decreases to 0. Then we have that:

attained by x3. By increasing the value of 74 to %, the value

74 becomes dual basic and, accordingly, x4 becomes primal non-basic;

o becomes dual non-basic and, accordingly, o becomes primal basic.

— For the dual LP problem, we have:

3 1 ) - 3
2 2 2 5

Substituting in the other equations of the dual dictionary, we get:

_1 1 bye, U zoh=Lt 8 1
=y M o \g g™ 5™ T 5T
3 1 9 2 6 8
IR S ST T P I G e
w T+ <5+57T1 57r2) 5 57r1 57r2

Accordingly, we now have the following optimal dual dictionary:

_ 1 3
™= 5§ — 71 +
3 1
Ty = 5 2 5 —
gy — 22 _ 6 _
w = 5 57T1

g m =0, m =0,

Recalling that the original dual variables are the shifted variables ms, w4, the
optimal solution of the original dual LP problem is:

1 3

_57 71—2:37

Ty = -+ - T — = T2.

. All the coefficients of the objective function

—w = =

and z(D(LP)) =—

Ty <

ol

—

Ty <

1 2
b} )

1
572
2
572

8
572

22 22
w=——.
) )

22
-
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— For the primal LP problem, we have:

4—|—5 +1 th 8 1 +2
Ty = — —xo+ -z en xy=—-— —T3+ - 4.
4 g T2t 523 2= g T gl gl
Substituting in the other equations of the primal dictionary, we get:
g L8 1, .2 N, 1 63 1
EET 5 T ™M) T T T g™
9 3/8 1 +2 1 22 1 3
z=-2—=-|-—za3+-24 ) —=-23=—""F——T3— =17
2\5 575" 27" "5 57 5*

Accordingly, we now have the following optimal primal dictionary:

6 3 1
T = 5 2 5 43 - 5 L4
8 1 2
To = 5 — 5 xr3 + B T4
= -2 _ 1 _ 3

where B = {1,2} and N = {3,4}. The basic solution is now primal feasible and

dual feasible, and then the primal basic optimal solution is:

8 22
T3 =0, Z4=0 of value ~ 5

in accordance with the Strong Duality theorem.

Graphical solution:

The feasible region of the LP problem in canonical form is the polyhedron shaded in red.
The feasible region is unbounded.

4 )

x2

(e}
Ao |
(=}

N i /
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An optimal primal LP solution is:

8 22
fi]_:g, 5?2:5 and Z(LP):fg
The feasible region of the dual LP problem in canonical minimization form is the polyhe-
dron shaded in red. In the following figure we plot the two original dual variables 7, o,
corresponding to the variables 73, 74 of the dual dictionaries.

e T T \

1+ N

2

o
(S e
Dl

\ i /

An optimal dual LP solution is:

3 22
1= g = £ and z( D(LP)) = 5

In violet, we show the first and the second vertex explored by the previous execution of
the dual simplex algorithm, before reaching the optimal one depicted in blue.
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10.2 Problems with three variables

Exercise 10.7 — Dual simplex algorithm (P51)

Consider the following primal LP problem in canonical maximization form with n = 3
variables and m = 2 constraints:

max — 21 — T2
subject to 2 o — 3 x3 < -5
— 3 21 = 2 3 + 2 23 < =2
x1, Z2, xr3 2> 0

and its dual LP problem in canonical minimization form with m = 2 variables and n = 3

constraints:
min -5 m — 2 m
subject to m — 3 my > =2
—m = 2m > -1
—3m™m 4+ 2m > 0
1, Ty > 0

Since ¢ < 0, the basis of the m slack variables is dual feasible but it is not primal feasible.

Questions

Solve the primal LP problem with the dual simplex algorithm and, in parallel, the
dual LP problem with the simplex algorithm, showing at each iteration the dual and
the primal dictionaries.

N\ J

e Initialization

We shift the indices of the original dual variables by n = 3 and we add n = 3 surplus
variables in front. We then obtain the following standard maximization form:
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max

subject to m

71,

The dual initial dictionary

,

standard form:

T4 = _57 'ff):

S5my + 2y

+ m - 3m = -2

— Ty — T — 2w = -1

— w3 — 3my + 27w = 0

2, 3, T4, s 2 0

is:

m=2 + Ty, — 3 s
m =1 - Ty, — 2 s
=0 — 3 my + 27y
—w=0 + 5my + 2 ms

After having added the slack variables to the primal problem, we obtain the following

max —2 x; — T2
subject to 1 - T2 — 3 x3 + @y = -5
—3x1 — 230 + 2 x3 + x5 = =2
z1, z2, z3, T4, zs > 0
The primal initial dictionary is:
Ty =—-5 - 1 + roa + 3 x3
r5=—-2 4+ 3x; + 2x9 — 2 x3
z=0 — 2x1 -— 9

where B = {4,5} and N' = {1,2,3}. The basic primal non-feasible solution is:

_2’

The basic dual feasible solution is:

m4=0, @w5=0 of value 0

T1=0, To =0, 3 =0 of value 0

Author: Fabio Furini
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e Iteration 1

In the primal dictionary, the basic variables with negative value are x4 and x5: by
the smallest-index rule the pivot row is x4. Correspondingly, in the dual dictionary
we increase the variable 74, and we can get a better dual solution. We have:

2474 >0
m = 24my T;O—’ Ty > —2

1—m >0
T = 1—my * Ty <1
w9 >0

T3 = —3my —3m4 20 w4 <0
w3>0

These are exactly the ratios of the dual simplex algorithm on the row of z4: s, =

:—i, %’ = 0, attained by x3 (aq; = 1 > 0 gives no candidate). By increasing

min {
the value of 74 to 0, the value of w3 remains equal to 0. Then we have that:

74 becomes dual basic and, accordingly, x4 becomes primal non-basic;

w3 becomes dual non-basic and, accordingly, 3 becomes primal basic.

— For the dual LP problem, we have:

1 2
w3 = —3m4+ 275 then my= —3™ + 375
Substituting in the other equations of the dual dictionary, we get:
1 2 1 7
2 1 8

S S U WP S
w = 37T3 371'5 Ty — 371'3 371'5

Accordingly, we now have the following dual dictionary:

m=2 - 17r3 = Z7T5
3 3
m=1 + 17F3 - §775
3 3
1 2
=0 - §7r3 + 5775
—w=0 - §7r3 T Emr,
3 3

where B = {1,2,4} and N' = {3,5}. The basic dual feasible solution is:

M =2, ma=1, =0, 3 =0, 75 =0 of value 0

Author: Fabio Furini
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— For the primal LP problem, we have:

=—-5— 3 th = — - - = -
x 1+ X2 +3x en T + T To + xT4.

Substituting in the other equations of the primal dictionary, we get:

11 1 6 7 8 2
3 3 3 ° 3 3 3 3" 3

)
x5:—2+3x1+2x2—2<+1‘1—x2+1‘4 =— tgT1tgT2— 5T

z=—2x1 — X9

Accordingly, we now have the following primal dictionary:

5} 1 1 1
r3 = g + g(lfl — g(lfz + §$4
T5 = 16 + zx + §x — gw
5= 3 3 1 3 2 3 4
z = 0O — 2z - D)

where B = {3,5} and N/ = {1,2,4}. The basic primal non-feasible solution is:

r3 = -, Ty =—— 21 =0, Zo=0, Z4 =0 of value 0

e Iteration 2

The only basic variable with negative value is x5, which is the pivot row. Correspond-
ingly, in the dual dictionary we increase the variable 75, and we can get a better dual
solution. We have:

7
'2—§7r520

—_————
m1>0

8
1—-m2>0
3™ =

—_————
>0

™M= 2— -5

3
at
IN

Ty = 1—§7r5

3
ot
VAN

S owlw 9o

3
ot
v

T4 = S T5 §7r520

—_——
\ m>0

These are exactly the ratios of the dual simplex algorithm on the row of z5: s, =
min {%?3, ﬁ}g} = %, attained by o (as54 = % > 0 gives no candidate). By increasing

the value of 75 to 3’ the value of 7y decreases to 0. Then we have that:

75 becomes dual basic and, accordingly, x5 becomes primal non-basic;

o becomes dual non-basic and, accordingly, o becomes primal basic.
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— For the dual LP problem, we have:

1+1 8 the 3+1 5
Mo = Y n w5 =—4+—m3— —mo.
9 3737 5=gTgMm— g™

Substituting in the other equations of the dual dictionary, we get:

, | 7(3, 1 3 9.7 5
m =2—_-m3— = Mg — = Ty — =T
! 3 3\8" "8 g'%) grgr gl
_ 1281 3 0\ 1 1 1
T=Tgm T g g T g™ T g™) T T T
51603 1 3 )y
—wW=—=-7T3+ —|-+=-m3—-m | =2—-2m —7
3 3 3 8 8 ) 8 2 2 3

Accordingly, we now have the following optimal dual dictionary:

( 9 + 7 )
T = = - T — = T
1 ] ] 2 ] 3
1 1 1
Ty = Z — Z T2 — Z 3
3 3 o 1
Ty = - — - T — T
5 ] 8 2 8 3
—Ww = 2 — 2 Up) — 3

where B = {1,4,5} and N = {2,3}. All the coefficients of the objective function
are non-positive, and then the dual basic optimal solution is:

9 1 3
ﬁlzg, %4217 ﬁ5:§7 =0, m3=0  of value —2

Recalling that the original dual variables are the shifted variables my, 75, the
optimal solution of the original dual LP problem is:

Fo= 5. and 2(D(LP)) = —2.

™ = 87

1

4 b

— For the primal LP problem, we have:
16 7 8

x5 = Z T Z hen T 2 x x xIs.
5 3 3 1 3 2 3 4 2 S 1 | 4 ] 5

Substituting in the other equations of the primal dictionary, we get:

5 1 1 7 3 1 5 1 1
3=z-+z-z1—z|2—<cz1+ 24+ S5 +§x4:1+§x1+1x4—§x5

Author:
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F1=0,

Graphical solution:

The feasible region is unbounded.

7 1 3
7= =N = <2—x1+4x4+8x5>

8

Go=2, F3=1,

7 1
_§$1+Z$4
) 1
+ gxl + Z$4
9 1
—§x1—1x4

in accordance with the Strong Duality theorem.

9
=== =00 — =B — = T

8

Accordingly, we now have the following optimal primal dictionary:

+

where B = {2,3} and N/ = {1,4,5}. The basic solution is now primal feasible
and dual feasible, and then the primal basic optimal solution is:

G4=0, 35=0

The feasible region of the LP problem in canonical form is the polyhedron shaded in red.

1 3
4 8

T5

Ts5

Ts

ool w ool ool w

of value —2

)

~

x3

~

Zz3=1 and 2(LP)=-2.
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The feasible region of the dual LLP problem in canonical minimization form is the polyhe-
dron shaded in red. In the following figure we plot the two original dual variables 71, ma,
corresponding to the variables 74, 75 of the dual dictionaries.

4 . = T

(NN
-
A
2

=

2

\ i /

An optimal dual LP solution is:
- 1 3
m=g M=g and z( D(LP) )= -2.

In violet, we show the first vertex explored by the previous execution of the dual simplex
algorithm, before reaching the optimal one depicted in blue.

Exercise 10.8 — Dual simplex algorithm (P53)

Consider the following primal LP problem in canonical maximization form with n = 3
variables and m = 3 constraints:
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max — x1 — 2x9 — 4dux3
subject to — 1z — T9 < =2
— Ty — r3 < =3
- 1 — r3 < =2
1, 9, T3 > 0

and its dual LP problem in canonical minimization form with m = 3 variables and n = 3
constraints:

min — 2w — 3my — 27y
subject to — m — T3 > -1
— T = T > =2
— T = T > —4
1, 2, T3 > 0

Since ¢ < 0, the basis of the m slack variables is dual feasible but it is not primal feasible.

Questions

Solve the primal LP problem with the dual simplex algorithm and, in parallel, the
dual LP problem with the simplex algorithm, showing at each iteration the dual and
the primal dictionaries.

. J

e Initialization

We shift the indices of the original dual variables by n = 3 and we add n = 3 surplus
variables in front. We then obtain the following standard maximization form:

max 274 4+ 3ms 4+ 27
subject to — m — T4 — e = —1
- T2 — T4 — 5 = -2
— T3 - s — 6 = —4
1, T2, 3, T4, 5, s = 0

The dual initial dictionary is:
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e Iteration 1

m = 1 - T4 — T6

T = 2 — Ty — 5

3 = 4 — T — 6
—w = 0 + 2my + 37 + 2m7g

\

where B = {1,2,3} and N' = {4,5,6}. The basic dual feasible solution is:

with —w =0, i.e., w = 0.

After having added the slack variables to the primal problem, we obtain the following
standard form:

max — x1 — 2x9 — 4dux3
subject to — x1 — To + x4 = =2
= T9 — €3 + x5 = -3
- = X3 + g = =2
x1, x2, z3, x4, Zs, xe = 0

The primal initial dictionary is:

x4y = —2 + x + T2

x5 = -3 + To + T3

g = —2 + 3 + T3
|z = 0 — =1 — 2x9 — 4duxj

where B = {4,5,6} and N' = {1,2,3}. The basic primal non-feasible solution is:

Ty = -2, Ts=-—-3, Tg= —2, T1=0, ZT9 =0, Z3=0 of value 0

In the primal dictionary, the basic variables with negative value are x4, x5 and xg: by
the smallest-index rule the pivot row is x4. Correspondingly, in the dual dictionary

Author: Fabio Furini
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we increase the variable 74, and we can get a better dual solution. We have:

.

1—m >0

m= 1-my — my < 1
m1>0

2—my >0

—_——
m2>0

3= 4 é}/_@ (no condition)
w3>0

Ty < 2

g = 2—71'4

These are exactly the ratios of the dual simplex algorithm on the row of x4: s, =

1y -1
decreases to 0. Then we have that:

min {;1 ;2} =1, attained by z;. By increasing the value of 74 to 1, the value of m

74 becomes dual basic and, accordingly, x4 becomes primal non-basic;

71 becomes dual non-basic and, accordingly, £; becomes primal basic.

— For the dual LP problem, we have:
m=1—my—7mg then w4=1—m —7g.
Substituting in the other equations of the dual dictionary, we get:
me=2—(1—m —mg) —75 =1+m — 75 + 76

T3 =4 — w5 — g

—w=2(1—-m —m)+37m5+2m6=2—2m + 373

Accordingly, we now have the following dual dictionary:

m = 1 + T — s  +  Te

T3 = 4 — T — g

m™ o= 1 - ™ —  Tg
—w = 2 - 2m 4+ 3

where B = {2,3,4} and N' = {1,5,6}. The basic dual feasible solution is:

Author: Fabio Furini

SAPIENZA

UNIVERSITA DI ROMA

103


https://github.com/fabiofurini/linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Programming

— For the primal LP problem, we have:
Ty =—2+4+x1 +x9 then x1=2— 29+ 24.
Substituting in the other equations of the primal dictionary, we get:
T5 = —3+ o + T3

Te=—-2+2—-z2+x4) +23=0—22+23+24

z2=—2—2a+m4) — 222 —4da3=—-2—29— 4T3 — 24

Accordingly, we now have the following primal dictionary:

T, = 2 — x9 + x4

rs = —3 + x2 + 3

Tg = 0 — =z + r3 + x4
z = =2 — x5 — 4dxz3 — x4

where B = {1,5,6} and N' = {2, 3,4}. The basic primal non-feasible solution is:

T =2, T5=-3, x¢=0, To=0, Z3=0, 74 =0 of value —2

e Iteration 2

The only basic variable with negative value is x5, which is the pivot row. Correspond-
ingly, in the dual dictionary we increase the variable 75, and we can get a better dual
solution. We have:

1—71'520

T = 1—1m5 — 5 < 1
T2>0

4—752>0

3= 4— 75 * Ty < 4

7w3>0

= 1 1>0 (no condition)
7420

\

These are exactly the ratios of the dual simplex algorithm on the row of xz5: s, =
min {:—}, :—‘11
decreases to 0. Then we have that:

} = 1, attained by x3. By increasing the value of 75 to 1, the value of w9

75 becomes dual basic and, accordingly, x5 becomes primal non-basic;

o becomes dual non-basic and, accordingly, o becomes primal basic.
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— For the dual LP problem, we have:
mo=14m —75+mg then 75=1+ 1 — w9+ 7g.
Substituting in the other equations of the dual dictionary, we get:
m3=4—(14m —my+mg) —mg =3 — 71 + 72— 27
my=1—m — g

—w=2-2m+3(1+m —ma+mg)=5+m —3ma+ 37

Accordingly, we now have the following dual dictionary:

™ = 3 - m -+ Ty — 2Tg
m o= 1 — m - 6
™ = 1 4+ m - T + 6
—-w = 95 4+ m — 3m + 3mg

\

where B = {3,4,5} and N' = {1,2,6}. The basic dual feasible solution is:

— For the primal LP problem, we have:
r5=—-3+4+x9+x3 then x9=3-—2x3+ 25.
Substituting in the other equations of the primal dictionary, we get:
x1=2—8—xz3+x5)+x4a=—-14+2x3+2T4— 25

z6=—(3—x3+a5)+x3+aa=—-3+2x3+24— 25

z2=-2—(B3—x3+x5) —4ax3—x4=-5—3x3— 24— T5

Accordingly, we now have the following primal dictionary:

r, = -1 + r3 + Ty — x5
To = 3 - T3 + x5
T = —3 + 2x3 + x4 — x5

z = =5 — 33 — x4 — T5

where B = {1,2,6} and N' = {3,4,5}. The basic primal non-feasible solution is:

r1=—1, o =3, xg=—3, T3=0, T4 =0, Tz =0 of value —5
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e Iteration 3

In the primal dictionary, the basic variables with negative value are x; and xg: by
the smallest-index rule the pivot row is z; (even if Zg = —3 is more negative). Corre-
spondingly, in the dual dictionary we increase the variable 7y, i.e., the variable with
positive coefficient in the objective function having the smallest index, and we can
get a better dual solution. We have:

3—m >0

3= 3—m T m < 3

1—m >0

T4 — 1—7T1 Ji;/ ﬂ'lé 1
T42>0

= l+m 1+m =0 m > -1
75>0

These are exactly the ratios of the dual simplex algorithm on the row of x1: s, =

min {:—:1", %} = 1, attained by x4 (a;5 = 1 > 0 gives no candidate). By increasing

the value of 71 to 1, the value of m4 decreases to 0. Then we have that:

1 becomes dual basic and, accordingly, 1 becomes primal non-basic;

74 becomes dual non-basic and, accordingly, 4 becomes primal basic.

— For the dual LP problem, we have:
my=1—m —mg then w1 =1-—my— 7.
Substituting in the other equations of the dual dictionary, we get:
m3=3—(1—my—m¢) +m2—2m6 =2+ w3+ 7y — Tg

7T5:1+(1—7T4—7T6)—7T2—|-7T622—71'2—7T4

—’u}:5+(1—7r4—7T6)—37T2+37r6:6—37T2—7T4+27T6

Accordingly, we now have the following dual dictionary:

m = 1 - T4 — 6
T3 = 2 + mo + M4 — 6
T o= 2 - Ty — Ty

—w = 6 — 3m — mwy + 27

\

where B = {1,3,5} and N' = {2,4,6}. The basic dual feasible solution is:
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— For the primal LP problem, we have:
r1=-14x34+24—25 then z4=14z21— 23+ 5.
Substituting in the other equations of the primal dictionary, we get:
To =3 —x3+ x5

$6:—3+2$3+(1—|—3§1—$3+$5)—$5:—2+l‘1—|—$3

z=-5-3x3—(14x1 —x3+25) —25 =—6—11 — 223 — 225

Accordingly, we now have the following primal dictionary:

To = 3 — T3 + 5
T4 = 1 + = - r3 + T5
r6 = —2 + x1 -+ T3

z = —-6 — x1 — 2x3 — 25

\

where B = {2,4,6} and N' = {1, 3,5}. The basic primal non-feasible solution is:

To=3, Tg4=1, xg=—2, Z1 =0, 2z3=0, Z5 =0 of value —6

e Iteration 4

The only basic variable with negative value is xg, which is the pivot row. Correspond-
ingly, in the dual dictionary we increase the variable 7g, and we can get a better dual
solution. We have:

1-— 6 >0

™ = 1— 6 — e < 1
m1>0

2 — >

3= 2—Tg J?;q e < 2

7w3>0

5 = 2 220 (no condition)

~——
75>0

\

These are exactly the ratios of the dual simplex algorithm on the row of xzg: s, =
min {:—}, :—%
decreases to 0. Then we have that:

} = 1, attained by x;. By increasing the value of mg to 1, the value of m;

g becomes dual basic and, accordingly, x¢ becomes primal non-basic;

71 becomes dual non-basic and, accordingly, £; becomes primal basic.
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— For the dual LP problem, we have:
m=1—my—mg then mg=1-—m — 4.
Substituting in the other equations of the dual dictionary, we get:
m3=24+me+my—(1—m —mg)=1+m +m2+2my
M5 =2 — Ty — Ty

—w=6—-—3my—m+2(1—m —my)=8—-2m —3me —3my

Accordingly, we now have the following optimal dual dictionary:

mw o= 1 4+ m + m + 2my
T = 2 = Ty — Ty
m = 1 - st - Ty
—w = 8 — 2m — 3m — 3m

\

where B = {3,5,6} and N/ = {1,2,4}. All the coefficients of the objective
function are non-positive, and then the dual basic optimal solution is:

7'1'3:17 7T5:2, 7T6:17 7~T1:0, 7}2:()7 7~T4:0, —w:8, w = —8.

Recalling that the original dual variables are the shifted variables w4, 75, g, the
optimal solution of the original dual LP problem is:

71 =0, Te=2, 73=1, and z(D(LP))=-8.
— For the primal LP problem, we have:
re=—24+x1+x3 then x1=2-—2x3+ 6.
Substituting in the other equations of the primal dictionary, we get:
To =3 —x3+ x5

x4:1+(2—x3+:c6)—x3+x5:3—2x3+x5+x6

z:—6—(2—x3+x6)—2m3—2x5:—8—x3—2x5—x6

Accordingly, we now have the following optimal primal dictionary:
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T, = 2 — T3 + T

To = 3 - r3 + T5

Ty = 3 — 23 + T5 + x4
z = =8 = T3 — 2T5 — Tg

\

where B = {1,2,4} and N/ = {3,5,6}. The basic solution is now primal feasible
and dual feasible, and then the primal basic optimal solution is:

.f1:2, .%2:3, 52'4:3, @3:0, i’5:0, 536:0 of value —8,
in accordance with the Strong Duality theorem.

Graphical solution:

The feasible region of the LP problem in canonical form is the polyhedron shaded in red.
The feasible region is unbounded: we draw only its faces, cut at 1 =4, x5 = 5 and z3 = 5.

4 =) N

€3

vlw N

o

An optimal primal LP solution is:
1’1:2, 52:3, 5:3:0 and Z(LP):—S

The feasible region of the dual LP problem in canonical minimization form is the poly-
hedron shaded in red. In the following figure we plot the three original dual variables
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1, w2, T3, corresponding to the variables 7y, 75, g of the dual dictionaries. The constraint
—my — 73 > —4 is redundant.

-

An optimal dual LP solution is:

In violet, we show the four vertices (0,0,0) — (1,0,0) — (1,1,0) — (0,2,0) explored by
the previous execution of the dual simplex algorithm, before reaching the optimal one
(0,2,1) depicted in blue. The dual objective values are 0 - —2 — —5 — —6 — —8.
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SageMath Code: 3D Polyhedra (

# Variables are (pi_1, pi_2, pi_3), i.e., the original dual variables.
# Define the polyhedron using inequalities (Hyperplane Representation)
p = Polyhedron(iegs=[
(1, -1, 0, -1), #1 - pi_1l - pi_3>=0
2, -1, -1, 0), #2 -pi_l -pi_2>=0
(4, 0, -1, -1), #4 -pi 2 - pi_3>=0
#
#
#

(0, 1, 0, 0), pi_l >=0
(0, 0, 1, 0), pi_2 >= 0
(0, 0, 0, 1) pi_3 >=0
D
# Display the inequalities of the polyhedron
p-Hrepresentation()
# Display the extreme points and extreme rays of the polyhedron
p-Vrepresentation()
# Plot the polyhedron (3D)
p-plot()
- J
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