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Chapter 6

Simplex algorithm

6.1 Dictionaries

Exercise 6.1 — Simplex dictionaries (P3)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 2 constraints:

max 2 x1 + 4 xo
subject to — x1 + To < 2
8 1 + 2 xz9 < 19
Ty, r2 > 0

By introducing the slack variables, we get its standard form with n + m = 4 variables and
m = 2 constraints:

max 2 x1 + 4 x9

subject to — x1 + To +  x3 = 2
8 1 + 2 x9 + x4 = 19
T, x2, x3, T4 Z 0

Questions

1. Considering the following partition of the variable indices

B={1, 3} and N ={2, 4}

-1 1
Ap =
=5 o)

verify that the matrix

is a basis of the LP problem.
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Linear Programming

2. Compute the inverse matrix Agl then write the associated dictionary.

e N
A simplex dictionary is a system of linear equations in which the basic variables and
the objective-function are written in function of the non-basic variables:

(7 —1l
xp=b—Axy A:AglAN
where
== - =il
z=zZ+4+¢ xzn Z=cg Az b
= / =il
cd=cy—cgAg Ay
G J

1. In the LP problem the input data are:

-1 1 1 0 2
A: b:
( 8§ 20 1) (19)
With B = {1, 3} and N'={2, 4}, we have:

= (0) o= (2) 40= (G ) A=y 1) @=() o= (o)

We hayve:

S O =N

Ap = (_81 (1)) and det (Ap) =—-1-0—1-8=—-8%#0 then rank(Ag)=2

accordingly, the matrix Apg is invertible and it is a basis of the LP problem.

)

) (Rl o —Rl)

2. We compute the inverse matrix:
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) (R2 &~ Rz = 8R1)
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Accordingly, we have:

and we can compute:

The dictionary is:

or, equivalently:

(e

(e

—1 -1 0
1
1|1 3
1
ol o 1
1
1|1 3
o 1
—1 8
8

19 1 1
iy [ ® i 8
35 5 1
3 8 i 8
x2
19, (7 _1
Z—4+<§ _Z>
T4

) (RQ < %RQ)

) (Rl — R+ Rz)

Il
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SN—
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19 1 1
=% — 71 T2 — g
35 5 1
3=% — % — 3§
— 19 7 _ 1
r= T 5 22 7 T4

where B = {1,3} and N' = {2,4}. The basic feasible solution is:

_ 19 _ 35
r1 =5, T3= §7

19
3 To=0, 74 =0 of value 7

Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

s )
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In blue the basic feasible solution associated with the basis B = {1, 3}, that is the vertex:

0

Exercise 6.2 — Simplex dictionaries (P10)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 3 constraints:
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max b5 x1
subject to — x1
z1

3 I

X1,

m = 3 constraints:

max

subject to

o z1 +

- +
r; +

3 1 -
x1,

2 )
3 xo
2 x9

2 x9

x2,

Questions

verify that the matrix

is a basis of the LP problem.

ated basic solution feasible?

3

€3,

+ 2 9
+ 3 x9
+ 2 29
— 2 x9

Z2

ININ A

v

By introducing the slack variables we get its standard form with n + m = 5 variables and

Iy

€4,

12

12

= 12

= 12

+ x5 = 8
T5 > 0

1. Considering the following partition of the variable indices

B=1{2, 4, 5}

and N ={1, 3}
3 00

2 10
-2 01

2. Compute the inverse matrix Algl then write the associated dictionary. Is the associ-

-

where

w
Il
wl
_|_
Ql

A simplex dictionary is a system of linear equations in which the basic variables and
the objective-function are written in function of the non-basic variables:

(b= A5'b

A=A Ay
Z=cpy Az b
\é’:cjv—c'B At Ay

N\
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o)
Il
o O O N ot
b
Il

With B = {2, 4, 5}, we have:

and

=3.1=3+#£0

the LP problem.

1. In the LP problem the input data are:

o O =

e = S

det (Ag)=3-(1-1-0:-0)—0-(2-1-0-(-2))+0-(2-0—-1-(-2))

and then rank(Ap) = 3. Accordingly, the matrix Ap is invertible and it is a basis of

2. We compute the inverse matrix Agl with the method of Gauss-Jordan:

Author: Fabio Furini

UNIVERSITA DI ROMA

3 0 0 1 0
2 1 0 1 0
-2 0 1 0 1
1 0 3 0
2 1 0 0 1 0 (R1 + $R1)
—2 1 0 1
0 : 0 0
-2 0 (Ry Ry — 2Ry, R3 < R3+2Ry)
2
0 0 2 0 1
Since B = {2, 4, 5}, we have:
xI9 3 0 2
rp = | x4 Ag=1] 2 1 cg=10
xIs -2 0 0
and )
: 0
Ag'=|[-2 1
2
20
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accordingly N' = {1, 3} and we have:

1 1
2 4 3 3
— 5 2
| =14]1-|3 -3
T 16 % %
1
2=8+ (4 -2
€3

-1 1
T 5
TN = Ay=|1 0 cy =
T3 3 0 0
We can compute:
1
10 0\ /12 4
b=Ag'b=|-%2 1 0| |[12]|=|4
2
2 0 1) \38 16
1 1 1
100\ /-1 1 -1 1
A=A Ay=(-2 1 0|1 of=] 35 -2
2 7 2
2 01/\3 0 Iz
3 0 0\ /12 12
Z=cgAg'b=(2 0 0)|-2 1 0| |[12|=(2 0 0)f[12[=38
2
2 0 1) \8 8
1
0 0\ /-1 1
d=cy—cgAz' Ay=0( 0-(200)|-2 101 0
2
2 01/\3 0
-1 1
— 2 _ 2 2\ _ (17 2
=6 0)-(3 001 0]=(60-(-3 3)=(F -3)
3.0

I

T3
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or, equivalently:

Ty = 4 + % xr1 — % X3
Ty = 4 — gxl + % X3
xIs = 16 — %.221 — % T3
|z = 8 + % T, — % x3

where B = {2,4,5} and N' = {1,3}. Since b > 0, the associated basic solution is
feasible. The basic feasible solution is:

To=4, T4=4, z5=16, x1 =0, z3=0 of value 8

Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

4 — R

IS SIS

z2

g

[en)
=
(O

wloo —
ot

N %

In blue the basic feasible solution associated with the basis B = {2,4, 5}, that is the vertex:

()
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Exercise 6.3 — Simplex dictionaries (P11)

Consider the following LP problem in canonical maximization form with n = 2 variables

and m = 2 constraints:

max —2 x1 — 4 x9
subject to -z - T < =2
T, — T < 0
T, Ty > 0

By introducing the slack variables, we get its standard form with n + m = 4 variables and
m = 2 constraints:

max —2 x1 — 4 x9
subject to — x1 — r9 + 3 = =2
2 To + x4 = 0
1, T2, s, T4 2 0

Questions

1. Considering the following partition of the variable indices
B={1, 2} and N ={3, 4}

verify that the matrix

is a basis of the LP problem.

2. Compute the inverse matrix Agl then write the associated dictionary.

e N
A simplex dictionary is a system of linear equations in which the basic variables and
the objective-function are written in function of the non-basic variables:

(¢ -1
xp=b—Axy A:AglAN
where
z=z+c xy Z=cpy Az b
= =il
& =cyy—cg A Ay
- J
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We have:

1

2. We compute the inverse matrix:

/N /N /N I/

o = [en TN S = —_ =
| |

[ ) o= L= L

Accordingly, we have:

and we can compute:

1. In the LP problem the input data are:

4 -1 -1 1 0 -2
C = A: b:

0 1 -1 0 1 0

0

4}, we have:

T3 -1 -1
= A =
we=() 4= (3 2)

Ap = (‘1 :D and det (Ag) = —1-(—1)—(—~1)-1=2#0 then rank(Ag)=2

accordingly, the matrix Ap is invertible and it is a basis of the LP problem.

(Rl < —Rl)

(RQ — —%Rg)

N[

(Rl < Rl = Rg)

)
)
B ) (s By R
)
)

Author: Fabio Furini
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1 1 -9 1
b:Ag%:(j 21>< _
-3 —3/ \0 1
_ — = 10 —2 1
A:AglAN:<2 2)( _ 2 2
L 1 0 1 1 _1
2 2 2 2
11
—5 -2 -2
_ 14 _ 2 2 _ — _
Z=cg Agz' b= (-2 —4)<_§ —§><0>_(3 1)<0>_ 6
SEATL
—/ / / -1
¢ =cy—cpgAg AN:(O O)—(—2 —4) (_1 _1> (0 1)
2 2
10
=0 0)—(3 1
0 0-6 ()
=0 0)—(38 1)=(-3 -1)
The dictionary is:
I 1 —% % T3
i) 1 —% —% Ty
T3
e=—6+(-3 —1)
\ L4
or, equivalently:
=1 + % r3 — %134
=1 + %.Tg + %$4
z2=—-6 - 3 r3 — T4
where B = {1,2} and N = {3,4}. The basic feasible solution is:
T1=1, To=1, x3=0, T4=0 of value —6
SAPTENZA
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Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

4 N

z2
/

z1

N /

In blue the basic feasible solution associated with the basis B = {1, 2}, that is the vertex:

()

Exercise 6.4 — Simplex dictionaries (P43)

Consider the following LP problem in canonical maximization form with n = 3 variables
and m = 2 constraints:

max x1 + 2 xzo + T x3

subject to 1 + 2 x3 <2
T2 + 2 x3 <2
1, Z2, 3 =0

By introducing the slack variables, we get its standard form with n + m = 5 variables and
m = 2 constraints:

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 13


https://github.com/fabiofurini/linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Programming

max x1 + 2 xo + T x3

subject to a3 + 2 x3 + x4 =2
To + 2 x3 + x5 =2
x1, x2, x3, x4, x5 =20

Questions
1. Considering the following partitions of the variable indices
B=1{2, 3}, N={1, 4, 5} and B={3, 5}, N={1, 2, 4}

verify that the matrices

0 2 2 0
AB—<1 2> and AB—(2 1)

are bases of the LP problem.

2. Compute the inverse matrices Agl then write the associated dictionaries.

e A
A simplex dictionary is a system of linear equations in which the basic variables and
the objective-function are written in function of the non-basic variables:

(7 —1

b=A; b

xp=b—Axy A:AglAN
where
z=z+¢ zy z=cy Az' b
=il
¢ =cy—cgAg Ay
\ J

In the LP problem the input data are:

10210 2
.A: b:
01 2 01 2

(o)
Il
S O N N =

1. With
B={2, 3} and N ={1, 4, 5}
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we have:
1
2
S
€3
zs5
cp =
We have:

0 2
1 2

An—

LP problem.

We compute the inverse matrix:

) and det(Ap) =0-2—-1-2=-2#0

then rank(Apg) = 2, accordingly the matrix Ag is invertible and it is a basis of the

0 2 110
AB_<1 2> AN_(O 0 1>
B af
. cy= |0
0

Author: Fabio Furini

0 2 1 0
1 2 0 1
1 2 0
( ) (exchange R; <> Ra)
0 2 1 0
1 2 0 (R 1 R,)
<_ =
o 1| 1 0 N
1 0 -1
(Rl — R1 = 2R2)
0 1 : 0
Accordingly, we have:
= (—1 1)
B =
$ 0
and we can compute:
_ -1 1 2 0
b= Agl b= =
3 0/)\2 1
-1 1 1 10 -1 -1 1
A:AglAN:AI_glAN: —
5 0/\0 0 1 3 3 0
- —1 1\ (2 @ 2 2\ _.
zZ=C = (= =
. 1og)\2) 2 T2
SAPIENZA
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d=cy—-cgAz' Ay=(1 0 0)—(2

1 1 0
=(1 0 0-(3 2 =1 00-(3 5 2)=(-3
0 0 1
The dictionary is:
.
T
To 0 -1 -1 1
3 1 i Lo
T5
Ty
Z:7+<—% —% —2) Ty
\ Ts5
or, equivalently:
ro=0 + r + T4 — 5
r3=1 — % o % T4
227—%:61—%3:4—2335
where B = {2,3} and N = {1,4,5}. The basic feasible solution is:
To =0, x3=1, 71=0, 74=0, 5 =0 of value 7
2. With
B=4{3, 5} and N ={1, 2, 4}
we have:
Z1
I3 2 0 1 0
B <x5) TN 5 (2 1) N <0 1

SAPIENZA
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We hayve:

AB:<; 2) and det (Ap) =2-1-2-0=2+#0

then rank(Ag) = 2, accordingly the matrix Ap is invertible and it is a basis of the
LP problem.

We compute the inverse matrix:

2 0 1 0
2 1 0 1
10 | 3
Ry« iR
( 2 1 0 1 ) (B1 < 3R)
1 0 3 0
0 1 1 1 (R2 $— R2 — 2R1)

Accordingly, we have:

and we can compute:

3 0\ /1 01
d=cy—ds Az Ay =(1 2 0)—(7 o)(2 )( )

0y 3) =02 0-G o B=th 2 -]

010

=( 2 )

NI~

The dictionary is:

Author: Fabio Furini
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or, equivalently:

T3 =1,

Graphical solution:

x1
3 1 i 0 3
e — .’172
5 0 -1 1 -1
T4
1
_ 5 7
z2=T+ (—5 2 —5) T2
X4
1 1
xr3 = 1 — 5 I — 5 Tyg
z5 =0 + T - T2 + T4
z:7—%m1+2m2—%:€4

where B = {3,5} and N = {1,2,4}. The basic feasible solution is:

T5 =0,

T1 =0, To =0, T4 =0 of value

7

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

~

\_

~

/

In blue the basic feasible solution associated with both bases B = {2,3} and B = {3,5},

Author: Fabio Furini
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that is the vertex
0

0
1

of the polyhedron: the two bases are associated with the same basic solution (with B =
{2,3} the basic variable zy takes the value 0, with B = {3,5} the basic variable x5 takes
the value 0).

- J

6.2 Problems with two variables

Exercise 6.5 — Simplex algorithm (P0)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 1 constraint:

max 2 x1 + 4 z9

IN
W

subject to 2 z1 4+ 3 x9

v
o

Iy, T2

By introducing the slack variable, we get the following starting dictionary:

The associated feasible solution is:

z1=0, ZTo=0, Z3=14 of value 0

Questions

Execute the simplex algorithm to find an optimal solution of this LP problem.

g J

e Initialization

Consider the starting dictionary:

SAPIENZA
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I3 = 4 — 2.%'1 — 3.%'2

z = 0 4+ 2z 4+ 4 x9

where B = {3} and N = {1,2}. The basic feasible solution is:

T3 =4, 21 =0, Zo =0 of value 0

e Iteration 1

If we increase the value of the variable z1, we can get a better solution. We have:

x3:4—2$1 4—2.212120 $1§2
—_———
x3>0
By increasing the value of 1 to 2, the value of z3 decreases to 0.

Then, we have that:

x1 becomes basic and accordingly x3 becomes non-basic

We hayve:
r3=4—2x1—3x2 then z1=2-——-1x9— - 3.

Substituting in the other equation of the dictionary, we get:
3 1
z=2 2—5332—53:3 +4x9 =4+ 29 — 23

Accordingly, we now have the following dictionary:

m1:2—7x2—7x3
2

where B = {1} and N = {2,3}. The basic feasible solution is:

B =% To=0, Z3=0 of value 4

e Iteration 2

If we increase the value of the variable x9, we can get a better solution. We have:

3 4
x1:2—§x2 2—533220 xggg
—_——
x1>0

4
By increasing the value of x5 to 3 the value of z; decreases to 0.

Then, we have that:

SAPIENZA
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22 becomes basic and accordingly x; becomes non-basic

We have:
5 3 1 o 4 2 1
= — = — == e = - — — — — .
T 5 9 5 T3 n s 573 T 3 T3

Substituting in the other equation of the dictionary, we get:

z=4+ é—gx—lm —m—E—g:r—%x
- 3 371 373 373 37t 37

Accordingly, we obtained an optimal solution (no further improvement is possible)
and this is an optimal dictionary:

T3

T3

WIN Wb
Wk Wl

where B = {2} and N = {1,3}. The basic optimal solution is:

4

16
5C2:§, 1 =0, Z3=0  of value 3

Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

a )

ol
T

x2

NS /

An optimal solution &( LP) is:
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16
the optimal value z( LP) is =

In violet the first and the second vertex explored by the previous execution of the simplex
algorithm (before reaching the optimal one depicted in blue).

In dashed blue, the contour lines of the objective function associated with the values taken

in the three vertices.
g J

Exercise 6.6 — Simplex algorithm (P1)

Consider the following LP problem in canonical maximization form with n = 2 variables

and m = 1 constraint:

max 1 + 8 x9
subjectto 3 1 4+ 6 xzy < 16
x1, 2 = 0

By introducing the slack variable, we get the following starting dictionary:

T3 = 16 — 3171 — 6172

z = 0 + =z 4+ 8 m

The associated feasible solution is:

T1=0, ZTo=0, z3=16 of value 0

Questions

Execute the simplex algorithm to find an optimal solution of this LP problem.

A J/

e Initialization

Consider the starting dictionary:

T3 = 16 — 31‘1 — 6 i)

z = 0 + =z + 8 xy

SAPIENZA
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where B = {3} and N = {1,2}. The basic feasible solution is:

r3 = 16, 1 =0, Zo=0 of value 0

e Iteration 1

If we increase the value of the variable z1, we can get a better solution. We have:

16
x3:16—3x1 16—3%120 mlgg
—_———
x3>0
. . 16
By increasing the value of z; to 3 the value of x3 decreases to 0.
Then, we have that:
x1 becomes basic and accordingly x3 becomes non-basic
We have:
16 1
r3=16—32x1 — 629 then a3 23—23:2—3333.

Substituting in the other equation of the dictionary, we get:

1 1 1 1
z = (;—21'2—3333) +8x2=§6+6x2—§w3

Accordingly, we now have the following dictionary:

3 3
16 1
2= 3 + 6 22 — 3 3

where B = {1} and N = {2,3}. The current basic feasible solution is:

16 16
flzg, To=0, Z3=0 of value E

e Iteration 2

If we increase the value of the variable zo, we can get a better solution. We have:

16 16 8
$1:§—21’2 §—2$220 .’IJ2§§
—_——
x12>0

8
By increasing the value of x5 to 3’ the value of 1 decreases to 0.

Then, we have that:

SAPIENZA
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22 becomes basic and accordingly x; becomes non-basic

We have:
16 9 1 - 8 1 1
r1 = 3 xZ9 31‘3 €1l 9 = 3 21’1 61’3.

Substituting in the other equation of the dictionary, we get:

16 (8 1 1 164 4
= 39 @) geT gy T g

Accordingly, we obtained an optimal solution (no further improvement is possible)
and this is an optimal dictionary:

3 1 1
To = 5—5561—6103
z:%— 3x1—%x3
3 3

where B = {2} and A/ = {1,3}. The basic optimal solution is:

8 64
fz = g, :i’l = 0, 563 =0 of value E

Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:
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An optimal solution &( LP) is:
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64
the optimal value z( LP) is =

In violet the first and the second vertex explored by the previous execution of the simplex
algorithm (before reaching the optimal one depicted in blue).

In dashed blue, the contour lines of the objective function associated with the values taken

in the three vertices.
g J

Exercise 6.7 — Simplex algorithm (P2)

Consider the following LP problem in canonical maximization form with n = 2 variables

and m = 2 constraints:

max 1 + 3 x
subject to —4 x; + 10 zo < 35
3 1 + T < 12
T, To > 0

By introducing the slack variables, we get the following starting dictionary:

zg = 35 + 4z — 10 z9
T4 = 12 — 3 T — X9
z = 0 + z1 + 3 x9

The associated feasible solution is:

T1=0, Zo=0, z3=35, T4 =12 of value 0

Questions

Execute the simplex algorithm to find an optimal solution of this LP problem.

A J

e Initialization

Consider the starting dictionary:
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rz3 = 35 + 4z — 10 z9
Ty = 12 — 3 X1 — xI9
z = 0 + 1 + 3 x2

where B = {3,4} and N = {1,2}. The basic feasible solution is:

T3 =35, x4 =12, 1 =0, Zo=0 of value 0
e Iteration 1

If we increase the value of the variable z1, we can get a better solution. We have:

35+4x21>0
T3 :35+4x1 \—,1__/ x1 2_%
23>0 4

zs =12—32 12-32 20 z <4
x4>0

By increasing the value of x1 to 4, the value of x4 decreases to 0.

Then, we have that:
21 becomes basic and accordingly x4 becomes non-basic

We have: . ,
Ty =12 -3 21 — 29 then x1:4—§m2—§m4,

Substituting in the other equations of the dictionary, we get:

1 1 34 4
$3:35+4 <4—3.’I)2—3.’E4)—10x2:51—3x2_3x4

1 1 8 1
z:4—§$2—§$4+3$2:4—|—§x2—§x4

Accordingly, we now have the following dictionary:

1 1
I = 4 — g i) — § Ty
34 4
I3 = 51 — 3272 — g Ty
8 1
pr— 4 _— p— —
| Z + 3 T3 3 T4

where B = {1,3} and N' = {2,4}. The basic feasible solution is:

r1 =4, xs3=>51, Zo=0, 4 =0 of value 4

Author: Fabio Furini
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e Iteration 2

If we increase the value of the variable zo, we can get a better solution. We have:

( x1>0
4 L 4 1 >0 Ty <12
=4-- ——x
Iy 3 xI9 3 2 = 7z =
34 34 9
= S o — > < =
xrs3 51 3 T2 51 3 z9 >0 T2 = 9
—_————
\ x3>0

By increasing the value of x2 to min {12, 2} =5 the value of z3 decreases to 0.

Then, we have that:
29 becomes basic and accordingly x3 becomes non-basic

We have:

51 34 4 o 9 3 4
= _— — = e _ — - - .
I3 3 T2 31’4 11} X9 9 34 X3 34 T4

Substituting in the other equations of the dictionary, we get:

1 <9 3 4 ) 1 5 1 5
i =A== || == —dm = —au || = = @ = = 9P — G = — b

3\2 3147 34 3 2 " 3473 17
_4 3 (9_3 4 1., 162 11
FTET3 g 73 T3 ™) T3 T 17 3T 17

Accordingly, we obtained an optimal solution (no further improvement is possible)
and this is an optimal dictionary:

( 5 1 5
T = 3 + 31 r3 — 17 T4

9 3 4
R VR S VI

4 11
| z=16 — 7 T3 — 7 T4

where B = {1,2} and N = {3,4}. The basic optimal solution is:

5 9
7 =3 CEQZE, T3 =0, 4 =0 of value 16
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Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

- )

L NN N N[O o

x2

\_ /

An optimal solution &( LP) is:

the optimal value z( LP ) is 16.

In violet the first and the second vertex explored by the previous execution of the simplex
algorithm (before reaching the optimal one depicted in blue).

In dashed blue, the contour lines of the objective function associated with the values taken

in the three vertices.

(& J

Exercise 6.8 — Simplex algorithm (P3)

Consider the following LP problem in canonical maximization form with n = 2 variables

and m = 2 constraints:
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max 2 x1 + 4 z9
subject to — x; + To < 2
8 1 + 2 x29 < 19
1, z2 > 0

By introducing the slack variables, we get the following starting dictionary:

r3 = 2 + 1 — T9
ry = 19 — 8x1 — 2x9
z = 0 + 2z + 4x9

The associated feasible solution is:

T1=0, To=0, Z3=2, 74=19 of value 0

Questions

Execute the simplex algorithm to find an optimal solution of this LP problem.

A J

e Initialization

Consider the starting dictionary:

zz = 2 + By = 9
ry = 19 — 8x1 — 29
z = 0 + 2x1 + 4dxy

where B = {3,4} and N = {1,2}. The basic feasible solution is:

T3 =2, T4=19, 1 =0, ZTo=0 of value 0

e Iteration 1
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If we increase the value of the variable z1, we can get a better solution. We have:

242120
T3 =241 \ﬁgo—z ry > —2
32

_ 19
z =19-8m Y-8m=20 n <=

x>0

19
By increasing the value of x; to 3 the value of x4 decreases to 0.
Then, we have that:

x1 becomes basic and accordingly x4 becomes non-basic

We have:
19 1 1
T4 =19 -8 x1 — 229 then $1:§_Z$2_§$4'
Substituting in the other equations of the dictionary, we get:
91 19 1 1 35 5 1
T3 = — ——Zog— -y | — Xe=——-x3— -z
3 g 1T g 2= g T T2 g
_ o 19 1 1 = 19 n 7 1
7= g 172 g% vp=pt5 T2 T
Accordingly, we obtain the following dictionary:
19 1 1
rn=— — - Ty — -
1=3 1 g
=2 _ 2, 1,
3= 3 1 72 g
19 i 7 1
2= 5 T2 x4

where B = {1,3} and N = {2,4}. The basic feasible solution is:
19  _ 35

1= o T3 = 355

19
3 To=0, 74 =0 of value vy

e Iteration 2

If we increase the value of the variable z9, we can get a better solution. We have:

x1>0
19 1 19 1 19
noTg g™ g 17= Yz =
35 5 35 5 7
T3 =g T g 477 2 =3
—_———
x3>0

7 19 7
By increasing the value of x5 to min {2, 2} =35 the value of x3 decreases to 0.

Then, we have that:
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22 becomes basic and accordingly x3 becomes non-basic

We hayve:

x—3—5—§x —}x then x—z—%x 1
T8 47 gt T2 57710

Substituting in the other equations of the dictionary, we get:

xIy.

_ 19 1 /7 4 1 1..-2.1 1
M=g "4\ 5% 0™ = w5 =

8 275 10
z—§+z Z—%x—ix —11:—17—E:c—§a:
— 7 "2 \2 510 T4t 573 54

Accordingly, we have an optimal solution (no further improvement is possible) and
this is an optimal dictionary:

, 3, 1 1
=y 5 7 10
7 4 1
T2 == — r3 — —
) 53 10
14 3
z=17 — 3 r3 — = T4

where B = {1,2} and N = {3,4}. The basic optimal solution is:

$1:§’ x2:§, T3 =0, 4 =0 of value 17
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Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

e N

[SIES NN

w

)
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An optimal solution &( LP) is:

the optimal value z( LP) is 17.

In violet the first and the second vertex explored by the previous execution of the simplex
algorithm (before reaching the optimal one depicted in blue).

In dashed blue, the contour lines of the objective function associated with the values taken
in the three vertices.

Exercise 6.9 — Simplex algorithm (P4)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 2 constraints:
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max 5x1 4+ 3 x9
subject to 2 z; + ro < 14
1 + 8 xa < 32
x1, z2 > 0

By introducing the slack variables, we get the following starting dictionary:

T3 = 14 — 2 X1 — i)
Ty = 32 - r1 — 8 x9
z = 0O + 521 + 3 x9

The associated feasible solution is:

T1=0, Zo=0, z3=14, T4 =32 of value 0

Questions

Execute the simplex algorithm to find an optimal solution of this LP problem.

A J

e Initialization

Consider the starting dictionary:

I3 = 14 — 2 I — T2
Ty = 32 — rT — 8 x9
7 = 0O + 5 1 + 3 x9

where B = {3,4} and N = {1,2}. The basic feasible solution is:

T3 =14, 4=32, 71 =0, 7o =0 of value 0

e Iteration 1

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 33


https://github.com/fabiofurini/linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Programming

If we increase the value of the variable z1, we can get a better solution. We have:

14—22, >0
r3 =14—2x N— r1 <7
x3>0

32— 2120

x4y =32— a1 N 5 T
x4>0

<32

By increasing the value of z1 to 7, the value of z3 decreases to 0.

Then, we have that:
x1 becomes basic and accordingly x3 becomes non-basic

We have: . .
x3=14—2x; — o then $1=7—§x2—§x3.

Substituting in the other equations of the dictionary, we get:

1 1 15 1
=32 — — — = = — =925 -~ Z
Ty =3 <7 5 o 5 .%'3) 8 19 5 5 Tro + 7 T3

1 1 1 5
z=25 (7—23:2—2363)+3x2—35+2x2—2x3

Accordingly, we now have the following dictionary:

( . 1 1
€T = — — — —
1 B Z2 D) z3
15 1
T4y = 25 - ?:L‘z + ) 3
1 )
% = 35 + 5 xZ9 — 5 I3

where B = {1,4} and N = {2,3}. The basic feasible solution is:

T1=7, T4=25, To=0, z3=0 of value 35

o Iteration 2

If we increase the value of the variable zo, we can get a better solution. We have:

x1>0
1 1
Ty =7— =29 T——=x92>0 T9 <14
2 2
15 15 10
= - p— > < —
T4 25 5 xo 25 5 z9 >0 T2 > 3
—_———
\ x4>0

10 10
By increasing the value of x2 to min {14 } =3 the value of x4 decreases to 0.

Then, we have that:

Author: Fabio Furini
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22 becomes basic and accordingly x4 becomes non-basic

We hayve:
15 1 10 1 2

$4:25—?x2+§x3 then $2:§+B1‘3—1—5x4'

Substituting in the other equations of the dictionary, we get:

1 /10 1 2 1 16 8 1
1= ‘2<3+15”C3‘15$4>‘2x3:3‘15”f3+15$4

1 10 1 2 5 110 37 1
Z:35+2<3+15~”“3‘15x4>‘2"”3:3‘15953‘15“

Accordingly, we obtained an optimal solution (no further improvement is possible)
and this is an optimal dictionary:

16 8 1
n=3 T BT ™
10 1 2
S T T R T
110 37 1
(*= 3 ~ BB T 1 ™

I1=—, To=—, T3=0, T4=0 of value —

Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:
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An optimal solution &( LP) is:

110
the optimal value z( LP) is =

In violet the first and the second vertex explored by the previous execution of the simplex
algorithm (before reaching the optimal one depicted in blue).

In dashed blue, the contour lines of the objective function associated with the values taken
in the three vertices.

Exercise 6.10 — Simplex algorithm (P5)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 2 constraints:

max 2x1 + 3 x9

subjectto 6 x1 4+ 21 xo < 77
8 xz1 + 3 x99 < 36
x1, o > 0

By introducing the slack variables, we get the following starting dictionary:

T3 = 7 - 61‘1 — 21 €T
gy = 36 — 8z — 3 19
z = 0 4+ 2z 4+ 3 x9

The associated feasible solution is:

T1=0, Zo=0, z3=77, T4 =36 of value 0

Questions

Execute the simplex algorithm to find an optimal solution of this LP problem.

SAPIENZA
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e Initialization

Consider the starting dictionary:

T3 = 77 - 6.’1,‘1 — 21 i)
xy = 36 — 8x1 — 3 x9
z = 0 + 2 xz1 + 3 x9

where B = {3,4} and N = {1,2}. The basic feasible solution is:

T3 =77, 74=36, x1 =0, To=0 of value 0

e Iteration 1

If we increase the value of the variable z1, we can get a better solution. We have:

T7T—6x1>0 7
r3 =T77—6x —_— 1 < —
23>0 6
T4 =36—8$1 \36—8%’_/120 T Sg
2420 2
. . 9
By increasing the value of x; to o the value of x4 decreases to 0.
Then, we have that:
x1 becomes basic and accordingly x4 becomes non-basic
We have:
36 — 8 3 the o _3 1
x4 =36—-8x1 —3x n x]=-— - Iy— — I4.
4 1 2 1=5 - gP2— g™

Substituting in the other equations of the dictionary, we get:

9 3 1 75 3
x3 =T7—0 (§—§$2—§$4)—21x2=50—zx2+1w4

9 3 1 s - 1
Zz = = = = 955 — = I ro — =9 = 7 T
9 g2 g™ 2 T

Accordingly, we now have the following dictionary:

9 3 1

I = B 3 xZ9 3 Ty
75 3

r3 = 50 — ng + Z_l T4
- 9 + 2 .

| z = 1 i) 4 Ty

SAPIENZA
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where B = {1,3} and N = {2,4}. The basic feasible solution is:

r1 ==, x3=950, Zo=0, Z4 =0 of value 9

e Iteration 2

If we increase the value of the variable zo, we can get a better solution. We have:

x1>0
9 3 9 3
—-_2 Z— 23>0 x2 <12
T e g™ 2 8= 2
75 75 8
T3 :50—ZCCQ 50—Zx220 T2 Sg
—_——
\ x3>0

8 8
By increasing the value of z2 to min {127 } =3 the value of x3 decreases to 0.

3
Then, we have that:

9 becomes basic and accordingly x3 becomes non-basic

We hayve:

50 L + 5 th 8 4 + =
= — — —_ n = - — — —_— .
3 g 2Ty ¢ 2 3 75 3 25 i

Substituting in the other equations of the dictionary, we get:

9 3 (8 4 1 1 7 1 7
T1=5-3 2 I3t oo T4 T g =5 T3 STy

8 \3 75 % 8 2750 50

0.9 (8 4, 1 1 53 4
= - | s—=23+ =24 | —-xT4=15——23— =<
4 \3 75T o) T 95 "3 95 74

Accordingly, we obtained an optimal solution (no further improvement is possible)

and this is an optimal dictionary:

x Z + i x — l x
179 50 3 50 4
8 4 Lo
=3 75 3 25 4

3 4
-15 - 2 _ =
z 5 o5 T3 o5 T4

To=—=, x3=0, 24=0 of value 15

Author: Fabio Furini
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Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:
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An optimal solution &( LP) is:
the optimal value z( LP) is 15.

In violet the first and the second vertex explored by the previous execution of the simplex
algorithm (before reaching the optimal one depicted in blue).

In dashed blue, the contour lines of the objective function associated with the values taken

in the three vertices.
(. J

Exercise 6.11 — Simplex algorithm (P6)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 2 constraints:

max T + T2
subject to 4 z1 4+ 15 xo < 70
12 1 + 3 o < B2
1, o > 0

By introducing the slack variables, we get the following starting dictionary:
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rg = 70 — 4x1 — 159
zgy = H2 — 12z2¢y — 32
z = 0 + r1 + T2

The associated feasible solution is:

T1=0, Zo=0, z3=70, T4 =52 of value 0

Questions

Execute the simplex algorithm to find an optimal solution of this LP problem.

. J

e Initialization

Consider the starting dictionary:

x3 = 70 — 41 — 1529
rgy = D2 — 1229y — 32
z = 0 + r1 + T2

where B = {3,4} and N = {1,2}. The basic feasible solution is:

x3 =70, x4 =52, T1 =0, To=0 of value 0

e Iteration 1

If we increase the value of the variable z1, we can get a better solution. We have:

70—421>0 35
x3 =70—42; —_— 1 S
x3>0
xy =52—12m \52__ 12__/x1 20 rp < 13
24>0 3
. . . [35 13 13
By increasing the value of 1 to min 2 3 (=3 the value of x4 decreases to 0.

Then, we have that:
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x1 becomes basic and accordingly x4 becomes non-basic

We have:
T4 =52—122x1 —3 29 then x1=——-29— — 24.
Substituting in the other equations of the dictionary, we get:

13 1 1 158 1
$3:70—4<3_4$2_ux4>_15$2:3_14$2+3x4

13 1
x = = = - — —
! 3 4 7? 12
158 1
I3 = ? — 14 T2 + § Tyg
_ 1B 03 1
z = 1 D) B T4

where B = {1,3} and N = {2,4}. The basic feasible solution is:

13 158 1
I3 = —, To=0, Z4 =0 of value ?

e 3

e Iteration 2

If we increase the value of the variable zo, we can get a better solution. We have:

13 1 >0
13 1 ER _ 52
)y =——-2 e 2 < —
! 3 472 £1>0 2 3
158 B8 e >0 79
xs3 :?—14$2 3 V:UZ— x2 Sﬁ
x3>0
52 79 79
By increasing the value of x5 to min {3, 21} =3 the value of z3 decreases to 0.

Then, we have that:
22 becomes basic and accordingly x3 becomes non-basic

We have:

x—@—lélx —i-}.%' then x—@—ix +—x
3773 S T 27901 147 Tt
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Substituting in the other equations of the dictionary, we get:

18 11 1 1 1951 5
=37y \21 B ™) 12" g 56" 5™

13 3 /79 1 1 1 601 3 11
( ) =

E i\ T umtTe™) T ™M %™ s
Accordingly, we obtained an optimal solution (no further improvement is possible)
and this is an optimal dictionary:

95 1 )

r] = 23 i 56 r3 — 56 T4
79 1 1

To = o 11 r3 + n T4
601 3 11

zZ = g — % I3 — ﬁ T4

where B = {1,2} and N = {3,4}. The basic optimal solution is:

95
28’

79
21’

r1 =

= 73 =0, 24 =0 of val —
€2 xs3 , X4 ol value 31

Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:
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An optimal solution &( LP) is:
95

= o

_7
21

S
=
|

T2

601
the optimal value z( LP) is oL

In violet the first and the second vertex explored by the previous execution of the simplex
algorithm (before reaching the optimal one depicted in blue).

In dashed blue, the contour lines of the objective function associated with the values taken
in the three vertices.

Exercise 6.12 — Simplex algorithm (P7)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 2 constraints:

max 3 x1 + T2
subject to 1 + 4 3y < 12
2 1 + T < 5
1, Ty > 0

By introducing the slack variables, we get the following starting dictionary:

T3 = 12 — I — 4 T2
Ty = 5 — 2z - 9
z = 0 4+ 3z + o

The associated feasible solution is:

T1=0, To=0, z3=12, 4, =5 of value 0

Questions

Execute the simplex algorithm to find an optimal solution of this LP problem.
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e Initialization

Consider the starting dictionary:

r3 = 12 — Ty — 4 x9
T4 = 5 — 2x1 -— T2
z = 0 4+ 3z + 2

where B = {3,4} and N = {1,2}. The basic feasible solution is:
T3=12 24=5, 1 =0, Zo=0 of value 0

e Iteration 1

If we increase the value of the variable z1, we can get a better solution. We have:

12— 21 >0
zs =12— N r1 <12
x3>0
_ )
Ty =5-—-2m \5 21‘_/120 rn < ¢
x>0 2

5
By increasing the value of x1 to > the value of x4 decreases to 0.

Then, we have that:

x1 becomes basic and accordingly x4 becomes non-basic

We have: . ,
Ty =5—22x1 —x2 then TL=5 5T T

Substituting in the other equations of the dictionary, we get:

19 5 1 1 4 19 7 +1
r3=12— (- —-ma— -2y ) —4d220=— —-22+ -2
3 5 2T 5T 2= 5 T2t gl

o (21 LoV, o151 3
z = 9 2$2 21‘4 1‘2—2 2$2 2:E4

Accordingly, we obtained an optimal solution (no further improvement is possible)
and this is an optimal dictionary:
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( b) 1 1
ZL'1—§ — 5 i) — 5(1:4
19 7 1
3= = 5 T2 + 5 T4
15 1 3
| 2=5 — g @ - 5

where B = {1,3} and N' = {2,4}. The basic optimal solution is:
5 19

T = 1‘3:?,

15
X To=0, 4=0 of value 5

Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

4 N

N

Z2

S
|00 [—
oot f—

N /

An optimal solution &( LP) is:

15
the optimal value z( LP) is o

In violet the first vertex explored by the previous execution of the simplex algorithm
(before reaching the optimal one depicted in blue).

In dashed blue, the contour lines of the objective function associated with the values taken
in the two vertices.
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Exercise 6.13 — Simplex algorithm (P8)

Consider the following LP problem in canonical maximization form with n = 2 variables

and m = 2 constraints:

max T1 + 2 x9
subject to — z1 4+ 2 zoy < 2
1 + T < 3
x1, zo > 0

By introducing the slack variables, we get the following starting dictionary:

r3 = 2 + Ty — 2 xTo
Iy = 3 — X — i)
z = 0 4+ 21 4+ 22

The associated feasible solution is:

21 =0, Zo=0, Z3=2, T4 =3 of value 0

Questions

Execute the simplex algorithm to find an optimal solution of this LP problem.

- J

e Initialization

Consider the starting dictionary:

T3 = 2 + xm — 22
x4 = 3 - x1 - To
z = 0 + z1 + 2x

where B = {3,4} and N = {1,2}. The basic feasible solution is:

Tz =2, Tg4=3, 1 =0, Zo =0 of value 0
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e Iteration 1

If we increase the value of the variable x1, we can get a better solution. We have:

x3>0

—
T3 =2+ 11 24+21 >0 )

T4y =3—x1 3—x1 >0 1 <3

x>0
By increasing the value of x1 to 3, the value of x4 decreases to 0.

Then, we have that:
x1 becomes basic and accordingly x4 becomes non-basic

We hayve:

Ty =3—x1—x9 then xz1=3-—129— 24.
Substituting in the other equations of the dictionary, we get:
.2123:2+(3—1‘2—$4)—21‘2:5—3322—.%'4

z:(3—x2—$4)+2x2:3+x2—x4

Accordingly, we now have the following dictionary:

1

e Iteration 2

Then, we have that:

where B = {1,3} and N' = {2,4}. The basic feasible solution is:

If we increase the value of the variable x9, we can get a better solution. We have:

r1 =3 — a2 ——— x2 <3
120

_ 5

XT3 =5—3x \5 3:6220, 9 < -

x3>0 3

5
By increasing the value of £ to min {3, 3} =3 the value of x3 decreases to 0.

I = 3 - xIo - T4
r3 = 5 — 3 xTo — X4
z = 3 + To — T4

=3, T3=5, x2=0, z4=0 of value 3

3—x29>0

Author: Fabio Furini
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22 becomes basic and accordingly x3 becomes non-basic

We have: _ '
x3=5—3x9 —x4 then x2:§—§x3—§x4_

Substituting in the other equations of the dictionary, we get:

5 1 1 4 1 2
1’1:3—(3—3x3—3x4>—$4=3+3$3—3$4
Z—3+(5—1$3—1$4>—$414—1$3—4$4

3 3 3 3 3 3

Accordingly, we obtained an optimal solution (no further improvement is possible)
and this is an optimal dictionary:

4 1 2
:Ul—g = 3 xr3 — §x4

5 1 1
l’Q—g — — I3 — §$4

14 1 4
=3 — 3% - 3@

where B = {1,2} and N = {3,4}. The basic optimal solution is:

4 14
=3 2=3, T3 =0, T4=0 of value 3

Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

4 N

wlo

z2
—
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An optimal solution &( LP) is:

14
the optimal value z( LP) is 5

In violet the first and the second vertex explored by the previous execution of the simplex
algorithm (before reaching the optimal one depicted in blue).

In dashed blue, the contour lines of the objective function associated with the values taken

in the three vertices.
g J

Exercise 6.14 — Simplex algorithm (P9)

Consider the following LP problem in canonical maximization form with n = 2 variables

and m = 2 constraints:

max 2 x1 + T2
subject to — xz; + T < 1
6 x1 + 429 < 39
1, z2 > 0

By introducing the slack variables, we get the following starting dictionary:

rzz = 1 + 1 — T9
Ty = 39 — 6x1 — 4duxo
z = 0 + 2z + T2

The associated feasible solution is:

T1=0, To=0, z3=1, T4, =39 of value 0

Questions

Execute the simplex algorithm to find an optimal solution of this LP problem.
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e Initialization

Consider the starting dictionary:

T3 = 1 + rK - 9
gy = 39 — 6z — 4dxo
g = 0 4+ 2x1 + T2

where B = {3,4} and N = {1,2}. The basic feasible solution is:

T3 =1, T4 =239, 21 =0, ZTo=0 of value 0

Iteration 1

If we increase the value of the variable z1, we can get a better solution. We have:

x3>0

—
3 =1+m 1+2120 1 > -1

rgy =39—-6x 39—-6x1, >0 r <
—_————

x4>0

13
By increasing the value of x; to EX the value of x4 decreases to 0.

Then, we have that:
x1 becomes basic and accordingly x4 becomes non-basic

We have: 5 ,
24=39—62x1 —422 then T1= o - g T2 g e

Substituting in the other equations of the dictionary, we get:

(B2 1 155 1
xr3 = 9 3.’L‘2 6334 $2—2 3$2 6374

1 2 1 1 1
7=29 (73—51'2—6%4)+$2:13—§$2—§ZE4

Accordingly, we obtained an optimal solution (no further improvement is possible)
and this is an optimal dictionary:

Author: Fabio Furini
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( 13 2 1
131—2 3 i) 61‘4
15 5 1
r3=— — =Ty — =X
2T 3 2 6 !

1 1
\ z=13 — 3 T2 — 3 x4

where B = {1,3} and N' = {2,4}. The basic optimal solution is:

13 15
'/i]. = ?’ 5'/’2 = O7 "i‘3 = ?7 ZE4 = 0 Of Value ].3

Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

a )

x2

N /

An optimal solution &( LP) is:

the optimal value z( LP) is 13.
In violet the first vertex explored by the previous execution of the simplex algorithm
(before reaching the optimal one depicted in blue).

In dashed blue, the contour lines of the objective function associated with the values taken

in the two vertices.
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Exercise 6.15 — Simplex algorithm (P10)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 3 constraints:

max o5 x1 + 2 x9

subject to — x1 4+ 3 zy < 12
Ty 4+ 2 x9 < 12

3 r1 — 2 x9 < 8

Ty, r2 > 0

By introducing the slack variables, we get the following starting dictionary:

.

r3 = 12 + r1 — 3x9
g = 12 - T — 29
zs = 8 — 31 + 2

z = 0 + 5z1 + 22

The associated feasible solution is:

T1=0, ZTo =0, z3=12, T4, =12, Z5 =8 of value 0

Questions

Execute the simplex algorithm to find an optimal solution of this LP problem.

- J

e Initialization

Consider the starting dictionary:
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z3 = 12 4+ 1 — 3z
Ty = 12 — 1 — 2x9
x5 = 8 — 3xr1 + 2x9

A 0 + 5z1 + 22

where B = {3,4,5} and N' = {1,2}. The basic feasible solution is:

T3 =12, x4 =12, T5=2_§, T1=0, ZT9=0 of value 0

e Iteration 1

z3 =12+ 14 7;0—’ zy > -12

—x >

g =12-1 u;q 1 <12
x>0

8

5 =8 —311 8§—-3x12>0 1 Sg
x5>0

Then, we have that:
x1 becomes basic and accordingly x5 becomes non-basic

We have:
8 2 1
5 =8—3x1+2x2 then x1:§+§;p2_§x5.

Substituting in the other equations of the dictionary, we get:

8 2 1 44 7 1
r3=124+ -4+ -29— 25| -39 = — — —29 — = T3

373 3 33 3
o (8.2 1 ) 28 8 1
T4 — e = = b5 — = db e Ao = —= — = 45 = a5
4 3 3 2 3 5 2 3 3 2 3 5
(8,2 LY b, 40,16 5
#=91\3 T3 3% 2=g T g3

Accordingly, we now have the following dictionary:

If we increase the value of the variable z1, we can get a better solution. We have:

By increasing the value of 1 to min {12, 3} =3 the value of x5 decreases to 0.
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( 8 2 1

xrT = g + §$2 - §$5
44 7 1

3 = 3 §$2 - gCUS
28 8 1

T4 = ? — 5-%'2 + §x5

40 16 )
# = 3 T g®m o3

where B = {1,3,4} and N' = {2,5}. The basic feasible solution is:

8 44 28
— = — Tp = —
37 4 37

40
To =0, T5=0 of value 3
e Iteration 2

If we increase the value of the variable zo, we can get a better solution. We have:

x1>0
—_—~
8 2
8 2 °4z (
x1 :§+§:c2 3+3$220 xe > —4
44 7
4 7 2 >0 44
= - — — — < E—
T3 3 3 T2 3 3 T2 = 7
28 8 820 7
= _2 28 8 z
T3 3 37220 =y
| S ——
\ 420
. . . [44 7 7
By increasing the value of xo to min g (=g the value of x4 decreases to 0.
Then, we have that:
29 becomes basic and accordingly x4 becomes non-basic
We have:
28 8 n 1 - 7 3 n 1
Tg=——-Tot+ -z en I9=—— - T4+ = Ts.
T3 3TT3T T2 gtTg™
Substituting in the other equations of the dictionary, we get:
8 2 (/7 3 n 1 1 5 1
rnn=-+-|=-—==x T5 | ——ax5=b—-14— -
"T373\2 88 37 47
4 7 (7 3 1 1 13 i 7 5
r3=——= [z—== T | —c5=—+=-x4— =2
P73 3\2 8*'"87") 37T 2 "g™t g
40 16 (7 3 1
ZZ? 3<2_8x4+8x5>_x5:32_2x4_$5
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Accordingly, we obtained an optimal solution (no further improvement is possible)
and this is an optimal dictionary:

( 1 1
r1 =5 - 1 T4 — 1 Is

7 3 1
352—5 -3 Ty + 3 Ts5

13 7 )
1‘3:? + g Tyq — g I5
{ z2=32 — 2 xzy - 5

where B = {1,2,3} and N' = {4,5}. The basic optimal solution is:

T1 =05, To=—=, I3=—, T4 =0, Z5 =0 of value 32

Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

~

-~

€2

N /

An optimal solution &( LP) is:

the optimal value z( LP) is 32.
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In violet the first and the second vertex explored by the previous execution of the simplex
algorithm (before reaching the optimal one depicted in blue).

In dashed blue, the contour lines of the objective function associated with the values taken

in the three vertices.
(. J

Exercise 6.16 — Simplex algorithm with a different pivot column (P10)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 3 constraints:

max 5 x1 + 2 x9
subject to — x1 4+ 3 zy < 12
r1 + 2 x9 < 12
3 1 — 2 x9 < 8
1, Ty > 0

By introducing the slack variables, we get the following starting dictionary:

( r3 = 12 + T — 3x0
Ty = 12 - r1 — 2T9
Ty = 8 — 3x1 + 2z

z = 0 + bz + 2x9

The associated feasible solution is:

T1=0, To=0, z3=12, T4, =12, Z5 =8 of value 0

Questions

1. Execute the simplex algorithm to find an optimal solution of this LP problem, choosing
x9 as the pivot column at the first iteration.

2. Compare the number of iterations with the execution of the simplex algorithm that

chooses x1 as the pivot column at the first iteration (exercise Simplex algorithm
(P10)).
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1.

e Initialization

Consider the dictionary:

r3 = 12 + r1 — 3x9
Ty = 12 - 1 — 2x9
x5 = 8 — 3x1 + 2x9

z = 0 + 5z1 + 22

where B = {3,4,5} and N' = {1,2}. The basic feasible solution is:

T3 =12, x4 =12, I5=28, 1 =0, Zo=0 of value 0

e Iteration 1

If we increase the value of the variable zo (the pivot column required by the
question), we can get a better solution. We have:

(12— 325 >0 -
= — ~—————

X3 12 3%‘2 2350 X9 _4

2y =12- 22, 2722220 v <6

x>0

x5>0

5 =842z —_— zy > —4

(8+222>0

By increasing the value of x2 to min {4,6} = 4, the value of x5 decreases to 0.

Then, we have that:
29 becomes basic and accordingly x3 becomes non-basic

We hayve: . .

Substituting in the other equations of the dictionary, we get:

1 1
.’L‘4=12—331—2.’172212—.1‘1—2(4-1-3%1—5

1 1
$5:8—3$1+2$2:8—3x1+2(4—|—§x1—§x3

1 1 17 2
z=5x1+2x2=5w1+2<4+§x1—§x3> =8+ —1z1— -3

Author: Fabio Furini
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e Iteration 2

Consider the dictionary:

( Ty = 4 + 1 I - 1 T3
3 3

ry = 4 - > A 2 T3
3 3

rs = 16 — g T — ; I3
17 2

[ 2z = 8 + 3% T 33

where B = {2,4,5} and N' = {1,3}. The basic feasible solution is:

To=4, Ty=4, z5=16, x1 =0, z3=0 of value 8
If we increase the value of the variable z1, we can get a better solution.
x2>0
1 4+lz>0 (
55 :4+§x1 g l= Ty 2
5
5 _2
x4 :4—§x1 4 3%120 r1 <
N—————
k.f13'5 —16—§$1 16—§$120 x1 S
N————
x5>0
12 48 12
By increasing the value of z; to min {5, 7} =+ the value of x4
to 0.
Then, we have that:
x1 becomes basic and accordingly x4 becomes non-basic
We have:
4 5) n 2 th 12 2 3
= —_— —_ n = — - _— .
Tq 3 il 3 I3 € I 5 5 T3 5 T4
Substituting in the other equations of the dictionary, we get:
44 1 /12 n 2 3 1 24 1 1
To = | —=—4+=-x3—=-m4 | —c23=———-23—-*I
? 3\5 '5° 5% 3% 5 5% 5™
e T(12, 2 3 2, .52 8 7
BT\ E T ™) T3 Ty T g™
8+17 12+2 3 2 108+8 17
&= — —X3——X4 | —-Xx3=—+-x3— —
3\6 5 ° 5 ) 3% 5 "5° 5™

We have:

NE-l e

decreases
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e Iteration 3

Consider the dictionary:

¢ 12 2 3

B = 5 + 5333 - 3554
24 1 1

© = F - 5% -
52 8 7

T5 = g — gl’g} + 5%4
108 8 17

A

where B = {1,2,5} and N = {3,4}. The basic feasible solution is:

12 24 52 108

jlzg, s =, 23 =0, 4 =0 of value =

If we increase the value of the variable z3, we can get a better solution. We have:

x1>0
12 2
12 2 =4z
I _E‘i‘gw?, 5+5x320 T3 >—6
24 1
24 1 = _Z
To = — — - I3 5 5%320 zg <24
5 5 S5
52 8 *220 13
22 _° 22 8 < —
5 5 5m3 E_gxgzo T3 =5
r5>0

13 13
By increasing the value of x3 to min {24, } =3 the value of x5 decreases

to 0.

Then, we have that:

x3 becomes basic and accordingly x5 becomes non-basic

We have:

x—¥—§x —i—zx then x—1—3+zx—§x
5T 5 5T 37 9 Tt g™

Substituting in the other equations of the dictionary, we get:

_12 2(13 7 5 3 1 1
TI= g TE\g TgP g¥) "™ 27 g T g
24 1013 7 5 1 73 1
To=——-|=+cxs4—cx5) —-cT4=-—-x4+ -2
275 5\l2 T8t g 5T g gt T gTs
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5+5

— + x4 —<T5 | — =24 =32—2x4 — T5

108 8 /13 7 5 17
7z =
2 8 3 5

Accordingly, we obtained an optimal solution and this is the optimal dictionary:

( 1 1
:L‘1:5 - 1 T4 - 1:135

7 3 1
$2—§ — §$4 + §$5

13 7 5)
$3:? + §1'4 = §$5
{ z2=32 — 2 xzy - 5

where B = {1,2,3} and N' = {4,5}. The optimal solution is:

T 13
5) €r3 = ?7
2. The execution that chooses x5 as the first pivot column performs three pivoting opera-
tions and visits the vertices (0,0), (0,4) and (%, %) before reaching the optimal one.
The execution that chooses x1 as the first pivot column performs only two pivoting
operations and visits the vertices (0,0) and (%,O). Both executions reach the same
optimal solution of value 32: the choice of the pivot column changes the path followed

on the polyhedron, not the optimal value.

=85, &p= T4 =0, 5 =0 of value 32

Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

a R

€2
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An optimal solution &( LP) is:
the optimal value z( LP) is 32.

In violet the first, second and third vertex explored by the execution of the simplex
algorithm (before reaching the optimal one depicted in blue).

In dashed blue, the contour lines 5z1 +2x9 = 0, 521 + 229 = 8, 521 + 229 = % and
5x1 + 2x9 = 32 of the objective function associated with the values taken in the four

vertices.
(. J

Exercise 6.17 — Simplex algorithm (B1)

Consider the following LP problem in canonical maximization form with n = 2 variables

and m = 2 constraints:

max 25 x1 4+ 16 xo

subject to 50 x1 + 31 zo < 250
-3 r1 —+ 2 19 < 4
1, To = 0

By introducing the slack variables, we get the following starting dictionary:

r3 = 250 — 80 1 — 31 €T
T4 = 4 4+ 3z - 2 9
z = 0 + 25z 4+ 16 a9

The associated feasible solution is:

T1=0, Zo=0, 3=250, z4 =4 of value 0

Questions

Execute the simplex algorithm to find an optimal solution of this LP problem.
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e Initialization

Consider the starting dictionary:

rx3 = 250 — 50 xz; — 31 a9
A 0 + 25z + 16 a9

where B = {3,4} and N = {1,2}. The basic feasible solution is:

T3 = 250, x4 =4, 1 =0, Z2=0, of value 0

e Iteration 1

If we increase the value of the variable z1, we can get a better solution. We have:

250 —50x1 >0

z3 =250 — 507, N z <5
x3>0
4
v =d43m 143020 s
x4>0 3

By increasing the value of x1 to 5, the value of x3 decreases to 0.

Then, we have that:
21 becomes basic and accordingly x3 becomes non-basic

We hayve:

31 1
=92 — — 31 th —5_ —— - .
I3 50 50 I 3 xIo en I 5 50 ) 50 I3

Substituting in the other equations of the dictionary, we get:

31 1
x4 =4+3 (5——50902——503:3)— To =19 — — x9 T3

31 1 1 1
=F) — — X9 — — 1 =12 — Ty — —
z 5 (5 501:2 5Ox3)+ 6 x9 5—1—2962 23:3

Accordingly, we now have the following dictionary:
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r1 = 5 — % T2 — % T3
193 3
-19 - _ 2

e 50 2 50 3
1 1

\ z =125 + 5 xI9 — 5 T3

where B = {1,4} and N' = {2,3}. The basic feasible solution is:

T1 =95, xT4=19, To=0, z3=0 of value 125

e Iteration 2

If we increase the value of the variable zo, we can get a better solution. We have:

( 93120
—
31 31 250
_5_ 3L > <
1 5 =g 22 5 gg %22 0 T2 S35
193 193 950
=19 - — 19 — — >0 < —
24 =19= 7o 50 2= “2 =193
\ x4>0

250 950 950
——,—— ¢ = ——, the value of z4 decreases to
31 7193

By increasing the value of z9 to min { 193

0.
Then, we have that:

22 becomes basic and accordingly x4 becomes non-basic

We have:

x—lQ—ﬁx—ix then x—@—ix—ﬂx
1T 50 2 503 27193 193 7% 193°*

Substituting in the other equations of the dictionary, we get:

31 /950 3 50 1 376 2 31
r1=0—— |+ -3 — =% ——=T3=—"F———=2T3+-——==T
! 50 \193  193°% 193°%) " 50°® 193 193°° 193!
— o5 L (280 80 20 1~ 24600 98 25
= 2 \103 193 " 103™) T 2% 7 T193 19373 193"

Accordingly, we obtained an optimal solution (no further improvement is possible)
and this is an optimal dictionary:

Author: Fabio Furini
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376 2 31

T = 193 ~ 193 r3 + 103 T4
950 3 50

T2 = @ - @ xr3 - @ Ty
24600 98 25

( *T 193~ 193 T 193 ™

where B = {1,2} and N = {3,4}. The basic optimal solution is:

376 _ 950 24600

5;1:@7 xzzﬁ, £3:0, .%4:0 Ofvalue W

Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

é N

950 5 L
193

T2

PR

1

N /

An optimal solution &( LP) is:

- 376 . 950
1= 793 "2~ 103
24600

193 °

the optimal value z( LP) is

In violet the first and the second vertex explored by the previous execution of the simplex
algorithm (before reaching the optimal one depicted in blue).

In dashed blue, the contour lines of the objective function associated with the values taken

in the three vertices.
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6.3 Problems with three variables

Exercise 6.18 — Simplex algorithm (P41)

Consider the following LP problem in canonical maximization form with n = 3 variables
and m = 4 constraints:

max 2 r; + 3 + 3uz3

subject to ry +  x2 + r3 < 4
T2 < 2

3 < 3

3 + 3 < 6

1, 9, 3 > 0

By introducing the slack variables, we get the following starting dictionary:

ry=4 - T, - To — T3

T5 = 2 — To

T =3 — T3

rr=6 — 311 — T3
\ z=0 4+ 2x1 + To + 3 z3

The associated feasible solution is:

T1=0, To=0, Z3=0, T4 =4, T5 =2, Tg=3, Ty =6 of value 0

Questions

Execute the simplex algorithm to find an optimal solution of this LP problem.

- J

e Initialization

Consider the starting dictionary:
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T4y=4 - T, - To — T3

5 = 2 - T2

T =3 = T3

;=6 — 3 x1 — T3
z=0 4+ 2z + To + 3 x3

where B = {4,5,6,7} and N' = {1,2,3}. The basic feasible solution is:

Ty=4, 5=2, xg=3, T7 =06, T1=0, ZTo=0, Z3=0 of value 0

e Iteration 1

If we increase the value of the variable z1, we can get a better solution. We have:

4—.%'120
ry =4—x ~— r, <4
x4>0
r7 =6—3z \6_3x120, 1 <
x7>0

By increasing the value of z; to min{4,2} = 2, the value of z7 decreases to 0.

Then, we have that:
21 becomes basic and accordingly x7 becomes non-basic

We have:
1 1
r7=6—3x1 —x3 then $1:2—§x3—§x7,

Substituting in the other equations of the dictionary, we get:

4 2 L L 2 2 +1
Tq4 =4 — — 23— - T7| —T2—X3=2—T2— T3+ =T
4 3 T8 37 2 3 27 g% T a7

—2 (21 ! +zo+3z3=4+ +7 2
z = 31’3 3:177 xTo xr3 = €T 31‘3 3:137

Accordingly, we now have the following dictionary:
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1 1
1 =2 - 3%~ 37
9 2 o 1
By = - T3 — -z - x
4 2 3 3 3 7
T5 =2 — T
.736:3 - I3
4 + + ‘ 2
%= T - x3 — - x
L 2 3 3 3 7

where B = {1,4,5,6} and N' = {2,3,7}. The basic feasible solution is:

T1=2, T4=2, T5=2, 3¢ =3, To=0, z3=0, zy=0 of value 4

e Iteration 2

If we increase the value of the variable z9, we can get a better solution. We have:

2—1‘220

Ty =2—x9 N——r To <2
x4>0

2—%220

—_————

x5>0

T5 :2—.%'2

By increasing the value of x5 to min {2,2} = 2, the value of x4 decreases to 0.

Then, we have that:
22 becomes basic and accordingly x4 becomes non-basic

We hayve:

Substituting in the other equations of the dictionary, we get:

o (5 2 L1 2 1
Irs = 3l‘3 T4 333‘7 —333‘3 T4 31‘7

—ay (22 i 47 L oy = .
Z = 31‘3 T4 31‘7 3£L‘3 3:1)7— 31’3 T4 31’7

Accordingly, we now have the following dictionary:
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1
1'1—2 - gl’g
2
=92 - — _
x2 3$3 Ty
2
z5 =0 + §.CC3 + x4
1‘6—3 — T3
)
=6 — —
S T 3963 T4

Wl Wl ) =

—_

T

i

T

T

where B = {1,2,5,6} and N' = {3,4,7}. The basic feasible solution is:

of value 6

e Iteration 3

If we increase the value of the variable z3, we can get a better solution. We have:

(
X1 22—%33'3
T :2—21‘3
3
2
x5 :0+§IE3
rg =3 — I3

By increasing the value of x5 to min {6, 3,3} = 3, the value of 25 decreases to 0.

Then, we have that:

x3 becomes basic and accordingly z2 becomes non-basic

We hayve:

2 1
1‘2:2—*1‘3—$4+§l‘7

3

Substituting in the other equations of the dictionary, we get:

1 3 3
$1:2_§ <3—2$2—2

2
Tr5 = < <3—3$2—3

3 2

1
2— = >0
3$3_
—_————
5120
2— = >0
3373_
—_————
x2>0
0+2 >0
— X
3 3 =
—_————
x5>0
3—x3>0
—_————
x>0

then

1
2$4+21’7>

3
$3:3—§$2—*$4+*$7.

. P
T4 2.’E7 3.’E7— 2$2 25[?4

1
+x4— -7 =2—129

3

r3 <6
T3 <3
z3 >0
T3 <3

3 1
2 2

1
7
9 7

Author: Fabio Furini
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3 3 3 3 +1 3 +3 1
xg =3 — — =Ty — =T+ =Ty | =2+ =-T4— =T
6 2 2 2 4 2 7 9 2 2 4 2 7

z—6+§ 3—§x—§x —l—lx —x—lx—11—§x—zx —1—130
— 3 Rl g g S Rl g g

Accordingly, we now have the following dictionary:

1+ 1 o 1 1
r1 = D) i) D) Ty ) Ty
, 3 3oL
xr3 = 2 Z2 2 T4 2 Z7
1'5—2 — T
0 + Sm + 2 @ - >
Te = 5 xo 5 x4 5 X7
) 7 1
z=11 — 3 Ty — B Ty + B T7

where B = {1,3,5,6} and N' = {2,4,7}. The basic feasible solution is:

T1=1, z3=3, x5=2, xg=0, To=0, Z4=0, Zy=0 of value 11

e Iteration 4

If we increase the value of the variable z7, we can get a better solution. We have:

( 1
1—*33720
( 1 2
_ —_———
1 =1—- @7 £1>0 rr <2
1
3+=-x7>0
T3 :3+§$7 2 T7; > —6
—_———
9{320
—0-—= _ = r7 <0
& 0 5 &1 0 23:720
—_————
\ z6>0

By increasing the value of z7 to min {2,0} = 0, the value of z¢ decreases to 0.

Then, we have that:
7 becomes basic and accordingly z¢ becomes non-basic

We have:

3 3 1

Substituting in the other equations of the dictionary, we get:

1
x1:1+§x2+§x4—§ (Bx2+3x4—2x6) =1 — 22 — x4 + 6
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3 3 1
$3:3*§l‘2*§$4+§ (35E2+3(E4*2$6):3*$6

1
z:11—§x2—§x4—|—5 (Bx2+3x4 —2x6) =11 — 29 — 2 24 — 6

Accordingly, we obtained an optimal solution (no further improvement is possible)

and this is an optimal dictionary:

rn=1 - To9 — T4 + Tg
T3 =3 — T
T5 =2 — To

zr=0 4+ 3 22 4+ 3 x4 — 2 x4
z=11 — xro — 2 T4 — T

where B = {1,3,5,7} and N' = {2,4,6}. The basic optimal solution is:

11
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Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

4 N

x3

- /

An optimal solution &( LP) is:

the optimal value z( LP) is 11.

In violet the first and the second vertex explored by the previous execution of the algorithm
(before reaching the optimal one depicted in blue).
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SageMath Code: 3D Polyhedra (

# Define the polyhedron using inequalities (Hyperplane Representation)
p = Polyhedron(ieqgs=[

(4, -1, -1, -1), # (-1, -1, -1) x+4>=0
(2, 0, -1, 0, # (0, -1, 0 x+2>=0
(3, 0, 0, -1), # (0,0, -1) x+3>0
(6, -3, 0, -1), # (3,0, -1) x+6>0
0, 1, 0, 0, #(,0,0x+0>0
(o, o0, 1, 0), # (0, 1,0 x+0>0
(o, 0, 0, 1 # (0, 0, 1) x+0>=0

D

# Display the inequalities of the polyhedron
p-Hrepresentation()

# Display the extreme points and extreme rays of the polyhedron
p-Vrepresentation()

# Plot the polyhedron (3D)
p-plot()

Exercise 6.19 — Simplex algorithm (P42)

Consider the following LP problem in canonical maximization form with n = 3 variables
and m = 3 constraints:

max 3 x1 + 2 x99 4+ 4 x3
subject to r1 + To 4+ 2 x3 < 4
2 x1 + 3 23 < 5
2 x1 + To 4+ 3 x3 < 7
x1, T2, zg > 0

By introducing the slack variables, we get the following starting dictionary:

,

rg=4 — xry - To — 2 x3
T5=5 — 2 x — 3 x3
=7 — 2x1 — To — 3 x3
z=0 4+ 321 4+ 229 + 4 x3

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 72


https://github.com/fabiofurini/linear-programming
https://sagecell.sagemath.org/
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Programming

The associated feasible solution is:

T1=0, ZTo=0, 23=0, T4 =4, T5=5, Tg=7 of value 0

Questions

Execute the simplex algorithm to find an optimal solution of this LP problem.

A J

e Initialization

Consider the starting dictionary:

T4s=4 - T, — To — 2 x3
T5 =5 — 2 x1 — 3 x3
=7 — 2x1 -— To — 3 x3
{ z=0 4+ 3z1 4+ 2x9 + 4 x3

where B = {4,5,6} and N' = {1,2,3}. The basic feasible solution is:

Ty=4, T5=05, xg=171, T1 =0, ZTo=0, z3=0 of value 0

e Iteration 1

If we increase the value of the variable z1, we can get a better solution. We have:

(4—.%120 <

T4 :4—1131 \7;()_/ T _4
4=

_ > %

x5 =5—2x &{1;9 1 §§
x5>0

v =T—2m 7-212,>0 e <!

o0 \ 2

\

57 5
By increasing the value of z; to min {4, 2’ 5} =3 the value of x5 decreases to 0.

Then, we have that:

x1 becomes basic and accordingly x5 becomes non-basic
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We have: 5 3 1
T5 =5—2x1 —3x3 then m1:§—§x3—§x5.
Substituting in the other equations of the dictionary, we get:
5 3 1 5 3 1 i 1
xg=4—|-—=-x3—=x5 ] — 23 —223==—T9— T3+ =%
4 2 2 3 2 5 2 3 9 2 2 3 2 5

5 3 1
Te=17—2 (2—2x3—2x5)—x2—3x3:2—x2+x5

5 3 1 15 1 3
z=3 (2—2$3—2$5>+2x2+4x3:2+2x2—2x3—2x5

Accordingly, we now have the following dictionary:

( 5 3 1
I = = — - X - - T
1 2 2 3 2 5

3 1 i 1
Ty = = — X - - T - T
4 9 2 2 3 2 5
.%'6:2 — i) + xT5

B, 1 3
z = 9 o 9 T3 9 T5

where B = {1,4,6} and N' = {2,3,5}. The basic feasible solution is:

5 3
5;1:57 Ta=—, Tg=2, To=0, T3=0, Ty =0 of value

e Iteration 2

If we increase the value of the variable zo, we can get a better solution. We have:

3
3 5~ 2220 3
Ty =S — X2 L,_/ 2 < ¢
2 2420 2
Tg =2—x9 2—x222>20 To <2
N——
x>0

3
By increasing the value of x5 to ok the value of x4 decreases to 0.

Then, we have that:

22 becomes basic and accordingly x4 becomes non-basic

We have:

3 1 th
= — — — — + — 111 =
Ty 9 T2 5 T3 5 xTs5 e i)

.CI?3—$4+§$5

N | o
N | —
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Substituting in the other equations of the dictionary, we get:

3 1 1 1 1 1
Tg=2— — — =23 — T4+ =5 | +T5 ==+ =<-T3+Tg+ = T5

279 2 279 2
15, (3 1 1 1 2 21 3 ) 1

z=— = — =23 — T4+ =T ) — =23 —-Tb=——=T3—2%4— =<
9 g 9 TTAT QI T 9T 9T g T 9 479

Accordingly, we obtained an optimal solution (no further improvement is possible)
and this is an optimal dictionary:

5) 3 1

€Tl = 5 - 5 €3 - 5 T5
3 1 1

o = 5 == 5 I3 — T4 -+ 5 T5
1 1 1

Te = 5 + 5 xr3 + T4 + 5 Ts
21 3 1

z = ? — 5 T3 — 2 T4 — 9 xT5

where B = {1,2,6} and N' = {3,4,5}. The basic optimal solution is:

- - - - 1 21
T1=5, 2=, T3=0, 24=0, ZT5=0, :U6:§ of value -
Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

4 N

wlot

3

x1

8

[\]
N
Nt
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An optimal solution &( LP) is:

21
the optimal value z( LP) is -

In violet the first and the second vertex explored by the previous execution of the algorithm
(before reaching the optimal one depicted in blue).

Warning

This is another possible execution of the simplex algorithm, selecting non-basic variables
with the largest reduced cost instead of following the natural order.

e Initialization

Consider the starting dictionary:

T4s=4 - T, — To — 2 x3
5 =5 — 2 x1 — 3 x3
=7 — 2x1 -— To — 3 x3
{ z=0 4+ 3z1 4+ 2x9 + 4 x3

where B = {4,5,6} and N' = {1,2,3}. The basic feasible solution is:

Ty=4, T5=05, xg=171, 1 =0, ZTo=0, z3=0 of value 0

e Iteration 1

If we increase the value of the variable z3, we can get a better solution. We have:

¢
4—2%320
rg =4 —2x3 — x3 <2
x>0
_ > 9
5 =5—3x3 &{?’;9 T3 Sg
x5>0
Te =T7—3x3 732320 x3 SZ
2020 \ 3

5
By increasing the value of x3 to 3’ the value of x5 decreases to 0.

Then, we have that:
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x3 becomes basic and accordingly x5 becomes non-basic

We have: - ,
5 =5—2x1 —3z3 then T3=g 38137

Substituting in the other equations of the dictionary, we get:

4 2 b2 . 2+1 +2
Ty =4 -1 — 20 — —— =% —=%5 | ==+ =21 -T2+ =2
4 1 2 3 3 1 3 5 3 3 1 2 3 5

2 1
T =7—2x1 —2x0 — 3 <§—3m1—3x5> =2—x9+ x5

=3z1+212+4 b2 = —20+1 +2 1
Z =91 i) 3 3:1?1 3:[?5 = 3 31’1 T2 3335

Accordingly, we now have the following dictionary:

( 5 2 1
T3 =—- — - - -z
3= 3 3 N 3 T

2 n 1 n 2

T4 = — - T - T -z
4= 3 3 N 2 3 T
Tg = 2 — T2 + Z5

20 1 ) 4
\2—3 + 3 r1  + T2 — 3 Ts

where B = {3,4,6} and N' = {1,2,5}. The basic feasible solution is:

) 2 20
LU3:§, IL’4Z§, Tg = 2, T1 =0, zo=0, z5=0, of value E

e Iteration 2

If we increase the value of the variable zo, we can get a better solution. We have:

2
2 3~ 220 2
Lq :§—$2 ~—— Z2 Sg
x42>0
Tg =2 — X9 2—1x22>0 To <2
x>0

2
By increasing the value of x5 to 3’ the value of x4 decreases to 0.

Then, we have that:

22 becomes basic and accordingly x4 becomes non-basic
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We hayve:

2+1 +2 - 2+1 +2
Ty=-+-sx1 -2+ en To=-+-XT1—T4+ X
4=3T 3" 2T 3T 2=3T3™M 4T 35

Substituting in the other equations of the dictionary, we get:

o (2] 2 ) o]
Te = 3 3-T1 Ty 3335 -T5—3 3.’E1 Ty 3-7;5
U ) + 2 L s=84a -2
z = 3 31‘1 3 31’1 T4 31135 31}5— I T4

Accordingly, we now have the following dictionary:

( 2 1 2
1‘2—5 + g T, — T4 + g Ts5
) 2 1
=g~ 3O -3 %
4 1 1
T6=3 — 3 71 + T4 3 5

z=8 + r1 — 2 x4

where B = {2,3,6} and N' = {1,4,5}. The basic feasible solution is:

—2‘—5‘—4‘—0‘—0‘—0 f val 8
432—3, 333—3, $6—3 1 =0, z4=0, 5 =0, of value

e Iteration 3

If we increase the value of the variable z1, we can get a better solution. We have:

r2+1 >0
-+ -z
p 2 1 3 3 L=
X2 :§+§1‘1 - §2>0 ry > —2
r3 = - — — =
3 3 31'1 T =5
4 1 4 GTGL:SZO
-~ _ =z 1 <4
6 3 35131 3 390120 1 =
x>0

: 5
By increasing the value of z; to 3 the value of x3 decreases to 0.

Then, we have that:

x1 becomes basic and accordingly x3 becomes non-basic

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 78


https://github.com/fabiofurini/linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Programming

We have:
5 2 1 b 5
T3=—-——=21— =T en r1=-—
P73 3737 179

Substituting in the other equations of the dictionary, we get:

2,1(5 3 1 L2 3 1 1
2733\ g T gl ) THT I =L T I3 T I o 05
4 175 3 VR I O T,
=373 g P T ) THT AT oL T3 AT S 5

5 3 1 21 3
z:8+<2—2x3—2x5>—2x4—2—21'3—2374—23:5

Accordingly, we obtained an optimal solution (no further improvement is possible)
and this is an optimal dictionary:

5 3 1
551:5 - 5 €3 - 5 T5
3 1 1
LU2—§ == 5 I3 — T4 + 5 T5
1 1 1
x6:§ + 5 xr3 + T4 + 51’5
21 3 1
ey T 3 ®m T Imo— 5T

where B = {1,2,6} and N' = {3,4,5}. The basic optimal solution is:

1 ==, Ta==, ITg= =, T3=0, 24=0, 5 =0 of value
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Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

4 N

Wl

z3

Z1

8

[\]
W
ot

N /

An optimal solution &( LP) is:

21
the optimal value z( LP) is =

In violet the first, the second and the third vertex explored by the previous execution of
the algorithm (before reaching the optimal one depicted in blue).
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SageMath Code: 3D Polyhedra (

# Define the polyhedron using inequalities (Hyperplane Representation)

p = Polyhedron(ieqs=[
4, -1, -1, -2),
(6, -2, 0, -3),
7, -2, -1, -3),
o, 1, 0, 0,
(0, o, 1, 0,
(0, 0, 0, 1

(-1, -1, -2) x + 4 >=0
(-2, 0, -3) x+5>0
(-2, -1, -3) x+7>0
(1, 0, 0) x + 0 >= 0
(0, 1, 0) x+0>=0
(0, 0, 1) x+ 0> 0

H OHF H HF H =

D

# Display the inequalities of the polyhedron
p-Hrepresentation()

# Display the extreme points and extreme rays of the polyhedron
p.Vrepresentation()

# Plot the polyhedron (3D)
p-plot()

Exercise 6.20 — Simplex algorithm (P43)

Consider the following LP problem in canonical maximization form with n = 3 variables
and m = 2 constraints:

max x1 + 2 xo + T x3

subject to a3 + 2 x3 < 2
Tr9 + 2 T3 < 2
T, x9, 3 2 0

By introducing the slack variables, we get the following starting dictionary:
Ty=2 - T — 2 x3
T5 = 2 — To — 2 x3
z=0 4+ x1 4+ 29 + T x3

The associated feasible solution is:

T1=0, Zo=0, 23=0, T4 =2, T5 =2 of value 0
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Questions

Execute the simplex algorithm to find an optimal solution of this LP problem.

- J

e Initialization

Consider the starting dictionary:

Ty =2 — T — 2 x3
$5:2 — o — 21‘3

z=0 4+ x 4+ 222 + T x3

where B = {4,5} and N = {1,2,3}. The basic feasible solution is:

T4=2, T5=2, T1=0, T9=0, T3=0 of value 0

e Iteration 1

If we increase the value of the variable z1, we can get a better solution. We have:

{x4 =2—-1 {tﬂig {xl <2

x>0

By increasing the value of x1 to 2, the value of x4 decreases to 0.

Then, we have that:

x1 becomes basic and accordingly x4 becomes non-basic

We have:
r4=2—21—2x3 then x1=2-—2x3— 24.

Substituting in the other equations of the dictionary, we get:

z2=2—-2x3—x4)+2290+T723=2+229+ 513 — 14

Accordingly, we now have the following dictionary:

T =2 - 2 x3 - T4
T5 =2 — To — 2 x3
z=2 + 2z 4+ b xz — T4
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where B = {1,5} and N = {2,3,4}. The basic feasible solution is:

T1=2, T5=2, T9=0, T3=0, T4=0 of value 2

e Iteration 2

If we increase the value of the variable z9, we can get a better solution. We have:

{$5 :2—1‘2 {aﬁg {.rg SQ

z52>0

By increasing the value of xo to 2, the value of x5 decreases to 0.

Then, we have that:
22 becomes basic and accordingly x5 becomes non-basic

We have:
T5 =2—x9—2x3 then x9=2-—2x3—x5.

Substituting in the other equations of the dictionary, we get:

2=242(2—-2x3—25)+5x3—x4=6+23 — T4 — 225

Accordingly, we now have the following dictionary:

Ty = 2 - 2z3 — 14
To =2 — 2 x3 — x5
2=6 + 3 — x4 — 25

where B = {1,2} and N = {3,4,5}. The basic feasible solution is:

T =2, Tg9=2, T3=0, T4=0, Z5 =0 of value 6

e Iteration 3

If we increase the value of the variable x3, we can get a better solution. We have:

2—2.%320
r1 =2-—2x3 — r3 <1
x1>0
T3 =2-—2x3 a{ﬁg r3 <1
x22>0

By increasing the value of z3 to 1, the value of both x; and zo decreases to 0. We
choose x;1 as the leaving variable.

Then, we have that:
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x3 becomes basic and accordingly x; becomes non-basic

We have: . '
xr1=2—2x3—2x4 then $3:1_§x1_§x4.
Substituting in the other equations of the dictionary, we get:

1 1
1‘2:2—2<1—2J}1—2$4)—$5:.%'1+.%'4—1‘5

1 1 1 3
2—6—1—(1—2501—2:64)—w4—2x5—7—2x1—2x4—2x5

Accordingly, we obtained an optimal solution (no further improvement is possible)
and this is an optimal dictionary:

ro=0 + xr1 + T4 — Ts
1 1

z3=1 — 2T~ 5 T
1 3

2=17 — 3T — 5T — 2 x5

where B = {2,3} and N = {1,4,5}. The basic optimal solution is:

571:0, jgzo, i’3:1, j4:0, i’5=0 of value 7
Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

4 )
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An optimal solution &( LP) is:

the optimal value z( LP) is 7.

In violet the first, the second and the third vertex explored by the previous execution of
the simplex algorithm (before reaching the optimal one depicted in blue).

SageMath Code: 3D Polyhedra (

# Define the polyhedron using inequalities (Hyperplane Representation)
p = Polyhedron(iegs=[

(2, -1, 0, -2), # (-1, 0, -2) x+2>0
(2, 0, -1, -2), # (0, -1, -2) x+2>=0
o, 1, 0, 0, #(1,0,0 x+0>0
(o, 0, 1, 0, # (0, 1,0 x+0>0
(0o, 0, 0, 1) # (0, 0, 1) x+0>=0

D)

# Display the inequalities of the polyhedron
p-Hrepresentation()

# Display the extreme points and extreme rays of the polyhedron
p-Vrepresentation()

# Plot the polyhedron (3D)
p.plot()

Exercise 6.21 — Simplex algorithm (P44)

Consider the following LP problem in canonical maximization form with n = 3 variables
and m = 3 constraints:

max 1 + 2 2 + 3 3
subject to 1 4+ 2 x9 — 2 xz3 < 1
2 r - o — 3 w3 < 4
1 + 2 xzg + 5 z3 < 2
1, Z2, zz > 0

By introducing the slack variables, we get the following starting dictionary:
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ry=1 - Ty — 2z + 2 x5
rs=4 — 2z —+ ro 4+ 3 z3
Tg =2 — Ty — 2T — b x3
z=0 4+ r1 + 2x9 + 3 x3

The associated feasible solution is:

T1=0, To=0, z3=0, Z4=1, T5=4, T¢ =2 of value 0

Questions

Execute the simplex algorithm to find an optimal solution of this LP problem.

e Initialization

Consider the starting dictionary:

ry=1 - T — 2z + 2 x3
=4 — 2z —+ To + 3 x3
Tg =2 — TGy — 22 — b x3
z=0 4+ 1 + 2z + 3 z3

where B = {4,5,6} and N' = {1,2,3}. The basic feasible solution is:

Ta=1, s =4, xg=2, Z1=0, Zo=0, 3=0 of value 0

e Iteration 1

If we increase the value of the variable z1, we can get a better solution. We have:

1—1}120
Ty =1—x1 T;O—’ 1 <1
4—-2x1 >0
T5 :4—2331 #/ I <2
x5>0
Tg =2—1x1 2—x1 20 Ty <2
x>0
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By increasing the value of x1 to 1, the value of x4 decreases to 0.

Then, we have that:

21 becomes basic and accordingly x4 becomes non-basic

We have:

T4=1—21—229+22x3 then x1=1-—2x9+22x3— 4.

Substituting in the other equations of the dictionary, we get:
x5=4—-2(1—-2x9+2x3 —x4)+22+323=2+5w0 —23+224

l’6:2—(1—21‘2—}-2%3—%4)—2%2—5:{?3:1—7$3+$4
z=(1-2x9+2x3—x4)+222+323=1+523 — 24

Accordingly, we now have the following dictionary:

zT1=1 — 229 + 223 — T4
Ts =2 4+ D5 a3 — r3s + 2 x4
Tz =1 — T x3 + T4
z=1 + 5 x3 — T4

where B = {1,5,6} and N' = {2,3,4}. The basic feasible solution is:

T1=1, T5=2, z¢=1, T9=0, T3=0, T4=0 of value 1

e Iteration 2

If we increase the value of the variable x3, we can get a better solution. We have:
( z1>0

—
r; =142x3 1+2232>0 T3 > ——

r5 =2 —x3 2—232>0 r3 <2

x5>0

Te :1—7333 1—71’320 3 <
—_—

x>0

1
By increasing the value of x3 to = the value of zg decreases to 0.

Then, we have that:

x3 becomes basic and accordingly x¢ becomes non-basic
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We hayve:
1 1 1
x¢=1—Tx3+ x4 then ‘1'3:?""?374_?376-

Substituting in the other equations of the dictionary, we get:

1 1 1 9 b 2
x1:1—2x2+2<7+7x4—7x6>—x4:7—2x2—7x4—7x6

1 1 1 13 13 1
Ts5=24+bx9—|=-+=-24——2x6 | +224=—+dx9+ — T4+ = x¢

77 7 7 7 7
_qugfl, L 1 12 2 5
= 7 TR AT R | T T T BT 6

Accordingly, we obtained an optimal solution (no further improvement is possible)
and this is an optimal dictionary:

xl—g — 2 x5 - §x4 = gx(g
7 7 7
1 1 1

Igz? + ?$4 — ?I6
13 13 1

T = o + 5@ + — T 4F 7 T6
12 2 5

| #=7 - T 7%

where B = {1,3,5} and N = {2,4,6}. The basic optimal solution is:

12
jlzf "L‘Q:O7 5‘63:7 "L‘4:07 x5:77 SEGZO Of Value 7

e Multiple optimal solutions

In the optimal dictionary the non-basic variable zo has reduced cost ¢s = 0. Accord-
ingly, increasing the value of xo does not change the value of z. We have:

9 9 9

=2 _9 2 _922,>0 < =

A 7 <%= 2>
x1>0

(x3 = % does not change and x5 increases). By increasing the value of x2 to %, the
value of z1 decreases to 0 and we obtain the vertex

L)
14’

aE1:O, 9 =

1
T3 = - of value

which is optimal as well. Then, the optimal solution is not unique: every point of

9 1 9 1 12
the edge joining (7, 0, 7) and (O, 0 7) is optimal, of value -
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Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

4 \ h

(S]] V]

3

oo NI

Z2

~|©

T1

N J

e

An optimal solution &( LP) is:

12
the optimal value z( LP) is =

In violet the first and the second vertex explored by the previous execution of the simplex
algorithm (before reaching the optimal one depicted in blue).
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SageMath Code: 3D Polyhedra (

# Define the polyhedron using inequalities (Hyperplane Representation)
p = Polyhedron(ieqs=[

(1, -1, -2, 2), # 1 - x1 - 2%xx2 + 2*x3 >= 0
(4, -2, 1, 3), # 4 - 2xxl + x2 + 3*x3 >= 0
(2, -1, -2, -5), # 2 - x1 - 2%x2 - 5%x3 >= 0
(0, 1, 0, 0), #x1>0
(0, 0, 1, 0, #zx2>0
(o, 0, 0, 1) # x3 >= 0

D

# Display the inequalities of the polyhedron
p-Hrepresentation()

# Display the extreme points and extreme rays of the polyhedron
p.Vrepresentation()

# Plot the polyhedron (3D)
p-plot()

Exercise 6.22 — Simplex algorithm (P45)

Consider the following LP problem in canonical maximization form with n = 3 variables
and m = 2 constraints:

max 4 1 — 13 x9 + 7 x3
subject to 3 z; + 2 x9 4+ 5 x3 < b
Ty — 3 zo + 5 xz3 < 3
x1, Z2, zg > 0

By introducing the slack variables, we get the following starting dictionary:

r4=5 — 3 x1 -— 219 — b3
x5 =3 — r1 + 3xo — b3
z=0 4+ 4z — 13 a9 + 7 x3

The associated feasible solution is:

T1=0, Zo=0, z3=0, T4=5, T5 =3 of value 0
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Questions

Execute the simplex algorithm to find an optimal solution of this LP problem.

- J

e Initialization

Consider the starting dictionary:

rx4=5 — 3 x1 -— 219 — b3
T5=3 — r1 + 3z — b5 a3
z=0 4+ 4z — 13 290 + 7 x3

where B = {4,5} and N = {1,2,3}. The basic feasible solution is:

T4=5 T5=3, T1=0, T9=0, T3=0 of value 0

e Iteration 1

If we increase the value of the variable z1, we can get a better solution. We have:

5—-321>0 5
Ty =5b-—-31 N——e r < =
x42>0 -3
T5 =3 —x1 \3 __xl_/z 0 Ty <3
x5>0
. . 5
By increasing the value of x1 to 3’ the value of x4 decreases to 0.
Then, we have that:
x1 becomes basic and accordingly x4 becomes non-basic
We have:
5 2 5 1
=5—-3x1—2x2—5 th == ——T9— — T3 — = T4.
X4 I T2 T3 en X1 3 3 T2 3 T3 3 Ty
Substituting in the other equations of the dictionary, we get:
3 5 2 ) 1 43 5 4 n 11 10 n 1
r5=3—|-—-x2—-x3— -2 To—bHx3=—-4+—a90— — T3+ -7
5 3 3%27 3T 3N 27T T g T2 I3t ol

z2=4 5—2x—5x—1a: —13x +7:c—20—47x +1x—4x
=4 g 3T2 3T 3N 2 3T 3 T g T2t 3T gl
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Accordingly, we now have the following dictionary:

( 5 2 ) 1
xl—g — g:CQ — gﬂjg — §£U4
4 11 10 1
$5:§ + g‘TQ — 31'3 -+ §IL'4
20 47 1 4
(#=3 ~ 3™t 3% - 3N

where B = {1,5} and N = {2,3,4}. The basic feasible solution is:

5 4 2
j1:§7 Ts = 3, To=0, T3=0, T4, =0 of value 3

e Iteration 2

If we increase the value of the variable z3, we can get a better solution. We have:

5 5 0
5 b 3 37%=
] =——-2 xzzg <1
! 3 373 £1>0
4 10 2 10 -0 2
x5 _g—gﬂjg 3 3$3 z3 Sg
x5>0

2
By increasing the value of x3 to £ the value of x5 decreases to 0.
Then, we have that:
x3 becomes basic and accordingly x5 becomes non-basic

We have:

4 11 0 1 0 2,11 1 3
s — — == b5 — =— 4§ = b, en ry3 — — —= 90 — X4 — — Tx.
T3 g2 3Ty 5757102107 107

Substituting in the other equations of the dictionary, we get:

5 2 5/2 11 1 3 1 5 1 1
Ti=g-—gP-glgtgPtps % —qTa=l-—cxo—cxs+ 575

3 3 10 10 10 3 2 2 2
0 47 12 1 3 4 34 153 13 1
TR T3 5T 0 T 0™ 10™) 3™ T s T 10 0™ 0™

Accordingly, we obtained an optimal solution (no further improvement is possible)
and this is an optimal dictionary:
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rn=1 - §ZL‘Q = — T4 + 1J}5
2 2
2 11 1 3
Byt Tt g™ T %
34 153 13 1
(’=F% - 0™ T 1™ T 1

, T4=0, 5 =0 of value

Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

- )

l\Dl[\D
U=

z3
U

So

x1

\_ /

Do Ut
Wl

An optimal solution &( LP) is:
.lel, 1‘2:0, xIr3 =

the optimal value z( LP) is —.

In violet the first and the second vertex explored by the previous execution of the simplex
algorithm (before reaching the optimal one depicted in blue).
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SageMath Code: 3D Polyhedra (

# Define the polyhedron using inequalities (Hyperplane Representation)
p = Polyhedron(ieqgs=[

(5, -3, -2, -5), # 5 - 3*%x1 - 2%x2 - 5%x3 >= 0

@3, -1, 3, -5), # 3 - x1 + 3*%x2 - 5*%x3 >= 0

(o, 1, 0, 0), #x1>=0

(0, 0, 1, 0, #x2>0

(0, o0, 0, 1 # x3>=0
D

# Display the inequalities of the polyhedron
p-Hrepresentation()

# Display the extreme points and extreme rays of the polyhedron
p.Vrepresentation()

# Plot the polyhedron (3D)
p-plot()

Exercise 6.23 — Simplex algorithm (P46)

Consider the following LP problem in canonical maximization form with n = 3 variables
and m = 3 constraints:

max 5 x;1 + 6 x99 + 10 =x3
subjectto 9 1 4+ 2 zo + 2 zz < 11
2 21 + 6 29 + 6 23 < 16
4 1 + 2 9o 4+ 7 z3 < 10
x1, T2, zg > 0

By introducing the slack variables, we get the following starting dictionary:

rx4=11 — 9 a7 — 2139 — 2 x3
r5=16 — 2 a1 — 6 xo — 6 x3
=10 — 4 a7 — 2 xz90 — 7 x3

z=0 4+ 5z + 622 + 10 z3
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The associated feasible solution is:

T1=0, To=0, Z3=0, T4 =11, T5=16, Zg=10 of value 0

Questions

Execute the simplex algorithm to find an optimal solution of this LP problem.

AN J

e Initialization

Consider the starting dictionary:

;

xg=11 — 929 — 2 x39 — 2 x3
r5=16 — 221 — 6 19 — 6 x3
26=10 — 421 — 2 x9 — 7 3

z=0 4+ 521 4+ 6 29 + 10 x3

where B = {4,5,6} and N' = {1,2,3}. The basic feasible solution is:

Ta=11, Z5=16, Zg=10, ;1 =0, Zo =0, Z3=0 of value 0

e Iteration 1

If we increase the value of the variable z1, we can get a better solution. We have:

(11 -9, >0 (o _u

— _ —_—— _

T4 11— 92, 50 M IS 9
- >

x5 =16—2z Ml_—g 1 <8

x5>0
z¢ =10—4 1, 10—42 20 n <2
L x>0 2

11
By increasing the value of x; to 9 the value of x4 decreases to 0.

Then, we have that:

21 becomes basic and accordingly x4 becomes non-basic
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e Iteration 2

We hayve:

Substituting in the other equations of the dictionary, we get:

16 — 9 1 2 2 1 6 6 122 50 50 +2
x5 =16—2(———-ax3——@x3——24 | 629 —6r3=—" ——29— — T3+ -2
5 g 92T gT T g™ 2 3 9 g 127 g T3t g
11 2 2 1 46 10 55 4
x6—10—4<9—9m2—9m3—9w4>—2x2—7x3—9—9x2—9x3+9x4
B 1 2 2 1 4 60+ 10 _55+44 +8O 5
%z = g 92T gT g Z2 T3 =g g 2t g Togn
Accordingly, we now have the following dictionary:
( 11 2 2 1
rp=— — =Ty — =—Tz3 — =X
YT 9 9 9 ™
122 50 50 i 2
pem— = — By = — B = g5
5 9 9 2 9 3 9 4
10 B
$6_9 9 T2 9 z3 9:1:4
55 i 44 i 80 5
z=— — — x3 — =z
9 9 9 9

where B = {1,5,6} and N' = {2,3,4}. The basic feasible solution is:

55
jlzj’ Ts=—, Tg=—, T9=0, T3=0, Z4=0 of value 9

If we increase the value of the variable zo, we can get a better solution. We have:

(11 2 >0
— — -T2 =
11 2 9 9 ( _u
Tl = -——— =3 < To < —
9 9 122 “'50
122 50 ?—5:@20 _ 61
s =———2 2 —
> 9 9?2 ~ 2 =195
x5>0
x _@_Ex 46 10 >0 x <§
6 _9 9 2 6—5.%'2_ 2 =
\ x>0

61
By increasing the value of x5 to %5 the value of x5 decreases to 0.

Then, we have that:

Author: Fabio Furini
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22 becomes basic and accordingly x5 becomes non-basic

We hayve:

122 50 50 2 0 61 1 9
ry, — — — — 9 — — T — T en xr9o —  — — X — X4 — — T5.
T 9 92T g g™ 2795 3T 5™ T p 0

Substituting in the other equations of the dictionary, we get:

11 2 /61 1 9 9 1 17 3 1
T=——=|=—"Z3+ =24 ——25 ) — =23 —=-Tu=—=—=T4+ ==z
1779 "g\25 T2 507°) 973 9" 25 254" 957
46 10 /61 1 9 55, 4 12 o2 1

T6=———|=——23+ 24— —x5| ——23+-T4=——-Sx3+ -4+ -2
6779 " g \as PTo5™ 5070 g BT g™ 5 3T T g
_ 8 e el . L I L 22
T g Tg\ag T T g T T 5 M) T g BT g T gy TR T o T4 T 95
Accordingly, we now have the following dictionary:
(1T 3 L]
1= 55 25 4 25 0
6l L 9
27 55 &) 25 4 50 ©°
12 9 1
.'IZ'GZE — 5$3 + 5x4 + g.’l/’5
“= 95 & 25 4 25 0

where B = {1,2,6} and N' = {3,4,5}. The basic feasible solution is:

17 61 12 451
Ty — —— To — — Trp — — = =] = f 1
T1 R To 55 Tg z3=0, z4=0, x5=0 of value 5%

e Iteration 3

If we increase the value of the variable z3, we can get a better solution. We have:

ol >0
= =
x :g—x &,3__/ x <Q
2 T o5 B 2250 3 =95
12 12 12
e 5 = D , 3= 95
x>0

12
By increasing the value of z3 to %5 the value of g decreases to 0.

Then, we have that:

x3 becomes basic and accordingly x¢ becomes non-basic
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We hayve:

12 o2 ] 0 12,02 1 1
re — — — T - X - X en xr3 — — — X — Iy — — Tg-
6= 5 3T 3795 "5 4T 5 T 50

Substituting in the other equations of the dictionary, we get:

m—g— E—i-gx —i—i:v —lx —i—ix —gx—ﬁ—ix —Eaz —1—1;1:
2795 \25 "25 T 55 T 56 ) T TR0 T 25 2574 50 56
~ 25 25 25 4T 955 T 56 ) To5T T 9™ T 95 9574 9570 570

Accordingly, we obtained an optimal solution (no further improvement is possible)
and this is an optimal dictionary:

7 17 3 1
49 1 11 1
T2 =95 T T T gyt o5
12 2 1 1
8= 95 LT -
499 1 18 4
(2T %5 T 3™ T T T 5T

where B = {1,2,3} and N = {4,5,6}. The basic optimal solution is:

17 49 12 499

:%a 52:%, j3:%, T4=0, Z5=0, T =0 of value o5
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Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:
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An optimal solution &( LP) is:

- 17 49 12
Z1== = =z
Yo P25 P o5
499
the optimal value z( LP) is e

In violet the first, the second and the third vertex explored by the previous execution of
the simplex algorithm (before reaching the optimal one depicted in blue).
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SageMath Code: 3D Polyhedra (

# Define the polyhedron using inequalities (Hyperplane Representation)
p = Polyhedron(ieqs=[
(11, -9, -2, -2),
(16, -2, -6, -6),
(10, -4, -2, -7),

11 - 9*x1 - 2%x2 - 2%x3 >= 0
16 - 2*x1 - 6*%x2 - 6%x3 >= 0
10 - 4*x1 - 2*%x2 - 7*x3 >= 0

H* H H OH H =

(0, 1, 0, 0), x1 >= 0
(o, o0, 1, 0), X2 >= 0
(0, 0, 0, 1) x3 >= 0

D

# Display the inequalities of the polyhedron
p-Hrepresentation()

# Display the extreme points and extreme rays of the polyhedron
p.Vrepresentation()

# Plot the polyhedron (3D)
p-plot()
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Chapter 7

Optimality conditions and pivot rules

Exercise 7.1 — Simplex algorithm (C1)

Consider the following LP problem in canonical maximization form with n = 4 variables
and m = 3 constraints:

max b3 x1 + 41 2o — 20423 — 20124
subject to —-11x;y — 5 x2 + 18 23 + 2 x4 < 0
4y + 2 xo -— 8 x3 — Ty < 0
11z, + 5 22 — 18 z3 — 2 24 < 1
1, T2, x3, zg > 0

By introducing the slack variables, we get the following starting dictionary:

z5=0 4+ 11 21 + 5 x9 — 18 z3 — 2 x4
=0 — 4 x1 - 2 x9 + 8 x3 + T4
=1 — 11z — bHxze + 1823 + 224
z=0 4+ B3x1 + 41 zo — 204 z3 — 20 x4

The associated basic feasible solution is:

T1=0, To=0, z3=0, 74=0, z5=0, T4 =0, zr =1 of value 0

Questions

1. Execute the simplex algorithm to find an optimal solution of this LP problem. Choose
the pivot column as the one with the largest reduced cost. When two or more pivot
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rows exist, use the basic variable associated with the constraint of smallest index
(in each pivoting operation the pivot column takes the constraint of the pivot row;
initially x5, x¢ and x7 are associated with the constraints 1, 2 and 3, respectively).

2. Execute the simplex algorithm to find an optimal solution of this LP problem. Choose
the pivot column and the pivot row using the Bland’s pivot rule.

. J
1. e Initialization

Consider the starting dictionary:

r5=0 4+ 11 a1 + bz -— 18 3 — 2 x4
=0 — 4 x1 -— 2 x9 + 8 x3 + a8
z7=1 — 11 21 — 5 xr9 + 18 z3 + 2 x4
| 2= 0 4+ b3x1 + 41 zo — 204 z3 — 20 x4

where B = {5,6,7} and N = {1,2,3,4}. The basic feasible solution is:
T5=0, z¢ =0, x7=1, 21 =0, ZTo=0, Z3=0, T4 =0 of value 0

e Iteration 1

The largest reduced cost is the one associated with the non-basic variable x;.
Thus, if we increase the value of the variable x1, we can get a better solution.

We have:
O + 11 I > 0
— N————— T >0
x5 0+ 112y 2250 1 =
— >
6 =0—4x wl;q 1 <0
x>0
1
r7 =1-11x l-1lxz, >0 n <o
N—————
L x7>0
. . ) 1
By increasing the value of 7 to min 4 0, (= 0, the value of zg decreases to
0. This is a degenerate pivot, since the value of the objective function does not
increase.

Then, we have that:
x1 becomes basic and accordingly xg becomes non-basic
We have:

1 1
r6=0—4x1 —229+8x3+2x4 then x1:—§m2+2m3+1m4—1m6.
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Substituting in the other equations of the dictionary, we get the following dic-
tionary:

1 1 1
x5 =11 (—21:2 4+ 2x3 + —x4 — x6> + 5x9 — 1823 — 214

4 4
L + 43 + 1
— == T3+ -4 — —CT
2 2 3 4 4 4 6
1 1 1
zr=1-—11 —51’24-21’34-1374—11'6 — 529 + 183 + 224
1 3 11
— 1l - Sy — bl — = =
+ 21’2 xr3 4$4+ 4.%6
1 1 1
z =153 (—2$2—|—2$3+4x4—4x6>+41$2—204a:3—20x4
29 27 53
—?x2—98x3—1x4—zx6
.
r1=0 — %.%'2 + 2 x3 + % T4 — % Te
z5 =0 — %1‘2 + 4 3 + % T4 — %.%'6
zr=1 4+ %ZL‘Q = 4 r3 — % T4 + % X6
z=0 + %1‘2 — 98 x3 — % T4 — % Tg

where B = {1,5,7} and N = {2,3,4,6}. The basic feasible solution is:
z1=0, z5=0, z7v=1, To=0, z3=0, 74=0, ¢ =0 of value 0

o Iteration 2

The largest reduced cost is now the one associated with xo. We have:

1
0— = >0
i 2332_
_ —_——
I —0—5332 9{120 T2 SO
1 0—=29>0
s :0—5332 2 2 To <0
—_——
x5>0
1 1 > 92
7 =14 ;22 1+=29>0 T2 2
\ 2 2
—_—
x7>0

By increasing the value of xo to 0, both z; and x5 remain equal to 0. Since
two pivot rows exist, we use the basic variable associated with the constraint of
smallest index: x5 is associated with constraint 1, while xq is associated with
constraint 2 (it replaced xg). Therefore x5 is the pivot row.

Then, we have that:
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x2 becomes basic and accordingly x5 becomes non-basic
We have:

1 3 11
x5:0—§m2+4x3+1m4—zx6 then xQ:—2x5+8x3+§x4—?x6.

Substituting in the other equations of the dictionary, we get the following dic-
tionary:

= — 1 (205 + 8ws + Swa — S ) + 205+ 2aq — -
xr = 9 T5 x3 2554 9 Ze x3 4374 4556

1 )
=25 — 23 — =T4 + =X

2 2
=1+ ! 225 + 8x3 + > 11 4 5 + U
Ty = 9 xIs5 I3 2374 9 Te I3 4:64 4 Te
=1- Iy
29 3 11 27 53
z = ? (—21’5 + 8{L’3 + 5(64 — 2%@) — 98:63 — Zm — ZJJG
= —29x5 + 18x3 + 15x4 — 934
;
=0 + Trs — 2 x3 — % T4 + 5 e
ro=0 - 2 x5 + 8 x3 + %JJ4 = %Q:ﬁ
Ty = 1 - Is5
z=0 — 29 25 4+ 18 xz3 + 15 x4 — 93 zs

where B = {1,2,7} and N = {3,4,5,6}. The basic feasible solution is:
1 =0, 2o =0, z7y=1, T3=0, z4=0, z5=0, g =0 of value 0

o Iteration 3

The largest reduced cost is now the one associated with x3. We have:

0—2x23>0

T :0—21‘3 N——— ™ &3 <0
x1>0

—0+8z3 Vir8m =0 23 >0
x2>0

Z2

By increasing the value of x3 to 0, the value of x1 decreases to 0. This is again
a degenerate pivot.

Then, we have that:

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 104


https://github.com/fabiofurini/linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Programming

x3 becomes basic and accordingly x; becomes non-basic

We have:

0+ 2 ! + > th L L 1 -+

1By = r5—2x3— —x4+ - en I3=-T5— =T — - T4+ — Tg.
1 5 37 5%t 5 T6 3= 5% 51T T T
Substituting in the other equations of the dictionary, we get the following dic-

tionary:

9z + 8 1 1 1 +5 +3 11
To = —2T =f8p — =B — =45 =5 —Ty— —ZX
2 5 25 21 44 46 24 2 6

1 9
= 2.%5 — 43:1 — 5%4 + 5«736

1 1 1 5
z = —29x5 + 18 <2x5 — 5331 — Zx4 + 4x6> + 1524 — 93x4

21 141
=—20x5 — 9 S - =
L5 Z] = 2$4 5 T
zo=0 4+ 2 5 — 4 1 — % xs + % T6
z3=0 4+ %1'5 = % rK - % x4 + % Tg
1177:1 — xs
z=0 — 20 25 — 9 x + % T4 — % T6

where B = {2,3,7} and N' = {1,4,5,6}. The basic feasible solution is:
To=0, z3=0, x7=1, T1=0, Z4=0, Z5=0, g =0 of value 0

e Iteration 4

The largest reduced cost is now the one associated with x4. We have:

1
Ty =0—-14 N—— Ty <0
2 x2>0
1 0= 22,50
T3 20—1x4 _1554— ze <0
x3>0

By increasing the value of z4 to 0, both x5 and x3 remain equal to 0. The basic
variable xg is associated with constraint 1 (it replaced x5), while z3 is associated
with constraint 2 (it replaced x). Therefore x9 is the pivot row.

Then, we have that:

x4 becomes basic and accordingly x2 becomes non-basic
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We hayve:

1 9
x2:0+2x5—4x1—§x4+§m6 then x4=4x5—8x1 —2x9+ 9 zs.

Substituting in the other equations of the dictionary, we get the following dic-
tionary:

1 1 1 )
Ir3 = §$5 — Exl — Z (4x5 — 8x1 - 2332 + 9376) < 15[56
1 n 3 " 1
=——r5+ -1+ 22—
2 5 2 1 2 2 6
21 141
z=—20x5 — 9x1 + ol (dxs — 811 — 29 + 9x6) — — %6
= 221’5 — 93:61 — 21.732 + 24:]36
.
rx3=0 — %Ig) + %$1 + % To — Tg
z4=0 4+ 4 x5 -— 8 x1 — 2 x0 + 9 x¢
zr=1 -— T5
z=0 4+ 2225 — 93z — 21 x9 + 24 x4

where B = {3,4,7} and N' = {1,2,5,6}. The basic feasible solution is:
z3=0, x4=0, z7y=1, T1=0, Zo=0, z5=0, ¢ =0 of value 0

e Iteration 5

The largest reduced cost is now the one associated with x¢. We have:

0—x>0

r3 =0—x¢ N— zg <0
x3>0

04+92¢6 >0

—_—————

x42>0

T4 :0+91‘6

By increasing the value of xg to 0, the value of x3 decreases to 0. This is a
degenerate pivot.

Then, we have that:
¢ becomes basic and accordingly x3 becomes non-basic
We have:
1 3 1

1
$3:O—§x5+§x1+§x2—m6 then x6:—§$5+§$1+§$2—x3.

Substituting in the other equations of the dictionary, we get the following dic-
tionary:
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1 3 1

Ty =45 — 811 — 229+ 9| —=x5+ =21 + =29 — x3
2 2 2

1 11

=——x5+ —T —i-?x — 9z
=TT 5T T2 3

1 3 1
z = 22x5 — 93x1 — 21a9 + 24 (—2x5 + §$1 + 5562 = 1‘3)

= 10335 — 571‘1 — 9.%'2 - 24.%'3

rzy=0 - % 5 + % ] + % To — 9 x3
z6 =0 — % 5 + % ] + % To — T3
zr=1 - T5

| z=0 4+ 10x5 — bB57 1 — 9x9 — 24 23

where B = {4,6,7} and N = {1,2,3,5}. The basic feasible solution is:
T4=0, z¢=0, z7=1, T1=0, Zo=0, z3=0, 5 =0 of value 0

e Iteration 6

The largest reduced cost is now the one associated with x5. We have:

(0- a0
— — s >
1 2x5_
= — = N———
T4 0 2335 3{420 xIs SO
1 — — x5 >
Te 20—51’5 L 2%5_0 x5 <0
N—————
x>0
[ ird :1—3:5 17$5>0 xIs Sl
————
\ z72>0

By increasing the value of x5 to 0, both x4 and xg remain equal to 0. The basic
variable x4 is associated with constraint 1 (it replaced x), while x¢ is associated
with constraint 2 (it replaced x3). Therefore x4 is the pivot row.

Then, we have that:

x5 becomes basic and accordingly x4 becomes non-basic
We have:

1 11 5
$4:0—§x5+?x1+5x2—9x3 then x5 =1121+5x9 — 1823 — 2 x4.
Substituting in the other equations of the dictionary, we get the following dic-
tionary:
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1 3 1
T6 = —5 (1121 + 529 — 1873 — 224) + 971 + 9P2 13

= —4x1 — 229 + 8x3 + x4
7 =1-— (11.%’1 + 5x9 — 1823 — 21’4)
=1—11x1 — bz + 18x3 + 224
z =10 (11z1 + bxg — 1823 — 2x4) — 5721 — 9xe — 2413
= 53x1 + 41lxo — 20423 — 2024

(25=0 + 112 + 5z — 18a5 — 24
=0 — 4 a1 - 2 x9 + 8 x3 + T4
zr=1 — 11 21 — 5 x9 + 18 z3 + 2 x4

z=0 4+ BH3x1 + 41 zo — 204 z3 — 20 x4

where B = {5,6,7} and N' = {1,2,3,4}. The basic feasible solution is:
T5=0, z¢ =0, x7=1, T1=0, Zo=0, 23=0, 74 =0 of value 0

This dictionary is the same as the initial one and the simplex algorithm
cycles.

2. We now execute the simplex algorithm by using Bland’s pivot rule. Thus, among the
non-basic variables with positive reduced cost, we choose the one with the smallest
index. If more than one leaving variable is possible, we choose the basic variable with
the smallest index.

e Iteration 1

At the initial dictionary, the positive reduced costs are associated with z; and
x2. Bland’s rule selects 1. As in the previous execution, the ratio test gives xg
as leaving variable.

Then, we have that:
21 becomes basic and accordingly x¢ becomes non-basic

We have:

1 1 1
r6=0—4x1 —2x9+8x3+x4 then z1:—§x2+2x3+1m4—1m6.

Substituting in the other equations of the dictionary, we get the following dic-
tionary:
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1 1 1
x5 =11 (—2962 4+ 2x3 + —x4 — :c6> + 5x9 — 18x3 — 214

4 4
L + 43 + 11
=——x x —-Iy— —&
2 2 3 4 4 4 6
1 1 1
zr=1-—11 —51‘24—21‘3—1—11’4—13:6 — 529 + 183 + 224
1 3 11
=14 —gg—4pq — = e
+21’2 3 41‘4-1- 16
1 1 1
2253(—2$2+2$3+4x4—4$6>+41x2—204x3—20x4
29 27 53
:?x2—98x3—zx4—zx6
=0 -— %xg + 2 x3 + % Ty — i Tg
z5=0 -— %932 + 423 + %334 — %ﬂi
rzr=1 + %1’2 — 4 3 — %334 + % T
z=0 + %xz — 98 x3 — % Ty — % T

where B = {1,5,7} and N = {2,3,4,6}. The basic feasible solution is:
z1=0, z5=0, z7y=1, To=0, z3=0, 74=0, g =0 of value 0

e Iteration 2

The only positive reduced cost is the one associated with xo. We have:

( 1
0—=x29>0
4 1 2
_ S———
I —0—51'2 leo ) SO
1 0—z222>0
xIs :0—5372 2 T2 SO
———
x5>0
1 1 > 2
z7 =1+-x 1+=-2,>0 T2 2 —
2 2
—_————
x7>0

By increasing the value of x5 to 0, both z; and z5 remain equal to 0. Bland’s rule
selects x1 as leaving variable, since it has the smallest index among the possible
leaving variables.

Then, we have that:

22 becomes basic and accordingly x; becomes non-basic
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We hayve:

1 1 1 1
x1:0—§m2+2$3+1m4—1x6 then x2z—2x1+4x3+§x4—§x6.

Substituting in the other equations of the dictionary, we get the following dic-
tionary:

L 2r1 + 4 —i—l L +4 +3 =
5 =—— | -2z T3+ T4 — = T3+ —x4 — —x
5 5 1 31 5T~ 56 34 4T %6
5

1
=x1 + 273 + 5%4~ 5%6

1 1 1 3 11
7 =1+ 5 (—2.%’1 + 4x3 + 5%4 — 2&7(}) —4x3 — 11'4 + Zacﬁ

1
:1—£L‘1—2£L‘3—*£E4+*x6

2 2
29 1 1 27 53
= <—2$1 + 4dx3 + 5%a — 2m6> — 98x3 — T %
41
= —29x7 — 40z3 + 55(}4 = ?m(j
( _ 1 1
ro=0 — 2 1 4+ 4 x3 + 5 T4 — 5 %6
z5 =0 + r1 + 2 x3 + % T4 — % Tg
_ 1 5
7 = 1 — I — 2 I3 - 5 L4 + 5 L6
=0 — 29 2 — 4023 + 1 x4 — Y g

where B = {2,5,7} and N' = {1,3,4,6}. The basic feasible solution is:
To=0, z5=0, z7=1, T1=0, z3=0, 74=0, g =0 of value 0

e Iteration 3

The only positive reduced cost is the one associated with x4. We have:

( 1
O0+=-24>0

1 2
_ N—

1

~—_——
{520
7 :1—51‘4 1_5;3420 g <2

—_———
\ x7>0

By increasing the value of x4 to 2, the value of x7 decreases to 0.
Then, we have that:
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x4 becomes basic and accordingly x7 becomes non-basic
We have:

5
x7:1—m1—2w3—§x4+§x6 then 24=2-—-2x1 —4x3+5x6—2x7.

Substituting in the other equations of the dictionary, we obtain an optimal dic-
tionary:

1 1
To = —21 +4z3+§(2—2x1 — 4x3 + bxg — 2x7) — 5%6
=1-—3x1 + 223 + 2z — 27

1 5)
$C5:$1+2{E3+§(2—2$1—4$3+5I6—2I7)—*CE6

2
=1—.’L'7
1 41

z:—293:1—40;1:3—1—5(2—23:1—4x3+5x6—2x7)—?x6
:1—30$1—42:L'3—18$6—:L'7
.

To=1 - 31 + 2 3 4+ 2 x¢ — T
Ty=2 — 2xy — 4 x3 + 5 xg — 2uzy
rs =1 - Z7
z=1 — 30x; — 42 x3 — 18 xz¢ — T7

where B = {2,4,5} and N' = {1,3,6,7}. Since all the reduced costs are non-
positive, no further improvement is possible. The basic optimal solution is:

SCQZl, $4:2, :L’5:1, 561:0, 50320, 536:0, f7=0 of value 1
. J

Exercise 7.2 — Simplex algorithm (C2)

Consider the following LP problem in canonical maximization form with n = 4 variables

and m = 3 constraints:

max 10 z7 — 57 x9 — 93 — 2434
: 1 11 5
subject to 1 — 5 w2 — 5 r3 + 9 x4 < 0
1 1
5T — % x2 — 3 X3 + gy < 0
T < 1
X1, x2, €3, T4 Z 0
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By introducing the slack variables, we get the following starting dictionary:

5 =0 — % r1  + 171352 + %:Eg, — 9 x4
g =0 — %xl + % T2 + % r3 — Ty
zr=1 -— T
\ z=0 4+ 10x1 — 57 z0 — 9x3 — 24 24
The associated basic feasible solution is
T5=0, 76 =0, z7 =1, T1=0, ZTo=0, z3=0, 4 =0 of value 0

Questions

1. Execute the simplex algorithm to find an optimal solution of this LP problem. Choose
the pivot column as the one with the largest reduced cost. When two or more pivot
rows exist, use the one with the smallest index.

2. Execute the simplex algorithm to find an optimal solution of this LP problem. Choose
the pivot column and the pivot row using the Bland’s pivot rule.

1. e Initialization

Consider the starting dictionary:

x5 =0 — % 1+ % To + g T3 — 9 x4
rz6 =0 — % 1+ % T2 + % T3 — T4
zr=1 - T

z=0 4+ 102y — b7 zo — 9x3 — 24 x4

where B = {5,6,7} and N = {1,2,3,4}. The basic feasible solution is:
T5=0, z¢=0, x7=1, Z1=0, Zo =0, 23=0, 74, =0 of value 0

e Iteration 1

The largest reduced cost is the one associated with the non-basic variable z.
Thus, if we increase the value of the variable x;, we can get a better solution.
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We have:
'0 ! >0
1 2$1_
z5 =0—=-m: T 1 <0
1 0 L >0
Te 20—51‘1 _21;1_ z; <0
~—_————
x>0
Ty :1—1‘1 1_x1>0 il Sl
~—_———
x7>0

By increasing the value of x1 to 0, both x5 and zg remain equal to 0. Since two
pivot rows exist, we use the one with the smallest index, and therefore x5 is the
pivot row. This is a degenerate pivot, since the value of the objective function
does not increase.

Then, we have that:
x1 becomes basic and accordingly x5 becomes non-basic
We have:

1 11 5
T5 = —5.%1 + 5352 + 53:3 — 924 then 21 =11x9 + bx3 — 1824 — 2x5.

Substituting in the other equations of the dictionary, we get:

1 3 1
T = —i(llxg + 5x3 — 18x4 — 2x5) + 502 + 593~ %4
= —4x9 — 223 + 84 + T5
Tr=1— (11.%2 + bxy — 18xy4 — 23:5) =1—11xo — bx3 + 18x4 + 2x5
z = 10(11zg + 5x3 — 18z4 — 2x5) — 5Tz — 93 — 2434
= 53x9 + 41x3 — 20424 — 2025

The resulting dictionary is:

z1=0 4+ 11 29 + 5 x3 — 18 ¢4, — 2 x5
=0 — 4 a9 — 2 x3 —+ 8 x4 + 5
z7=1 — 11 29 — 5 r3 + 18 x4y + 2 x5
z=0 4+ b3x9 + 41 z3 — 204 x4 — 20 zj

where B = {1,6,7} and N = {2,3,4,5}. The basic feasible solution is:

z1=0, z¢ =0, z7=1, To=0, z3=0, 74=0, 5 =0 of value 0

Author: Fabio Furini
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e Iteration 2

The largest reduced cost is now the one associated with xo. We have:

.
0+11z9 >0
1 =0+11x9 T 2 =20
1=
0—4x2>0
~—_——
x>0
1
7 =1-—1lz I —1lxzy >0 Ty < —
x7>0

Te :0—4.%'2

By increasing the value of x5 to min {O, % = 0, the value of xg remains equal
to 0, and xg is the only pivot row. This is again a degenerate pivot.
Then, we have that:
29 becomes basic and accordingly x¢ becomes non-basic
We have:
re = —4x9 — 223+ 814 + x5 then 1z = —%:1:3 + 2x4 + %% — i%'

Substituting in the other equations of the dictionary, we get:

1 1 1
1 =11 (—2:1:3 + 224 + —x5 — x6> + 5x3 — 18x4 — 2x5

4 4
_ 1 4 Az, 4 11
- 21'3 L4 4$5 A Z6
1 1 1
zr=1-11 —51'34-21‘44-11‘5—1:66 — bx3 + 18x4 + 225
1 3 11
:1+§m3—4:€4—1x5+zx6

1 1 1
z=>53 (—2x3 + 24 + Zx5 — 4x6) + 41x3 — 204x4 — 2025

29 27 53
= ?xg — 98334 — 11‘5 — Z

The resulting dictionary is:

L6

z1=0 — laz + 4day + 2oz — Lo
1 1 1

r2=0 — 523 + 2 x4 + 3 T5 — {1 Ts

=1 + % 3 — 4 x4 — % 5 + % Z6

z=0 + % r3 — 9 xyg - % T5 — % T6

where B = {1,2,7} and N = {3,4,5,6}. The basic feasible solution is:

21 =0, Zo=0, x7=1, Z3=0, Z4=0, 5 =0, Zg=0 of value 0
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e Iteration 3

The only positive reduced cost is the one associated with 3. We have:

1
0—=-z32>0
) | 5 T3 2
— —_——
1=
1 0—=-z3>0
x9 =0—§$3 2 3 T3 SO
—_—
x22>0
1 1 > 2
vy =1+ a3 1+ -23>0 T3 = —
\ 2 2
—_—
x7>0

By increasing the value of x3 to 0, both 1 and x5 remain equal to 0. Since two
pivot rows exist, we use the one with the smallest index, and therefore x; is the
pivot row.

Then, we have that:

x3 becomes basic and accordingly x; becomes non-basic

We have:
1 11 11
TL = — 573 + 4z + 255~ 4 e then x3 = —2z1+ 8x4 + 5%5 — 5 T6-
Substituting in the other equations of the dictionary, we get:
_ 1 2x1 + 8x4 + 0 U + 224 + L !
Tro = 9 T T4 2:E5 9 Te T4 4LE5 4ZE6
1
=1 — 224 — 3%+ 5%6
29 3 11 27 53
— g S — = _ e 2
z 5 ( z1 + 8z4 + 2IE5 2 xg) 98x4 1 5 1 T
= —29x1 + 18x4 + 1525 — 93x¢
The resulting dictionary is:

(1'2:0 I xrT - 2 x4 — % r5 + 5 T6
x3:0—2x1+8$4+%m5—%x6
rr=1 -— T

z=0 — 29 1 + 18 z4 + 15 x5 — 93 g
where B = {2,3,7} and N = {1,4,5,6}. The basic feasible solution is:
To=0, z3=0, z7v=1, T1=0, 74=0, z5=0, ¢ =0 of value 0

Author: Fabio Furini
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e Iteration 4

The largest reduced cost is now the one associated with x4. We have:

0—224 >0

To =0—2x4 — 4 <0
x>0

rs =04 8xy \0—1—8.%420’ zy >0
x3>0

By increasing the value of x4 to 0, the value of x2 remains equal to 0, and z2 is
the only pivot row (z7 does not depend on zy4).

Then, we have that:
x4 becomes basic and accordingly x2 becomes non-basic

We have:

2 L —1—5 th ! ! = +
Ta=21] — 24 — =I5+ =% en T4=-T1 — =T2 — =I5+ =Ts.
2 1 4= 5%+ 5%6 4= 51— 5% = 5+ 1T

Substituting in the other equations of the dictionary, we get:

971 + 8 1 1 1 +5 +3 11
T3 = —2T —T] — —T2 — =T =5 =0hg — =48
3 1 21 22 45 46 25 2 6

1
= 2%1 — 43:2 — 5%5 + 5«736

1 1 1 5
z = —292x1 + 18 5931 — —x9 — —-T5 + —-x6 | + 1525 — 93x4

2 4 4
21 141
=—20x; — 9 S -
L1 9 + 5 Ts5 5 T
The resulting dictionary is:
( . 1 0
3 =0 + 23 — 43 — 3 oas + 3 e
=0 + m - 3 @ - 1 & + § T
xTr = 1 = T

z=0 — 20 z1 — 9 xo + % T5 — % T6

where B = {3,4,7} and N = {1,2,5,6}. The basic feasible solution is:
z3=0, z4=0, z7=1, T1=0, Zo=0, z5=0, ¢ =0 of value 0

e Iteration 5
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The only positive reduced cost is the one associated with 5. We have:

1
0—7x5>0
1 -
x3 =0— a5 \—2/—/ z5 <0
2 x3>0
1 0L >0
T4 20—11‘5 —1.%5_ zs <0
x>0

By increasing the value of x5 to 0, both 3 and x4 remain equal to 0 (z7 does
not depend on x5). Since two pivot rows exist, we use the one with the smallest
index, and therefore x3 is the pivot row.

Then, we have that:

x5 becomes basic and accordingly x3 becomes non-basic

We have:
1 9
T3 = 221 — 4x9 — 5335 + 5306 then x5 =4x1 — 8xy — 223 + 9xg.
Substituting in the other equations of the dictionary, we get:
1 1 1 5
Ty = 501 = 52 — 1(4:1:1 — 8x9 — 2x3 + 9x¢) + %6
1 N 3 i 1
=——x —r —r3 —
5Tl T+ 522 T 573 6
21 141
z = —20z1] — 9z9 + ?(41’1 — 8x9 — 2x3 + 9x6) — —~5 %6
= 2221 — 93z — 2123 + 24x4
The resulting dictionary is:
(z,=0 - %$1+%$2+%$3* Z6
z5=0 4+ 4 21 -— 8 xo — 2 x3 + 9 x¢
zr=1 - T
z=0 4+ 2221 — 93 20 — 21 xz3 + 24 x4

where B = {4,5,7} and N' = {1,2,3,6}. The basic feasible solution is:
z4=0, z5=0, z7=1, Z1=0, Zo =0, 23=0, Zg =0 of value 0

e Iteration 6

The largest reduced cost is now the one associated with x¢. We have:

0—.T6ZO
zy =0—x¢ N—— 6 <0
x4>0
I5 :O+9.’L'6 \0+9$620, Te ZO
x5>0
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By increasing the value of xg to 0, the value of x4 remains equal to 0, and x4 is
the only pivot row (27 does not depend on ).

Then, we have that:
¢ becomes basic and accordingly x4 becomes non-basic
We have:

1 3 1
o = fixl + §IE2 + §$3 —x¢ then z6= 753:1 + §x2 + §x3 — Z4.

Substituting in the other equations of the dictionary, we get:

1 3 1
r5 = 4x] — 8x9 — 223+ 9 (—21‘1 + 5:132 + 51‘3 = $4>

_lu s
- 2931 2.’E2 2.’E3 Ty

1 3 1
z =22x1 — 9329 — 21x3 + 24 (—2901 + 51’2 + 5:53 — a:4>
= 10561 — 57$2 - 9l‘3 - 241’4

The resulting dictionary is:

z5 =0 — % r1 + % T2 + g r3 — 9 x4
=0 — % r1 + % T2 + % r3 — T4
zr=1 - T

z=0 4+ 10x1 — b7 29 — 9x3 — 24 x4

where B = {5,6,7} and N' = {1,2,3,4}. The basic feasible solution is:
x5 =0, =0, x7=1, 21=0, Zo=0, 2z3=0, 4 =0 of value 0

This dictionary is the same as the initial one and the simplex algorithm
cycles.

2. We now execute the simplex algorithm by using Bland’s pivot rule. Thus, among the
non-basic variables with positive reduced cost, we choose the one with the smallest
index. If more than one leaving variable is possible, we choose the basic variable with
the smallest index.

Iterations 1-5 are the same as in the previous execution: in each of them, the non-
basic variable with the largest reduced cost is also the one with the smallest index
among those with positive reduced cost. We start from the dictionary obtained at
Iteration 5, where B = {4,5,7} and V' = {1,2,3,6}.
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e Iteration 6

At this dictionary, the positive reduced costs are associated with z; and xg.
Bland’s rule selects x1. We have:

( 1
0—555120

xg =0—=x —_— 1 <0
2 x4>0

x5 =04+4x O+4z1>0 z; >0

x5>0

rr =1—x 1—212>0 rp <1
——————

z7>0

By increasing the value of x; to min {0, 1} = 0, the value of x4 remains equal to
0, and x4 is the only pivot row. This is again a degenerate pivot.

Then, we have that:
x1 becomes basic and accordingly x4 becomes non-basic

We hayve:

1 3 1
T4 = =@+ 5T+ 5T — T then 7 = 3z2 + x3 — 214 — 276.

Substituting in the other equations of the dictionary, we get:
x5 = 4(3x2 + 13 — 224 — 226) — 812 — 223 + 96
= 4x9 + 223 — 814 + Tg
x7=1— (Bxg + x3 — 224 — 226) = 1 — 329 — x3 + 224 + 226
z = 22(3xg + x3 — 224 — 2x6) — 9312 — 213 + 2426
= —27Tx9 + x3 — 4424 — 2024

The resulting dictionary is:

z1=0 4+ 3 z2 + r3 — 2 x4 — 2 x¢
z5=0 4+ 4 29 + 2 23 — 8 x4 -+ g
zr=1 — 3 x99 — 3 + 2 x4 + 2 g

z=0 — 27 x99 —+ r3 — 44 x4 — 20 zg

where B = {1,5,7} and N' = {2,3,4,6}. The basic feasible solution is:
z1=0, z5=0, z7y=1, To=0, z3=0, 74=0, g =0 of value 0

e Iteration 7
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The only positive reduced cost is the one associated with 3. We have:

O0+z23>0
—_———
x1>0
0+2z23>0
—_———
x5>0
1—1‘320
—_——

x7>0

Tl :O+l‘3

z5 =04+2x3

Ty =1—1x3

By increasing the value of x3 to 1, the value of x7 decreases to 0.
Then, we have that:
x3 becomes basic and accordingly x7 becomes non-basic

We have:

x7=1—3x9 —x3+2x4 +2x¢ then x3=1— 329+ 2x4 + 224 — x7.

Substituting in the other equations of the dictionary, we obtain an optimal dic-

tionary:
X1 :3m2+(1—3m2+2x4+2m6—x7)—2x4—2x6:1—m7

:1:5:4x2+2(1—3w2+2m4+2x6—x7)—8x4—|—x6
=2 — 2x9 — 4xy4 + bxg — 227

2= —2Txy + (1 — 3wy + 2wy + 2x¢ — x7) — 44wy — 2016
=1-—30x0 — 4224 — 18x¢ — x7

The resulting dictionary is:

1 =1 — T7
z3=1 — 3 29 + 2 x4 + 2 z¢ -— T7
r5=2 — 2 x9 — 4 x4 + 5 g — 227

z=1 — 30 x9 — 4224 — 18 z¢ — 7

where B = {1,3,5} and N = {2,4,6,7}. The basic optimal solution is:

Z1=1, Z3=1, T5=2, T2=0, &4=0, Tg=0, Tr=0 of value 1
~ J
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Chapter 8

Phase 0 of the simplex algorithm

Exercise 8.1 — Phase zero of the simplex algorithm (P11)

and m = 2 constraints:

max —2 I
subject to —
T

Z1,

Questions

problem.

AN

associated dictionary for the LP problem.

Z2

Z2

Z2

Z2

Consider the following LP problem in canonical maximization form with n = 2 variables

IN A

v

1. Execute the phase zero of the simplex algorithm to obtain a feasible solution and the

2. Starting from the obtained dictionary, execute the simplex algorithm to solve the LP

J/

We write the auxiliary problem in standard form:

1. First phase of the simplex algorithm

Author: Fabio Furini
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max — I
subject to — x99 — 1 — Ty + 3 = -2
- X9 + X1 — X9 + x4 = 0

o, x1, 9, 3, Ty > 0

and its starting dictionary is:

By = =% <9 @y = @B 9
B = 0 + =z — x1 + 22
A — 0 — =z

where B = {3,4} and N = {0,1,2}. The basic non-feasible solution is:

Tz =—2, Ts=0, Tp=0, 71 =0, Zo =0 of value 0

e Initialization

To obtain a feasible solution of the auxiliary problem we increase the value of
xg. We have:

—2+ 2920
r3 = —2+4 x9 —zo—_/ rg > 2
x3>0

T4 = T Zo=0 9 >0

x4>0

By increasing the value of xy to 2, the value of z3 increases to 0, so z3 leaves
the basis.

We have:
r3=—-2+4+x9+x1+29 then z9g=2-—121— 29+ 23
Substituting in the other equations of the dictionary, we get:
Ta=2-—m1—w24+73) — T1+ T2=2—211 + T3

z=—2—-11—22+2x3)=—-2+2x1 + 22— 23

Accordingly, we now have the following dictionary:
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T = 2 — xr1 — To + X3
Ty = 2 — 2r + X3
z = =2 4+ =z + x2 — 3

where B = {0,4} and N = {1,2,3}. The basic feasible solution is:

To=2, Ty=2, 21 =0, ZTo=0, z3=0 of value —2

e Iteration 1

If we increase the value of the variable x1, we can get a better solution. We have:

2—1‘120
frfy) =2— 1 e r1 <2
x>0
Ty :2—2.731 \2_21"120, X Sl
x4>0

By increasing the value of z1 to min {2, 1} = 1, the value of x4 decreases to 0.
Then, we have that:

x1 becomes basic and accordingly x4 becomes non-basic

We have:
r4=2—-2x1+23 then =z =1+ 23— -z4.

Substituting in the other equations of the dictionary, we get:

1 1 1 1
a;0:2—(1+2x3—2x4>—x2+x3:1—x2+2x3+2x4

1 1 1 1
=24 (14+Za3— =4 | +29—23=—1420 — =3 — =
z < 2%3 21’4) i) T3 i) 2.%'3 2.%'4

Accordingly, we now have the following dictionary:

(xo = 1 — x99 + 1%3 + }1’4
2 2
T = 1 + 573 — 19U4
2 2

1
z:—1+x2—§x3—§x4

where B = {0,1} and N = {2,3,4}. The basic feasible solution is:

To=1, 1 =1, To=0, z3=0, z4=0 of value -1
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e Iteration 2

If we increase the value of the variable xo, we can get a better solution. We have:

1—.%220
To =1—x9 N———

20>0 { 2y <1
r; = 1 Tr1 = 1 Z 0
x1>0
By increasing the value of x5 to 1, the value of xy decreases to 0.
Then, we have that:
9 becomes basic and accordingly xy becomes non-basic

We have:
=1 + ! + ! th =1 + ! + L
To = T9 2:U3 2m4 en I = o 2m3 2:134

Substituting in the other equation of the dictionary, we get:

=—-1+(1+ L + L = L=
&= 573+ 5%4 — %o 53— 5%4 = —To
Accordingly, we obtained an optimal solution of the auxiliary problem (no further

improvement is possible) and this is an optimal dictionary:

1 1
= 1 T
Ty = To 5 T3 5 T4
z = 0 — xo

where B = {1,2} and N = {0, 3,4}. The basic optimal solution is:
Zflzl, I)~32:1, i[):o, ﬁfg:O, SE4:0 of value 0

Warning

Given an optimal dictionary of the auxiliary problem with optimal value
zero, we can construct a dictionary of the original LP that corresponds to a
feasible solution of the original LP problem.

By removing the auxiliary variable xp, we obtain:

1 1
$1:1+§l‘3—§l‘4

1
x2:1+§m3+§x4
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Substituting in the objective function of the original problem, we can express it
as a function of the non-basic variables x3 and z4:

1 1 1 1
2= —2x1 —4r9 = =2 <1+2x3—2:1:4> —4<1+2x3+2x4> =—6—3x3 — 14

Accordingly, we obtained an optimal solution (no further improvement is possi-
ble) and this is an optimal dictionary:

= 1 T !
Ir1 = 9 T3 9 T4
1 1
Ty = 1 + B r3 + B T4
z= —6 - 3 I3 - T4

where B = {1,2} and N = {3,4}. The basic optimal solution is:

@121, .i'Q:l, {I~33=0, .i'4=0 of value —6

2. Second phase of the simplex algorithm

An optimal dictionary and an optimal solution of the LP problem have been deter-
mined in the first phase of the simplex algorithm, so the second phase is not executed.
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-

Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded

in red:

-

~

zl—m:o—

27 —
& r1 — T9 = —2
1} 4 s
R
—2x1 — 429 = —6 \‘~
0
\
0 1
Z1
An optimal solution Z( LP) is:
=1, Gg=1

the optimal value z( LP) is —6.

In blue the optimal vertex obtained by the first phase of the simplex algorithm. In
dashed blue, the contour line of the objective function associated with the value taken

in the vertex.

J

Consider the following LP problem in canonical maximization form with n = 2 variables

and m = 3 constraints:

Exercise 8.2 — Phase zero of the simplex algorithm (P21)

Author: Fabio Furini
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max 1 + 2 x9
subject to — z1 — To < =2
4 1 — 2 x9 < 7
1 + 5 oz <021
1, To = 0

Questions

1. Execute the phase zero of the simplex algorithm to obtain a feasible solution and the
associated dictionary for the LP problem.

2. Starting from the obtained dictionary, execute the simplex algorithm to solve the LP
problem.

AN J

1. First phase of the simplex algorithm

We write the auxiliary problem in standard form:

max — I
subject to — x9 — Ty — T9 + X3 = =2
— x0 4+ 4 T — 2 x9 + x4 = 7

- x0 + r1 + 95 x9 + x5 = 21

Zo, x1, x2, 3, X4, r5 > 0

and its starting dictionary is:

r3 = —2 4+ z9 + ry + T9
T4 = T + x9 — 4dx1 + 2 29
rzs = 21 + =z — r1 — 5 x9
5 = 0 — x

where B = {3,4,5} and N' = {0,1,2}. The basic non-feasible solution is:
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T3 =—2, T4=17, T5=21, To=0, z1=0, o9 =0 of value 0

e Initialization

To obtain a feasible solution of the auxiliary problem we increase the value of
zo. We have:

—2+4 29 2>0
———
x3>0
7+ 202>0 Tg > —7

N 7 =
x>0
x5 =21+ xo 21+ 202> 0 xg > —21

x5>0

T3 = —2+ x9 To =2

Ty =T+ xo

By increasing the value of xy to 2, the value of z3 increases to 0, so z3 leaves
the basis.

We have:
r3=—-24+x9+2x1+29 then z9g=2-—x21— 29+ 23
Substituting in the other equations of the dictionary, we get:
x4=7T+2—-z1—2204+23) —4dx1+220=9—-521 + 22+ 23

x5:21—|—(2—x1—x2+m3)— T1 —D5xo=23—2x1 — 629+ 73
z=—(2—x1 —x9+x3) = -2+ 21 + T2 — T3

Accordingly, we now have the following dictionary:

Tg = 2 — T, - To + T3
T4 = 9 — bz + r9 + T3
x5 = 23 — 2x1 — 6 22 + T3

g = =2 4 1+ To — a3

where B = {0,4,5} and N' = {1,2,3}. The basic feasible solution is:

To=2, T4=19, T5=23, 1 =0, Zo=0, z3=0 of value —2
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e Iteration 1

If we increase the value of the variable z1, we can get a better solution. We have:

)
2— 1120 r <2
pr— —_— _\’d i
To 2 1 z0>0
9— 521 >0 1
—————

x>0

IA

T4 :9—5331

IN
SERIE

rs =23 -2 23-221 >0 )
~——
x52>0 \

By increasing the value of x1 to min {2, %, 223} = g, the value of x4 decreases
to 0.
Then, we have that:
x1 becomes basic and accordingly x4 becomes non-basic
We have:

=9-5 the === T = - =
4 1 2 3 1 5 5 2 5 3 5 4

Substituting in the other equations of the dictionary, we get:

9 9+1 +1 1 - 1 +4 +1

To=2—| ¢ - X -3 — - X — X r3=—-——- - - T

0 5 5 2 5 3 5 4 2 3 5 5 2 5 3 5 4
9241, 1 1 6t ga 2032 32

Ty = 5 5:1)2 5133 51‘4 T2 xr3 = 5 5 T2 5{[}3 51’4

9 1 1 1 1 6 4 1
z2=—-2+ 3+5$2+5$3—5$4 +ro—xT3=—_+ - T2— - T3— - T4

Accordingly, we now have the following dictionary:

( 1 6 4 1
X0 = 5 — 5 T2 + g I3 + 5 T4
9 1 1 1
ry = 5 i 5 T2 + 5 r3 — 5 T4
97 32 3 2
ZIs = g — E T2 + g I3 -+ g T4
1 6 4 1
| Z = 5 + 5 Ty — 5 T3 — 5 T4

where B = {0,1,5} and N = {2, 3,4}. The basic feasible solution is:

, X5 =—, To=0, z3=0, 74=0 of value -—

O] =
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e Iteration 2

If we increase the value of the variable zo, we can get a better solution. We have:

(1 6
c—z2220
1 6 5 5 ( < 1
— N—— —
ity —g—ng 0 giozo T2 - 6
9 1 —+-22>0 _
1 ==+ = X2 ) 5} 2 Ty > -9
5 5 x12>0
==
L O3 o7 R n <3
L 5 5 5 2 5 5 T = 32
x5>0
. . . [1 97 1
By increasing the value of xo to min 632§ the value of xy decreases to
0.
Then, we have that:
22 becomes basic and accordingly xg becomes non-basic
We have:
1 6 i 4 i 1 o 1 5 i 2 i
To=———-X2+-x3+ - en X3 = - — —To+ - T3+ = T4.
0 5 5 2 5 3 5 4 2 6 6 0 3 3 B 4
Substituting in the other equations of the dictionary, we get:
9 i 1 /1 5 i 2 i 1 i 1 1 1 1 n 1 1
rn==+-|(=z—=x0+-23+-2 —X3——Ty=——=T0+-T3— =X
U556 670376 T 5T T 6 6703 6!

g 20 32 /(1 5 2 1 LI S U TR
75 5\6 6° 37 "6 53R4T 3 T30 g g

1 6 /1 5 2 1 4 1
z2=—+- |-zt 23+ 524 —g$3—5I4:—5L‘0

Accordingly, we obtained an optimal solution of the auxiliary problem (no further
improvement is possible) and this is an optimal dictionary:

11 1 1 1
9By = F — 6 xrog + § r3 — 6 T4
1 5 2 1
T9 = 6 — 6 Tog + g xr3 + 6 T4
55 16 11 2
T5 = 3 + 3 To — 4 T3 — 3 T4
7= 0 - iy
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where B = {1,2,5} and N = {0,3,4}. The basic optimal solution is:

To=0, 23=0, 24 =0 of value 0

Warning

Given an optimal dictionary of the auxiliary problem with optimal value
zero, we can construct a dictionary of the original LP that corresponds to a
feasible solution of the original LP problem.

By removing the auxiliary variable xg, we obtain:

11 1 1
$1:€+§$3—6$4
1 2 1
Z2 6+§$3+6$4
55 11 2
BTy T gy

Substituting in the objective function of the original problem, we can express it
as a function of the non-basic variables x3 and z4:

z=c +2m—£+1x—1$ +2 1_,_295 —i-}a: —E—l—?a: —l—lx
- 276 "3 6 6 37376 6 "33

Accordingly, we have the following dictionary of the original LP problem:

( 11 1 1

m=§ T 3P - g
1 2 1

To = 6 + 51"3 + 6554
55 11 2

= g - 3T - g
13 5 1

L z = F + g T3 + 6$4

where B = {1,2,5} and N = {3,4}. The basic feasible solution is:

11 1 95

1
j1:€7 To=—, T5=— T3 =0, 74 =0 of value E

2. Second phase of the simplex algorithm

We execute the simplex algorithm for the original LP problem.
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Initialization

We start from the dictionary obtained by the first phase of the simplex algorithm.

Iteration 1

If we increase the value of the variable x3, we can get a better solution. We have:

11 4 1 >0
— T 532
( 11 S 3 11
T = E—i—gl'g | 5120 x3 Z_E
1 2 422320 1
Ty = 6—1—5553 6 3 T3 > —-
55 11 55 1l
= = _= -~ - <
(8= 3 T3 g 3 %=l 0 St
\ x5>0
By increasing the value of z3 to 5, the value of z5 decreases to 0.
Then, we have that:
x3 becomes basic and accordingly x5 becomes non-basic
We have:
55 11 2 b 5 2 3
I5=—— —23— =T en x3=5—-—1xI4— — T5 .
P73 373 ’ et
Substituting in the other equations of the dictionary, we get:
11 n 1 5 2 3 1 7 5 1
1= —+ = —— L4~ — X5 | — =Ly = = — — Ty — — X
T nmt ) et 2 27t 1
1 i 2 2 n 1 7 i 1 2
T2==+= — — x4 — —ry ==+ — —
763 mt 1) te T2 Tttt
13 n ) 5 2 n 1 21 3 )
Z2=—+ = —— Iy — —x —Iy=—— — X4 — —
6 ' 3 ) tett 2 227t 1

Accordingly, we obtained an optimal solution (no further improvement is possi-
ble) and this is an optimal dictionary:

( 7 b} 1

ry = 2 ~ 99 Ty = 11 Zs

7 1

2 = 3 + o9 T4 T 1 ¥
2 3

3 = 5 - ﬁ T4 — ﬁ Iy
21 3 )

L z = ? — ﬁ T4 — E xIs

Author: Fabio Furini
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where B = {1,2,3} and N' = {4,5}. The basic optimal solution is:

7 7
.1'1:5’ .,2.225, £3:57 '%4:07 55:0 of value

Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

a R

z2
)

o=

N v

An optimal solution &( LP) is:

21
the optimal value z( LP) is 5

In violet the first vertex obtained by the first phase of the simplex algorithm, in blue the
optimal one. In dashed blue, the contour lines of the objective function associated with the
values taken in the two vertices.

-

Exercise 8.3 — Phase zero of the simplex algorithm (P22)

Consider the following LP problem in canonical maximization form with n = 2 variables
and m = 3 constraints:
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max 3T
subject to x1
- m

2 T1

X,

Questions

problem.

.

Z2

Z2

Z2

Z2

Z2

ININ A

AV

1. Execute the phase zero of the simplex algorithm to obtain a feasible solution and the
associated dictionary for the LP problem.

2. Starting from the obtained dictionary, execute the simplex algorithm to solve the LP

J

max — o
subject to — x9 + xy -
— i) — T —

- x0 + 2z +

Zo, Z1,

and its starting dictionary is:

P

z3 = -1 +
Ty = -3 +
- 4 +

g = 0 -

\

Z2

Z2

Z2

€2,

o

We write the auxiliary problem in standard form:

T3

zs3,

I
I

2:1,‘1

1. First phase of the simplex algorithm

= -1

T4 = =3
+ x5 = 4

Z4, zs > 0

T2

T2

T2

Author: Fabio Furini
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e Initialization

xg. We have:

basis.

We have:

e Iteration 1

\

r3 = —1+x9
T4 :—3+l‘0
r5 =4+ xg

i) =

T3 =

I5 =

A =S

xr3 = _17 Ty = _37 s :45

-3

To=3, Tz=2, T5=17,

To=0, 21=0, 9 =0

—14+20>0
x3>0
—3+20>0
x4>0
44x29>0
—_———

x5>0

\

Accordingly, we now have the following dictionary:

- Z - Z2
— 2 x
— 3 I — 2 T2

+ r1 -+ 9

1 =0, ZTo=0, z4=0

To obtain a feasible solution of the auxiliary problem we increase the value of

By increasing the value of zg to 3, the value of x4 increases to 0, so x4 leaves the

T4y =-34+x9+x1+22 then x0=3—21— 22+ 24

Substituting in the other equations of the dictionary, we get:

z3=—-1+B—-xz1—z24+x4) —T1+22=2—221+ 24
x5 =44+ B—w1— 2ot x4) — 201 — 22 =T — 311 — 202 + 14
z2=—8—z1—x2+x4)=-34+x1+x2— 24

Zq

Zq

T4

T4

where B = {0,3,5} and N' = {1,2,4}. The basic feasible solution is:

If we increase the value of the variable z1, we can get a better solution. We have:

of value 0

-3

Author: Fabio Furini
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3—.212120
o) =3—x — 1 <3
x0>0
— >
x3 =2 — 211 uw,l;g z1 <1
x3>0
7
r5 =17T—3x1 7—3x1 >0 1 <
x5>0

\

By increasing the value of 1 to 1, the value of z3 decreases to 0, so x3 leaves
the basis.

x3 =2—2x1+x4 then x1:1+§x4—§x3

Substituting in the other equations of the dictionary, we get:

1 1 1 1
x0:3—<1+2x4—2x3)—x2+x4:2—x2+2$3+2m4

1 1 3 1
x5:7—3<1+2x4—2x3>—2x2+x4:4—2x2+2x3—2x4

1 1 1 1
Z:—3+<1+2$4—2$3>+IL’2—1’4:—2—|—$2—2$3—2$4

Accordingly, we now have the following dictionary:

( Ty = 2 - Tro + 1 r3 + 1 T4
2 2
1 1

xr1 = 1 = 5 xr3 + 5 X4

5 = 4 — 230 + ; xr3 — % X4
1 1

|z = -2 + Ty — B T3 — 5 Ty

where B = {0,1,5} and N' = {2,3,4}. The basic feasible solution is:

To=2, z1=1, Tz =4, To=0, z3=0, T4,=0 of value — 2

e Iteration 2

If we increase the value of the variable zo, we can get a better solution. We have:

2—$220
Zo =2— 29 N—— To <2
x>0

r5 =4 — 2x9 \4*21’2201 To < 2
x5>0
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By increasing the value of z9 to min{2,2} = 2, the value of both =y and x5
decreases to 0. We choose zy as the leaving variable, so that the auxiliary
variable leaves the basis (accordingly, x5 stays basic with value 0).
Then, we have that:

29 becomes basic and accordingly xy becomes non-basic

We have:

9 1 1 th 9 1 1
= 4 — = b~ (S =2 — + = + —
i) xI9 + 21‘3 + 21‘4 11 T2 Zo 2:63 2:174
Substituting in the other equations of the dictionary, we get:
1 3

1 1 3 1
x5=4—2<2—xo+2z3+2x4>+2x3—2x4=2xo+2x3—2x4

= 24| 2 SRE P ! Ly =
zZ = i) 233‘3 23;'4 21’3 21‘4— i)

Accordingly, we obtained an optimal solution of the auxiliary problem (no further
improvement is possible) and this is an optimal dictionary:

( 1 1
r1 = 1 - 3 3 + 5 T4
2 = 2 - o + ! T3 + ! Z4
2 2
zs = 0 + 2z + 1 xr3 — § x4
2 2
z = 0 = g

where B = {1,2,5} and N = {0,3,4}. The basic optimal solution is:

r1=1, a2=2, z5=0, To=0, 23=0, x4=0, of value 0

Warning

Given an optimal dictionary of the auxiliary problem with optimal value
zero, we can construct a dictionary of the original LP that corresponds to a
feasible solution of the original LP problem.

By removing the auxiliary variable xg, while keeping the basic variables z1, z2, x5,
we obtain:

1 1
T1=1— -3+ —x4

2 2
35'2:24-11'34-1%’4
2 2
1 3
L5 = 51'3 - §x4
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Substituting in the objective function of the original problem, we can express it
as a function of the non-basic variables x3 and x4:

1 1 1 1
z—3<1—2x3+2x4>+<2+2x3+2x4> =5—x3+ 214

Accordingly, we have the following dictionary of the original LP problem:

1 1
rn= 1 - > r3 + 5 T4

1 1
To= 2 + 5 xr3 + 5 T4

1 3
5= 0 + 5 xr3 — 5 T4
z= 5 - r3 + 2 x4

where B = {1,2,5} and N = {3,4}. The basic feasible solution is:

r1=1, x2=2, T3=0, 24=0, z5=0 of value 5

2. Second phase of the simplex algorithm

We execute the simplex algorithm for the original LP problem.

e Initialization

We start from the dictionary obtained by the first phase of the simplex algorithm.

e Iteration 1

If we increase the value of the variable x4, we can get a better solution. We have:

1
1+-x24>0
+2$4_

— %/_/
1 =1+ 21>0 Ty 2> —2

2 1
1 24 -x4>0
o 224—5334 271 = T4 > —4
N
x2>0

3
T = =5 —5 420 T4 <0
—_———
\ z52>0

/

By increasing the value of z4 to 0 (a degenerate pivoting operation, t,, = 0),
the value of x5 remains 0: the only bound on x4 comes from x5 > 0, so x5 leaves
the basis.

Then, we have that:
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x4 becomes basic and accordingly x5 becomes non-basic

We have:
1 3 th 1 2
= — _ e = = —_ =
5 2:1:3 29:4 n T4 3x3 3:55

Substituting in the other equations of the dictionary, we get:

e 9 L1 1
xr1 = = =395 o~ =JHa — =395 = = =9ba — =7
! 273 T \3g" 37" 3737 378

PR DS U R T NP S
Ta = 2333 2 3$3 35E5 - 3373 3375

=5 1oL 2rs) =5 = 1
z = I3 31‘3 3l‘5 = 31‘3 31’5

Accordingly, we obtained an optimal solution (no further improvement is possi-
ble) and this is an optimal dictionary:

I = 1 — } I3 — } xIs
3 3

Ty = 2 + 2 r3 = . s
3 3
1 2

zy = 0 + 3 T3 — 3 5

|z = 5 — % r3 — % 5

where B = {1,2,4} and N' = {3,5}. The basic optimal solution is:

T1=1, 2o=2, T4=0, 23=0, 25=0 of value 5
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Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

4 N

5
[
[y
N Bz +x2=5
4 r n
1
4‘7 2x1 + 220 =
'
37 |
[\l
8
27 ]
— —xy — 23 = —3
1L 1 2 |
0
| | | |
0 1 2 3 4 5
1

\_ /

An optimal solution &( LP) is:

the optimal value z( LP) is 5.

In blue the optimal vertex obtained by the first phase of the simplex algorithm. In dashed

blue, the contour line of the objective function associated with the value taken in the vertex.
(& J

Exercise 8.4 — Phase zero of the simplex algorithm (P51)

Consider the following LP problem in canonical maximization form with n = 3 variables
and m = 2 constraints:

max — 21 — T2
subject to Ty - r9 — 3 x3 < =5
— 3 21 — 2 3 4+ 2 23 < =2
Ty, 3, r3 > 0
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Questions

associated dictionary for the LP problem.

problem.

1. Execute the phase zero of the simplex algorithm to obtain a feasible solution and the

2. Starting from the obtained dictionary, execute the simplex algorithm to solve the LP

J

1. First phase of the simplex algorithm

We write the auxiliary problem in standard form:

Ty = —9, Ty= -2

e Initialization

of xg. We have:

T4 = —5+ i)

x4>0

Iy — —2+ i)

x5>0

max — X
subject to — x¢9 + ] — T9 — 3 x3 + 14 = -5
- x9 — 3 xm — 2 m + 2 23 + x5 = =2
xo, z1, z2, z3, Z4, zs =2 0
and its starting dictionary is:
x4 = -5 + 1z -— 1 + x> + 3z3
x5 = —2 + xy + 3z1 + 212 — 23
g = 0 — =xg

where B = {4,5} and N' = {0,1,2,3}. The basic non-feasible solution is:

Cz‘0:03 i‘1:07 i'2:07

To obtain a feasible basic solution of the auxiliary problem we increase the value

-5+ 20>0
—_———

-2+ 192>0
—_———

T3 =0 of value 0
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By increasing the value of xy to 5, the value of x4 increases to 0, so x4 leaves
the basis. This variable is the slack variable associated with the largest negative

RHS. We have:

Ty =-S54+x9g—21+x9+3x3 then 2x9=5>+x1— 22— 323+ T4
Substituting in the other equations of the dictionary, we get:
x5 =—-24+0B+xz1 — 23 —3x3+x4)+321+222— 223 =3+4x1+22—5x3+134

2=0—(5b4+x1—22—3x3+x4) =—-5—21 + 22+ 323 — 24
Accordingly, we now have the following dictionary:

.

Ty = 5 + T — X2 — 3x3 + x4
T5 = 3 + 4x1 + x9 — Dxg + x4
z= -5 - r1 + T2 + 3x3 — 24

where B = {0,5} and N = {1,2,3,4}. The basic feasible solution is:

Zo =05, Ty =3, 71=0, Zo=0, z3=0, 74 =0 of value -5

e Iteration 1

If we increase the value of the variable z2, we can get a better solution. We have:

5—1’220
To= 5 — T9 T 2 < 5
o=

5= 3+ x9 \_3+x2_20, x9 > —3

x5>0

By increasing the value of x5 to 5, the value of xy decreases to 0.
Then, we have that:

22 becomes basic and accordingly xy becomes non-basic
We have:

To=5+x1 —2o—3x3+x4 then x9=5—x9g+x1 —3x3+ 24

Substituting in the other equations of the dictionary, we get:

x5 =34+4x1+(5—zp+x1 —3x3+x4) — D3+ 24 =8—20+511 —8x3+ 2134
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z2=-5-m1+B—z9+x1 —3x3+m34) +323— 34 = —20

Accordingly, we obtained an optimal solution of the auxiliary problem (no further
improvement is possible) and this is an optimal dictionary:

r9 = 5 — =z + ry — 3x3 + Ty
rzs = 8 — x + dbxy — 8xz + 2x:4
z = 0 — 1z

where B = {2,5} and N = {0,1, 3,4}. The basic optimal solution is:

f2:5, .’25:8, fQIO, 22’1:0, 573:0, .%4:0 of value 0

Warning

Given an optimal dictionary of the auxiliary problem with optimal value
zero, we can construct a dictionary of the original LP that corresponds to a
feasible solution of the original LP problem.

By removing the auxiliary variable xg, we obtain:
To = 5 + Il - 3 xr3 -+ T4
x5 = 8 4+ bxy — 8x3 + 2z4

Substituting in the objective function of the original problem, we can express it
as a function of the non-basic variables x1, z3 and z4:

z=-2x1—(5+x1—3z3+24) =-5—-3x1+3x3— 24

Accordingly, we have the following dictionary of the original LP problem:

.

Ty = 5 + g — 3x3 + T4
s = 8 4+ bxy — 8xz3 4+ 2x4
z = =b — 3x1 + 3xz3 -— T4

\

where B = {2,5} and N = {1, 3,4}. The basic feasible solution is:

To =95, Ty =S8, 71=0, 2z3=0, 74 =0 of value -5
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2. Second phase of the simplex algorithm

We execute the simplex algorithm for the original LP problem.

e Initialization

We start from the dictionary obtained by the first phase of the simplex algorithm.

e Iteration 1

If we increase the value of the variable z3, we can get a better solution. We have:

5—3xz3>0 5

To= 5 —3x3 — x3 < =

z22>0 -3

5 = 8 — 83 \8_8:6320, 3 <1
x5>0

By increasing the value of x3 to 1, the value of x5 decreases to 0.
Then, we have that:

x3 becomes basic and accordingly x5 becomes non-basic

We have:

5 1 1
r5 = 8+ 5xr1 — 8xrg + 2x4 then x3:1+§m1+1x4—§x5

Substituting in the other equations of the dictionary, we get:

— 54 —3(1+ 2a 2 L || A = D L e
x2 =5+ 11 g1 T — g5 | F 24 =2— cm + wa o+ o

5 1 1 9 1 3
Z=—5—31’1+3(1+81’1+4$4—81‘5)—x4=—2—8x1—4$4—8$5

Accordingly, we obtained an optimal solution (no further improvement is possi-
ble) and this is an optimal dictionary:

Ty = 2 - ! A E T4 + 3 x5
8 4 8
5 1 1
I3 = 1 + g I -+ Z Tq — g Is5
g = =2 = 9 1 — ! Ty — 3 Ts5
\ 8 4 8

where B = {2,3} and N' = {1,4,5}. The basic optimal solution is:

To =2, T3=1, 21=0, Z4=0, 5 =0 of value —2
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Graphical solution:

The feasible region of the LP problem (in canonical form) is the polyhedron shaded in red:

4 | h

T3
W5 R (8

oo =

- )

An optimal solution &( LP) is:

the optimal value z( LP) is —2.

In violet the first vertex obtained by the first phase of the simplex algorithm, in blue the
optimal one.
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SageMath Code: 3D Polyhedra (

# Define the polyhedron using inequalities (Hyperplane Representation)
p = Polyhedron(ieqgs=[

(-5, -1, 1, 3), # (-1, 1, 3) x - 5> 0
(-2, 3, 2, -2), # (3,2, -2) x - 2> 0
(0, 1, 0, 0, # (1, 0, 0) x+0>=0
(0, 0, 1, 0), # (0, 1, 0) x +0>=0
(0, 0, 0, 1 # (0, 0, 1) x+0>=0

D

# Display the inequalities of the polyhedron
p-Hrepresentation()

# Display the extreme points and extreme rays of the polyhedron
p.Vrepresentation()

# Plot the polyhedron (3D)
p-plot()
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