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Existence and
uniqueness of solutions
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Introduction: Existence and uniqueness of solutions

> A system of linear equations may have no solution, exactly one
solution or infinitely many solutions

» |n this section we see how to decide which case occurs, before
solving the system, by comparing two ranks: the rank of the
coefficient matrix and the rank of the augmented matrix

» This is the content of the Rouché—Capelli theorem, which
we will use throughout the chapter
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System of linear equations

Consider a system of m linear equations with n variables:
Ax=0>b

where:
» A c R™" is the coefficient matrix (m equations, n variables)
> x € R™! is the vector of variables

» b c R™*! s the right-hand side vector

> (A|b) € R™*("+1) is the augmented matrix
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Rouché-Capelli theorem (1/2)

The existence and uniqueness of solutions to the system Ax = b
depend on the rank of the coefficient matrix A and the rank of the
augmented matrix (A|b).

Case 1 - No solution (inconsistent system):
rank(A) < rank(A|b)

The system is inconsistent and has no solution.
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Rouché-Capelli theorem (2/2)

Case 2 - Unique solution:

rank(A) = rank(A|b) = n
The system has a unique solution.
Case 3 - Infinite solutions:

rank(A) = rank(A|b) < n

The system has infinitely many solutions with n — rank(A) degrees
of freedom (free variables). If r = rank(A), the solutions can be
described by means of n — r free parameters.
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Rouché-Capelli theorem: remarks (1/2)

» Since (A|b) is obtained from A by adding one column, we
always have

rank(A) < rank(A|b) < rank(A) + 1,
so the three cases above cover all the possibilities.

» In particular, the system has at least one solution (it is
consistent) if and only if rank(A) = rank(A|b).
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Rouché-Capelli theorem: remarks (2/2)

» Since rank(A) < min{m, n}, a unique solution is possible only
if m> n.

> If Ac R™" is square, recall that rank(A) = n if and only if
det(A) # 0.

» Hence, if det(A) # 0, then also rank(A|b) = n and the system
has a unique solution, for every right-hand side b.
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Summary

Rouché-Capelli theorem for A x = b, A € R™*", r = rank(A):
» rank(A) < rank(A|b): no solution
» rank(A) = rank(A|b) = n: unique solution
» rank(A) = rank(A|b) < n: infinitely many solutions, with
n — r free parameters

Square systems:
» If det(A) # 0, the solution is unique for every b
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Gaussian Elimination
Method
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Introduction: Gaussian Elimination Method

» Gaussian elimination is the standard algorithm to solve a
system of linear equations by hand and on a computer

» The idea is to transform the system into an equivalent
triangular system, which is then easy to solve from the
bottom to the top

> We will see the elementary row operations, the two phases of
the method and a complete example
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Gaussian elimination

The Gaussian elimination method is an algorithm for solving
systems of linear equations by transforming the augmented matrix
(A|b) into row echelon form (upper triangular form) through
elementary row operations.
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The two phases of the method

» Given the system of linear equations:
Ax=0>b
we form the augmented matrix:

(Alb)

» The method consists of two phases:

» Phase 1 - Forward elimination
» Phase 2 - Backward substitution

Author: Fabio Furini Linear Algebra 14 / 82 % S\N’”\W\


https://fabiofurini.github.io/
https://fabiofurini.github.io/linear-algebra/

Phase 1 - Forward elimination

Transform the augmented matrix into upper triangular form using

elementary row operations:
» Swap two rows
» Multiply a row by a non-zero scalar

» Add a multiple of one row to another row

The goal is to create zeros below the diagonal, obtaining:

d11 d12 - d1n | b
dpp v 2 | b2
0 0 ann | bn
Author: Fabio Furini Linear Algebra
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Phase 2 - Backward substitution

Solve the upper triangular system from bottom to top (assuming
dii # 0 for all /):

bp
Xn = =—
dnn
X _ bn-1—an—1,n Xn
n—1 — ~
dn—1,n—1

N N .
. bi— > i ii1di %
=

aji
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Elementary row operations

» R; <+ R; : swap row / with row j
» R; < k R; : multiply row i by scalar k # 0

» R; < R+ k R; : add k times row j to row i

These operations do not change the solution set of the system.
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Example: Gaussian elimination (1/5)

Consider the system of linear equations:
2X1+].X2+1X3 =4
4x14+3x+3x3 =10

8x1+7x2+9x3 =24

Augmented matrix:

2 1 1|4
(Ab)= | 4 3 3|10
8 7 9|24
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Example: Gaussian elimination (2/5)

Step 1: Eliminate x; from rows 2 and 3

Ry + Ry — 2 Ry (subtract 2 times row 1 from row 2):
2 1 1| 4
01 1|2
8 7 9124

R3 <— R3 — 4 Ry (subtract 4 times row 1 from row 3):

2 1 1|4
01 12
0 3 5|8
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Example: Gaussian elimination (3/5)

Step 2: Eliminate x» from row 3

R3 < R3 — 3 R> (subtract 3 times row 2 from row 3):
2 1 14
0 1 12
00 2|2
Upper triangular form achieved! The corresponding system is:
2x1+1x+1x3 =4

1X2—|—1X3 =2

2 x3 =2
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Example: Gaussian elimination (4/5)

Backward substitution:

From the third equation:

2x3=2 = x3=1
From the second equation:
X+x3=2 = xx=2—-x3=2-1=1
From the first equation:
2x1+x+x3=4 — 2x1=4—x—x3=4—-1—-1=2

— x1=1
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Example: Gaussian elimination (5/5)

Solution:
X1 1
X = | X2 = 1
X3 1
Verification:
2 11 1 2+1+1 4
Ax=14 3 3 1] =14+3+3|=[10]=b V
8 7 9 1 8+7+9 24
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Summary

Gaussian elimination:
» Work on the augmented matrix (A|b)

» Phase 1: forward elimination with elementary row operations,
to obtain zeros below the diagonal

» Phase 2: backward substitution, from the last equation to the
first one

Elementary row operations:
PR,'HRJ', R,(—kR,(k?éO), R,‘%R,‘—i-kRj
» They do not change the solution set of the system
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Gaussian elimination and
the Rouché—Capelli
theorem
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Introduction: Gaussian elimination and the Rouché—Capelli
theorem

» Gaussian elimination works for any system, also when the
solution is not unique or does not exist

» At the end of forward elimination we can read the two ranks
and apply the Rouché—Capelli theorem

» We will see three worked examples: a unique solution,
infinitely many solutions (in parametric form) and no solution
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Row echelon form (1/2)

» Gaussian elimination can be applied to any system A x = b,
with A € R™*",

» In general, forward elimination transforms (A|b) into row
echelon form: in each nonzero row, the first nonzero entry
(called pivot) is strictly to the right of the pivot of the row
above, and the rows of zeros (if any) are at the bottom.

» Elementary row operations do not change the solution set of
the system, and they do not change the rank of A nor the rank
of (A|b).
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Row echelon form (2/2)

» The rank of a matrix in row echelon form is equal to the
number of its nonzero rows.

» Therefore, at the end of forward elimination we can read
rank(A) and rank(A|b) and apply the Rouché—Capelli
theorem:

> arow of the form (0 --- 0| c ) with ¢ # 0 corresponds
to the impossible equation 0 = c: then rank(A) < rank(A|b)
and the system has no solution;

» otherwise, the variables whose columns contain a pivot are
computed by backward substitution, and the remaining n — r
variables are the free parameters.
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Parametric form

When the system has infinitely many solutions with one free
parameter t € R, the solutions can be written in parametric form

X=xg+tv, t e R,

where xq is a particular solution (obtained for t =0) and v is a
nonzero vector such that A v = 0.
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Example: unique solution (1/3)

Consider the system of linear equations:
1x+1x3 =1

Ixi+1lx+1x3 =2 (A|b) =

N = O
==
W R =
=N

2X1—|—1X2+3X3 =1

The entry in position (1, 1) is zero, so we first swap rows 1 and 2.

Rl — Rg:
11 1|2
01 11
2 1 3|1

Author: Fabio Furini Linear Algebra 29 / 82 % S\N)IL\](/A\


https://fabiofurini.github.io/
https://fabiofurini.github.io/linear-algebra/

Example: unique solution (2/3)

R3 — R3 -2 Rli
1 1 1] 2
0 1 1] 1
0 -1 1]-3
R3 <+ R3 + R»:
1 1 1} 2
01 1)1
0 0 2|-2
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Example: unique solution (3/3)

There are 3 nonzero rows both in A and in (A|b):
rank(A) = rank(A|b) = 3 = n,
hence the solution is unique. By backward substitution:
2x3=—-2 — x3=-—1, xx=1—x3 =2,

x1=2—X—x3=2—-24+1=1,

that is,
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Example: infinitely many solutions (1/4)

Consider the system of linear equations:

1x1+2x—1x3 =1

1 2 —-1|1
2x1+5x+1x3 =4 (A|b): 25 1 |4
3 7 015
3x1+7x =5
R2%R2—2R1:
1 2 —-1|1
01 3|2
3 7 015
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Example: infinitely many solutions (2/4)

R3 “— R3 -3 Rli
1 -1]1
1 312
01 3|2
R3 — R3 — R2:
1 2 -1]|1
01 3|2
0 0 0|0
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Example: infinitely many solutions (3/4)

There are 2 nonzero rows both in A and in (A|b):
rank(A) = rank(A|b) =2 < 3 = n,

hence there are infinitely many solutions with n —r=3-2=1
free parameter.

The pivots are in the columns of x; and x», so x3 is free: we set
x3 = t, t € R. By backward substitution:

xp =2 —3x3 =2—3t,

x1=1-2x+x3=1—4+4+6t+t=-3+7t.
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Example: infinitely many solutions (4/4)

In parametric form:

-3+ 7t -3 7
x=12-3t | =2 ]+t|-3], ter
t 0 1
S~—— ~——
X0 v

Verification:
> Axo=(-3+4, —6+10, -9+14) = (1,4,5) = b
» Av=(7-6-1,14—-15+1,21-21) =0

hence A(xo+tv)=bforeveryt e R v
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Example: no solution (1/2)

We change only the last right-hand side of the previous system:
Ixi+2x—1x3 =1

1 2

2x1+5x+1x3 =4 (A|b) = 2 5

37

3x1+7x =6

With the same row operations R <+ R> —2 Ry, R3 + R3 — 3 Ry:

1 2 -1]1
01 3|2
01 33
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Example: no solution (2/2)

R3 — R3 — Ry:

1 2 —-1]1
01 3 |2
0 0 0|1

The last row corresponds to the equation 0 x; +0 x>, + 0 x3 = 1,
which is impossible. Indeed A has 2 nonzero rows while (A|b) has
3:

rank(A) = 2 < 3 = rank(A|b),

hence the system is inconsistent and has no solution.
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Summary

Reading the ranks after forward elimination:

» Rank of a matrix in row echelon form = number of nonzero

rows
> A row ( 0o --- 0 ‘ c ) with ¢ # 0: no solution
» Otherwise: pivot variables by backward substitution, n — r free
parameters

Parametric form:
> x=xg+tv,withAxg=band Av=0
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Homogeneous systems
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Introduction: Homogeneous systems

» A homogeneous system is a system whose right-hand side is
the zero vector

> Homogeneous systems always have at least one solution: we
will see when they have other solutions

» They explain the structure x = xo + t v of the solutions of a
general system, and they appear when computing eigenvectors
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Homogeneous system

Definition 1: homogeneous system

A system of linear equations A x = b with A € R™*" js called
homogeneous if b =0, i.e., if it has the form

Ax=0.
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Solutions of a homogeneous system

Observation 1: solutions of a homogeneous system

Let A€ R™*". Then:

» the homogeneous system A x = 0 always has the solution
x = 0, called the trivial solution;

» it has nontrivial solutions (x # 0) if and only if
rank(A) < n; in this case it has infinitely many solutions,
with n — rank(A) free parameters;

> if A€ R™" js square, it has nontrivial solutions if and
only if det(A) = 0.
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Proof: Solutions of a homogeneous system

» Adding a column of zeros does not change the rank, hence
rank(A|0) = rank(A)
and the system is always consistent (as shown by x = 0).

» By the Rouché—Capelli theorem, the solution x = 0 is the
unique one if and only if rank(A) = n; otherwise there are
infinitely many solutions with n — rank(A) free parameters.

» For a square matrix, rank(A) < n if and only if det(A) = 0.
L]
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Homogeneous systems: remarks

» In particular, if m < n (fewer equations than variables), then
rank(A) < m < n and the homogeneous system always has
nontrivial solutions.

» If xq is a solution of A x = b and v is a solution of A x =0,

then
A(xo+v)=b+0=b.

This explains the parametric form x = xg + t v of the example
with infinitely many solutions.
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Example: a homogeneous system (1/2)

Consider the homogeneous system with the coefficient matrix of
the example with infinitely many solutions:

1x+2x—1x3 =0

2x1+5x+1x3 =0

3x1+7x =0
By the Sarrus rule,

det(A)=1-5-0+2-1-3+(-1)-2-7
—(-1)-5-3-2-2.0-1-1-7

=0+6—-144+15-0-7=0,

so there are nontrivial solutions.
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Example: a homogeneous system (2/2)

With the same row operations as in the example with infinitely
many solutions (the last column stays equal to zero):

1 2 -1]0
01 310
00 010

Setting x3 = t: xp = —3t and x; = —2 xp + x3 = 6t +t = 7t.
Hence the solutions are

and the trivial solution is obtained for t = 0.
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Summary

Homogeneous systems A x = 0:
» They always have the trivial solution x =0
» Nontrivial solutions <= rank(A) < n (square case:
det(A) = 0)
» If m < n, there are always nontrivial solutions

Structure of the solutions:

» Particular solution of A x = b + solution of Ax =0 =
solutionof Ax =b
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LU Factorization
Method
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Introduction: LU Factorization Method

» The LU factorization writes the coefficient matrix as the
product of a lower and an upper triangular matrix

» The original system is then split into two triangular systems,
which are very easy to solve

» This is particularly convenient when we have to solve many
systems with the same matrix A and different right-hand sides
b
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LU factorization

The LU factorization (or LU decomposition) is a method for
solving systems of linear equations by decomposing the coefficient
matrix A into the product of two triangular matrices:

A=LU

where L is a lower triangular matrix (with 1's on the diagonal)
and U is an upper triangular matrix.
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Using the LU factorization

» Given the system of linear equations:
Ax=0>b
if we have the LU factorization A = L U, we can substitute:

LUx=b

» We introduce the auxiliary variable y defined as:
y = Ux

so that L U x = b becomes L y = b.
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Why does this work?

We are splitting the original system A x = b into two simpler
triangular systems:

1. Find y such that Ly = b.
2. Find x such that Ux = y.

If both steps succeed, then
Ax=LUx=Ly=0>b,

so x is indeed a solution of the original system.

Since both L and U are triangular, each of the two systems can be
solved in O(n?) operations by simple substitution.
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Step 1 - Forward substitution

Solve Ly = b for y

Since L is lower triangular, we can solve this system easily from top

to bottom:
y1=b

yo=bo—lo1 y1
y3=b3— {31 y1 — {3 o

i—1
yi=bi—Y Ly
j=1
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Step 2 - Backward substitution

Solve U x =y for x

Since U is upper triangular, we can solve this system easily from
bottom to top:

Yn

Xp = ——

Unn

X Yn—1 — Un—1,n Xn
n—1 —
Up—1,n—1
n
v — Yi = D jmit1 Yij Xj

=

Uiji
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Advantages of LU factorization

» Once the factorization A = L U is computed, we can solve the
system for different right-hand sides b efficiently

» Both forward and backward substitution require only O(n?)
operations

» The factorization itself requires O(n®) operations, but it needs
to be done only once
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Example: LU factorization (1/5)

Consider the system of linear equations:
2x1+1x+1x3 =4
4x1+3x+3x3 =10

8x1+7x0+9x3 =24

In matrix form: A x = b where

2 11 4
8 79 24
Author: Fabio Furini Linear Algebra
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Example: LU factorization (2/5)

Given the LU factorization of A:

1 00 2 11
L=1|2 1 0 U=101 1
4 3 1 0 0 2
Verification:
1 00 211 2 11
LU=([2 10 01 1]=1(4 3 3]=AV
4 3 1 0 0 2 8 7 9

Linear Algebra 57 / 82 % SAPIENZA
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Example: LU factorization (3/5)

Step 1 - Forward substitution: Solve Ly = b

1 0 0\ /n 4
210 y2:10
4 3 1) \y3 24

From the first equation: y; =4

From the second equation:
214+ =10 = y»=10-2-4=10-8=2
From the third equation:

Ayi+3yo+y; =24 = y3=24—4.4-3.2=24-16—6=2
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Example: LU factorization (4/5)

4
Thus: y = |2
2

Step 2 - Backward substitution: Solve U x = y

2 11 X1 4
011 x| =12
0 0 2 X3 2

From the third equation: 2x3 =2 — x3=1
From the second equation: xo +x3 =2 =— xx=2-1=1

From the first equation:

2X1—|—X2—|—X3:4 i 2X1:4—1—1:2 — X1:1
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Example: LU factorization (5/5)

Solution:
X1 1
X = | X2 = 1
X3 1
Verification:
2 11 1 2+1+1 4
Ax=14 3 3 1] =14+3+3|=[10]=b V
8 7 9 1 8+7+9 24
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Summary

LU factorization A =L U:
» L lower triangular with 1's on the diagonal, U upper triangular

» Solve L y = b by forward substitution, then U x = y by
backward substitution

Cost:
» Factorization: O(n%) operations, done only once

» Each new right-hand side b: only O(n?) operations
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Cramer’s rule
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Introduction: Cramer's rule

» Cramer's rule gives an explicit formula for the solution of a
square system with a unique solution, as a ratio of
determinants

> We will see the formula for systems of two and three
equations, with worked examples

» Finally, we compare its computational cost with Gaussian
elimination: Cramer's rule is very useful for small systems, but
not for large ones
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Cramer's rule

Cramer's rule is an explicit formula for the solution of a system of
m linear equations with m variables (valid whenever the system has
a unique solution).
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Cramer's rule: notation

» Given a column vector b € R™*1 of m rows, a matrix
A € R™™ of m rows and m columns and a column vector

x € R™1 of m rows containing the m variables:

ai
an1

amil

Author: Fabio Furini

a2
an?

am?2

aim by X1

a2m bo X2
b = X = i

dmm bm Xm
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Cramer's rule: formula

If det(A) # 0, the solution X of the system of m linear equations:
Ax=b

is given by the formula:

o det(Aj)
~ det(A)’

Xj

Vie{l,2,...,m}

where A; is the matrix formed by replacing the j-th column of A by
the column vector b.
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Systems of two equations and two variables (1/2)

With m = 2, we have:
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Systems of two equations and two variables (2/2)

The determinants are:
det(A) = a11 ax» — a12 a1
det(A1) = by ax — a1z by
det(A2) = a11 by — by an

If det(A) # 0, we then have:

altx1+anx =b
a1 x1+axnx =b
Lo [ det(Ay) det(Ay)
— (%)= ( det(A)’ det(A)
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Example (1/4)

Given

we have

Author: Fabio Furini Linear Algebra 69 / 82 % S\{‘\":]IA,\‘(/‘/\\


https://fabiofurini.github.io/
https://fabiofurini.github.io/linear-algebra/

Example (2/4)

The determinants are:
det(A)=(-1)-2—-1-8=-10
det(A;) =2-2-1-19 = —15
det(Az) =(-1)-19-2.8=-35
Since det(A) # 0, we then have:

—xtxe=2 ~15 —35 37
- (22
8x1+2x =10 —10° -10 272
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Example (3/4)

Given
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Example (4/4)

The determinants are:
det(A) = (~1) - (
det(A1) = (-2)- (1) —(-1)-0=2
det(Ag) 0

I
—~
|
[
~—

Since det(A) # 0, we then have:

{x1 —xp = -2 s = (gg) = (1,1)

X1—X2:O
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Systems of three equations and three variables (1/3)

With m = 3, we have:

a1 d12 a3 by

A= lan axn a3 b= | b

a3l d32 ass bs
by a2 a3 ain b a3
Ap = | b axn ax A = (321 by ax
bs a3 as3 a1 b3 ass

a1 a2 b
A3 = | an axn b

a1 ax bz
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Systems of three equations and three variables (2/3)

and (Sarrus rule)

det(A) = ariapass + ai2ar3as + a13aas

— 813422431 — d124d21433 — 4114823432

det(A1) = braxass + aiparzbs + aizboas

— aizazxnbs — ajpbrasz — braxzasp
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Systems of three equations and three variables (3/3)

det(Az) = a11bras3 + b1axzazi + aizazibs

— aizboazr — biasiazz — ai1axbs

det(A3) = a11a20b3 + a12braz1 + brasias

— bragpasz1 — aipazi bz — aribraszn

If det(A) # 0, we then have:

N det(Al) det(AQ) det(A)
(XI’XZ’X3)_( det(A) det(A)’ det(A3) )
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Example (1/2)

We solve with Cramer's rule the system of the Gaussian elimination

example:
2 11 4
A=1[4 3 3 b=]10
8 7 9 24
We have
4 1 1 2 4 1 2 1 4
Ai=110 3 3 Ab=14 10 3 A3;=14 3 10
24 7 9 8 24 9 8 7 24
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Example (2/2)

The determinants are:

det(A) =54 +24 428 — 24— 36— 42 =4

det(A;) =108 +72+70—-72—-90 — 84 =4
det(A;) = 180 + 96 + 96 — 80 — 144 — 144 = 4
det(A3) =144 +80+112—-96 — 96 — 140 =4

Since det(A) # 0, we then have:

4 4 4
S50 %) = (2,20 ) = (11,1
(X]_,X2,X3) <47474> ( s Ly )7

which is the solution found with Gaussian elimination.
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Computational cost (1/2)

» Cramer's rule gives an explicit formula, which is very useful for
small systems (m = 2 or m = 3) and for theoretical purposes.
However, it is not a practical method for large systems.

» To apply Cramer's rule we need m + 1 determinants of order
m: det(A), det(Aj), ..., det(An). If each determinant is
computed with the Laplace expansion, the number of
arithmetic operations grows roughly like m! for each
determinant.

» Gaussian elimination, instead, solves the system with a number
of operations which grows roughly like m3 (about %m3
operations).
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Computational cost (2/2)

» For example:
> with m = 10 we have 10! = 3628800, while 2 - 10° ~ 667
> with m = 20, 20! is larger than 2 - 10*®, while % . 203 ~ 5333.

» Even if the determinants are computed in a more efficient way
(for instance with Gaussian elimination itself), Cramer’s rule
still needs m + 1 of them, and it remains more expensive than
solving the system directly with Gaussian elimination.
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Summary

Cramer’s rule (square system, det(A) # 0):
> X; = det(Aj)/ det(A), where A; is A with the j-th column
replaced by b

» For m = 2 and m = 3 the determinants are computed directly
(Sarrus rule for m = 3)

Computational cost:

» Cramer's rule needs m + 1 determinants: useful for small
systems only

» Gaussian elimination needs about %m3 operations
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Summary (1/2)

Existence and uniqueness:
» Rouché-Capelli: compare rank(A), rank(A|b) and n

» No solution, unique solution, or infinitely many solutions with
n — r free parameters

Gaussian elimination:

» Forward elimination with elementary row operations, then
backward substitution

» The row echelon form gives the ranks and the free parameters
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Summary (2/2)

Homogeneous systems:

» Always the trivial solution; nontrivial solutions iff rank(A) < n

LU factorization:

» Ly =0>b, then U x = y: efficient for many right-hand sides

Cramer's rule;

» Explicit formula with determinants, useful only for small
systems
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