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Properties of the Inverse
Matrix
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Introduction: Properties of the Inverse Matrix

» Before computing inverse matrices, we collect their main
algebraic properties.

» We show that the inverse is unique, and how it behaves with
respect to products, transposition and determinants.

» These properties are used constantly in linear algebra, e.g., to
solve linear systems Ax = b as x = A~ 'b.
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Invertible and Singular Matrices

» Recall (see the chapter on matrices) that a square matrix
A € R™" s invertible if there exists a matrix A~1 € R"*"
such that

AAl=ATA=1.

> A square matrix which is not invertible is called singular.

» In this chapter, A’ denotes the transpose of A, as in the
chapter on matrices.
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Proposition 1: Uniqueness of the inverse

Let A € R"™" be invertible. If B,C € R"™" are such that
AB =BA=1 and AC=CA=1, then B=C.
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Proof

Using the associativity of the matrix product, we have:
B = BI
= B(AC)
=(BA)C
=IC=_C.

757 @ SARENZA
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Proposition 2: Properties of the inverse

Let A, B € R™" be invertible matrices. Then:
1. AL is invertible and (A~1)~1 = A;
2. AB is invertible and (AB)™! = B"!A71;
3. Al is invertible and (A")~1 = (A _1)"

4. det(A) # 0 and det(A™!) =

det( )
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Proof (1/3)

By the uniqueness of the inverse, in each case it is enough to
exhibit a matrix that multiplied on the left and on the right gives I.

1. From A"1A = AA~! = I, the matrix A is the inverse of A~ 1.
2. Using associativity:
(AB)(B'A)=ABB H)A 1 =AIA = AA1 =,
(BAY)(AB) =B '(A'AB=B"'IB=B'B=1.
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Proof (2/3)

3. Recall that (CD)' = D'C’ for all C, D € R™": indeed, the
entry (i,j) of (CD)" is the entry (j, ) of CD, i.e.,

Z Cikdki = Z di Cl
k=1 k=1
which is the entry (i, ) of D'C’. Then, since I' = I:

A/(Afl)/ — (AflA)/ — l/ — 17
(AYYA =AY =1'=1.
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Proof (3/3)

4. From the product rule of determinants:
det(A)det(A™!) = det(AA™!) = det(/) = 1.

Hence

det(A) #0 and det(Afl) =
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Remarks

> Note the reversed order in (AB)~! = B7A™!: since the
matrix product is not commutative, in general

(AB) 1 £ A71BL

» Property 4 shows that a matrix with det(A) = 0 cannot be
invertible, i.e., it is singular.
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Summary

Inverse matrix:
» AA! = A"1A = I: a non-invertible matrix is singular

» The inverse, if it exists, is unique

Properties:
> (A)1=A, (AB)™! =B 'A™! (reversed order)
> (A/)—l — (A—l)/
> det(A™1) = 1/det(A): if det(A) = 0, then A is singular
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Computation of the
Inverse
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Introduction: Computation of the Inverse

> We present two methods to compute the inverse of a matrix:

» the Gauss—Jordan method, based on elementary row
operations;
» the adjugate formula, based on cofactors and determinants.

> We also see how to recognize a singular matrix during the
computation.

» Finally, we prove that A is invertible if and only if det(A) # 0.
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Gauss—Jordan Method

Gauss—Jordan method (idea).
To compute A~1, we build the augmented matrix

(AlT)

and we apply elementary row operations to transform the left
block into the identity matrix.

If we obtain
(11B),

then B= AL
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Example (1/4)

Let us consider
2 1
A= )

We compute the inverse matrix A~ with the method of
Gauss—Jordan.

We form the augmented matrix (A | I):
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Example (2/4)

Step 1: Swap rows 1 and 2 to get a 1 in the pivot position.
1 1 0 1
< 2 1 | 1 0 > (R Re)
Step 2: Eliminate below the first pivot.

( 11 (1> _12> (R « Ro — 2R1)
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Example (3/4)

Step 3: Scale row 2 to get a 1 in the second pivot position.
1 1 0 1

Step 4: Eliminate above the second pivot.

1 o0 | 1 -1
( o 1 | -1 2 ) (R R = Re)
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Example (4/4)

Since the left block is the identity matrix, we obtain:
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Example (1/5)

Let us consider

A=

N O =
o = N
= = O

We compute the inverse matrix A~* with the method of
Gauss—Jordan.

We form the augmented matrix (A | I):
1 2 0 1 0 0

0 1 1 0
2 0 1 0 0 1

—_
o
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Example (2/5)

Step 1: Eliminate below the first pivot.

0 1 1 0 1 0 (R3 — R3—2R1)

(R]_ <— Rl — 2R2)

o O
_Ln—-
= =
SRS
o R
= O
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Example (3/5)

Step 3: Eliminate below the second pivot (in row 3).

1 0 2] 1 -2 0
o 1 1|0 1 0 (R3 < Rs + 4R,)
0o 0 5 | -2 4 1

(R3 — %R:J,)

o

o

=

|

SN

[SaIE
ogim O O
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Example (4/5)

Step 5: Eliminate above the third pivot (in row 1).

1 2 2

10 015 -5 3

o 1 1|0 1 0 (Ry Ry + 2Rs)
2 4 1

o 0 1 ]-§ 5 5

Step 6: Eliminate above the third pivot (in row 2).

(S118)
[$118)

o

=

o
aiN gl

(R2 < R2 — R3)

o

o

[
s g
1=

[G1]S)
Q=
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Example (5/5)

Since the left block is the identity matrix, we obtain:

1 2 2 2 9
-1 2 1 1 2
2 4 1 2
5 5 5 4 1

Linear Algebra 25 / 57 % S\N NZA
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Example (1/5)

Let us consider

0o 1 2
A=1|1 0 3
4 -3 8

We compute the inverse matrix A~* with the method of
Gauss—Jordan. Since a;; = 0, we start with a row swap.

We form the augmented matrix (A | I):
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Example (2/5)

=
N
[y

(Rl <~ R2)

o
—
N
—
o
o

(R3 <— R3 — 4-R1)
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Example (3/5)

1 0
0 1
0 0
1 0
0 1
0 0

Author: Fabio Furini

w =

Nw = O

Linear Algebra

= O

NIE O O

(R3 — R3 + 3R2)

(R3 $— %Rg)
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Example (4/5)

1 0
0 1
0 0
1 0
0 1
0 0

Author: Fabio Furini

9 3
-3 =3
1 0 0 (Rl — Rl — 3R3)
3 1
2 T2 3
9 3
-3 I =3
-2 4 -1 (R2 — R2 — 2R3)
3 1
2 T2 3
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Example (5/5)

Since the left block is the identity matrix, we obtain:

-3 7 =3 NS
Al=|-2 4 -1 =5 -4 8 =2

3 1 _

3 -2 3 3 4 1
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What If the Matrix Is Singular?

The Gauss—Jordan method also tells us
when the inverse does not exist.
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Observation 1: Singular matrices and the Gauss—Jordan

method

Let A € R™". If, while applying elementary row operations to
(A | 1), azero row appears in the left block, then det(A) = 0
and A is singular: the method stops and A~! does not exist.
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Proof

» The left block is obtained from A by elementary row
operations.

» Each of them multiplies the determinant by a nonzero number
(—1 for a row swap, A # 0 for a row scaling, 1 for a row

addition).

» A matrix with a zero row has zero determinant (Laplace
expansion along that row), hence det(A) = 0.

> By property 4 of Proposition 2, A is not invertible.
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Example (1/3)

Let us consider

1
A=]2
1

w 1N
&~ N W

We try to compute A~! with the method of Gauss—Jordan.

1 2 3 1 0 0
2 5 7 0 1 0
1 3 4 0 0 1
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Example (2/3)

—_
—_
|
N
—

(R2 {— R2 — 2R1)

0 1 1 | -2 1 0 (Rs + Rs — Ry)
0 1 1 -1 1
1 1 0

1 1 —2 1 0 (R3 — R3 — R2)
0 0 0 1 -1 1
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Example (3/3)

» The third row of the left block is zero: the left block cannot
be transformed into the identity matrix, and the method stops.

» Hence A is singular.

» Indeed, the third row of A is the difference of the second and
the first row, and

det(A)=1-(5-4—-7-3)—2-(2-4—7-1)
+3.(2-3-5-1)
= -1-243=0.
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Inverse via the Adjugate Matrix

We now derive an explicit formula for the inverse,
based on cofactors and determinants.

Author: Fabio Furini Linear Algebra


https://fabiofurini.github.io/
https://fabiofurini.github.io/linear-algebra/

Cofactors

» Recall (see the chapter on matrices) that, given A € R"*", the
cofactor of the entry aj; is

Gy = (~1)'" det(A),

where Aj; is the minor matrix obtained from A by deleting row
i and column j.
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Definition 1: Cofactor matrix and adjugate matrix

Let A € R™" with n > 2. The cofactor matrix of A is the
matrix C = (Cjj) € R"*" of the cofactors of A. The adjugate
matrix of A is the transpose of the cofactor matrix:

adj(A) = C/, ie., (adj(A))ij = (g
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Theorem 1: Adjugate formula

Let A€ R™" with n > 2. Then

Aadj(A) = adj(A) A = det(A) /.

Consequently, if det(A) # 0, then A is invertible and

-1 _
A= det(A)

adj(A).
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Proof (1/2)

The entry (i,j) of Aadj(A) is
n
> aik Cix.
k=1

» If i = j, this is the Laplace expansion of det(A) along row i.

> If i # j, this is the Laplace expansion along row j of the matrix
A obtained from A by replacing row j with row i (the
cofactors Cj do not depend on row j).

> The matrix A has two equal rows: swapping them leaves A
unchanged and changes the sign of its determinant, so
det(A) = — det(A), i.e., det(A) = 0.
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Proof (2/2)

» Hence
Aadj(A) = det(A) 1.

» The identity adj(A) A = det(A) I is obtained in the same way,
using Laplace expansions along columns.

> If det(A) # 0, dividing by det(A) shows that Fl(madj(A) is
the inverse of A.
L]
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Observation 2: Invertibility and determinant

A square matrix A € R"*" js invertible if and only if det(A) # 0.
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Proof

» If Ais invertible, then det(A) # 0 by property 4 of
Proposition 2.

» Conversely, if det(A) # 0, then A is invertible by Theorem 1.

> Forn=1, A= (a) with a#0and A~! = (1/a).
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Observation 3: Inverse of a 2 x 2 matrix

Let

c d

1 d —b
ATl = :
ad — bc (—c a )

A= (a b) € R¥?  with det(A) = ad — bc # 0.

Then
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Proof

The minor matrices of A are 1 x 1, so the cofactors are
C11 = d, C12 = —C, C21 = —b, C22 = a.
Hence
_(d —c . ([ d —b
C—<_b a>’ adJ(A)—C—(_C a)’

and the formula follows from Theorem 1.

O
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Inverse of a 2 x 2 Matrix (Rule)

Swap the two diagonal entries,
change the sign of the two off-diagonal entries,

and divide by the determinant.
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Example

Let us consider again

A:G 1)_

We have det(A) =2-1—1-1=1%0, hence

1/(1 -1 1 -1
Al==C =
1 (—1 2 ) (—1 2 ) ’

which is the matrix obtained with the method of Gauss—Jordan in
the first example.
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Example (1/4)

Let us consider again

1
A= 10
2

o = N
= = O

By Laplace expansion along the first row:

det(A)=1-(1-1-1-0)—2-(0-1—-1-2)+0=1+4=5£0.
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Example (2/4)

The cofactors are:

11 2 0

Ci1 = +det <O 1) =1, Gy = —det <O 1) = -2,
0 1 1 0

Cip = —det <2 1> =2, Coo = +det (2 1) =1,
0 1 1 2

Ci3 = +det (2 0> = -2, Coz3 = —det (2 0) =4,

=N
=
Il
Il
|
=

)
o 1)
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Example (3/4)

Hence
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Example (4/4)

Therefore

A—l

1
der(a) “VA) =5 ’

which is the matrix obtained with the method of Gauss—Jordan in
the second example.
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Which Method to Use?

» For n =2 (and often for n = 3) the adjugate formula is
convenient for computations by hand.

» For larger matrices, the method of Gauss—Jordan requires far
fewer operations.
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Summary (1/2)

Gauss—Jordan method:
» Form the augmented matrix (A | I)
» Apply elementary row operations (swaps, scalings, additions)
until (1| B): then B = A"!
> A row swap is needed when the pivot is zero

Singular matrices:
» A zero row in the left block = det(A) = 0: the method stops,
A~ does not exist
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Summary (2/2)

Adjugate formula:
> adj(A) = C’, with Cj = (—1)" det(Aj)
> Aadj(A) = adj(A) A =det(A) I
> Al = ﬁwadj(A); for 2 x 2: swap diagonal, change sign
off-diagonal, divide by ad — bc

Invertibility:
» A is invertible if and only if det(A) # 0
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Key Takeaways
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Summary

1. Properties of the inverse:
> Unique; (AB)™' = B7!A71, (A)"1=(A71Y,
det(A1) = 1/ det(A)

2. Gauss—Jordan method:
» (A| 1) — (I| A1) by elementary row operations
> A zero row in the left block means that A is singular

3. Adjugate formula:
> Al = de%(Aﬁadj(A% convenient by hand for n < 3
> A invertible < det(A) #0
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