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Chapter 1

Sums

1.1 Definition

Definition 1.1: sum

Given n values a; € R with j € {1,2,...,n}, the sum
ar+ag+...+ap

can be indicated in compact form with the sum symbol:
n
>4
j=1

which reads: “sum for j from 1 to n of a;”. The symbol j is called sum index.

e The sum symbol is therefore very useful when the terms a; are explicitly defined as a
function of the sum index j.

Example 1.1: sums

-l _ o, 1 1.1 1. 1 1 1 1 1
D R R A S AR
n
Yo = B+2457+ .+
=3

.

e The sum index is a dummy index. This means that if j is replaced with 4, k or any
other index in all its occurrences the value of the sum does not change.
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Example 1.2: dummy index
We have:
n n n
SR = YR = Y
j=1 i=1 k=1

as the two symbols indicate the sum of the squares of the first n natural numbers (without
zero). On the contrary, we have:

it A DR

j=1 j=1

as the two symbols indicate the sum, respectively, of the first n and the first m squares of
the natural numbers (without zero). Clearly, if n # m, the result is different.

.

|\

1.2 Properties

Observation 1.2: sum with constant term

For every natural number n > 1 and real number ¢, we have:

Zc:nc (1.1)

-
N\

Proof. We have:

c+c+...+¢c nc
N———

— n .
=>7_1¢, csummed up n times

O
Observation 1.3: product by a constant

For every sum 27:1 a; and real number ¢, we have:

n n

~
|\

Proof. From the distributive property, we have:

cait+cay+...+ca,=c(ar+az+...+ay)

y
= (cay) = 37y a
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Observation 1.4: union of sums

For every pair of sums ) 7_; aj and 3% _; b;, we have:

n

Zaj—Fij = Z(aj+bj) (1.3)
j=1 j=1

J=1

-
-

Proof. We have:

ai+as+...+a,+by+bo+...+b,=a1+by+axs+bs+...+a, + b,
=301 a2 b =>_7=1(a;+b;)

O

Observation 1.5: decomposition

For every sum Z?ilm aj, we have:

n+m n n+m
Z aj:Zaj—i- Z a; (1'4)
7j=1 7=1 j=n+1

-
-

Observation 1.6: index translation

For every sum Z?zl a; and natural number m > 1, we have:

n n+m n—m
D= D Gem= ) Gm (1.5)
7=1 j=14+m j=1-m

~
|\

Observation 1.7: index reflexion

For every sum > "_, aj, we have:

n n n—1
D 4= an-jr1=) anj (1.6)
j=1 Jj=1 J=0

~
|\

Proof. The three properties are simply different notations and/or arrangements of the
terms in the sums. O
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1.3 Some important sums

Observation 1.8: sum of the first n positive natural numbers

For every natural number n > 1, we have:

Proof. We have:

3
3

INgE
.

!

| =

N | =

Il
Mo |
(1=
(S
+

3

|
.
_l’_
N

(n+1): -

N | =

n

O

Observation 1.9: sum of the first n positive even numbers

For every natural number n > 1, we have:

n

Z2j:n2+n (1.8)

=1

Proof. We have:
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Observation 1.10: sum of the first n odd numbers

For every natural number n > 1, we have:

n—1 -
Z(Qj +1) = n?  or equivalently Z(Qj -1)= n2
J=0 j=1

S J

Proof. We have:

n—1 n—1 n—1 n n
dRi+1)=2>j+> 1=2> G-+ 1
i=0 =0  j=0 =1 j=1

n n

=2 (> i-> 1] +n
j=1 j=1

2
=¥ (n ;—n—n>+n:n2+n—2n+n:n2

n n n
S@i-n=2)3-31
j=1 j=1 =1
2
=2 (n ;n>—n:n2+n—n:n2

1.4 Exercises

Prove, using the properties of the sums, that for every natural number n > 1 we have:

6

_n (n+;§ (2n+1)
- 6

n 3 2
Zk2:2n +3n“+n (1.9)
k=1

J/

(sum of the squares of the first n natural numbers without zero).

- J
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We start by writing >"3_o(k + 1)3 in two different ways:

n n
D k+1° =) (¥ +3k+3k+1)
k=0 k=0

<n k> +3 Zk2+3 Zk+21>+1
k=1

k=1

n 2
=> K +3 Zk2+w+n+1
=il

n n+1 n
) D k+1P=> K => F+n+1)?
k=0 k=1 k=1

(in 1) the term with &k = 0, equal to 1, has been separated from the others). Equating the
expressions and canceling the sum with k3 we get:

n 2
3Zk2+w+n+1:(n+1)3
k=1

Isolating the sum with &2 we get:

2
3218 (n+1) M—n—l

3n?+3
:n3+3n2+3n+1—y—n—1

_ M3 +3n2+n

Then we have:

Compute the sum of the squares of the first 10, 100 and 1000 natural numbers (without
zero).
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Using formula (1.9), the sum of squares of the first 10 natural numbers (without zero) is:

= 385

ik2_2-103+3.102+10
k=1 6

The sum of squares of the first 100 natural numbers (without zero) is:

%1& ~2-100° + 3 - 100% 4 100
k=1

6

= 338.350

The sum of squares of the first 1000 natural numbers (without zero) is:

1%) 12 _ 2-1000° + 3 - 1000° + 1000

6
k=1
. J

Prove, using the properties of the sums, that for every natural number n > 1 we have:

= 333.833.500

4

_n2 (n+1)2 _ (n24n)2
- 4 - 4

n 4 3 2
2
Sk = ntintnt (1.10)
k=1

(sum of the cubes of the first n natural numbers without zero).

. J

We start by writing Y ")_o(k+ 1)* in two different ways, using formula (1.9) for the sum of
the squares:

n

D D (k+1)' =D (K" +4k° +6k° +4k+1)
k=0 k=

k=1 k=1
n n+1 n
2) E+D*=> E'=> k+m+1)*
k=0 k=1 k=1
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Equating the expressions and canceling the sum with k* we get:

n
4 Zk3+2n3+5n2+4n+1 = (n+1)*
k=1
Isolating the sum with k> we get:

n
4Zkg:n4+4”3+6n2+4n+1—2n3—5n2—4n—1:n4+2n3+n2
k=1

Then we have:

Exercise 1.4

Compute the sum of the cubes of the first 10, 100 and 1000 natural numbers (without zero).

Using formula (1.10), the sum of cubes of the first 10 natural numbers (without zero) is:

= 3025

ik?» _ 10% 4+ 2103 4 102
4
k=1
The sum of cubes of the first 100 natural numbers (without zero) is:

% 13 _ 100" 42 100° + 1002
k=1

= 25.502.
1 5.502.500

The sum of cubes of the first 1000 natural numbers (without zero) is:

1000 4 3 2
1000% + 2 - 10003 + 1000
Z k3 = s 1 i = 250.500.250.000
k=1
_ _J

Prove that the sum of the cubes of the first n natural numbers (without zero) equals the
square of the sum of the first n natural numbers (without zero):
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Solution

Using formula (1.10) and the formula ) ,_; k = %, we have:

2 O 2 21 O R0 Y i
Lot e seth () - ()

a
|\

Using the index translation, rewrite the following sums so that the sum index starts from
1, and compute them:

12 n—1 49
a) > (7—27% b)Y (G+1) ) > (25+1)
7j=3 7=0 7=0

Vs
.

a) With the index translation by m = 2 (setting i = j — 2, when j goes from 3 to 12, i
goes from 1 to 10) and formula (1.9):

12 10
2-103+3-10%2+10
o 2_ .2_ _
;(3—2) —;z = : = 385

b) With the index translation by m =1 (setting ¢ = j + 1):

c) With the index translation by m = 1 (setting ¢ = 7+ 1, so that 2j+1 = 24— 1), this
is the sum of the first 50 odd numbers:

49 50
D 2j+1)=> (20— 1) =50 = 2500
j=0 i=1

a
|\

Find a closed formula for the sum

n

> (35%-2j+5)

=1

and use it to compute the value for n = 10.

AN

(.
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Using the union of sums, the product by a constant and the sum with constant term, we
have:

n

D (352 -2j+5)=3) 2-2> j+> 5
j=1 j=1 j=1

Jj=1

2n3 +3n%2 +n n?+n

=3 2 5
6 9 +on
3 3 o 1 9 2n3 +n? + 9n
=n"+-n"+-n—-n"-n+dn=—--——
2 2 2
For n = 10 we get:
10 2000 + 100 + 90
> (3i2-2j+5) = 5 = 1095
j=1

As a check: 3-385—2-55+5-10 = 1155 — 110 + 50 = 1095.

Using the decomposition property, compute:

20 2n
a) » % b)) > j (nx>1)

j=11 j=n+1

-
N\

-
&

Solution

a) From the decomposition Z?il §2 = 231-0:1 32+ Z?in 42 and formula (1.9):

20 20 10 3 2
2-20° 4+ 3-20°+ 20
2 2 .2
E = E — E = — 385 = 2870 — 385 = 2485
]:11] ]_1j j_lj e

b) From the decomposition E?le =)+t Z?Znﬂj:

i o (2n)?2+2n n?+n B m2+2n—n?—n B 3n%+n
N 2 2 -T2
j=n+1
- J
a) Prove that for every sequence of real numbers aq,ag, ..., a,+1 we have (telescoping

sum):
n

Z (aj+1 — aj) = Qp+1 — a1

=1

SAPIENZA
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(G+1)

n
1
b) Using a), compute Z ———— and its value for n = 99.
— J
7j=1

a) Using the union of sums, the index translation and the decomposition, we have:
n n n n+1 n
D (@i—a) =3 am—) =3 a;=3 q
j=1 j=1 j=1 §=2 j=1
n n
= Zaj +apt1 | — | a1 +Zaj = an+1 — a1
j=2 J=2
b) Since
1 G+D-j 1 1
iU+ j0E+Y) 5 i+l
we can apply a) with a; = —%:
n n
1 1 1 1
*=Z<—.——<——.>>=— +1= n
j:17(3+1> = j+1 J n+1 n+1
For n = 99 we get f—d%.

Ve

Exercise 1.10

n
Compute Z (( i+ 1)2 — j2) in two different ways and deduce again the formula
j=1

n. n®+n
>i="

A

Vs

First way: it is a telescoping sum (Exercise 1.4) with a; = 42, then:

n
D (G+1)? -5 =(m+1)>-1=n’+2n
j=1
Second way: since (j + 1)? — j2 =2 j + 1, we have:

n n

SG+D2 =52 = @2j+1) =2 j+n
j=1

J=1 J=1

SAPIENZA
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Equating the two expressions:

n2+n
2

n n
2Zj+n=n2+2n that is ij
j=1 j=1

Exercise 1.11

A double sum 377, >7", a;; is the sum for i from 1 to n of the inner sums 77" a;;.
Compute, for every pair of natural numbers n,m > 1:

a)ZZz—f-] b) > Y iy

i=1 j=1

|\

and the value of a) for n =3 and m = 4.

- J

a) For the inner sum (i is constant with respect to j):

' (z—i—j):Zz—i-Zj:mz—i-T
j=1 7j=1
then
SY i)=Y (mi+ T ) =m0 T
i=1 j=1 =1

nmn+1)+nmm+1) nm(n+m+2)
2 B 2

For n = 3 and m = 4 we get ¥:54.
b) Using twice the product by a constant:
n n n2 -t n 2
>3 =3 (12 = (2] Ti- (5
J=1 1

i=1 j=1 j=1 =

(& J

Exercise 1.12

Compute, for every natural number n > 1, the following double sums in which the upper
index of the inner sum depends on i:

DY WYY

i=1 j=1 i=1 j=1

and the value of b) for n = 10.

-

&
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a) Since ) 5_; 1 =1, we have:

b) Since E;le = @, using formula (1.9) we have:

n

n2+n

i=1 j=1 i=1 i=1

203+ 6n’+4n  n(n+1)(n+2)
B 12 B 6

For n = 10 we get % = 220.

ni' .2+. 1 n' n' 123+32+
33 5=3 R (S 3] - (e,

2

)

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini

17


https://github.com/fabiofurini/linear-algebra
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Chapter 2

Products

2.1 Definition

Definition 2.1: product

Given n values a; € R with j € {1,2,...,n}, the product
al as ... an

can be indicated in compact form with the product symbol:
n
[Le
j=1

which reads: “product for j from 1 to n of a;”. The symbol j is called product index.

e The product symbol is therefore very useful when the terms a; are explicitly defined as a
function of the product index j.

Example 2.1: products

Hl 111111111

n
[[72 = 245 ...»°
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2.2 Properties

Observation 2.2: product with constant term

For every natural number n > 1 and real number ¢, we have:
n

JIE

=1

~
.

Proof. We have:

Il
o)

cc...cC
~—

:H;”ZI ¢, ¢ multiplied n times

O
Observation 2.3: product by a constant

For every product H?:l a; and real number ¢, we have:

H(c aj) =c" H a; (2.2)
j=1 j=1

~
|\

Proof. From the commutative and associative properties of the product, we have:

cajcay...cap, = (cec...c) (a1 az ... ap)
——_——’
ZH?:l(C aj) :H?zl ¢, c multiplied n times

~
=c [[j=1 a5

O

Observation 2.4: product of products

For every pair of products H 1 a;j and H 1 bj, we have:

a; Hb] H (2.3)

~
.

Proof. We have:
alag...anblbg...b 1blagb2...anbn

=[1}=1a; ITj=1b; =I1}=1(a; bj)

\3
I
(
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Observation 2.5: decomposition

For every product H?i{n aj, we have:

n+m n
H a; = Haj H Qj (2.4)
g=1 j

7=1 j=n+1

~
|\

Observation 2.6: index translation

For every product H?Zl a; and natural number m > 1, we have:

n n+m n—m
[Ho= 11 wn= 11 @ (2:5)
7j=1 j=14m j=1-m

~
1\

Observation 2.7: index reflexion

For every product H?:l aj, we have:

n n n—1
H a; = H an—j+1 = H an—j (2 6)
j=1 j=1 Jj=0

-
-

Proof. The three properties are simply different notations and/or arrangements of the
terms in the products. O

2.3 Factorial

Definition 2.8: Factorial

The factorial of a natural number n, denoted as n!, is the product of the first n positive
natural numbers. By convention, the factorial of 0 is defined as 1.

e Formally, the factorial is defined as follows:

1 if n=0,
nl = (2.7)
[T_yj if n>1.

e A closed formula for the factorial is not known but Stirling’s approximation provides an
asymptotic approximation.
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Observation 2.9

For every pair of natural numbers n > 0 and k € {0,1,...,n}, we have:

n

k
Hn—j-{—l H J (2.8)

j=n—k+1

e Formula (2.8) is the product of k factors, from n and decreasing by one unit at a time.

e By convention, a product with no factors (i.e., whose upper index is smaller than its lower
index, as H?:l aj) is equal to 1. This convention is consistent with 0! = 1 and makes
formula (2.8) valid also for £ = 0 and k = n.

Proof. We have:

. . k
n! _ H;L:L] _ H] 1.7 H] —n— k+1] ﬁ S H(n j+1)
AT -k k

(n —k)! | J | j=n—k+1  j=1

Example 2.2: use of the observation

2
= [ (100 - j + 1) = 100 - 99 = 9.900
j=1

100! 100!
98] ~ (100 —2)!

2.4 Exercises

Compute:
7! 10! 10!

Vsp 9 Doy

a) bl, b

a) 5!=T[_;j=1-2-3-4-5=120.

b) Using the formula (—'k), = H?Zl(n —j+1) withn="7and k =2: g: =7-6=42.

c¢) With n =10 and k = 3: 2 =10-9-8 = 720.

d) From c): % = 2 = 720 = 120.
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Exercise 2.2

Prove that for every natural number n > 1 the product of the first n positive even numbers

18:
n

[[27=2"n

J=1

and compute its value for n = 5.

&

Using the product by a constant (with ¢ = 2 and a; = j) we have:

.

Forn =5: [[/_12j=2-4-6-8-10 =2 -5 = 32 - 120 = 3840.

.

Prove that for every natural number n > 1 the product of the first n odd numbers is:

.

—~

2n)!

25 =1= 500

1

n

J

and compute its value for n = 4.

.

.

The factors of (2n)! = H?le are the n even numbers 2,4, ...,2n and the n odd numbers
1,3,...,2n — 1. Rearranging the factors and using Exercise 2.4, we have:
n n n
@n)t=]2J [Jei-D=2"n []25-1)

j=1  j=1 j=1

and then .
, (2n)!
j=1

_ 40320 __ 40320 __ 105

Forn=4:1-3-5-7 =105 and indeed 1= S = S

8!
24.4

~
.

Exercise 2.4

a) Prove that for every sequence of non-zero real numbers aj,asg,...,ay,+1 we have
(telescoping product):
n
H aj+1  Qnil
a; a
j=1 !
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b) Using a), compute H ]7
j=1

Vs
.

Solution

a) Using the product of products, the index translation and the decomposition, we have:

n n ) n+1 " _ai) a

H Aj+1 Hj:l aj+1  1lj=2 a5 (HJ=2 7) Ontl apig
- n n

5 HJ 145 Hj:l 5 @ szzaj i

Jj=1

b) Applying a) with a; = j:

ﬁ' n—i—1:n+1

Vs
|\

Exercise 2.5

|

Prove that for every natural number n > 2 we have:
ﬁ <1 1 > n+1
-] =
o 7 2n

and compute its value for n = 10.

s
N

Since
L =1 G-DG+) _j-1j+1
j2 J2 j2 J J

from the product of products we have:

[1(-5)-15* 15

j=2
Both products are telescoping (Exercise 2.4, with the index starting from 2): with a; = %
we have a;lil = 'J , and with a; = j we have % ]1 inl Then:
ﬁ' 12 n—1 1 ﬁj+1_34 n+l n+l
"2 n n . i 2 3 n o 2
: ]:2
and therefore
ﬁ (1 1 ) ln+l n+1
-=)==
o J n 2 2n
For n = 10 we get %
(& J
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Exercise 2.6

Using the index translation and the index reflection, prove that:

n n—1
a) [[6-2=m-2! n=3), D) [[n-5)=n (n=1)
=3 Jj=0

J

and compute the product in a) for n = 8.

.

.

Solution

a) With the index translation by m = 2 (setting ¢ = j — 2, when j goes from 3 to n, i
goes from 1 to n — 2):

n n—2
[Ti-2=]]i=@®-2)
=3 i=1

For n =8: [[5_3(j — 2) = 6! = 720.

b) With the index reflection (with a; = j, so that a,—; =n — j):

n—1 n—1 n n
=y 7=0 j=1 j=1

a
A\

Exercise 2.7

Prove that for every natural number n > 1 we have:

n 2
Iz -2
Jj=1

and compute its value for n = 4.

(&

.

Solution

Since the product of powers with the same base is the power with the sum of the exponents
(29 20 = 29%b)  we have:

n
H 2] — 21 22 o 2n — 21+2+...+n — 22?:1] — 2712;71
7=1

For n = 4: 21.22.23.24 =210 — 1024,

-

|\

Exercise 2.8

Prove that for every natural number n > 1 we have:

o=l < pl < pn
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We use the fact that if 0 < a; < b; for every j € {1,...,n}, then [[7_; a; < T7_; b; (the
inequalities between non-negative numbers can be multiplied member to member).

e Upper bound: since j < n for every j € {1,...,n}, using the product with constant
term we have:

e Lower bound: for n = 1 we have 2° = 1 = 1. For n > 2, using the decomposition
and since j > 2 for every j € {2,...,n}, we have:

a
|\

Prove that (n 4+ 1)! = (n+ 1) n! for every natural number n > 0, and use it to simplify, for

n > 1, the expression
(n+ 1) —n!

(n—1)!

Then compute its value for n = 6.

(.

AN

For n =0 we have 1! =1=1-0!. For n > 1, from the decomposition:

n+1 n
m+D)'=J[i=(]]i] m+D=m+1)n
j=1 j=1
Then, using it twice (n! = n (n — 1)! holds for n > 1):
(n+ 1! —n! _ (n+1)n!—n! __nnl nn(n—1) _ 2
(n—1)! (n—1)! (n—1)! (n—1)!

_ . T'=6! _ 5040-720 _ 4320 _ 9n _ @2
For n =6: “z> = 55— = 957 = 36 = 6.

-

-
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Part 11

Vectors and matrices
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Chapter 3

Vectors

3.1 Definition and transpose

Definition 3.1: Vector

A vector is a column of real numbers with n rows.

Given a vector a € R"™, we write:

laly ai

[al2 _ az
a= . or, for brevity, a=

[a]n Qnp,

e The integer n is the dimension of the vector (the number of rows).

e The quantity [a]; (or a;) denotes the i-th entry (or i-th component) of a, for i €
{1,2,...,n}.

Example 3.1: Vector

The vector
2
-5 A
= eR
=1 s
1
is a column vector with n = 4 rows, where a; = 2, ao = —5, ag = 3, and a4 = 1.
- J

Definition 3.2: Transpose of a vector

Given a column vector a € R", the transpose of a, denoted by a’, is the row vector:

a = (al as ... an) e R, (3.1)
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Example 3.2: Transpose of a vector

Given the column vector

its transpose is the row vector

a=(2 -5 3 1) R

3.2 Sum of vectors and scalar multiplication

r

Given two column vectors
b1 w1
D2 w2
| e R® and e R"
Dn Wn,
~—— ~——
p w
their sum is the vector
p1+w
P2 + wo
p+w= ) eR" (3.2)
Pn + Wn
. _J
e N
Given a scalar A € R and a column vector
p1
b2
.| eR”
DPn
N——
D
the scalar multiplication of p by A is the vector
Ap1
Ap2
Ap = . e R" (3.3)
Apn,
. _J
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Example 3.3: Sum of vectors and scalar multiplication

Consider the following two vectors and a scalar:

p=(i)em w=(emn a=2
pro=(i11)=() »=2()-()

Then:

3.2.1 Properties

' \
The properties of vector addition and scalar multiplication are:
p+tw=w+p, Vp,weR" (3.4)
ptw)+u=p+(w+u), Vp,w,ucR" (3.5)
Ap+w)=Ip+Iw, VIER, pweR" (3.6)
A+ pwp=Ap+pup, YA\ pueR, peR" (3.7)
AMpp) = (Aw)p, YA peR, peR” (3.8)
1-p=p, VpeR™ (3.9)
& J
3.3 Scalar product
( A
Given two column vectors
Y41 wq
p2 w2
cR" and . cR"”
pn wn
~—— ~——
p w
the expression
pw=3"pju, (3.10)
j=1
is called the scalar product of p and w.

(& J
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Example 3.4: Scalar product

Consider the two vectors (i) € R? and (le> € R2. Their scalar product is:

(1 4) (i) =1-4+4-1=4+4=8.

3.3.1 Properties

e \
The properties of the scalar product are:
pw=wp, VpwecR" (3.11)
pw+u)=pw+pu VpwucR" (3.12)
A(p'w)=(Ap)w, VINER, p,weR" (3.13)
From the definition we have:
pPp>0, VpeR"” and pp=0<p=0 (3.14)
\ J

3.4 Linear combinations and linear independence

Definition 3.3: Linear combination

Given k vectors v1,vs, ...,V € R™ and k scalars A1, Ao, ..., A\ € R, the vector
k
A1V + Agwg + - + Aoy, = Z \iv; € R” (3.15)
i=1
is called a linear combination of v1,vs,...,v; with coefficients A1, Ao, ..., \p.
. J

e We denote by 0 € R™ the zero vector, i.e., the vector whose entries are all equal to 0.

e Choosing Ay = Ay = -+ = A\ = 0 we always obtain 0: this is called the trivial linear
combination.

Example 3.5: Linear combination

Consider the vectors
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and the coefficients Ay = 2 and Ay = —3. The corresponding linear combination is
2 0 2
201 —3vy=(4]+ -3 =1|[1
0 3 3
(& J
Definition 3.4: Linearly independent vectors
The vectors v1,vs, ...,v; € R™ are linearly independent if the only linear combination

equal to the zero vector is the trivial one, i.e.,

MU+ X+ -+ M =0 — A =X=---=);=0. (3.16)
Otherwise, i.e., if there exist coefficients A1, s, ..., A\, not all zero, such that A\jvi +
Aovg + - -+ + A\pv = 0, the vectors are linearly dependent.
. J

Example 3.6: Linearly independent vectors in R?

Consider the vectors v1 = <;> and vy = <i’> € R2. The condition A\jv; 4+ Aavy = 0 reads

A +3X =0
2201+ X2 =0

From the first equation A\; = —3\9; substituting in the second one we get —6As + Ao =

—5X2 = 0, hence Ao = 0 and A\; = 0. Therefore, v; and vy are linearly independent.
g J

Example 3.7: Linearly dependent vectors in R?

Consider the vectors
(1 (3 (4 9
v1—<2>, ’02—(1>, '03—(3>ER.

With the coefficients A\ = 1, Ao = 1, A3 = —1 (not all zero) we get

1434\ _ (0
vz =lop1-3) = o)

Therefore, v1, vo and v3 are linearly dependent.

Example 3.8: Linearly independent vectors in R?

Consider the vectors

Va
|\

0 1
v = — 1 , vz = 1 c R3.
1 0
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The condition Ajv1 + Aqvs + A3v3 = 0 reads
AM+A3=0
A+ A3 =0
AM+A=0
From the first two equations A\; = —A3 and Ao = —Ag; substituting in the third one we get
—2A3 = 0. Hence A1 = Ao = A3 = 0, and the three vectors are linearly independent.
. J

Example 3.9: Linearly dependent vectors in R3

Consider the vectors

1 4 7
vi=12], vo=15], vy = |8 ER?).
3 6 9
With the coefficients Ay =1, Ada = =2, A3 = 1 we get
1-8+47 0
v —2v9+v3=|(2-10+8] =10
3—12+9 0

Therefore, the three vectors are linearly dependent. Equivalently, vs = 2v9 — v is a linear

combination of v1 and vs.
g J

Observation 3.5: Sets containing the zero vector

Any set of vectors v1,va, . ..,v; € R" containing the zero vector 0 is linearly dependent.

Proof. Assume, without loss of generality, that v1 = 0. Choosing Ay =land Ao =--- =X, =0
we get 1-040-v9+---4+0-vg =0, which is a linear combination equal to 0 with coefficients
not all zero. O

Observation 3.6: Characterization of linear dependence

Let k > 2. The vectors vy, vo,...,vr € R™ are linearly dependent if and only if at least
one of them is a linear combination of the others.

Proof. (=) If the vectors are linearly dependent, there exist coefficients, not all zero, such that
Zle Aiv; = 0. Let j be an index with A\; # 0. Then

>\A
v =Y (‘X) v
i#j J
i.e., v; is a linear combination of the others.

() Ifv; = Z#j w;v; for some scalars p;, then Z#j piv; + (—1) v; = 0, which is a linear
combination equal to 0 whose coefficient of v; is —1 # 0. O
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Observation 3.7: More than n vectors of R"

Any k > n vectors of R™ are linearly dependent.

e We state this result without proof. For instance, any three vectors of R? are linearly
dependent (see Example 3.7).

3.4.1 Span and basis

Definition 3.8: Span

The span of the vectors v1,vo,...,v; € R™ is the set of all their linear combinations:

span(vl,vg, .. .,Uk) = {)\1’1)1 4+ Aovg 4+ -+ MV - AL Ag, .., A € R}. (3.17)

Definition 3.9: Basis of R"

The vectors v1,v2,...,v; € R™ form a basis of R" if

e they are linearly independent, and

e span(vy,vs,...,vg) = R", ie., every vector of R" is a linear combination of them.

Observation 3.10: Coordinates with respect to a basis

If vy, v9,...,v; form a basis of R", then every vector * € R™ can be written in a unique
way as € = AMvi + Aovo + - + A\gvg. The coefficients A1, Ao, ..., A\ are called the
coordinates of x with respect to the basis.

Proof. Such coefficients exist because the span of the basisis R”. If & = Zle Av; = Zle 105,

subtracting the two expressions we get Z§:1()\i — pi)v; = 0. Since the vectors are linearly
independent, A\; — u; =0 for all ¢ € {1,2,... k}. O

Definition 3.11: Canonical basis

Fori € {1,2,...,n}, we denote by e; € R™ the vector whose i-th entry is equal to 1 and
all other entries are equal to 0O:

1 0 0

0 1 0

e = 5 € = . ’ ’ €n =

0 0 1

The vectors eq, e, ..., e, form the canonical basis of R".
. J
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Observation 3.12: The canonical basis is a basis

The vectors ey, es, ..., e, form a basis of R", and every € R" satisfies

T =x1€1 + x2€2 + -+ TpE,.

Proof. For any scalars Ay, ..., \, we have

el + -+ e, = ()\1 Ay ... )\n),
This vector is equal to 0 only if A\; = --- = A, = 0, hence the vectors are linearly independent;
choosing \; = x; we obtain (3.18), hence their span is R". O

e [t can be shown that every basis of R™ consists of exactly n vectors.

Example 3.10: Canonical basis of R3

The vector x = (2 -5 3)/ € R3 can be written as

1 0 0
x=2(0]—-5|1]+3]|0] =2e; —5es + 3es.
0 0 1

-
(&

Example 3.11: Coordinates with respect to a basis of R?
. 1 1
Consider the vectors v = 1 and vy = 1)

e They are linearly independent: A\; + Ao =0 and A\ — Ay = 0 give A\; = Ao = 0.

e Their span is R?: for every (a b)/ € R?,

6)-50)+ = ()

Hence v1, v form a basis of R?. For instance, the coordinates of & = (3 1)/ are \; =

ﬂz?and)\gz%:lz
3 1 1
(1) =20)(5)

2

-
.
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3.5 Exercises

Exercise 3.1
Consider the vectors
2 -1
p=|-1]1, w=| 4 | eR.
3 0

Compute p + w, 3p and 2p — w, and verify that p + w = w + p.

-
\

Solution

Sum and scalar multiplication are computed entry by entry:

2+ (1) 1 3.2 6
ptw=| —-1+4 | =(3], 3p=1{3-(-1)] =1[-3
3+0 3 3-3 9
For the last vector, 2p — w = 2p + (—1)w:
4 -1 4+1 5
w-w=|-2]-|4]|=|-2-4|=[-6
6 0 6—0 6

Finally, w + p = (—1 +2 4-—-1 0+ 3)/ = (1 3 3)/ = p + w, as stated by the commu-
tative property of the sum.

Vs
.

Exercise 3.2
Consider the vector a = (1 -2 0 5)/.
1. Write a as a column vector and give its dimension.

2. Write @’ and (a')’.

3. Compute a’a.

r
N

Solution
1. The vector is the transpose of a row vector with 4 entries, hence
-2

= R*
a 0 € 5

5

and its dimension is n = 4.

2. Transposing a column vector gives a row vector, and transposing twice gives back the

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 35


https://github.com/fabiofurini/linear-algebra
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Algebra

original vector:

3. By definition of scalar product,

aa=1-1+(-2)-(=2)+0-0+5-5=1-+4+0+25=30.

As expected, a’a > 0, and a’a # 0 since a # 0.

(& J

Consider the vectors

1 4 0
b= 2 s w=|-1 s u= |3 GR?’.
-3 2 1

1. Compute p’w and w'p.
2. Compute p'(w + u) and verify that it is equal to p'w + p'u.

3. Compute (2p)'w and compare it with 2 (p'w).

- J

1.

pw=14+2-(-1)+(-3)2=4-2—-6 = —4, w'p =4-1+(-1)-2+2-(-3) = —4.
The two values coincide (symmetry of the scalar product).
2. We have w +u = (4 2 3),, hence
pPlw+u)=1-44+2-24(-3)-3=4+4-9=—1.

On the other hand, pu=1-0+2-34+(-3)-1=3,s0 pw+p'u=—-4+3= -1, as
expected.

3. We have 2p = (2 4 —6)’, hence

2p)w=2-444-(-1)+(-6)-2=8-4-12=-8=2-(-4) =2 (p'w).

Vs
|\

Two vectors p, w € R" are called orthogonal if their scalar product is zero, i.e., p’w = 0.

1. Verify that (1 2 2)/ and (2 —2 1)/ are orthogonal.
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2. Find the value of o € R such that p = (1 « 2)/ and w = (3 -1 oz)/ are orthog-
onal.

2
L. (12 2)(-2]=1-24+2-(-2)+2-1=2—-4+2=0, hence the two vectors are
1
orthogonal.

2. We compute the scalar product as a function of «:
pPw=1-3+a (-1)+2-a=3+a.

Imposing p'w = 0 we get 3+ a = 0, i.e., « = —3. Check: with a = -3, p =
1 -3 2, w=03 -1 -3) andpw=3+3-6=0.

Consider the vectors v = (1 0 2), and vy = (—1 3 1)’. Compute the linear combina-
tions 3v; — 2v9 and —v7 + va.

Consider the vectors v; = (1 1 O)I and vy = (O 1 2)/ . Determine whether the following
vectors are linear combinations of v; and vo and, if so, find the coefficients:

2 1
w=1|5], u= 12
6 3

We look for A1, Ao € R such that A\jv; + Aswo equals the given vector. Since \jvi + Aqvo =
()\1 A1+ Ao 2)\2)/, we compare the entries.
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e For w:
A1 =2
AM+X=5H
2X0 =6
The first equation gives A\; = 2, the second one Ao = 3, and the third one is satisfied
(2-3=06). Hence w = 2v; + 3vs.

e For u:
A =1
A+ A =2
229 =3

The first two equations give Ay = 1 and A2 = 1, but then 2A9 = 2 # 3. The system
has no solution, hence u is not a linear combination of v; and vs.

Determine whether the following pairs of vectors of R? are linearly independent:

o ()G w0)6)

(a) The second vector is twice the first one: (4 2)’ =2(2 1)/. Hence, with A\; = 2 and

()1()-(0)

a linear combination equal to 0 with coefficients not all zero: the vectors are linearly
dependent.

(b) The condition A; (2 1)/ + X2 (1 3)/ = 0 reads

2201+ X =0
AM+3X=0
From the second equation A\ = —3M\g; substituting in the first one, —6Ay + Ay =
—5X2 = 0, hence A2 = 0 and A\; = 0. The vectors are linearly independent.
(. J

Determine whether the following sets of vectors of R? are linearly independent. If they are
dependent, find a linear combination equal to 0 with coefficients not all zero.

Loi=(1 2 1), ve=(0 1 1),w3=(1 3 2).

2w =(1 0 0),wo=(1 1 0, wy=01 1 1).
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1. The condition A\jv1 + Agva + A3v3 = 0 reads

AM+2A3=0
2M\{ + A2+ 33 =0
AM+A+2X3=0

From the first equation A\ = —A3. Substituting in the second one: —2A3+A2+3A3 = 0,
i.e., Ao = —A3. The third equation becomes —A3 — A3 +2A3 = 0, which holds for every
A3. Choosing A3 =1 we get Ay = Ay = —1:

—1-0+1 0
—v—vet+v3=[-2—-143| =10
—1-142 0

The vectors are linearly dependent (indeed vs = vy + v2).
2. The condition A\jwqi + Aswsy + A3ws = 0 reads
AL+ A+ A3=0

A+ A3=0
A3 =0

Solving from the last equation upwards: A3 = 0, then Ay = 0, then Ay = 0. The
vectors are linearly independent.

a
(&

Without solving any system, explain why the following sets of vectors are linearly dependent,
and exhibit a linear combination equal to 0 with coeflicients not all zero.

L. (100,0 10,001,102 3 cr
2. (1 2), (0 0) er2

3. (1 2), (-1 —2) eRr2

e
(N

1. These are 4 > 3 vectors of R, hence they are linearly dependent. Explicitly, the first
three vectors are the canonical basis ey, es, e3 and (1 2 3), = le1 + 2e5 + 3es, so

1
le; +2e2+3e3—112]| =0.
3
2. The set contains the zero vector, hence it is linearly dependent: 0 (1 2)/—1—1 (0 0)/ =
0.
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3. The second vector is a linear combination of the first one, (—1 —2), = -1 (1 2)/,
hence 1 (1 2)/ +1 (—1 —2), =0.

Exercise 3.10

Consider the vectors

1 0 1
bi=1{1], by=|(1], bs= (0] eR3.
0 1 1

1. Prove that by, by, b3 form a basis of R3.

2. Find the coordinates of & = (4 3 5)/ with respect to this basis and with respect to
the canonical basis.

s
.

1. We must show that the vectors are linearly independent and that their span is R?.
Given y = (a b c)’ € R3, the equation A\1by + Aabs + A3bs = y reads

AM+A3=a
AM+A=0b
Ao+ A3 =c

Summing the three equations: 2(A;1 + X o+ A3) = a+b+c¢, i.e., A1 + Ao + A3 = s with
s = %IH'C. Subtracting from this each equation we get the unique solution

Al =s—c, Ao =5 —a, A3 =s—b.

e Since a solution exists for every y, the span is R3.

e Fory=0(a=b=c=0) we get s=0and A\ = Aa = A3 = 0: the vectors are
linearly independent.

Hence by, by, b3 form a basis of R3.

2.Forscwehavea:4,b:3,c:5,sos:“’%zGandAlzﬁ—5:1,
)\226—4=2,A3=6—3=3. Check:

1 0 1 1+0+3 4
111)+2(1)+3(0]=|1+24+0] =13
0 1 1 0+2+3 )

With respect to the canonical basis the coordinates are simply the entries of @: « =
4eq1 + 3es + Ses.

Vs
|\
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Chapter 4

Matrices

4.1 Definition and properties

4.1.1 Definition and transpose

Definition 4.1: Matrix

A matrix is a rectangular table of real numbers with m rows and n columns.

Given a matrix A € R™*", we write:
(Al [Al2 [A]1, ai amp a1n
[Alz1 [Al22 -+ [Al2a . az  ag aon
A= . . ) ) or, for brevity, A=
[A]m,l [A]m,Q e [A]m,n Aml Am2  **°  Gmn

e The integers m and n are the dimensions of the matrix: m is the number of rows and n
is the number of columns.

e The quantity [A];; (or a;;) denotes the entry of A in row ¢ and column j, for i €
{1,2,...,m} and j € {1,2,...,n}.

Example 4.1: Matrix

The matrix
(1 2 3 9%3
A= <4 5 6> eR

is a matrix with m = 2 rows and n = 3 columns, where a1; = 1, a13 = 2, a13 = 3, as; = 4,
agy = 5, and as3 = 6.

(& J

Definition 4.2: Transpose of a matrix

Given a matrix A € R™*", the transpose of A, denoted by A’, is the n x m matrix
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obtained by interchanging rows and columns:
ailr @21 v Gml
A= [T O g, (4.1)
ain aén ce ar;zn
. J

e The entry in position (i, ) of the transpose matrix A’ is:

a; = ajz, Vie{l,2,...,n}, Vje{l,2,...,m}.

Example 4.2: Transpose of a matrix

Given the matrix
({1 2 3 2%3
A= ( i 5 6) € R**°,

its transpose is

1 4
A =2 5] erR3*2
3 6
\ J

4.1.1.1 Rows and columns

e The i-th row of a matrix A is denoted by

Ri (A) or Az

e The j-th column of a matrix A is denoted by

Ci(A) or A;j
e In both cases, we can simply use R; or C; when the matrix is clear from the context.

4.1.1.2 Minor matrices

o Let A € R™™ be a matrix and let ¢ € {1,2,...,n}, j € {1,2,...,m}. We denote by
A;j the (n — 1) x (m — 1) matrix obtained from A by deleting row i and column j. The
matrix Aj;; is called the minor matrix associated with the entry a;;.
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Example 4.3: Minor matrix

Let
1 -2 0 5
13 4 7 -1 Axd
A= 9 0 -3 6 € R*"%.
—4 1 2 8

For i = 2 and j = 3, the minor matrix Agz € R3*3 is obtained by deleting row 2 and
column 3:

1 -2 5
A= 2 0 6
4 1 8
- J

4.1.2 Sum of matrices and scalar multiplication

s N
Given two matrices
aj; a2 -+ Qg bi1 bz -+ bin
a1 a2 - Qo cR™™  and 5?1 5?2 . b2.n J—
Aml Am2 - Amn bml bm2 tee bmn
A B
their sum is the matrix
a1 +bir  ai2+bi2 - aip+bin
agy +ba1  aga+by - ag, + by
A+B-= , . . (4.2)
am1 + bml am2 + bm2 “rr Qmp T bmn
i\ J
e 2
Given a scalar A € R and a matrix
aip a2 - Glp
az; G2 - Ggp c gmxn
aml1 Aam2 Amn
A
the scalar multiplication of A by A is the matrix
)\an )\a12 s Aaln
Aas1 Aagy - Aag
A= | o " (4.3)
Aam1 AAm2 0 Aamn
i\ J
. L. UNIVERSITA DI ROMA
Author: Fabio Furini 43


https://github.com/fabiofurini/linear-algebra
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Algebra

Example 4.4: Sum of matrices and scalar multiplication

Consider the matrices

(1 =2 (4 5\ e

A_(3 0), B_<_1 2)6R .
(144 245\ (5 3

A+B_(3+(—1) 0+2)_(2 2)’

m=2(; ) =(5 o)

Then

and, for A = -2,

4.1.2.1 Properties

p
The main properties of matrix sum and scalar multiplication are:
A+B=B+ A, VA BeR™" (4.4)
(A+B)+C=A+(B+C), VA B,CeR™" (4.5)
A+0=A, VAecR™" (4.6)
A+ (-A)=0, VAeR™" (4.7)
MA+ B)=MA+)B, VAeR, VA, BeR™" (4.8)
A+ p)A=X A+ pA, VA\pueR, VA eR™" (4.9)
AMpA) = (Ap)A, Y\ pueR, VA e R™" (4.10)
1-A=A and 0-A=0, VAeR™" (4.11)
- J
4.1.3 Matrix product
SAPTENZA
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p
Given two matrices

AB =

"

aii a2 Aln
a1 a2 a2n
. e R™*™ and
aml  Om2 Amn,
A

their multiplication is the matrix
21 a1;bjn

n
Ej:l a2jbj1

n
> =1 01552

n
> j=102;bj2

n n
Zj:l amjbj Zj:l amjbjo

where the entry in position (i, k), i.e., [AB]y = 2?21 a;jbjk, is the scalar product of the
i-th row of A and the k-th column of B.

b1 b2 bip
e
bnl bn2 bnp
B
> =1 ajbjp
> i1 az;bjp
€ R™*P (4.12)

Dt
j=1 @mjYp

Example 4.5: Matrix product

Consider the matrices

The product AB is:

The product BA is:

-

1 2

3 4) € R?*? and

AB

1-54+2-7
3:5+4-7

(19 22
—\43 50

5 6\ (1 2
Ba= (7 §) s 3

5-1+6-3
7-1+8-3

(23 34
~\31 46

(3G

_ (5 6 2%2
B_<7 8>ER

)

1-6+2-8
3:6+4-8

)

5:-2+6-4
7-2+8-4

Author: Fabio Furini
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Example 4.6: Matrix product

Consider the matrices

1 2 -1 2 1
A:< )eRM and B=|-1 0| ¢cR¥?
0 3 4
3 5
The product AB is:
2 1
AB:((l) ; _41> -1 0
3 5

1-2+42-(—1)+(=1)+3 1-14+2:04(=1)-5
0-2+3-(-1)+4-3  0-1+3-0+4-5

(-3 —4
L9 20
The product BA is:

2 1

BA=|-1 0 ([1) g _41>
3 5
2-1+1-0 2-241-3 2-(-1)+1-4
=(-1-140-0 -1-24+0-3 —-1-(-1)+0-4
3-1+5-0 3-2+5-3 3-(-1)+5-4
2 7 2
—|-1 -2 1
3 21 17
In particular, AB # BA.
\ J
4.1.3.1 Properties
4 N\

The main properties of the matrix product (when dimensions are compatible) are:

(AB)C = A(BC), YA eR™" BeR"P, C ecRP* (4.13)
A(B+C)=AB+ AC, YAeR™" B,C € R"? (4.14)
(A+ B)C = AC + BC, VYA,BecR™" CecR™ (4.15)

AMAB) = (M)B = A(AB), VA€R, VA € R™" B¢ R™ (4.16)
I,A=A and AI,=A, VYAecR™" (4.17)

Author: Fabio Furini
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In general, the matrix product is not commutative:

AB # BA in general. (4.18)

4.1.4 Special matrices

Definition 4.3: Square matrix

A matrix A € R™*" s called a square matrix if it has the same number of rows and
columns (m = n). In this case, A € R"*" and it has the form:

aip a2 -+ Ain
az; a2 -+ A2p

A= 7 . (4.19)
anpl ap2 - Qpn

~
.

Example 4.7: Square matrix

An example of a square matrix of size 3 is:

2 -1 0
A=|4 3 5| eRr®3
1 0 7

Ve
.

Definition 4.4: Identity matrix

A square matrix I, € R"*"™ is called the identity matrix if it has ones on the main
diagonal and zeros elsewhere. It has the form:

10 - 0
n,=\. . . (4.20)
00 1

~
.

e Equivalently, the identity matrix satisfies

1, ifi=j, o
I} = Vi,j € {1,2,...,n}.
1 {07 for ez
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Example 4.8: Identity matrix

The identity matrix of size 3 is:

100
Is=10 1 0] e R®3.
00 1
& J

e For any matrix A € R™*" we have:

I, A=A and Al, = A.

Definition 4.5: Diagonal matrix

A square matrix D € R™ " is called diagonal if all its off-diagonal entries are zero. It
has the form:
dy 0 -+ 0
0 dyy -+ O
D= . L N (4.21)
0 0 dnn
(. J

e Equivalently, a diagonal matrix satisfies

dl’jzo, Vi,j€{1,2,...,n}withi7éj.

Example 4.9: Diagonal matrix

The matrix

2 0 0
D=0 -1 0] er®3
0 0 5

is diagonal.

.

|\

Definition 4.6: Symmetric matrix

A square matrix QQ € R™" is called symmetric if it has the same entries with respect
to the main diagonal (i.e., the entry in position (i, j) equals the entry in position (j,1)).
It has the form:

q11 912 "' {in
q12 Q922 - Q2
e=|. T . . (4.22)
din 42n - Q4nn
. J
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e Equivalently, a symmetric matrix satisfies
qij = Qji, VZ,_] 6{1,2,...,n}.
e In matrix form, symmetry can be written as

Q' =Q.

Definition 4.7: Upper triangular matrix

A square matrix U € R™ "™ is called upper triangular if all its entries below the main
diagonal are zero. It has the form:

U1l U2 Ulp
0 wup -+ wugy
v=|. T . (4.23)
0 0 Wipmn
|\ J

e Equivalently, an upper triangular matrix satisfies

u;; =0, Vi,j €4{1,2,...,n} with i > j.

Example 4.10: Upper triangular matrix

The matrix

is upper triangular.

(&

.

Definition 4.8: Lower triangular matrix

A square matrix L € R™ " is called lower triangular if all its entries above the main
diagonal are zero. It has the form:

fiy 0 - 0
by fpp --- O
L = ] ] ) . . (4.24)
gnl £n2 e énn
\ y

e Equivalently, a lower triangular matrix satisfies

lij =0, Vi,j € {1,2,...,n} with i < j.
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Example 4.11: Lower triangular matrix

The matrix
3 00
L=|-1 2 0] eR®3
4 5 1
is lower triangular.
. _J

4.1.4.1 Permutation matrices

e Permutation matrices are square matrices obtained by permuting the rows (or equiva-
lently, the columns) of the identity matrix. They encode permutations of indices and
implement row /column reorderings through matrix multiplication.

( A
Given an ordering (permutation) 7 of {1,...,n}, we denote by P, the permutation

matrix obtained from I,, by reordering its rows according to 7, i.e., placing row 7(1) first,
then row m(2), ..., and finally row m(n).

e Row reordering by left multiplication. Given A € R™*™ and P, € R™*™, the
matrix

P A

consists of the rows of A reordered according to the permutation 7 (row 7(1) becomes
the first row, row 7(2) becomes the second row, etc.).

e Column reordering by right multiplication. Given A € R™*" and P, € R™"*",
the matrix

AP,

(note the transpose: P/ is obtained from I,, by reordering its columns according to
m) consists of the columns of A reordered according to the permutation 7 (column
7(1) becomes the first column, column 7(2) becomes the second column, etc.).

Example 4.12: Row reordering via permutation matrix

Consider the matrix

1 2
A= |3 4| eR¥
5 6
Given the desired row ordering 7 = (3,1,2) (i.e., row 3 first, then row 1, then row 2), we
use the permutation matrix P, obtained from I3 by reordering its rows as (3,1, 2):

00 1
P.=|(1 0 0] e R?*.
010
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Then:
0 0 1 1 2 5 6
P,A=|1 0 0 3 41 =11 2
010 5 6 3 4
The rows of A have been reordered according to m = (3,1, 2).

- J

Example 4.13: Column reordering via permutation matrix

Consider the matrix
_ 1 23 2x3
A= ( i 5 6> e R“"°,

Given the desired column ordering 7 = (2,3,1) (i.e., column 2 first, then column 3, then
column 1), we use the permutation matrix P, obtained from I3 by reordering its rows as
(2,3,1), and its transpose:

P, =

= o O
OO =
S = O

001
, P =11 0 0] e R¥>3,
010

Then:
0 0 1
1 2 3 2 31
Ap;:< > 10 0 :< >
4 5 6 01 0 5 6 4

The columns of A have been reordered according to m = (2,3, 1).

4.1.4.2 Inverse matrices

Definition 4.9: inverse matrix

A square matrix A € R"*" is invertible if there exists a matrix A~! € R™*" such that
AA'=1 and A'A=1I

Such a matrix A~ is called the inverse of A.

e If it exists, the inverse matrix A™' is unique.

4.1.4.3 Semidefinite matrices

Definition 4.10: semidefinite matrices

A square symmetric matrix Q € R™*" is
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positive semidefinite if

Qx> 0, Vo € R

positive definite if
Qx> 0, vz € R™\ {0}

e negative semidefinite if

rQx <0, Vo € R"

negative definite if

'Qx <0, Ve € R"\ {0}

Example 4.14: positive semidefinite matrix
e The identity matrix
10
I =
0 1
is positive semidefinite since:
1 0 il
(1'1 :L‘z) =22 +22>0, v <$1) e R?.
01 X9 Z2
e The matrix

is positive semidefinite since:

2 -1 T
(ml :Ug) (_1 » ) <$2> = 2:5% — 2x179 + 2:13%

= x% + (1 — :172)2 i $% >0, v (.771) € R

Z2

4.1.5 Determinant

e Determinant of a 1 x 1 matrix. Let
A= (a) e R,

Then
det(A) = a. (4.25)
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e Determinant of a 2 X 2 matrix. Let

_[a b 2x2
A_(C d)ER .

Then
det(A) = ad — be. (4.26)

e Determinant of a 3 x 3 matrix (Sarrus rule). Let

A= € R3%3.

Q a e
S 0

b
€
h

Then
det(A) = aei + bfg+ cdh — ceg —bdi — afh. (4.27)

-
N\

Example 4.15: determinant of a 2 X 2 matrix
Let
2 -1
- 3)

det(A) =2-4—(—1)-3=8+3=11.

Then

-
N\

Example 4.16: determinant of a 3 x 3 matrix

Let

Using Sarrus:
det(A)=1-1-14+2-4-240-3-(-1)—-0-1-2—2-3-1—1-4-(-1).

Hence

det(A) =1416+0—0—6+4 = 15.

a
|\

4.1.5.1 Laplace expansion

Let A € R™™ be a square matrix. The determinant det(A) can be computed recursively
by Laplace expansion along any row or column.
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For any row i € {1,2,...,n}, we have:
n
det(A) = Z aij Cl'j
j=1
For any column j € {1,2,...,n}, we have:

det(A) = Z aij Cij
=1

Where Cj; is the cofactor of the entry a;;, defined by

Cij = (=1)""7 det(Ay)

where A;; is the minor matrix obtained from A by deleting row ¢ and column j.
\

(4.28)

(4.29)

(4.30)

J

Example 4.17: Determinant via Laplace expansion

Let
-2 2 -3
A=|-1 1 3
2 0 -1

We expand along the second column (it contains a zero):
det(A) = 2012 + 1 C22 + 0- 032.
Compute the cofactors:

Cla = (~1)'*2 det (‘21 _31) = —((~1)(-1)=2-3) = — (1-6) =5,

Cog = (—1)*"* det (_22 :‘?) = ((-2)(-1)—2(-3))=2+6=28.

Therefore,
det(A) =2-5+1-8=18.

4.1.5.2 Determinant of triangular and diagonal matrices

e For triangular matrices (upper or lower), the determinant has a particularly simple form:

it is the product of the diagonal entries.

If U € R"*" is an upper triangular matrix, then

det(U) = ﬁ U -
=1

(4.31)

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini

54


https://github.com/fabiofurini/linear-algebra
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Algebra

If L € R"™™ is a lower triangular matrix, then

n

det(L) = [ ] - (4.32)
=1

e In particular, for a diagonal matrix D € R"*":

n

det(D) = [ [ dis-

i=1

e For the identity matrix I,:

det(I,) =1.
Example 4.18: Determinant of an upper triangular matrix
Let

2 3 1

U=|0 -4 5

0 0 3

Then
det(U) =2-(—4)-3=—-24.
. J

Example 4.19: Determinant of a lower triangular matrix

Let
1 0 0
L=|2 3 0
-1 4 -2
Then
det(L)=1-3-(-2) = —6.
. J

Example 4.20: Determinant of a diagonal matrix

Let
5 0 0
D=0 -2 0
0O 0 3
Then
det(D)=5-(-2)-3=-30
. J

4.1.5.3 Properties of determinants

e The determinant satisfies several important algebraic properties that make its computa-
tion and application more efficient.

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 55


https://github.com/fabiofurini/linear-algebra
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Algebra

r

J

Let A, B € R™" be square matrices and A € R be a scalar. Then:
det(AB) = det(A) - det(B) (4.33)
det(A’) = det(A) (4.34)
det(AA) = A" det(A) (4.35)
1
det(A™') = Jot(A)" if A is invertible (4.36)
det(I,) =1 (4.37)

-
-

e From properties (4.33) and (4.37), if A is invertible:
det(A) - det(A™!) = det(AA™Y) = det(I,) =1,
which gives property (4.36).

e Property (4.35) shows that scalar multiplication affects the determinant by the n-th power
of the scalar (not linearly).

e Property (4.34) implies that row operations and column operations have symmetric effects
on the determinant.

Example 4.21: Determinant of a product
Let
2 1 1 -1
4=0s) 2= 7)
det(A)=2-3—-1-0=6, det(B)=1-2—(-1)-4=6.
2 1\ /1 -1 6 0
AB_(O 3)(4 2)_<12 6)'

det(AB) =6-6—0-12 = 36 = det(A) - det(B).

. J

Example 4.22: Determinant of a transpose

Let
(1 2 r (1 3
A—(3 4), A_<2 4>.

det(A) =1-4—2-3=—2,  det(A)=1-4-3.2=—-2.

We have:

The product is:

Then:

‘We have:
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—

Therefore, det(A’) = det(A). J

Example 4.23: Determinant of a scalar multiple

Let
_ 1 2 2%X2 _
A_(3 4)€R , A=2.
Then:
2 4
=2 ).
We have:

det(A)=1-4—2-3=-2,  det(AA)=2-8—4-6=—8.

Since n = 2, we verify:

det(AA) = —8 = 2% . (=2) = A\? det(A).

(

J

Example 4.24: Determinant of an inverse

Let
2 1
A= (1 1) .

det(A)=2-1-1-1=1.

I &
=13

We have:

The inverse matrix is:

Then:

Ve
.

A matrix A is invertible if and only if det(A) # 0.

)
—

4.1.6 Rank

Definition 4.11: rank of a matrix

Let A € R™*". The rank of A, denoted by rank(A), is the maximum number of linearly
independent columns of A.

e The columns of A are vectors of R™, and linear independence is meant in the sense
of the definition given in the chapter on vectors: wvi,...,v; are linearly independent if
AV + -+ Apvr = 0 implies Ay = -+ - = A\ = 0.
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e Equivalently, rank(A) is the maximum number of linearly independent rows of A.

e We always have
rank(A) < min{m,n}.

e If A € R" ™ is square, then

rank(A) =n <= det(A) #0.

Example 4.25: rank of a matrix

Let
(1 2 3 2%3
B = (2 4 6) e R*7°,

The second row is a multiple of the first one:
(2 4 6)=2(1 2 3).

Hence the two rows are linearly dependent, so there is only one linearly independent row.
Therefore,
rank(B) = 1.

~
.

Example 4.26: rank of a 3 x 3 matrix

Let

1 01
A=12 1 3| eR>*3.
01 1

The third column is the sum of the first two:

1 1 0
Og(A) =13l =[(2]+]|1] = Cl(A) -+ CQ(A),
1 0 1

hence the three columns are linearly dependent and rank(A) < 2. On the other hand, the
first two columns are linearly independent: AjCj(A) + A2C2(A) = 0 gives \; = 0 (first
entry) and Ag = 0 (third entry). Therefore,

rank(A) = 2.

Consistently, expanding along the first row, det(A) =1-(1-1-3-1)—0+1-(2:1-1-0) =
—-242=0.

a
|\

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 58


https://github.com/fabiofurini/linear-algebra
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Algebra

4.1.7 Exercises

A square symmetric matrix @ € R™*" is positive semidefinite if:

Qx>0 VxcR"

Exercise 4.1

Using the definition, prove that the matrix

o

ol
]

> c R2><2

N[ —

is positive semidefinite.

s
.

Solution

We have:

[SUI=

@)

N——

R
8 8
N —

N———

Il

e ) (0 : (o1 +0-22) (021 + 322)) <$1>

T2
1a: n 1
371 Z1 2562 Z2

1 1
= ggc% + 5:6% >0, V((IZl,fEQ) € R?

Accordingly, the matrix @ is positive semidefinite.

"

Using the definition, prove that the matrix

|\

is positive semidefinite.

A

A
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We have:

(z1 w2) <3 1) (m) = (Bx1+x2) (21+312)) <x1>
1 3 To L2

= (8 x1 +x2) x1 + (1 + 3 x2) x2

:355?-%3:1 To + T1 x2+3x%
=322 4+2x; 20 +3 232
= (z1+22)? +222 + 222 >0, V(z1,22) € R?

accordingly the matrix @, is positive semidefinite.
. J

Using the definition, prove that the matrix

is positive semidefinite.

. /

We have:

Ea|
= ((2 1 —x3) (—x1+2x9 —23) (—22+2 x3)) 9

L3
=(2x1—x2) T1+ (—21 + 2 22 — x3) T2 + (—z2 + 2 x3)x3
:21‘%—:52551—1‘1$2+2x%—1‘3$2—x21‘3+2x§
:293%—2@332-1-2:2%—2:52:33%-21%
=22 4+x? 2z mo + 22+ 23— 21y 23+ 22 + 22

= m% + (z1 — x2)2 + (29 — :c3)2 + x% >0, V(x1,x2,x3) € R3
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accordingly the matrix Q5 is positive semidefinite.

-
-

Exercise 4.4

Consider the matrices

(1 -2 3 I N W
A‘(o 4 —1>’ B_(—32 5>€R '

Compute A + B, 2A — B, A’, and verify that (A+ B) = A"+ B'.

Vs
.

Solution

Sum and scalar multiplication are computed entry by entry:

A+B:(1+2 —2+1 3+0>:<3 -1 3)7

0-3 4+2 -—-1+5 -3 6 4

2 -4 6 2 10 0 -5 6
2A_B‘(o 8 —2)‘(—3 2 5)‘(3 6 —7)'

The transpose is obtained by interchanging rows and columns (A’ € R3*2);

1 0 2 -3
A=[-2 4|, B=[1 2
3 1 0 5
Finally,
3 -3
A+B'=[-1 6 |=(A+B).
3 4
. J

Consider the matrices

1
A:(l 0 2>€R2X3, B=| 2

3 -1 1 °

0
1| er2,  c=(l %) er>
5 ’ 0 —1 '

1. Among the products AB, BA, AC, CA, BC, CB, say which ones are defined and
give the dimensions of the result.

2. Compute CA, AB and BC.

Ve
(.

Solution

1. The product of a matrix in R™*™ and a matrix in R?*P is defined only if n = ¢
(number of columns of the first = number of rows of the second), and the result is in
R™*P. Hence:

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 61


https://github.com/fabiofurini/linear-algebra
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Algebra

e AB: (2 x 3)(3 x 2), defined, result in R?*?;
: (3 x 2)(2 x 3), defined, result in R3*3;
0 (2 x 3)(2 x 2), not defined (3 # 2);

e CA: (2x2)(2x 3), defined, result in R2*3;

e BC: (3 x 2)(2 x 2), defined, result in R3*2;

e CB: (2 x2)(3x2), not defined (2 # 3).

2. Each entry (i, k) is the scalar product of row i of the first matrix and column k of the
second one:

/11423 1.042-(=1) 1-2+42.1\_[(7 -2 4
CA_(0-1+(—1)-3 0.0+ (<1) - (=1) o.2+(—1)-1>—<—3 1 —1>’

AB:( 1:140-242-(-1) 1-0+0-14+2-3 >:<—1 6)7

3-1+(-1)-24+1-(=1) 3-0+(-1)-1+1-3 0 2
1-140-0 1-240-(-1) 1 2

BC=|[2-1+1-0 2-2+1-(-1) |=|2 3
-1-143-0 —1-243-(-1) -1 -5

Vs
(&

1. Let A = <(1) 1) and B = <i (1)> . Compute AB and BA. Is the product commu-

tative?

2. Let A= (1 1) and B = (_11 11> . Compute AB. What do you observe?

1.
C(1-141-1 1-041-1\ _ (2 1
AB_(0.1+1-1 0-0+1'1>_<1 1)’

1-14+0-0 1-14+0-1 11
BA = (1-1+1-0 1-1+1-1> N <1 2)'
Since AB # BA, the product is not commutative (even for square matrices of the
same size).

8= (1010008 i) = o)

The product of two non-zero matrices can be the zero matrix: unlike real numbers,
AB = 0 does not imply A =0 or B =0.

-~
|\
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1. For each of the following matrices, say whether it is square, diagonal, symmetric,
upper triangular, lower triangular:

4 0 0
M1:<; §> M,=|0 -1 0],
0 0 2

1 00
O ) R Y )
-1 3 4

1 2
2. Compute the product of the upper triangular matrices Uy = (0

3> and Uy =

<(2) _41> . What kind of matrix do you obtain?

3. Let D = (2 O) and A = <1 2> . Compute DA and AD and describe the effect

0 3 3 4
of the diagonal matrix.
. J
1. e M : square and symmetric (mj2 = mg; = 2); it is neither diagonal nor triangu-
lar.

e M : square and diagonal; hence it is also symmetric, upper triangular and lower
triangular.

e M3: square and lower triangular (all entries above the main diagonal are zero);
it is not symmetric (e.g., ma; =5 # 0 = my2).

e M, € R?*3: not square, hence none of the other properties applies.

1-24+2-0 1-(—1)+2-4> :<2 7>,

U1U2:<0-2+3-0 0-(—1)+3-4 0 12

which is again upper triangular, with diagonal entries 1-2 =2 and 3 -4 = 12.

2-1 2-2 2 4 1-2 2.3 2 6
DA_(3-3 3-4)_<9 12)’ AD_(?)-Q 4-3)_(6 12>'
Left multiplication by D multiplies the i-th row of A by d;;; right multiplication
multiplies the j-th column of A by d;;.
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Let

1 2 3
A=14 5 6
7 8 9
and let 7 = (2,3,1).
1. Write the permutation matrix P, and compute P, A.

2. Compute AP/ and check that the columns of A are reordered according to 7.

3. Verify that P, P, = Is.

-~
(.

1. P, is obtained from I3 by placing row 2 first, then row 3, then row 1:
010 4 5 6
P,=10 0 1], P.A=|7 8 9
1 00 1 2 3

The rows of A appear in the order 2,3, 1.

2.
1 2 3 0 0 1 2 31
AP, =4 5 6 1 0 0)J=1|5 6 4
7 89 010 8 9 7
The columns of A appear in the order 2,3, 1.

010 0 01 1 00
PP =0 01 1 00)=101 0] =1Is.
1 00 010 0 0 1

Hence P, is invertible and P, = P’ (one checks in the same way that P, P, = I3).

Ve

J

Compute the determinant of

2 0 1
A=1[(3 0 -2
1 4 5

using the Laplace expansion along the most convenient row or column, and check the result
with the Sarrus rule.

A

A

The second column contains two zeros, so we expand along it: only the entry azs = 4
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contributes,
det(A)=0-Ci12+0-Cop+4-Cso.

The cofactor is

C32 = (—1)°*2det @ _12) =—(2-(-2)—-1-3)=—(-4-3)="T.

Therefore det(A) =4 -7 = 28.
Check with Sarrus (a =2,0=0,c=1,d=3,e=0,f=—-2,g=1,h=4,i=5):

det(A) =2-0-5+0-(—2)-1+1-3-4—1-0-1—0-3-5—2-(—2)-4 = 0+0+12—0—0+16 = 28.

(& J

Exercise 4.10

Compute the determinant of

120 3
oo 20 s

A=141¢ 2| €k
101 3

choosing the row or column that minimizes the number of computations.

A\

The second row has only one non-zero entry, ass = 2. Expanding along the second row:

(.

det(A) = a3 Coz =2 - (—1)2+3 det(Agg) = -2 det(Agg),

where A3 is obtained by deleting row 2 and column 3:
1 2 3
Axpy=14 1 2
1 0 3
We expand det(Asg3) along its third row, which contains a zero:

det(Agz) = 1- (—1)3*det G g) F0+3 (—1)33 det (i ?)

=1-(4-3)+3-(1—-8)=1—21=-20.

Therefore

det(A) = —2 - (—20) = 40.

(
|\
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Exercise 4.11

Consider the matrices

2 5 -1 1 00
U=(0 -3 4|, L=|7 20
0 0 1 -3 4 5

1. Compute det(U) and det(L).

2. Without computing any product, find det(UL), det(U’), det(3U) and det(U™1).
Why does U~ exist?

3. Verify that < 2 1> is the inverse of A = <§ ;

5 3 ), and check that det(A™1) =
1/det(A).

1. Both matrices are triangular, so their determinant is the product of the diagonal
entries:
det(U)=2-(-3)-1= -6, det(L)=1-2-5=10.

2. Using the properties of determinants (with n = 3):
det(UL) = det(U)det(L) = —6 - 10 = —60, det(U’) = det(U) = —6,

det(3U) = 33det(U) = 27 - (—6) = —162.
Since det(U) = —6 # 0, the matrix U is invertible, and det(U 1) = #(U) =—5

3 1\(2 -1\_(6-5 -3+3\_,

5 2)\-5 3) \10-10 -5+6/  °*

2 —1\(3 1I\_( 6-5 2-2)\_,

-5 3)\5 2 \-15+15 —5+6) %
Hence it is the inverse of A. Moreover det(A) =3-2—1-5 = 1 and det(A™!) =
2-3—(-1)-(-5)=1=1.

Exercise 4.12

Compute the rank of the following matrices:

- 123 10 2
A1_<3 6), A,=(0 1 1], A;={0 11
1 3 4 110
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e A;: the second column is twice the first one, (2 6), =F) (1 3)’, so the two columns
are linearly dependent; the first column is non-zero, hence it is linearly independent
by itself. Therefore rank(A;) =1 (consistently, det(A;) =6 —6 = 0).

o A,: the third column is the sum of the first two, (3 1 4)' = (1 0 1)’+(2 1 3),
so the three columns are linearly dependent and rank(As) < 2. The first two columns
are linearly independent: A; (1 0 1)/ + A2 (2 1 3), = 0 gives A2 = 0 (second
entry) and then A\; = 0 (first entry). Hence rank(Ag) = 2. Consistently, expanding
along the first row, det(A2)=1-(4—-3)—2-(0—-1)+3-(0—-1)=14+2-3=0.

e Aj: expanding along the first row,
det(A3)=1-(1-0-1-1)-0-(0-0-1-1)+2-(0-1-1-1)=-1-0—2=-3#0.

Since Ajz is square and det(Ags) # 0, we have rank(As) = 3.

4.2 Maftrix operations

4.2.1 Elementary row and column operations

e Elementary row and column operations are fundamental tools in linear algebra. They
are used in many algorithms, including Gaussian elimination, computation of the inverse
matrix, and matrix factorizations (such as the LU decomposition)

'd \
Given a matrix A € R™*™, the elementary row operations are:

1. Row swap: Exchange rows ¢ and k.

R, & Ry

2. Row scaling: Multiply row ¢ by a nonzero scalar A # 0.

R, + )\Ri

3. Row addition: Replace row i by the sum of row ¢ and A times row k (with i # k).

R, + R; + ARy,

Example 4.27: Row swap

Consider the matrix

>
Il
~N &~ =
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After swapping rows 1 and 3, i.e., R; <> R3, we obtain:

7T 8 9
4 5 6
1 2 3

- J

Example 4.28: Row scaling

Consider the matrix

A=

SCTN gy

2 3
5 6
8 9

After multiplying row 2 by A = —2, i.e., Ry + —2R5, we obtain:

1 2 3
-8 —10 —-12
7 8 9
(& J

Example 4.29: Row addition

Consider the matrix
1 2 3
A=14 5 6
7 8 9

After replacing row 2 with row 2 minus 4 times row 1, i.e., Ry < Ry — 4R;, we obtain:

1 2 3
0 -3 —6
7 8 9
Indeed:
4 1 0
51 —-4(2]=1-3
6 3 —6

-

N\

J

g
Given a matrix A € R™*™, the elementary column operations are:

1. Column swap: Exchange columns j and k.
Cj < Cy

2. Column scaling: Multiply column j by a nonzero scalar A # 0.
C; + ACj

3. Column addition: Replace column j by the sum of column j and A times column
k (with j # k).
Cj — Cj + ACy

~
.
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Example 4.30: Column swap

Consider the matrix
1 2 3
A=14 5 6
7 8 9

After swapping columns 1 and 3, i.e., C1 < (3, we obtain:

O O W

2 1
5 4
8 7

~
g

Example 4.31: Column scaling

Consider the matrix

1 3
A= |4 6
7 9

T o0 ot

After multiplying column 2 by A = 3, i.e., Cy < 3C5, we obtain:

1 6 3
4 15 6
7 24 9

-
(&

Example 4.32: Column addition

Consider the matrix

1 2 3
A=14 5 6
7 8 9
After replacing column 3 with column 3 plus 2 times column 1, i.e., C3 < C3 + 2C, we
obtain:
1 2 5
4 5 14
7 8 23
Indeed:
3 1 5
6|]+214) =114
9 7 23

-
N\

4.2.2 Effect of elementary operations on the determinant

Let A € R™ " be a square matrix. The elementary row operations affect the determinant
as follows:
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1. Row swap: R; < R changes the sign of the determinant.

det(new matrix) = — det(A)

2. Row scaling: R; < AR; (with A # 0) multiplies the determinant by .

det(new matrix) = Adet(A)

3. Row addition: R; + R; + ARy, (with i # k) does not change the determinant.

det(new matrix) = det(A)

~
|\

Example 4.33: Effect of row swap on determinant

Consider the matrix
1 2
A (3 4) |

det(A)=1-4—2-3=-2.

The determinant is:
After swapping rows 1 and 2, i.e., Ry <> Ry, we obtain:
3 4
/ —_—
A= ( 1 2).
The determinant of the new matrix is:

det(A')=3-2—-4-1=2= —det(A).

-
-

Example 4.34: Effect of row scaling on determinant

Consider the matrix
2 1
A= (O 3> .

det(A)=2-3—1-0=6.

The determinant is:

After multiplying row 1 by A = 2, i.e., Ry + 2R;, we obtain:

, (42
A_(O 3).

The determinant of the new matrix is:

det(A)=4-3-2-0=12=2-det(A) = Adet(A).

Ve
.
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Example 4.35: Effect of row addition on determinant

Consider the matrix
1 2
a1 2).

det(A) =1-4—2-3 =2,

The determinant is:

After replacing row 2 with row 2 minus 3 times row 1, i.e., Ry + Ry — 3R;, we obtain:

, (1 2
(%)

The determinant of the new matrix is:

det(A') =1-(-2)—2-0=—2=det(A).

. J

e N
Let A € R™" be a square matrix. The elementary column operations affect the determi-
nant as follows:

1. Column swap: C; <+ C}, changes the sign of the determinant.

det(new matrix) = — det(A)

2. Column scaling: C; < AC; (with A # 0) multiplies the determinant by .

det(new matrix) = Adet(A)

3. Column addition: C; < C; + AC}, (with j # k) does not change the determinant.

det(new matrix) = det(A)

\ J

Example 4.36: Effect of column swap on determinant

Consider the matrix
1 2
(2

det(A) =1-4—-2.3=—2,

The determinant is:

After swapping columns 1 and 2, i.e., C7 < Cs, we obtain:

, (21
A_(4 3).

The determinant of the new matrix is:

det(A’) =2-3—1-4=2= —det(A).
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Example 4.37: Effect of column scaling on determinant

Consider the matrix
1 2
a1 2).

det(A) =1-4—2-3 =2,

The determinant is:
After multiplying column 2 by A = 3, i.e., Cs < 3C5, we obtain:

, (1 6
A_(3 12>'

The determinant of the new matrix is:

det(A)=1-12-6-3=—6=3-(—2) = Adet(A).

Example 4.38: Effect of column addition on determinant

Consider the matrix
1 2
A (3 4) .

det(A)=1-4—2-3=-2.

a
|\

The determinant is:

After replacing column 2 with column 2 plus 2 times column 1, i.e., Co < Co + 2C1, we

obtain:
, (1 4
Ll = (3 10) )

The determinant of the new matrix is:

det(A) =1-10—4-3 = —2 = det(A).

Ve
.

e These properties follow from the fact that the determinant of a matrix is equal to the de-
terminant of its transpose (see the properties of determinants in the chapter on matrices),
and a column operation on a matrix is the corresponding row operation on its transpose.
Hence column operations have the same effect on the determinant as the corresponding
row operations.

e These results are fundamental for understanding how determinants behave under elemen-
tary operations, which is crucial in algorithms such as Gaussian elimination and matrix
factorization.

4.2.3 Gaussian elimination and row echelon form

e Elementary row operations can be used to transform any matrix into a matrix with a
“staircase” structure, from which many properties of the original matrix (for example,
its determinant) can be read easily. The systematic procedure that does this is called
Gaussian elimination.
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Definition 4.12: Row echelon form

A matrix U € R™*" is in row echelon form if:

1. all its zero rows (if any) are below all its nonzero rows;

2. the first nonzero entry of each nonzero row (called the pivot of the row) is strictly
to the right of the pivot of the row above it.

e As a consequence, all the entries below a pivot are equal to zero.

e A square matrix in row echelon form is upper triangular.

( N\
Gaussian elimination. Given A € R™*" we process the columns from left to right. At
each step, considering the rows not yet used as pivot rows:

1. find the first column containing a nonzero entry in these rows; if needed, bring such
an entry to the top of these rows with a row swap Ry <> R; (this nonzero entry is the
pivot);

2. for each row i below the pivot row k, create a zero below the pivot with the row
addition

Qis
RZ' N Ri _ Rk,
akj

where ay; is the pivot and a;; is the entry to be eliminated (in the current matrix);

3. repeat on the remaining rows.

At the end, the matrix is in row echelon form. Only row swaps and row additions are used.
(S J

Observation 4.13: Determinant by Gaussian elimination

Let A € R™"™ and let U be a row echelon form of A obtained by Gaussian elimination
with s row swaps (and any number of row additions). Then

det(A) = (—1)8 H Ui -
1=1

In particular, det(A) = 0 if and only if U has a zero on its diagonal.

Proof. Each row addition does not change the determinant and each row swap changes
its sign. Hence det(U) = (—1)°det(A), i.e., det(A) = (—1)°det(U). Since U is square
and in row echelon form, it is upper triangular, and its determinant is the product of its
diagonal entries. O
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Example 4.39: Determinant by Gaussian elimination

Let us consider

01 2
A=1[1 11
2 1 3

We reduce A to row echelon form with Gaussian elimination.

1
1 1 1
1
1 1 1
1 2 (Rl — Rg)
2 1 3
1 1 1
0 1 2 (Rg +— R3 — 2R1)
0 =1l 1
1 1 1
0 1 2 (R3 <~ R3+ Ry)
0 3

The matrix is now in row echelon form. We used s = 1 row swap, so

det(A) = (—1)'-1-1-3=-3.
Indeed, by Laplace expansion along the first row: det(A) =0-(3—1)—1-(3—2)+2-(1-2) =
—3.

. J

4.2.4 Pivoting and partial pivoting

e In numerical algorithms such as matrix factorizations and row reduction methods, pivoting
is a technique used to improve numerical stability and avoid division by zero.

e The pivot element is the element used as the divisor in the elimination process.

4.2.4.1 Pivoting

( A
Pivoting is the process of selecting a suitable pivot element in a matrix to perform elimi-

nation steps in row reduction algorithms.

When performing row elimination on a matrix A € R™*™, at step k:
e The pivot element is the entry ag (the diagonal element in position (k, k)).

e If az. = 0, we cannot use it as a divisor, so we must swap row k£ with a row i > k
such that a;p # 0.
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L e This row swap is called pivoting.

Example 4.40: Pivoting in row elimination

Consider the matrix:
0
A=1|1
2

nonzero element in the first column.

We swap rows 1 and 2 (i.e., Rj <> Ra):

N O =

2
1

Rg — Rg — 2Ry :
Now we use a9 = 2 as the second pivot:

R3 %Rg— gRQ

The matrix is now in upper triangular form.
-

=1

2
=i
1

0
1
3

[an)}

(
(é

1
0
3

We cannot use a17 = 0 as the first pivot. We need to swap row 1 with a row that has a

Now a11 = 1 # 0 and we can proceed with the elimination:

-1
2
3

—_

jw = O

4.2.4.2 Partial pivoting

Author: Fabio Furini
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s N
Partial pivoting is a strategy to improve numerical stability by choosing the largest avail-

able pivot in absolute value.

At step k of Gaussian elimination:
1. Find the row i > k such that |a;;| is maximum among all |a;| for j > k.
2. Swap row k with row i (i.e., Ry <> R;).

3. Use the new ay; as the pivot.

This ensures that:

e The pivot is the largest element in absolute value in its column, among the entries on
or below the diagonal.

e Division by a larger number reduces round-off errors in floating-point arithmetic.

e The method is numerically more stable.

Example 4.41: Partial pivoting in row elimination

Consider the matrix:

1 2 1
A=13 -1 2
2 3 -1

Step 1: Find the largest element in absolute value in the first column.
lar1| =1, Ja21| =3, Jaz1]| = 2.

The maximum is |ag| = 3, so we swap rows 1 and 2:

3 -1 2
Ri & Ry : 1 2 1
2 3 -1
Now eliminate below the pivot a1 = 3:
1 3 -1 2
R2 &= R2 = §R1 : 0 % % 5
2 3 -1
. 3 -1 2
R3 — R3 = —R1 : 0 g %
: o 4 _7
3 3

Step 2: Find the largest element in absolute value in the second column (rows 2 and 3).

7| 7 11 11
3 3 3| 3°
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The maximum is |13—1 , SO we swap rows 2 and 3:
3 -1 2
R2 <~ R3 : 0 % —%
7 1
0 3 3
Eliminate below the pivot age = %:
. —1
Rs +— R3 — HRQ : 0 13—1 —%
0 20
11
The matrix is now in upper triangular form (row echelon form).

Consider the matrix:

Without partial pivoting:
Using a11 = m as the pivot:

Ry < Ry — 10000 R;.

_1 1 _1 1
10000 — 10000 .
< 0 1-— 10000) ( 0 —9999)

The large multiplier 10000 can cause significant round-off errors in floating-point arithmetic.

This gives:

With partial pivoting;:
Since |ag1| =1 > |a11| = 15555, We swap rows:

1 1
R1 — R2 : < 1 1) .
10000

Now eliminate using a1; = 1 as the pivot:

1 1 1 1 1
Ry <+ Ry — R - ( 1 )Z( 9999)-
10000 01— 15500 0 10000

The multiplier m is much smaller, leading to better numerical stability.

(& J

e Partial pivoting is crucial in numerical linear algebra to ensure that algorithms produce
accurate results, especially when dealing with matrices that have a wide range of magni-
tudes.

e Most modern numerical software (such as MATLAB, NumPy, CPLEX, Gurobi) automat-
ically uses partial pivoting in Gaussian elimination and LU factorization.
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e The computational cost of partial pivoting is minimal compared to the benefit of improved
numerical stability.

4.2.5 Exercises

Exercise 4.13

Consider the matrix
1 2 -1
A=1|13 0 2
-2 1 4
Apply to A, one after the other, the elementary row operations R; <+ R3, Ry + —2R5 and
R3 <+ R3 + 2R;, and write the matrix obtained after each operation.

-

.

Each operation is applied to the matrix produced by the previous one:
1 2 -1
3 0 2
-2 1 4
—2 1 4
3 0 2 (Rl <~ Rg)
1 2 -1
-2 1 4
—6 0 —4 (RQ = —2R2)
1 2 -1
-2 1 4
—6 0 —4 (R3 — R3 = 2R1)
-3 4 7
Note that in the last step R; is the current first row (=2, 1, 4): (1, 2, —=1)+2(-2, 1, 4) =
(737 45 7)
.

.

Exercise 4.14

Consider the matrix
1 -1 2
B = (0 3 1) )

Apply to B, one after the other, the elementary column operations C; <> Cs, Co < Co+C1
and C3 < 2(C3, and write the matrix obtained after each operation.

N\ J
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In the second step: (

(& J

Exercise 4.15

Let A € R3*3 with det(A) = 5. Without computing any matrix entry, find the determinant
of the matrix obtained from A by:

1. the row swap R; < Rp;

2. the row scaling Ry <+ —3Ro;

3. the row addition R3 < R3 + TRy1;

4. the three operations above, applied one after the other;

5. the column swap Cy <> Cj followed by the column scaling Co < 4C5.

Finally, compute det(2A).

- J

We use the effect of the elementary operations on the determinant: a swap changes the
sign, a scaling by A multiplies it by A, an addition does not change it.

1. det = —det(A) = —5.

2. det = —3det(A) = —15.

3. det = det(A) = 5.

4. det = (—1) - (=3) - 1 - det(A) = 15.

5. det = (—1)-4-det(A) = —20 (column operations act as row operations).

Finally, 2A is obtained by scaling each of the 3 rows by 2, so

det(24) = 23 det(A) = 8- 5 = 40.
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For instance, all these values can be checked on A =

N O =
S =N

0
1 |, which has det(A) = 5.
1

Exercise 4.16

Using elementary row operations (and no expansion formula), show that the following ma-
trices have determinant equal to zero:

12 3 12 3
A=[4 56|, B=[45 6
2 4 6 789

-
.

Row additions do not change the determinant, and a matrix with a zero row has determinant
zero (Laplace expansion along that row).
For A, the third row is twice the first one:
1 2 3
4 5 6
2 4 6
1 2 3
4 5 6 (R3 < R3 — 2Ry)
0 0 0
Hence det(A) = 0.
For B:
1 2 3
4 5 6
7 8 9
1 2 3
0 -3 —6 (RQ = RQ = 4R1)
7 8 9
1 2 3
0 -3 —6 (Rg +— Rs — 7R1)
0 -6 =12
1 2 3
0 -3 —6 (Rg = Rg = 2R2)
0 0 0
Hence det(B) = 0.

-

(&
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Exercise 4.17

Which of the following matrices are in row echelon form? Justify your answer.

120 01 2 2 1 4 1
Mi=[0 0 3|, My=[10 0|, Ms=|0 00 0|, M,=
000 00 1 0015

S O W
SN O
OO =

Vs
.

Solution

e M,: yes. The pivots are in columns 1 and 3 (strictly moving to the right) and the
zero row is at the bottom.

e M5: no. The pivot of row 2 is in column 1, which is to the left of the pivot of row 1
(column 2).

e M3: no. The zero row (row 2) is above a nonzero row (row 3).

e M ,: yes. The pivots are in columns 1 and 2 and the zero row is at the bottom.

~
.

Exercise 4.18

Reduce the following matrix to row echelon form with Gaussian elimination and indicate
the pivots:

1 21 3
A=|2 4 3 7
1 2 2 4

Vs
.

The first pivot is a;; = 1; we eliminate the entries below it, then we look for the next pivot:

— N
N =~ DN
N W
NS SY

O
S N
— =
—_ w

(RQ < R2 — 2R1)

H
)
)
W

0 0 1 1 (Rg (—Rg—Rl)

0 0 1 1 (Rg — R3 — Rg)
0 0 0 0

After the first step, the second column has no nonzero entry in rows 2 and 3, so we move
to the third column: the second pivot is the entry 1 in position (2,3). The last matrix is in

row echelon form, with pivots 1 (position (1,1)) and 1 (position (2, 3)), and one zero row.
.

.
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Exercise 4.19

Reduce the matrix

A=

o = N

11
3 3
79

to upper triangular form with Gaussian elimination, and use the result to compute det(A).

-

J

The multipliers are % =2 and % = 4 for the first column, and % = 3 for the second column:
2 1 1
4 3 3
8 7 9
2 1 1
0 1 1 (R2 < R2 —2Ry)
8 7 9
2 1 1
0 1 1 (R3 < R3 — 4Ry)
0 3 5
2 1 1
0 1 1 (R3 < R3 — 3Ry)
0 0 2

Ounly row additions were used (s = 0 row swaps), hence

det(A)=2-1-2=4.
. J

Exercise 4.20

Compute the determinant of

0 2 4
A=|11 2
3 11

by Gaussian elimination. Check the result with the Laplace expansion along the first row.
-

.
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Since a1 = 0, we start with a row swap:
0 2 4
1 1
1 1
1 1 2
0 2 (B © Ry)
3 1 1
1 1 2
0 2 4 (R3 — R3 — 3R1)
0 -2 =5
1 1 2
0 2 4 (Rs +— R3+ Ry)
0 0 -1
We used s = 1 row swap, hence
det(A) = (-1)'-1-2-(-1)=2.
Check: det(A)=0-(1-2)—2-(1—-6)+4-(1-3)=10—-8=2.

(& J

Exercise 4.21

Compute the determinant of the 4 x 4 matrix
1 2 01
A=1132 0
01 1 3
by Gaussian elimination.
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1 2 0 1

2 ) 1 2

1 3 2 0

0 1 1 3

1 2 0 1

0 1 1 0

1 3 9 0 (RQ < R2 — 2R1)
0 1 1 3

1 2 0 1

0 1 1 0

o 1 2 -1 il 3= Mg = T
0 1 1 3

1 2 0 1

0 1 1 0

o 0o 1 -1 il = ity = I
0 1 1 3

1 2 0 1

0 1 1 0

o o0 1 -1 il = = )
0 0 0 3

The matrix is upper triangular and only row additions were used, hence
det(A)=1-1-1-3=3.
(With the Laplace expansion we would need to compute four 3 x 3 determinants.)

\ J

Exercise 4.22

Reduce the matrix

to upper triangular form using Gaussian elimination with partial pivoting. Then compute
det(A) and check that all the multipliers have absolute value at most 1.

. J

Step 1: in the first column |1| < |2| < |4]: the pivot is 4, in row 3. Step 2: after the
elimination, in the second column (rows 2 and 3) we have | — 1| < |2|: the pivot is 2, in row
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()
N
w

(Rl <> Rg)

[\
W =
w

(Rg < R2 = %Rl)

— — ~ ~ ~
— O
w |
=N DN

4 4 2

0o -1 2 (R3 + R3 — 1 R1)
0 2 3

4 4 2

0 2 % (RQ <~ Rg)

0 -1 2

4 4 2

0 2 1 (R3 + R3 + :Ry)
0 0 g

The multipliers are % = %, % and _71 = —%: all have absolute value at most 1, because each

pivot is the entry of largest absolute value in its column (on or below the diagonal).

We used s = 2 row swaps, hence

det(A) = (—1)2-4-2-- =18.

J
1

4.3 Inversion of matrices

4.3.1 Properties of the inverse matrix

e Recall (see the chapter on matrices) that a square matrix A € R™*" is invertible if there
exists a matrix A1 € R™*" such that AA™' = A~'A = I. A square matrix which is
not invertible is called singular.

e In this chapter, A’ denotes the transpose of A, as in the chapter on matrices.
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Proposition 4.14: Uniqueness of the inverse

Let A € R™" be invertible. If B,C € R"™ "™ are such that AB = BA = I and
AC=CA=1, then B=C.

~
|\

Proof. Using the associativity of the matrix product, we have:

B =BI=B(AC)=(BA)C =IC =C.

O

Proposition 4.15: Properties of the inverse

Let A, B € R™ " be invertible matrices. Then:
1. A~! is invertible and (A™1)~! = A;
2. AB is invertible and (AB)™' = B~1A™1;
3. A’ is invertible and (A")~!' = (A71Y;

1

4. det(A) # 0 and det(A™!) = dct(A)"

~
|\

Proof. By the uniqueness of the inverse, in each case it is enough to exhibit a matrix
that multiplied on the left and on the right gives I.

1. From A~'A = AA~! = I, the matrix A is the inverse of A~
2. Using associativity:
(AB)(B'A™')=ABB YA ' =ATA' = A4 ' =1,
(B'A™H(AB)=B 'Y(A'A B=B'IB=B'B=1.
3. Recall that (CD) = D'C’ for all C, D € R"*™: indeed, the entry (i, j) of (CD)’
is the entry (j,4) of CD, i.e., Y oy cjkdri = > pey diyCy;» Which is the entry (4, 5)
of D'C’. Then, since I' = I:

AATY=@AaA))=T=1, A HYA=A4A")=I=1I
4. From the product rule of determinants:
det(A) det(A™!) = det(AA™!) = det(I) = 1.

Hence det(A) # 0 and det(A™1) = 1/ det(A).
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e Note the reversed order in (AB)~! = B~ A™!: since the matrix product is not commu-
tative, in general (AB)™! # A~!B~L.

e Property 4 shows that a matrix with det(A) = 0 cannot be invertible, i.e., it is singular.

4.3.2 Computation of the inverse

4.3.2.1 Gauss—Jordan method

s N
Gauss—Jordan method (idea). To compute A~!, we build the augmented matrix

(A]T)

and we apply elementary row operations to transform the left block into the identity
matrix. If we obtain

(I|B),

then B = A1

\ J

Example 4.43: inverse matrix via Gauss—Jordan elimination

Let us consider

()

We compute the inverse matrix A~" with the method of Gauss—Jordan.

(

[N
=
—_
= O
N—

—_
o

1 1 0 1
9 1 > (Rl <> Rg)

. L g . ) (RQ < R2 = 2R1>

( 0 -1| 1 -2
1 1] 0 1

< 0 1 | -1 2 ) (R  —Fo)
10 | 1 -1

( o 1 | -1 2 ) (R = By — Ry)

Since the left block is the identity matrix, we obtain:

We can verify:
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Example 4.44: inverse matrix via Gauss—Jordan elimination

Let us consider

1
A=10
2

S =N
= = O

We compute the inverse matrix A~! with the method of Gauss-Jordan.

1 0 1 0 0
0 1 1 0 1 0
2 0 1 0 0 1

._.
n
-
o
= o
o o

(Rg < R3 = 2R1)

o
|
=~
—_
|
[\
S
—_

—_
—_
)—ll
[N
o =
)_nl
[\)
o O

(R1 = R1 = 2R2)

o
|
=~
—_
|
[\
()
[

(R3 <~ R3 + 4R2)

e e U U e U
= o o
o - o o )

= |

[\]

[L,Jo»a

u>r—u[l3

_ o o

1 o 2] 1 -2 0
0 1 1 0 1 0 (Rs + +Rs3)
2 4 1
o0 1 {-§5 5 3
1 2 2
10 015 -5 3
0 1 1 0 1 0 (R1 < R1+2R3)
2 4 1
o0 1 |-§ 5 3
1 2 2
L0 05 -5 3
0 1 0 % % —% (R2 = R2 = R3)
2 4 1
o0 1 |-5§ 5 3
Since the left block is the identity matrix, we obtain:
5 75 5\ (1 -2 2
-1 _ 2 1 1 _
A7=15 5 —5|=z|2 1 -1
2 4 1 _
2 4 1 2 4 1
. J
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Example 4.45: inverse matrix via Gauss—Jordan elimination with a row swap

Let us consider

0 1 2
A=1]1 0 3
4 -3 8

We compute the inverse matrix A~! with the method of Gauss-Jordan. Since aj; = 0, we
start with a row swap.

= = O
CL')OH
o W N
o O =
S = O
= o O

0o 1 2 1 0 0 (R, < Ry)

4 -3 8 0 0 1

1 3 0 1 0

0 1 2 1 0 0 (Rg — R3 — 4R1)
0 -3 -4 0 —4 1

—
[\]
—_
S
)

(Rg <— Rg + 3R2)

~— ~— /-~
oS O = [a)
S = O (e}
N W
vw —~ O
oo =
= O O

) (R3 < %Rg)
9 3
1 o o |-% 7 -3
0 1 2 1 0 (Rl — Rl = 3R3)
3 1
o o 1|3 o I
9 3
1 o ol|-2 7 -3
0 1 0 —2 4 —1 (RQ & R2 = 2R3)
3 1
o o 1 |3% -2 1}

9 3
-5 7 —3 | -9 14 -3
Al=1-2 4 -1]|= 3 —4 8 -2
3 1 _
s -2 3 3 4 1
(. J
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Observation 4.16: Singular matrices and the Gauss—Jordan method

Let A € R™"™. If, while applying elementary row operations to (A | I), a zero row
appears in the left block, then det(A) = 0 and A is singular: the method stops and
A1 does not exist.

Vs
.

Proof. The left block is obtained from A by elementary row operations. Each of them
multiplies the determinant by a nonzero number (—1 for a row swap, A # 0 for a row
scaling, 1 for a row addition). A matrix with a zero row has zero determinant (Laplace
expansion along that row), hence det(A) = 0. By property 4 of Proposition 4.15, A is
not invertible. O

Example 4.46: Gauss—Jordan elimination on a singular matrix

Let us consider

1
A=1]2
1

W Ut N
A N W

We try to compute A~! with the method of Gauss—Jordan.

1 2 3 1 0 0
2 ) 7 0 1 0
1 3 4 0 0 1

0 1 1 —2 1 0 (Ry < Ry — 2Ry)

0 1 1 -2 1 0 (Rg — R3 — Rl)

1 2 3 1 0 0
0 1 1 —2 1 0 (Rg — Rg — Rg)
0 0 0 1 -1 1

The third row of the left block is zero: the left block cannot be transformed into the
identity matrix, and the method stops. Hence A is singular. Indeed, the third row of A is
the difference of the second and the first row, and

det(A)=1-(5-4—7-3)—2-(2-4—7-1)+3-(2-3-5-1)=-1-24+3=0.

(
(.

4.3.2.2 Inverse via the adjugate matrix

e Recall (see the chapter on matrices) that, given A € R"*", the cofactor of the entry a;;
is Cj; = (—1)""7 det(A;;), where A;; is the minor matrix obtained from A by deleting
row ¢ and column j.
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Definition 4.17: Cofactor matrix and adjugate matrix

Let A € R™*™ with n > 2. The cofactor matrix of A is the matrix C = (Cj;) € R™*"
of the cofactors of A. The adjugate matrix of A is the transpose of the cofactor matrix:

adj(A) = C', ie., (adj(A))Z.j = T

Theorem 4.18: Adjugate formula

Let A € R™"™ withn > 2. Then
Aadj(A) =adj(A) A =det(A)I.
Consequently, if det(A) # 0, then A is invertible and

_ 1
~ det(A)

Al adj(A).

Proof. The entry (i,j) of Aadj(A) is

n
Z ik Cjk-
k=1

e If i = j, this is the Laplace expansion of det(A) along row 4.

e If i =£ j, this is the Laplace expansion along row j of the matrix A obtained from
A by replacing row j with row ¢ (the cofactors Cj;, do not depend on row j). The
matrix A has two equal rows: swapping them leaves A unchanged and changes the

sign of its determinant, so det(A) = — det(A), i.e., det(A) = 0.

Hence A adj(A) = det(A) I. The identity adj(A) A = det(A) I is obtained in the same
way, using Laplace expansions along columns. If det(A) # 0, dividing by det(A) shows
that madj(A) is the inverse of A. O

Observation 4.19: Invertibility and determinant

A square matrix A € R™*" is invertible if and only if det(A) # 0.

Proof. If A is invertible, then det(A) # 0 by property 4 of Proposition 4.15. Conversely,
if det(A) # 0, then A is invertible by Theorem 4.18 (for n = 1, A = (a) with a # 0 and
A7l = (1/a)). O
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Observation 4.20: Inverse of a 2 x 2 matrix

Let
A= (Z b) € R?*?  with det(A) = ad — bc # 0.

d
Then
1 d —b
ATl = .
ad — be (—c a )

~
|\

Proof. The minor matrices of A are 1 x 1, so the cofactors are C1; = d, C13 = —c,
021 = —b, 022 = a. Hence

c:(_db ‘) adj<A>=0’=(_dc _ab)’

and the formula follows from Theorem 4.18. O

e N
Inverse of a 2 x 2 matrix (rule). Swap the two diagonal entries, change the sign of the
two off-diagonal entries, and divide by the determinant.

Vs
|\

Example 4.47: inverse of a 2 X 2 matrix with the formula

Let us consider again
2 1
A= .

We have det(A) =2-1—1-1=1% 0, hence

A—l_l 1 -1\ (1 -1
S1\=-1 2] \=1 2)°

which is the matrix obtained with the method of Gauss—Jordan in Example 4.43.

(
(.

Example 4.48: inverse of a 3 x 3 matrix with the adjugate formula

Let us consider again

1
A=10
2

S =N
= = O

By Laplace expansion along the first row:

det(A)=1-(1-1-1-0)—2-(0-1—-1-2)+0=1+4=5#£0.
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The cofactors are:
11 0 1 0 1
Ci1 = +det (O 1) =1, Clo = —det <2 1> =2 Chi3 = +det (2 O) =
2 0 10 1 2
Cy1 = —det (O 1) = -2, (99 = +det <2 1> =1, Chz = — det (2 O) =4,
2 0 10 1 2
C31 = +det (1 1) =2 C39 = —det <0 1) =—1, (33 =+det (0 1) = I,
Hence
1 2 =2 1 -2 2
c=[-2 1 4], agA)=c'=(2 1 -1],
2 -1 1 —2 1
and
1 1 -2 2
Al = H N E
-2 4 1
which is the matrix obtained with the method of Gauss—Jordan in Example 4.44.

. J

e For n = 2 (and often for n = 3) the adjugate formula is convenient for computations by
hand. For larger matrices, the method of Gauss—Jordan requires far fewer operations.

4.3.3 Exercises

Exercise 4.23

Using the formula for the inverse of a 2 x 2 matrix, compute (if it exists) the inverse of
3 5 4 2 2 4
=02 m=GY) =G

=i
Recall that, if ad — be # 0, <“ Z) S < d _b>.

C —C a

e det(A)=3-2—5-1=1, hence
(2 -5 (3 5\(2 -5\ _ (6-5 —15+15) _
4 _<—1 g ) Chede {y o) 1 3)T a2 546 )T

o det(B) =4-4—2-3 =10, hence

|

=

|
S —
/I\
g SN
o |

[\)
~_

Il
/I—\
5|°° SIS
SIS I

O =
\_/
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e det(C) =2-6—4-3 = 0: the matrix C is singular and C~! does not exist (the second
row is 3 times the first one).

Exercise 4.24

Compute the inverse of

110
1 21
01 2

A=

with the method of Gauss—Jordan, and verify the result.

- J

We apply elementary row operations to (A | I):

1 1 0 1 0 0
1 2 1 0 1 0
0 1 2 0 0 1

0 1 1 -1 1 0 (RQ <—R2—R1)

1 0 -1 2 -1 0
0 1 1 —1 1 0 (Rl = Rl = Rz)
0 1 2 0 0 1
1 0 -1 2 -1 0
0 1 1 —1 1 0 (Rg <—R3—R2)
0 0 1 1 -1 1
1 0 0 3 -2 1
0 1 1 —1 1 0 (Ry < Ry + R3)
0 0 1 1 -1 1
1 0 0 3 —2 1
0 1 0 —2 2 —1 (RQ — RQ = Rg)
0 0 1 1 -1 1
Hence
3 -2 1
Al=(-—2 2 -1
1 -1 1
3—2 =B -2 1-1
Check (row by column): AA™ = [3-44+1 —2+4-1 1-2+1] =1
=% 2 2—2 —1+2

~
.
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Exercise 4.25

Compute the inverse of

Il
N = O
W == N
—_ O =

with the method of Gauss—Jordan.

- J

Since a1 = 0, we start with a row swap. Later, we swap rows 2 and 3 to get a pivot equal
to 1 (and avoid fractions):

o 2 1] 1 0 o0
1 1 0| o0 1 o0

2 3 1|0 0 1

1 1 o] o 1 o0

o 2 1|1 0 o0 (Ry ¢ Ry)

2 3 1|0 0 1

1 1 o] o 1 o0

o 2 1|1 0 o0 (R3 « R3 — 2R;)

0 1 1 0 —2 1 (RQ <~ Rg)

1 0 -1 0 3 -1

0 1 1 0 —2 1 (Rl & R1 = Rg)
0 2 1 1 0 0

1 0 -1 0 3 -1

0 1 1 0 —2 1 (Rg — Rg — 2R2)
0 0 -1 1 4 =2

1 0 -1 0 3 -1

0 1 1 0 =2 1 (Rg — —R3)

0 0 1 -1 —4 2

1 0 0 =1l —1 1

0 1 1 0 —2 1 (R1 +— R+ Rg)
0 0 1 -1 —4 2

1 0 0 =1l —1 1

0 1 0 1 2 -1 (R2 — Ry — Rg)
0 0 1 -1 -4 2
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Hence

Exercise 4.26

Apply the method of Gauss—Jordan to

Is A invertible?

N\

.

1 2 -1 1 0 0

0 —1 3 —2 1 0 (R2 = R2 = 2R1)
3 9 0 0 0 1

1 2 —1 1 0 0

0 -1 3 —2 1 0 (R3 = R3 = 3R1)
0 -1 3 -3 0 1

1 2 -1 1 0 0

0 —1 3 —2 1 0 (Rg <+ R3 — RQ)
0 0 0 —1 -1 1

A zero row appears in the left block: the method stops and A is not invertible. Indeed,
the third row of A is the sum of the first two rows, and

det(A) =1-(0—5)—2-(0—3)+(—=1)-(10-9) = —5+6—1=0.

- J

Exercise 4.27

Consider, for k € R, the matrix

1. For which values of k is A(k) invertible?

2. Compute A(0)~! with the method of Gauss—Jordan.

-
(.

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 96


https://github.com/fabiofurini/linear-algebra
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Algebra

1
1
1

—_

—

1
0
0

1
k
1

1

k-1

0

2. For k = 0 we have det(A(0)) = 1, and:

1
0

K2 -1

The last matrix is upper triangular, hence

1. We compute det(A(k)) by Gaussian elimination (row additions only):

det(Ak)=1-(k—1)- (K —=1)=(k—12k+1).

Therefore A(k) is invertible if and only if £ # 1 and k # —1.

(Rg — R3 = Rl)

Author: Fabio Furini

1 1 1 1 0 0
1 0 1 0 1 0
1 1 0 0 0 1
1 1 1 1 0 0
0 —1 0 —1 1 0 (R2 = R2 = Rl)
1 1 0 0 0 1
1 1 1 1 0 0
o -1 0 | -1 1 0 (Ry < R3 — Ry)
0 0 —1 —1 0 1
1 1 1 1 0 0
0 1 0 1 —1 0 (RQ — —RQ)
0 0 —1 -1 0 1
1 1 1 1 0 0
0 1 0 1 -1 0 (Rg “— —R3)
0 0 1 1 0 =1l
1 0 1 0 1 0
0 1 0 1 —1 0 (Rl K R1 = RQ)
0 0 1 1 0 =1l
1 0 0 —1 1 1
0 1 0 1 —1 0 (Rl o R1 = Rg)
0 0 1 1 0 —1
SAPTENZA

UNIVERSITA DI ROMA

97


https://github.com/fabiofurini/linear-algebra
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Algebra

Hence

Exercise 4.28

IZ i) . For which values of k is A(k) invertible?

For these values, write A(k)~!, and compute A(3)~1.

Consider, for k € R, the matrix A(k) = (

Solution

We have det(A(k)) = k? —4 = (k — 2)(k+2), so A(k) is invertible if and only if & # 2 and

k # —2. In this case
1 k-1
=1l _
AR)™ = k2 —4 (—4 /<;>

For k = 3: det(A(3)) =5 and

Vs
|\

Exercise 4.29

Compute the inverse of

2 01
A=1|1 10
0 3 1

with the adjugate (cofactor) formula A=! = m adj(A).

-
.

Solution

Laplace expansion along the first row: det(A) =2-(1—-0)—0+1-(3—-0) =5 # 0. The
cofactors Cj; = (—1)"* det(A;;) are:

C11 = +det (é ?) =1, C19g = —det

S =

i)

~_
Il

11
—1, 013—+det (0 3)—3,

01 2 1 2 0
C91 = —det (3 1)—3, Co9 = +det (0 1)—2, (3 = —det (0 3>——6,

031:+det<0 1>=—1, CgQZ—det ? (1)>=1, C33=—|—det<i (1)>=2.

10
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The adjugate matrix is the transpose of the cofactor matrix:

!/

1 -1 3 1 3 -1 (1 3 -1
adjlA)=|3 2 -6|=|-1 2 1], Al= H
-1 1 2 3 -6 2 3 -6 2

(.
Exercise 4.30

2 1 1 2
LetA—<1 1>andB—<0 3>.

1. Compute A~!, B~! and then (AB)~! using the properties of the inverse. Check the
result by inverting AB directly.

.

2. Show that A™'B~! £ (AB)~!.

3. Compute (B')~! and det ((AB)™1).

-
.

1. det(A) =1 and det(B) = 3, hence
a1 (1 -1 p1_1(8 -2
S\-1 2 ) S 3\0 1)’

1(3 —2\(1 -1\ 1.5 -7

-1 _ p—1,4-1_ * _ =
(AB)" =54 _3<0 1)(-1 2) 3(—1 2>'
2 7

Check: AB = (1 5

), det(AB) = 10—7 = 3, and the 2 x 2 formula gives (AB)~! =

1 -1\ /3 -2 3 -3
1p-1_ 1 1 -1
2. A7'B —3(_1 2><0 1>—3(_3 4>7E(AB) .
3.(B)' =B =3 ( 3 0> (check with the 2 x 2 formula applied to B’ =

-2 1
10
<2 3> ). Moreover

det ((AB)™) : ! !

" det(AB)  det(A)det(B) 3’

r
.

Exercise 4.31

1. Let A € R™™ be invertible and A € R, A # 0. Show that AA is invertible and
(M)~ = %A‘l.
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2. Let A € R™" satisfy A2—3A+1T = 0. Show that A is invertible and A~! = 31 — A.

Check this on A = <? i)

1. Using the properties of the product by a scalar:

(a)(3Aa7) =r-f44a =1, (3A7)0) =1 raTA-T

2. From A2 —3A+T=0weget 3A—A2=1, ie,

ABI-A)=1 and (3I-A)A=1.

Hence A~ =3I — A. For A = (? 1)

2 (53 - C(5-6+1 3-3 )\ _
A‘(32’ A =3AFTT={"3 3 5. 341)7°

1 -1

and 31 — A = <_1 9

), which is indeed A~!.

Exercise 4.32

Compute the inverse of the upper triangular matrix

A=

S O =

2
1
0

NIt

with the method of Gauss—Jordan. What kind of matrix is A~1?

- J

The left block is already upper triangular with ones on the diagonal: we only need to
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eliminate the entries above the pivots, starting from the last column.
1 3 1 0 0
0 1 4 0 1 0
0 1 0 0 1
1 0 1 0 -3
0 1 0 1 0 (Rl — R1 = 3R3)
0 1 0 0 1
1 0 1 0 -3
1 0 1 —4 (RQ & Rg = 4R3)
0 1 0 0 1
1 0 0 1 —2 5
1 0 1 —4 (Rl = R1 = 2R2)
0 1 0 0 1
Hence
1 -2 5
Atlt=10 1 -4],
0 O 1
which is again upper triangular with ones on the diagonal.

(& J

4.4 Factorization of matrices

4.4.1 LU factorization

e The LU factorization (or LU decomposition) is a fundamental matrix decomposition that
expresses a matrix as the product of a lower triangular matrix and an upper triangular
matrix.

'd ~\
Given a square matrix A € R"*" a PLU factorization of A is a decomposition of the
form

PA=LU,

where:

e P € R™™ is a permutation matrix (it accounts for possible row swaps),

e L € R"™" is a lower triangular matrix with ones on the diagonal,

e U € R™™ is an upper triangular matrix.

e The factorization is computed by Gaussian elimination.
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e If no row swaps are needed, then P = I,, and the factorization reduces to the LU
factorization:

A=LU.

e The PLU/LU factorization is very useful for solving linear systems Ax = b efficiently.

Method to compute the PLU (LU with pivoting) factorization.

Starting from A, we perform Gaussian elimination. Whenever a row swap is required, it is
recorded in the permutation matrix P. At the end of the elimination we obtain the upper
triangular matrix U, while L stores the elimination multipliers.

Specifically:
e Each elimination step R; <— R; — ¢;;R; (with ¢ > j) creates a zero in position (i, j).
e The multiplier ¢;; is stored in position (i, j) of L.
e The diagonal of L is filled with ones.

e If at step j rows ¢ and k are swapped (R; <> Ry), the multipliers already stored in
rows ¢ and k of L (in columns 1,...,j — 1) are swapped as well, and the same swap
is applied to the rows of P (which starts as I,,).

. J

Example 4.49: LU factorization

Let us compute the LU factorization of

2 1 1
A=1|14 -6 0
=2 7 2

Step 1: Eliminate the entries below the first pivot aq; = 2.

We need to eliminate as; = 4. The multiplier is:

as; 4
by = —==-=2
21 a2
We perform Ro <+ Ry — 2R;:
2 1 1
0 -8 =2
-2 7 2
We need to eliminate ag; = —2. The multiplier is:
asi —2
b3 = — = — = —1.
31 an 5

We perform R3 < R — (—1)R; = R3 + Ry:

2 1 1
0 -8 -2
0 8 3
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Step 2: Eliminate the entries below the second pivot —8.
We need to eliminate the entry in position (3,2), which is currently 8. The multiplier is:
8
b3y = — = —1.
32 = g
We perform R3 < R3 — (—1)Rs = R3 + Ra:
2 1 1
U=10 -8 -2
0o 0 1
- J

Example 4.50: LU factorization (continued)

Step 3: Build the matrix L.

The matrix L has ones on the diagonal and the multipliers below the diagonal:

1 0 0 1 0 O

L=1/V¢V 1 0] = 2 1 0

l31 f3p 1 -1 -1 1

Verification: We check that LU = A:

1 0 O 2 1 1
LU=| 2 1 0 0 -8 -2

-1 -1 1 0 0 1

2 1 1

-2 —-1+8 —-1+2+1

2 1 1
=14 -6 0|]=A
=2 7 2
. J

e Given A € R™" and k € {1,...,n}, we denote by Ay the leading principal subma-
trix of order k, i.e., the k x k matrix formed by the first k rows and the first & columns
of A. Its determinant det(Aj)) is called the leading principal minor of order k. Note
that A[n] =A.

Observation 4.21: Existence of the LU factorization without row swaps

Let A € R™™ be a nonsingular matrix. Then A admits a factorization
A=LU,

with L lower triangular with ones on the diagonal and U upper triangular, if and only if
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all its leading principal minors are nonzero:
det(A[k}) #0, Vk e {1,...,n}.
In this case, Gaussian elimination never requires a row swap and the pivots are

det(A[k])

uiy = det(Apy), ek = det(Ap_1)’

ke{2,...,n}.

Proof. (<) We perform Gaussian elimination without row swaps. A row addition R; <
R; — 0;jR; with j < 7 does not change any leading principal minor: if £ > 4, it acts on
Ay as arow addition; if k < i, it does not modify A. Suppose that the first £ —1 steps
have been performed. Then the leading principal submatrix of order k of the current
matrix is upper triangular with diagonal entries w1, ..., ugs, hence

det(A[k]) = U1 U2 Ukk-

Since det(A) # 0, the pivot ugy, = det(Ap)/ det(A,_1)) is nonzero and step k can be
performed without a row swap.

(=) If A= LU, since L is lower triangular and U is upper triangular, the first k rows
and columns of the product only involve the first k& rows and columns of the factors:
A[k} = L[k]U[k] Hence det(A[k]) =1-uq1---ugg. Since det(A) = U1 Upp # 0, all uy

are nonzero, and so are all the leading principal minors. O

e For the matrix of Example 4.49, we have det(A;)) = 2, det(Ap) =2-(-6) —1-4=—16
and det(Ajz) = det(A) = —16, which give the pivots ui1 = 2, ugs = —16/2 = —8 and
uss = —16/(—16) =1.

e If some leading principal minor is zero, a row swap is needed and we must compute a
PLU factorization (with P # I'). This happens in the next examples.

Example 4.51: PLU factorization with row permutation

Consider the matrix
01
A= (1 1) .

Since a1 = 0, we cannot use it as a pivot. We need to swap rows 1 and 2.

e ()

be the permutation matrix that swaps rows 1 and 2.
Then:
0 1 0 1 1 1
Pa= (3 o)(3 1)=(o 1)-
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Now P A already has an upper triangular form (no elimination needed below the diagonal),

SO:
10 11
L—(O 1)_1, U_(O 1).

Therefore, the PLU factorization is:

PA=LU,
0 1 11
WhelreP—(1 O),L-I,andU-(O 1).
(& J

Example 4.52: PLU factorization with a row swap during the elimination

Let us compute the PLU factorization of
2 11
A=1|4 2 3
-2 3 1
Note that det(Afy) =2-2—1-4=0: a row swap will be needed.

Step 1: Eliminate the entries below the first pivot a1; = 2. The multipliers are £o91 = % =5
and f31 = _72 =—1:

2 1 1

0 0 1 (RQ S RQ = 2R1)
—2 3 1

2 1 1

0 0 1 (R3 < R3 + R1)
0 4 2

Step 2: The entry in position (2,2) is 0 and cannot be used as a pivot. We swap rows 2
and 3:

2 1 1
0 4 2 (R2 <~ R3)
0 0 1
The multipliers already computed for rows 2 and 3 are swapped as well: now fo; = —1 and

l31 = 2. The entry below the new pivot 4 is already zero, so 35 = 0, and the elimination
is complete:

U=

S O N

11
4 2
0 1

Step 3: Build P and L. The matrix P is obtained from I3 by swapping rows 2 and 3, and
L contains the (swapped) multipliers:

100 1 00
P=(0oo0 1|, L=[-110
010 2 0 1
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Verification: We check that PA = LU::

[\)

100 2 11
1 4 2 3] =1-2
010 -2 31

PA =

(@)
[}
I
DN W

211 2 1 1 2 1
=|1-2 144 -14+2|=1-2 3
0 01 4 2 2+1 4 2

—_

LU = | —1 = PA.

[\

o = O
_ o O
[an}
i
[\V]
W = =

e Without swapping the multipliers in Step 2 we would get the wrong matrix L with by =2
and f3; = —1, and LU # PA (its second row would be (4, 6, 4)).

4.4.2 Determinant from the PLU factorization

Observation 4.22: Determinant from the PLU factorization

Let PA = LU be a PLU factorization of A € R"*"™ where P is obtained from I,, with

s row swaps. Then
det H Uj; = + H U«

In particular, A is invertible if and only if all the diagonal entries of U are nonzero.

Proof. Each row swap changes the sign of the determinant, so det(P) = (—1)*det(I,) =
(—1)*. The matrices L and U are triangular, so det(L) = 1 and det(U) = [[;; wi-
From det(PA) = det(LU) and the product rule of determinants,

(—=1)°det(A H Ugs,

and we multiply both sides by (—1)%. O

Example 4.53: Determinant from the PLU factorization

e Example 4.49: no row swaps (s = 0), so det(A) =2 (—8) -1 = —16.

e Example 4.51: one row swap (s = 1), so det(A) = —(1-1) = —1. Indeed, det(A) =
0-1-1-1=-1.

e Example 4.52: one row swap (s = 1), so det(A) = —(2-4-1) = —8. Indeed, by
Laplace expansion along the first row, det(A) =2-(2—9)—1-(44+6)+1-(12+4) =
—14-10+ 16 = =8.
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4.4.3 Exercises

Exercise 4.33

Compute the LU factorization of A = (g g) and verify that LU = A.

The first pivot is a1; = 4 and the multiplier is fo1 = g = %:

(o 3 )

D
w

(@)
|
[\C][9V]

Ve
1\

Exercise 4.34

Compute the LU factorization of

Il
W N =
co Ot N
—
Lo N W

and verify that LU = A.

-

N
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&

The multipliers are fo1 = § = 2, {31 =
1 2
2 5
3 8
1 2
0 1
3 8
1 2
0 1
0 2
1 2
0 1
0 0
Hence
10
L=12 1
3 2
Verification:
1 2
LU=|2 4+1
3 6+2

%zSand, after the first step, 632=%=2:
3
7
13
3
1 (R2<—R2—2R1)
13
3
1 (R3<—R3—3R1)
4
3
1 (R3%R3—2R2)
2
0 1 2 3
0], U=1(0 11
1 0 0 2
3 1 2 3
6+ 1 =12 5 7|=A.
94+2+2 3 8 13

J

Exercise 4.35

Consider

rOw swaps.

2. Compute the
det(A[k])/ det(A[k_l]).

-

A

1. Check, using the leading principal minors, that A admits an LU factorization without

LU factorization and verify that the pivots

1

are  Ugk

J

first row,

1. det(A[l]) = 2, det(A[Q}) =2-(-1)—4-1

det(A[g]) = det(A) =2 (—1 —35) —4. (1+5) =

All the leading principal minors are nonzero, so the LU factorization exists.

—6 and, by Laplace expansion along the

(=2)-(7—1) = —72—24—12 = —108.

Author: Fabio Furini
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2. The multipliers are fo1 = %, l31 = _71 = —% and, after the first step, £30 = % = -3
2 4 -2
1 -1 5
-1 7 1
2 4 -2
0 -3 6 (RQ — R2 = %Rl)
-1 7 1
2 4 -2
0 -3 6 (Rs < R3+ 3 Ry)
0 9 0
2 4 -2
0 -3 6 (R3 < R3 + 3R2)
0 0 18
Hence
1 0 2 4 =2
L= % 1 0], U=10 -3 6
_% -3 1 0 0 18
Indeed ui1 = 2, uge = _76 = —3 and uzg = %28 = 18. Verification:
2 4 -2 2 4 -2
LU =| 1 2—-3 —1+6 =1 -1 5 |=A.
-1 —2+9 1—-18+18 -1 7 1
(& J

Exercise 4.36

Consider
1 2 0
A=12 4 1
01 1

Show that A is nonsingular but does not admit an LU factorization without row swaps.
Then compute a PLU factorization PA = LU and verify it.

AN

We have det(A) =1-(4—-1)-2-(2-0)+0=—1%#0, but det(Ap) =1-4-2-2=0:

the LU factorization without row swaps does not exist.

(.

Gaussian elimination: f3; = 2 and ¢31 = 0 (the entry as; is already zero). Then the entry
in position (2,2) is zero and we swap rows 2 and 3, swapping also the multipliers (now
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€21 =0, €31 = 2):

1 2 0

2 4 1

0 1 1

1 2 0

0 0 1 (R <~ Ry — 2Ry)
0 1 1

1 2 0

0 1 1 (RQ <~ Rg)

0 0 1

The entry below the second pivot is already zero, so £30 = 0. Hence

1 00 1 00 1 20
P=10 0 1], L=]01 0}, U=10 11
010 2 01 0 01
Verification:
1 20 1 2 0
PA=1[0 1 1], LU=1|0 1 1 = PA.
2 4 1 2 4 0+1
(& J

Exercise 4.37

Compute a PLU factorization of

A=

~ N O
O
S

verify that PA = LU, and compute det(A) from U.

N\ J

Since aj; = 0, we swap rows 1 and 2 (no multiplier has been computed yet). Then f9; =
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% =0, l31 = % = 2 and, after the first step, £30 = % = 3%
0 1 1
2 1 3
4 5 4
2 1
0 1 1 (Rl — Rg)
4 5 4
2 1
0 1 1 (R3 < R3 — 2Ry)
0 3 -2
2 1 3
0 1 1 (R3 < R3 — 3Ry)
0 —5
Hence
1 0 1 0 O 21 3
P=(100], L=(o10|, U=[01 1
0 1 2 31 0 0 -5
Verification:
2 1 3 2 1 3
PA=(0 11|, rLu=|0 1 1 = PA.
4 5 4 4 2+3 6+3-5
One row swap was used (s = 1), hence det(A) = —(2-1-(=5)) = 10.

(& J

Exercise 4.38

Compute the LU factorization of
3 1 2
A=16 3 4
3 1 5
and use it to compute det(A) and det(A™1).
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The multipliers are o1 = g =2 and {31 = % =1

(@)
w
S

3 1 2
0 1 0 (R3 <—R3—R1)
0 0 3

3 1 2
( 0 1 0 (RQ < R2 — 2R1)

The entry in position (3,2) is already zero, so ¢32 = 0 and
1 0 0 3 1 2
L=[(2 10|, wv=[o0o1o0
1 0 1 0 0 3

No row swaps were used, hence

det(A) = det(L)det(U) = 1- (3-1-3) =9,  det(A™") = %

s
|\

Exercise 4.39

Consider, for k € R, the matrix
110
Ak)=1[1 k 1
01 1

1. For which values of k is A(k) nonsingular and admits an LU factorization without
row swaps? Compute it.

2. For k =1, compute a PLU factorization.

. J

1. The leading principal minors are

det(A[l]) =1, det(Ap]) =k—1, det(A[g]) =1-(k—-1)—1-1-0)+0=k—2.

They are all nonzero if and only if & # 1 and k # 2. For these values, o1 = 1, {31 =0
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and f32 = ﬁ:

@)
ol
|
—_
—_

(RQ < R2 — Rl)

0 k—1 o (R3 + R3 — t55 R»)
0 0 =i
since 1 — k—il = k—:% Hence
1 0 0 1 1 0
L=]1 1 0], U=1|0 k-1 1 |,
1 k—2

and indeed ujjuguss =k — 2 = det(A(k)). For k = 2 the matrix is singular.

2. For k = 1 we have det(A(1)) = —1 # 0 but det(Apy) = 0. After Ry < Ry — I
(b1 = 1, £37 = 0) the entry in position (2, 2) is zero, so we swap rows 2 and 3 together
with their multipliers (now ¢91 = 0, f31 = 1):

1 1 0
1 1 1
0 1 1
1 1 0
0 0 1 (Ry <~ Ry — Ry)
0 1 1
1 1 0
0 1 1 (R2<—>R3)
0 0 1
Then 532:0and
1 00 1 00 1 1 0
P=[(o o 1|, =0 10|, U=[(01 1],
010 1 01 0 0 1
and
110
PAL)=LU= (0 1 1
111
4.5 Eigenvalues and eigenvectors
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4.5.1 Eigenvalues

Definition 4.23: eigenvalue and eigenvector

Let Q € R™"™ be a square matrix. A scalar \ € R is called an eigenvalue of Q if there
exists a nonzero vector v € R™ \ {0} such that

In this case, v is called an eigenvector associated with \.

Qv = )\v.

Eigenvalues are solutions of the characteristic equation

det(Q — M) = 0.

If @ is symmetric, then all its eigenvalues are real.

The function p(A) = det(Q — AI) is a polynomial of degree n in A, called the character-
istic polynomial of Q.

If X is an eigenvalue, the eigenvectors associated with A are the nonzero solutions v of the
homogeneous system

(Q—-X)v=0.

If v is an eigenvector associated with A, then also av is an eigenvector associated with A,
for every aw € R\ {0}. Eigenvectors are therefore never unique: we just give one of them
(“for example”).

r

A square symmetric matrix Q € R"*" is

positive semidefinite if and only if all its eigenvalues are non-negative.

positive definite if and only if all its eigenvalues are strictly positive.

negative semidefinite if and only if all its eigenvalues are non-positive.

negative definite if and only if all its eigenvalues are strictly negative.

Recall that (semi)definiteness has been defined in the chapter on matrices through the
sign of 'Q x: for instance, Q is positive semidefinite if 'Q x > 0 for all x € R™. The
box above gives an equivalent characterization in terms of eigenvalues.

Author: Fabio Furini
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e One direction is easy to see: if Qv = A\v with v # 0, then

n n
'v'Q'v:Av/v:)\Zv?, with sz~2>0,
i=1 i=1

so v'Q v and ) have the same sign. For example, if Q is positive semidefinite, then every
eigenvalue satisfies A > 0.

e A symmetric matrix which is neither positive semidefinite nor negative semidefinite is
called indefinite: equivalently, it has at least one strictly positive and at least one strictly
negative eigenvalue.

Example 4.54: eigenvalues and eigenvectors

Let us consider the matrix

The characteristic equation is:
2—X -1
det(Q — A1) = det —2-2—1= 22—4r+3
-1 2-X
Hence
det(Q — M) =0« (A—1)(A—-3) =0,

and therefore the eigenvalues are:

=1, Ja=%

An eigenvector associated with Ay = 1 can be found by solving

(Q—1v =0+ (_11 _11>'v:O,

o (1)

Similarly, an eigenvector associated with Ao = 3 satisfies

which gives (for example)

(Q —3Iv =0 < (j j)u:O,

which gives (for example)

Therefore,
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We can verify it directly:

oo (3 )00 (22 (0)-()

Since Q is symmetric and both eigenvalues are strictly positive, the matrix @ is positive
definite.

. J

4.5.2 Properties of eigenvalues

4.5.2.1 Triangular and diagonal matrices

Observation 4.24: eigenvalues of triangular and diagonal matrices

Let Q € R™ ™ be an upper triangular, a lower triangular or a diagonal matrix. Then the
eigenvalues of Q are its diagonal entries qi1,q22, - - - , qnn-

Proof. If @Q is triangular (or diagonal), then also @ — AI is triangular (or diagonal), with
diagonal entries q11 — A, ..., gnn — A. Recall that the determinant of a triangular matrix is the
product of its diagonal entries. Hence

n

det(Q — AT) = [ J(qii — N,

i=1

which is equal to zero if and only if A = ¢;; for some i € {1,2,...,n}. O

Example 4.55: eigenvalues of a triangular matrix

Let us consider the upper triangular matrix

2 1 3
U=|0 -1 4
0 0 5
The characteristic equation is
2—A 1 3
det(U — \I) = det 0 —1-A 4 =2-=-XN(-1=-XN)(5B-X) =0,
0 0 5—A

and therefore the eigenvalues are the diagonal entries:

M =2 A=-1, A3=5.
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4.5.2.2 Trace, determinant and eigenvalues

Definition 4.25: trace of a matrix

Let Q € R™"™ be a square matrix. The trace of Q is the sum of its diagonal entries:

n
tr(Q) = Z%’i =qi11 +q2+ -+ qnn.
i=1

e The characteristic polynomial p(A\) = det(Q — AI) has degree n. Over the complex
numbers, a polynomial of degree n has exactly n roots A1, Ao,..., A, € C, provided that
each root is counted as many times as its multiplicity (the number of times the factor
(\i — A) appears in the factorization). Hence

pA) = (A1 =A) (A2 = A) -+ (An = A).

e The real roots are the eigenvalues of Definition 4.23. The roots which are not real are
called complex eigenvalues of Q (their eigenvectors have complex entries). If @Q is
symmetric, all the roots are real.

Observation 4.26: determinant, trace and eigenvalues

Let Q € R™™ and let A1, X\a,..., A\, € C be the roots of its characteristic polynomial,
each repeated according to its multiplicity. Then

det(Q) = [ [ 2 tr(Q) = i
=1 i=1

Idea of the proof. Setting A = 0 in p(A) = (A — A)--- (A — A) gives det(Q) = p(0) =
A1 A2 -+ An. For the trace, we compare the coefficients of A»~!: in the product (A; =) -+ - (A, —
A) this coefficient is (—1)"~* 3" | \;, while in det(Q — AI) the power A"~ ! only comes from the
product of the diagonal entries (gi11 —A) - - - (gnn — A), and its coefficient is (—=1)""1 31 | g5 O

Example 4.56: trace and determinant

e For the matrix of Example 4.54 we have A\; = 1 and Ay = 3, and indeed

wf 2 1 —24+2=4=1+3 B e 1=3=1-3
EL R 2 e Al (S B B

e Multiplicities must be taken into account. The diagonal matrix

4 0 0
D=0 -3 0
0 0 4
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has characteristic polynomial (4 — A\)2(—3 — \): the eigenvalue 4 has multiplicity 2
and the eigenvalue —3 has multiplicity 1. Hence \; = Ay =4, A3 = —3, and

tr(D)=4+4-3=35, det(D) =4-4-(-3) = —48.

e Complex roots must be taken into account. For the (non symmetric) matrix

0 —1
R:(1 0) we have det(R — \) = A\ 4 1,

which has no real roots: R has no (real) eigenvalues. Its complex eigenvalues are
A1 =1 and A9 = —1%, and indeed

tr(R) =0 =i+ (—i), det(R)=1=1-(—i).

4.5.2.3 Eigenvectors of distinct eigenvalues

e Recall that the vectors vy, ..., v, are linearly independent if ayvi+- - -+ apvi = 0 implies
ap=---=a=0.

Observation 4.27: eigenvectors of distinct eigenvalues

Let A1, Ag, ..., \; be distinct eigenvalues of Q € R™*™ and let v1,vo, ...,V be associ-
ated eigenvectors (Qu; = \jv;). Then vy, va,..., v are linearly independent.

e In particular, if Q@ € R™ ™ has n distinct real eigenvalues, then one eigenvector for each
eigenvalue gives n linearly independent vectors of R™.

e In Example 4.54, the eigenvectors v; = (1,1)" and v = (1, —1)" are linearly independent,
since neither of them is a multiple of the other.

4.5.3 A complete example with a 3 x 3 matrix

Example 4.57: eigenvalues and eigenvectors of a 3 x 3 matrix

Let us consider the symmetric matrix

Q=

S = N
— W
N = O
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Characteristic polynomial. Expanding along the first row (Laplace expansion):

2—-A 1 0
det(Q — AI) = det 1 3-Xx 1
0 1 2-X

=2-N[B=-XN2-X)-1]-1-[1-(2=X)—-1-0]
=2-N[B-N2-N)-2]=2-2) (N -5)x+4)
=2-NA-1\A—-4).

Therefore the eigenvalues are

M=1, J=2  A3=4

Eigenvector for \; = 1. We solve

1 1 0 v1 +v2=0
Q@Q-Tv=0<= |1 2 1|lv=0< < v1+2v2+v3=0
0 1 1 vg +v3 =0
From the first and the third equation, v; = —vy and v3 = —vy (the second equation is then
satisfied). Choosing vy = —1:
1
V1 = —1
1

Eigenvector for Ao = 2. We solve

0 10 0
Vo =
Q-2Dv=0+= |11 1|lv=0c={
010 v1+v2 +v3=0
hence v, = 0, v3 = —v; and, for example,
1
Vo = 0
-1
Eigenvector for A3 = 4. We solve
-2 1 0 —2v1 +v93 =0
Q—-4lhv=0<= |1 -1 1 |v=0<= (¢ vi—v2+v3=0
0 1 -2 ’U2—2’L)3:0

From the first and the third equation, vo = 2v; and vs = v2/2 = v; (the second equation is
then satisfied: v; — 2v; +v; = 0). Choosing v; = 1:

1

S
w
\
= N
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Checks. By Observation 4.26,
tr(Q)=24+3+2=7=1+4+2+4, det(Q)=2-(6—-1)—1-(2—-0)=8=1-2-4.

Since the three eigenvalues are distinct, by Observation 4.27 the eigenvectors v, vo, v are
linearly independent. Finally, Q is symmetric with strictly positive eigenvalues, hence it is

positive definite.
& J

4.5.4 Sylvester’s criterion

e Computing all the eigenvalues of a matrix can be difficult. For symmetric matrices, defi-
niteness and semidefiniteness can also be checked by computing determinants of suitable
square submatrices.

Definition 4.28: principal minors

Let Q € R,

e A principal minor of order k of Q is the determinant of the k X k submatrix
obtained from @ by keeping the rows and the columns with the same indices
i1 <ig < --- < iy (equivalently, by deleting the same n — k rows and columns).

e The leading principal minor of order k is the principal minor obtained by keeping
the first k rows and columns:

qi1 - Qik
Ap = det ] k=1,2,...,n.
dk1 - dkk
. J
e A matrix @ € R™ "™ has exactly n leading principal minors Ay = q11, Ag, ..., A, =

det(Q).

e For n = 3, the principal minors are: of order 1, ¢11, g22, g33; of order 2, the determinants
of the submatrices with indices {1, 2}, {1, 3}, {2,3}; of order 3, det(Q).

Theorem 4.29: Sylvester’s criterion

Let Q € R™ ™ be a symmetric matrix with leading principal minors Ay, Ag, ..., A,.
Then

e (@ is positive definite if and only if
Ay > 0, Vk e {1,2,...,n};

e () is negative definite if and only if the leading principal minors alternate in sign
starting with a negative one:

A <0, Ay>0, A3<O0,
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ie.

(-1)* Ay >0, Vk € {1,2,...,n}.

Observation 4.30: semidefinite matrices and principal minors

Let Q € R™™ be a symmetric matrix. Then

e Q is positive semidefinite if and only if all its principal minors (not only the
leading ones) are > 0;

e (@ is negative semidefinite if and only if every principal minor of order k has the
sign of (—1)* or is zero, i.e., (—1)¥ (principal minor of order k) > 0, for all k.

For semidefiniteness it is not enough to check Ay > 0 for the leading principal minors

only.

- J

Example 4.58: a positive definite matrix

For the matrix of Example 4.57

Q=

S = N
—= W =
N = O

the leading principal minors are

2 1
Ay =2>0, Agzdet<1 3):6—1:5>0, As = det(Q) =8 > 0.

By Sylvester’s criterion, @ is positive definite, in agreement with its eigenvalues 1,2, 4.

Example 4.59: an indefinite matrix

Let us consider
Q- 1 2
S \2 1)

We have A1 =1>0and Ay =1 -4 = -3 < 0. Hence:

Ve
|\

e (@ is not positive definite (Ag < 0) and not negative definite (A; > 0);

e (@ is not positive semidefinite (the principal minor Ay of order 2 is negative) and not
negative semidefinite ((—1)2Az < 0).

Therefore Q is indefinite. Indeed, recalling the definition via x'Q «:
1 / 1 /
r={,): rQx=1>0, r=(_,): rQx=1-4+1=-2<0.

The eigenvalues are the roots of (1 — \)?2 —4 = (A —3)(A+ 1), i.e., 3 and —1: one positive

and one negative.
(&

.
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Example 4.60: a singular positive semidefinite matrix

Let us consider

— N
= = O

1
Q=1
0

The leading principal minors are A; =1, Ap =2 —1=1and Az =det(Q)=1-(2—-1) —
1-(1—=0)=0. Since Az =0, Q is not positive definite.

To decide whether it is positive semidefinite we check all principal minors:

e order 1: q11 =1, g2 = 2, ¢33 = 1;

11 10 2 1
e order 2: det (1 2)-1, det(o 1)—1, det(1 1)—1,

e order 3: det(Q) = 0.
All principal minors are > 0, hence Q is positive semidefinite. Indeed
*'Qx = 3 + 2z 79 + 222 + 2x073 + x% = (21 + x2)%2 + (22 + 23)? > 0,

and the eigenvalues are 0,1,3 (v = (1, —1, 1) satisfies Qu =0 = 0v).

(& J

Example 4.61: leading principal minors are not enough for semidefiniteness

Let us consider
0 0

The leading principal minors are A; =0 > 0 and Ay = 0 > 0. However @ is not positive
semidefinite: for

T = (2) we have 2Qx=-1<0.

The principal minor ge2 = —1 (which is not a leading one) detects this. In fact, the

eigenvalues are 0 and —1, and Q is negative semidefinite.
. J

4.5.5 Exercises

Exercise 4.40

Compute the eigenvalues of the matrix

()

and one eigenvector associated with each eigenvalue.

- J
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The characteristic equation is

1

4— A\
det(A—AI) = det
2 3—-A

) — (A= NB—XN)—2= - +10= (A—2)(1—5) =0,
hence Ay = 2 and Ay = 5.
For \; = 2:

2 1 1
(A—2I)v=0<=><2 1>v=0<=>2v1+1)2=0, v1=< 2).

For Ay = 5:

-1 1 1
(A—5I)'v:0<:><2 2)'0:0(:)1;1:@2, v2:<1>.

Check: Avy = (4—2, 2—6) = (2,—4) =2v; and Avy = (5,5)' = 5v,.

.

Exercise 4.41

Compute the eigenvalues and one eigenvector for each eigenvalue of the symmetric matrix

5 2
@-(22)

The characteristic equation is

|\

Is @Q positive definite?

.

det(Q — M) =(5-X)(2—-A)—4=X-TA+6=(\—1)(A—6) =0,

hence Ay =1 and Ay = 6.

JE— = JE— —_ .

1 =0« v =2 =
v = V1 = 2v vy = .
9 1 2 2 1

Since Q is symmetric and both eigenvalues are strictly positive, @ is positive definite.
(Note also that vjve =2—-2=0.)

(& J

For Ay = 6:
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Exercise 4.42

Without computing any determinant, find the eigenvalues of

3 1 =2
U=1|0 -1
0 0 2

Then find one eigenvector for each eigenvalue and check the trace and the determinant.

.

N\

U is upper triangular, hence its eigenvalues are its diagonal entries:

s e )

e A\ =3: (U-3I)v =0 gives vog—2v3 = 0, —4dvy+4v3 = 0, —v3 = 0, hence v9 = v3 =0
and v; = (1,0,0)".

0)\2:—1:
4 1 -2 1
U+IHv=|0 0 4 |[v=0=v3=0, 4v; +v2 =0, vy = | —4
0 0 3 0
o \3—=2:
1 1 =2
U-2v=|0 -3 4 |v=0= vy=30v3, v =—v2+2v3= 303
0 O 0

Choosing v3 = 3: v3 = (2,4, 3)".
Check: tr(U)=3—-1+2=4=X A+ X+ Az3anddet(U)=3-(—1)-2=—6 = A Ay \3.

- J

Exercise 4.43

Compute the characteristic polynomial, the eigenvalues and one eigenvector for each eigen-
value of

-1 1 0
Q=1 2 3
0 3 -1

Classify @ (definite, semidefinite or indefinite).

.

-
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Expanding along the first row:

—1-x 1 0
det(Q — A1) = det 1 2—-A 3
0 3 —-1-X
=(-1-NM[C-N(-1-X)-9]-1-[1-(-1=X)—3-0]
=(-1-N[2-N(-1-X)-9-1] =(-1-)(N-r-12)
=(-1=-XMA=4)(\+3).

The eigenvalues are Ay = —1, Ao =4, A3 = —3.

010
e \i=—-1 (Q+Nv=0withQ+I= |1 3 3| gives vy =0 and v; + 3vs3 = 0:
0 30
v = (3,0,—1)".
-5 1 0
e v=4Q—-4I=|1 -2 3 givesv2=5vl,v3=%1)2=3v1 (and vy — 1001 +
3 -5
9v; =0): vy = (1,5,3)".
2 10
e \s=-3Q+3I=[1 5 3 giVGS’UQZ—Q’Ul,'U?,:—%U2:3’Ul (and v; — 10v; +
0 3 2
3

9v; =0): vz = (1,-2,3)".

Check: tr(Q) =—-1+2—-1=0=-1+4—-3anddet(Q)=—-1-(-2-9)—1-(-1-0) =
12=(-1)-4-(-3).

Q is symmetric with a positive and a negative eigenvalue, hence it is indefinite.
(& J

Exercise 4.44

The matrix

has the eigenvalue A = 3 with multiplicity 2. Using the trace, find the third eigenvalue;
then check the result with the determinant and find an eigenvector for it.

. J

The eigenvalues, counted with multiplicity, are Ay = A9 = 3 and A3. Since the trace is the

sum of the eigenvalues:

tr(Q)=4+4+4=12=3+3+X3 = A3=6.
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Check with the determinant (Laplace expansion along the first row):
det(Q)=4(16—-1)—(-1)(-4+1)+1(1—-4)=60—-3—-3=54=3-3-6. vV

Eigenvector for A3 = 6:

-2 -1 1
Q@Q—-6Iv=|-1 -2 —-1]v=0.
1 -1 =2
Adding the first two equations: —3v; — 3vy = 0, i.e., v = —v1; then from the first equation
v3 = 2v1 + vy = v1. Hence v = (1,—1,1)"; indeed Qu = (4+14+1, -1 —-4—-1,1+1+44) =
(6,—6,6) = 6v.
- J

Exercise 4.45

Using the eigenvalues, classify the following symmetric matrices:

a)Q1=<_13 _13> b>Q2=<; i’) c)Q3=<§ j)

a) (=3 —=X)2—=1=X4+6A+8=(\+2)(\+4): the eigenvalues are —2 and —4, both
strictly negative, hence @, is negative definite.

b) (1-=X)2—-9=22—-2)\—8=(XA—4)(A+2): the eigenvalues are 4 and —2, hence Q,
is indefinite.

c) (2—=N)2—4 = )X2—4) = A\(\—4): the eigenvalues are 0 and 4, both non-negative, hence
Q5 is positive semidefinite (but not positive definite, since 0 is an eigenvalue).

(
|\

Exercise 4.46

Using Sylvester’s criterion, prove that the matrix

is positive definite.

-
A

Q is symmetric and its leading principal minors are

2 -1

A1=2>0, A2=det(_1 9

):4—1=3>Q
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Ag=det(Q) =2(4—1)— (=1)(=2—0)+0=6—-2=4>0.

All the leading principal minors are strictly positive, hence Q is positive definite. (Here
Sylvester’s criterion is convenient: the eigenvalues of @Q are 2 and 2 £ /2, which are not
integers.)

|\

.

Exercise 4.47

Using Sylvester’s criterion, classify

-
.

Solution

Q is symmetric and its leading principal minors are

-2 1

A1=—2<0, Agzdet<1 _3

>:6—1:5>0,

Az =det(Q)=—-2(6—-1)—1(-2—-0)=-10+2= -8 < 0.

The leading principal minors alternate in sign starting with a negative one, hence Q is
negative definite. (Indeed, its eigenvalues are —1, —2 and —4.)

.

.

Exercise 4.48

Using the principal minors, decide whether the following symmetric matrices are positive
semidefinite:
2 =20 11 0
a)Q,=1-2 2 0], by@Q,=]1 1 0
0 0 1 00 -1

a) The leading principal minors are A; =2, Ag =4 —4 =0, Ag =det(Q,) =0: Q, is
not positive definite. We check all principal minors:

— order 1: 2, 2, 1;

2 =2 2 0 2 0
— order 2: det (_2 9 ) =0, det <0 1) =2, det <0 1) =%
— order 3: det(Q,) = 0.

All are > 0: Q, is positive semidefinite. Indeed ='Q,x = 2(x1 — z2)% + :c% >0,
and the eigenvalues are 0,1, 4.

b) The leading principal minors are A} =1, Ag =1—-1=0, Az =det(Q,) = —1-0=10:
they are all > 0, but this is not enough. The principal minor of order 1 given by the
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entry gs3 = —1 is negative, hence @, is not positive semidefinite: for & = (0,0,1)" we
have 'Q,xr = —1 < 0. Since for = (1,0,0)" we have 'Q,x = 1 > 0, the matrix is
indefinite (its eigenvalues are 2,0, —1).

Exercise 4.49

Let £ € R and

Qk) =

O = N
—_ ™ =
N = O

For which values of k is Q(k) positive definite? For which values is it positive semidefinite?

-

J/

Q(k) is symmetric for every k. Its leading principal minors are

2 1

A =2, Agzdet<1 h

):%—1, A3 =2(2k—1)—1-(2—0) =4k — 4.

By Sylvester’s criterion, Q(k) is positive definite if and only if
2>0, 2k-1>0&k>3,  4k—-4>0&k>1,

that is, if and only if & > 1.
For positive semidefiniteness we need all principal minors > 0: order 1: 2, k, 2; order 2:

2k —1, det (2) g =4, 2k —1; order 3: 4k — 4. They are all > 0 if and only if K > 0, k > %
and k > 1, i.e., if and only if K > 1. For k = 1 the matrix is positive semidefinite but not

positive definite: its eigenvalues are 0,2, 3.

a
(&
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Part III

Norms
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Chapter 5

Norms

5.1 Introduction to norms

e A norm is a mathematical function that assigns a non-negative length or size to vectors.
While there are many different types of norms, they all share three essential properties
that ensure they behave consistently and meaningfully.

( N\
Definition: Norm.

A function || - || : R™ — R is called a norm if it satisfies the following three properties for
all vectors p, w € R™ and all scalars A € R:

1. Non-negativity and definiteness:
Ipl[ =20 and |[p|=0+<=p=0

The norm is always non-negative, and it equals zero if and only if the vector is the
Zero vector.

2. Absolute homogeneity (or scalability):

[IApll = [Allpl

Scaling a vector by a scalar \ scales its norm by the absolute value |\|.

3. Triangle inequality (or subadditivity):

I+ w|| < lp + [Jwll

The norm of the sum of two vectors is at most the sum of their norms.

e Non-negativity and definiteness give the norm a reliable meaning as “size” or “length.”
They ensure that the norm is never negative and that the only vector with zero length is
the zero vector.
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e Absolute homogeneity ensures that scaling a vector scales its length proportionally.
This matches intuition: stretching a vector makes it longer in the same proportion, while
reversing its direction does not change its length.

e Triangle inequality captures the idea that taking a detour cannot be shorter than going
directly. In other words, combining two displacements cannot produce a length larger than
the sum of their lengths, reflecting the “straight line is shortest” intuition behind distance.

e Different norms may emphasize different aspects of a vector (e.g., its largest component,
the sum of absolute values, or the geometric length), but they all respect these funda-
mental axioms.

5.2 (; norm

Definition 5.1: /; norm

The ¢, norm (also called Manhattan norm) of a column vector

b1
D2
.| eR”
Pn
——
D

is the non-negative number defined as:

n
el = Ip;l (5.1)
j=1

e The /1 norm represents the sum of the absolute values of all components.

e In R?, the ¢; norm corresponds to the Manhattan distance (the distance a taxi would
travel on a grid-like street network).

e The /1 norm is widely used in robust statistics and sparse optimization (e.g., Lasso
regression).

Example 5.1: /; norm

Consider the vectors:
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Their ¢; norms are:

()

1
2

| Sl =2+ -2+ =1+2+2+3=8
3 1

=|3|+|-4=3+4=7,
1

e The /1 norm of a column vector in R” represents the sum of the absolute values of
its components. In R?, this corresponds to the Manhattan distance (the distance
traveled along grid lines), as illustrated by the following picture:

- ‘

P2 - ] -

)

= |p1| + [p2]
1

Z2

' 7
N " J

e In two dimensions, all the points at #; norm less than or equal to 1
{x eR?: x|, <1}

are the points that lie on or inside a diamond shape (square rotated by 45°) centered
at the origin.
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4 A |
g0 -
1 i
| |
1 0 1

5.2.1 Properties

e The /1 norm satisfies the three fundamental properties that define a norm.

Observation 5.2: Non-negativity and definiteness

For every column vector p € R", we have:

lplli >0 and |p/i=0<=p=0 (5.2)

Proof. From the definition ||p|l1 = >"_, |p;l.
1. Non-negativity: Since |p;| > 0 for all j € {1,2,...,n}, and the sum of non-
negative numbers is non-negative, we have
n
Iplli = Ipjl >0 forall pe R
j=1
2. Definiteness:

(=) If [|pl[r = 0, then 377, [p;j| = 0. Since each |p;| > 0, the sum equals zero only
if |pj| =0 for all j € {1,2,...,n}, hence p; =0 for all j € {1,2,...,n}, ie,
p=0.

(<) If p=0, then p; =0 for all j € {1,2,...,n}, so

n
Il = 0] = 0.
=i
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Observation 5.3: Absolute homogeneity

For every scalar A € R and column vector p € R", we have:

APl = APl (5:3)

Proof. For every scalar A € R and every column vector p € R”, we have:

n
IApll =" 1A pjl

i=1

n
= Z |Al |pj|  (property of absolute value)
j=1

= AID Ipjl
j=1

= [Allplh

O

Observation 5.4: Triangle inequality

For every pair of column vectors p, w € R™, we have:

1P+ w1 < [lpll + [lwlh (5-4)

Proof. For every pair of vectors p,w € R"™, we have:

n
Ip + wlly = Ipj + wj]
j=1

n
< Z(]pﬂ + |w;|) (triangle inequality for absolute value)
j=1

n n
= lpil +>_ lwl
i=1 i=1

= [Pl + [lwllx
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5.3 {5 norm

Definition 5.5: /5 norm

The ¢3 norm (also called Euclidean norm) of a column vector

D1
b2

e R"”

is the non-negative number defined as:

Ipll2 = (5.5)

e When the subscript is omitted, i.e., when we write ||p|| instead of ||p||2, the ¢3 norm is
implied by default.

Example 5.2: /5 norm

e Consider the two vectors:

Their norms are:

e

e Consider the four vertices of the diamond-shaped ¢; unit ball in R?:

B0 6 )
e [0

VA2 +12=V16+1= V17

Their norms are:

|G)],-
(3],

V02 +12=1,

=41/024(-1)2 =1
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e The /5 norm of a column vector in R™ represents its Euclidean distance from the
origin. This interpretation follows from the Pythagorean theorem, as illustrated in

R? by the following picture:

-~

b2 - KX .
J4! _ 2 2,
g H (Pz v +p2
0 —T" ¢
|
0 P1
\_ T

/

e In two dimensions, all the points at £» norm less than or equal to 1

{x eR?: x|l < 1}

are the points that lie on or inside the unit circle centered at the origin.

o ]
20 ’
10 i
1 0 I
N i

Author: Fabio Furini
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p
Given two column vectors
b1 w1
D2 w2
| eRrR” and . e R"
DPn Wnp,
N—— N——
P w

the norm of the difference of the two vectors is:

starting from one and pointing to the other.

This quantity corresponds both to the Euclidean distance between the two points p and
w, and to the length of the diagonal of the parallelogram spanned by those points,

"

Consider the two vectors:

The norm of the difference of the two vectors is

1))

Graphically, we have:

Example 5.3: /5 norm the difference of vectors

1
4

(

) € R? and (

4
1

)eRQ,

=0 -42+(4-12=/(-32+32=V9+9=V18=3V2

137

2
4 N
)
41 . :
32
~ ‘/ﬁ:
& ,'
: __-""" 4 |
:—___-‘ ‘:/ﬁ 1
_T | |
0 1 4
\_ 21 .
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p
Given two column vectors

Y41 w1
b2 w2
| e R™ and ) € R",
DPn Wn,
—— N—_——
P w

the norm of the sum of the two vectors is:

1P+ w2 =

vectors p and w, both originating from the origin.

-

This quantity represents the length of the diagonal of the parallelogram spanned by the

J

Example 5.4: /> norm of the sum of vectors

Consider the two vectors:

1 2 4 2
(4)€R and (JER,

The norm of the sum of the two vectors is:

1 + 4
4 1
Graphically, we have:

= /52 + 52 = 5v/2

2

R PR—

T2
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5.3.1 Cauchy—Schwarz inequality

Observation 5.6: Cauchy—Schwarz inequality

For every pair of column vectors p,w € R™, we have:

P’ wl| < [lpll2 l|wll2 (5.6)

Proof. If p =10 or w = 0 (or both), the inequality clearly holds.
Assume p # 0 and w # 0. Consider the vector:

u=ap+pfw, with «, 8 € R
Then, for every a, 8 € R, we have:

wu=(ap+pfw) (ap+pBw)
>0

=a’p p+2a8p w4+ w w>0

Now choose:

Substituting, we get:
(w' w)? p'p—2 (p' w)* (w w) + (p' w)* (w' w)
=w w ((w w)p' p—(p' w)?) >0

Since w’ w = ||wl|3 > 0, dividing both sides yields:

Pw?<ppww = [|pw < ppww=\ppVuw w=|pl:|w|:

5.3.2 Properties

e The /5 norm satisfies the three fundamental properties that define a norm.

Observation 5.7: Non-negativity and definiteness

For every column vector p € R", we have:

[plz2=0 and |[pllz=0+=p=0 (5.7)

Proof. From the definition ||p||2 = VP’ p.

1. Non-negativity: Since p'p = Z?:l p]2- > 0 (as a sum of squares), and the square
root function yields non-negative values, we have ||p|l2 > 0 for all p € R™.
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2. Definiteness:

(=) If ||pll2 = 0, then /p'p =0, hence p'p =0, i.e.

Since each p? > 0, the sum equals zero only if p? =0forall j €{1,2,...,n},
hence p; = 0 for all j € {1,2,...,n},ie,p=0.

(<) If p=0, then p'p =0, so ||p|l2 = v0 = 0.
]

Observation 5.8: Absolute homogeneity

For every column vector p € R™ and scalar A € R, we have:

A pll2 = [A] lIpll2 (5.8)

Proof. For every scalar A € R and every column vector p € R™, we have:

n

IApllz= > (Ap)2=|> 2w =IA
j=1

Jj=1

n
> 7= ple
j=1
O

Observation 5.9: Triangle inequality

For every pair of column vectors p, w € R", we have:

1P+ wll2 < [|pll2 + [Jwll2 (5.9)

Proof. For every pair of vectors p,w € R"™, we have:

Ip+wl} = (p+w) (p+w)=p p+2p w+w w=|pl3+ w5 +2p w
< ||p||% + ||'w||% + 2 |Ipll2 ||w]|2 (by Cauchy—Schwarz inequality)
= (lpllz + [[wll2)*

Accordingly, we obtain:

2
lp+wli3 < (lpllz + [wll2)® = llp+wl2 < [pll2+[lwl:
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e In R?, the triangle inequality states that for any triangle the sum of the lengths of
any two sides must be greater than or equal to the length of the remaining
side.

Example 5.5: triangle inequality

Consider the two vectors (i) € R? and (le) € R?, we have:

I6)

_ VA2 = VIFi6=VI7

2

—VETE=VET1=vI

=1 +4)?2+ (4 +1)2= /52 +52 =5v2

5vV2 < V1T + V17

e Another form of the triangle inequality is:
[rllz < llr = sl2+ sl thatis [z —|Islla < [lr —sl2, Vr,seR"  (5.10)
To obtain it, it suffices to set in (5.9):

p=r—s8, wW=s
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Observation 5.10: reverse triangle inequality

For every pair of column vectors p, w € R", we have:

Pl = llwll2] < [lp — wll2 (5.11)

Proof. For every two vectors p, w € R, we have:
lp—wli3=@p-w) p-w)=p p—2p w+w w=|p|3+|w|5—2p w
> |Ipll3 + [|lw]|3 = 2 |Ipll2 [|w]2 (by Cauchy—Schwarz inequality)

= (Ipll2 — [[wll2)*

Accordingly, we obtain:

2
(lpllz = llwl2)® < lp —wll3 = lllpll2 = llwll2| < lp — w2

e In R?, the reverse triangle inequality states that for any triangle the length of any
side must be greater than or equal to the difference between the lengths of
the other two sides.

Example 5.6: reverse triangle inequality

Consider the two vectors (}1) € R? and (le) € R2, we have:

|3)
BT JTI- VT

|G,
1))

=12+42=y/1+16= V17

2

=v(1-42+(4-1)2=3V2

2

\m—m]gm
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C ¢
4, |
~ V17
S
1, ': |
Oj— | |
0 1 4
\_ 71 J

5.4 Generalized /¢, norm

Definition 5.11: generalized /s norm

Given a symmetric positive definite matrix

qi11 q12 .- {in

g21 Q922 ... (Q2n Rxn
€

gnl 4n2 .- Qnn
Q

the generalized {5 norm of a column vector

b1
D2
.| eR”
Pn
N——r
D

is the non-negative number defined as:

n n

Iplle = [ > aijpip; (5.12)

i=1 j=1

' Qp
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e The generalized /2 norm extends the standard Euclidean norm by incorporating a
positive definite matrix @, which weights and potentially correlates the components of
the vector.

e When @ is the identity matrix I, the generalized ¢2 norm reduces to the standard ¢,
norm.

e The matrix @ must be positive definite to ensure that p’Qp > 0 for all p € R", making
the square root well-defined, and that p’Qp = 0 only for p = 0.

e In two dimensions, all the points at generalized £ norm less than or equal to 1
{zeR:|lz|q <1}

are the points that lie on or inside an ellipse centered at the origin, whose size, shape, and
rotation are determined by the matrix Q. In particular, the eigenvectors of @) determine
the principal axes and the orientation, while the eigenvalues determine the lengths of the
semi-axes.

Example 5.7: generalized /5 norm

In R?, we consider the following diagonal positive definite matrix

@ (i)

Since Q is diagonal, the eigenvalues are the diagonal entries:
A =4, A =1

and the eigenvectors are the standard basis vectors:

v = ((1)) (for \y = 4), vy = <(1)> (for Ap = 1)

Semi-axes lengths and orientation:
: 1 _ 1 _1 11
e The semi-axes lengths are ST UiT 2 and vorimiv it 1.
e Since the eigenvectors are aligned with the coordinate axes, the ellipse is not rotated.
e The principal axes coincide with the x; and xo axes.

The set of points at generalized f5 norm < 1 from the origin is:

{xeR?: ||z||g <1} = {(2) €R?: (/422 + 23 < 1}
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/
1, .
g 0 ¢
—1F -
S
N o /

Example 5.8: generalized {5 norm

In R?, we consider the following diagonal positive definite matrix

Lo
Q=9>
o]

Since Q is diagonal, the eigenvalues are the diagonal entries:

AL = Ao =

1
9’ 4

and the eigenvectors are the standard basis vectors:

v = (g_)) (fOI‘ )\1 = é), Vo = <(1)> (fOI" )\2 = le)

Semi-axes lengths and orientation:

8 L1 L1
e The semi-axes lengths are Vvl v 3 and % T A 2.
e Since the eigenvectors are aligned with the coordinate axes, the ellipse is not rotated.
e The principal axes coincide with the xz; and xo axes.

The set of points at generalized fo norm < 1 from the origin is:

2 2 2 2
T x x T T T
{weR2:||m||Qs1}={(m>GR” §1+f§1}:{(wz>eR2:3_;+2_§§1}
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/
2, -
g of t ]
—2 .
=3 0 3
N i /

=% %)

The eigenvalues of @ are found by solving the characteristic equation:

2—-x -1

det(Q—AI)zdet( 1 9

>=(2—>\)2—1=)\2—4)\+3=0
which gives:
A =1, A=3

The corresponding eigenvectors are:

V1 = (1) (for )\1 = 1), Vo = (_11> (fOI" )\2 = 3)

Semi-axes lengths and orientation:
: 11 11
e The semi-axes lengths are A 1 and ori L

e Since the eigenvectors are not aligned with the coordinate axes, the ellipse is ro-
tated.

e The principal axes coincide with the directions of the eigenvectors.

The set of points at generalized #» norm < 1 from the origin is:

{xcR?: |z||lg <1} = {(2) eR?: \/Qx% — 2m129 + 223 < 1}

) eR?: 2x%—2x1x2+2x% < 1}
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Sl

SN~

T2
e}
\
\ 4

Sl

=
=

N A /

5.4.1 Generalized Cauchy—Schwarz inequality

Observation 5.12: generalized Cauchy—Schwarz inequality

For every symmetric positive definite matrix Q € R"™*™ and pair of column vectors
p,w € R™ we have:

' Q w| <|plq llwlq (5.13)

Proof. If p =10 or w = 0 (or both), the inequality clearly holds.
Assume p # 0 and w # 0. Consider the vector:
u=ap+pw, with o, 8 € R

Then, for every «, 8 € R, we have:

v Qu=(ap+pw)Q(ap+pw)
>0

=’ P Qp+2p Quw+ 5w Quw>0

where we used w’ Q p = p’ Q w, which holds since Q is symmetric.
Now choose:

a:w'Qw, B:—P,Q’w
Substituting, we get:
(W' Qw)’p' Qp—-2(p' Qw)’ (w' Quw)+(p Quw)? (wQw)
=w' Quw (W Quw)p Qp— (P Quw)?) >0
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Since w’' Q w = HwHé > 0, dividing both sides yields:

P Quw?<pQp wQw = [pPQuw| <P QpVuw Qw=|p|g|w|e

O

5.4.2 Properties

e The generalized ¢ norm satisfies the three fundamental properties that define a norm.

Observation 5.13: Non-negativity and definiteness

For every positive definite matrix Q € R™*"™ and column vector p € R"™, we have:

Iplleq =0 and |pllg=0+=p=0 (5.14)

Proof. By definition, ||p|lq = v/p' @ p. Since Q is positive definite, we have p’ Qp > 0
for all p# 0, and 0’ Q0 = 0.

1. Non-negativity: For all p € R", we have p’ Q p > 0. Therefore
Iplle =+vP' Qp=0.

2. Definiteness:

(=) It lpll@ = 0, then

VP Qp=0 = p'Qp=0,

which implies p = 0 (by positive definiteness of Q).

(<) If p=0, then
PRQp=0Q0=0,
and therefore |p|g = v/0 = 0.

O

Observation 5.14: Absolute homogeneity

For every positive definite matrix Q € R™*", scalar A € R, and column vector p € R",
we have:

IAplle = A lplle (5.15)
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Proof. For every scalar A € R and every vector p € R”, we have:

n

IAplle = | D airpi A p;

i=1 j=1

n n
= ZZAQ dij Pi Pj

i=1 j=1

n n
= [Al Zz%j DPi Py

i=1 j=1

= [Allplle

Observation 5.15: Triangle inequality

For every positive definite matrix Q € R™ "™ and pairs of column vectors p,w € R", we
have:

Ip+wllq < lplle + [wle (5.16)

Proof. For every p, w € R™, we have:
lp+wlg=(@P+w)QP+w)=p Qp+2p Qu+w Qu
= |plg + llwlg +2 9 Qw
< HPHEQ + H'sz) +2 |pllq lwllg (by gen. Cauchy—Schwarz inequality)
= (Ilpllq + llwllg)?

Accordingly, we obtain:

2
lp+wlg < (Iple + lwle)* = lp+wlq <llpllq+lwle

5.5 /- norm

Definition 5.16: /., norm

The ¢+ norm (also called maximum norm, supremum norm, or Chebyshev norm)

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 149


https://github.com/fabiofurini/linear-algebra
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Linear Algebra

of a column vector
b1
D2
| eR”
Dn
~———
p

is the non-negative number defined as:

Ipllco = max{ lpjl -7 €{1,2,...,n} } (5.17)

e The ¢y, norm represents the maximum absolute value among all components.

e The /o, norm is half the side length of the smallest hypercube (aligned with the axes and
centered at the origin) that contains the vector.

Example 5.10: /, norm

Consider the vectors:

3 _51
p=|-7| eR3 w=| ", eR*
2 2
Their /5, norms are:
3
-7 =max{|3|,| — 7|, 2|} = max{3,7,2} =7,
2

o0

—1
Sl =mext = 11,181, | - 5], 20} = max{1,5,5,2) =5
2
o

e The /o, norm of a column vector in R™ represents the maximum absolute value of
its components. In R?, this corresponds to the Chebyshev distance (the maximum
of the absolute differences in coordinates), as illustrated by the following picture:
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)

D2

H (p1> HOO = max{|p1|, |p2|}

D2

Z2

" I
- " /

e In two dimensions, all the points at £, norm less than or equal to 1
{x e R?: ||z]|o0 < 1}

are the points that lie on or inside a square (axis-aligned) centered at the origin.

a A |
g0 ¢
10 i
| |
-1 0 1

N i /

5.5.1 Properties

e The /. norm satisfies the three fundamental properties that define a norm.
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Observation 5.17: Non-negativity and definiteness

For every column vector p € R", we have:

IPllc 20 and |[|pllo=0+=p=0 (5.18)

Proof. From the definition ||p||o = max{|p;|:j € {1,2,...,n}}.

1. Non-negativity: Since |p;| > 0 for all j € {1,2,...,n}, and the maximum of
non-negative numbers is non-negative, we have

|lplloc = max{|p;|: j € {1,2,...,n}} >0 forall p e R".
2. Definiteness:
(=) If |p||co = 0, then
max{|p;| : j € {1,2,...,n}} =0.
Since
Ipj| < max{|pg|: k€ {1,2,...,n}} forall je{1,2,...,n},

it follows that
Ipj| <0 forall je{l,2,...,n}.

But |pj| > 0 always holds, hence |p;| = 0 for all j, i.e. p; = 0 for all j €
{1,2,...,n}, and therefore p = 0.

(<) If p=0, then p; =0 for all j € {1,2,...,n}, so
lpllco = max{|0| : j € {1,2,...,n}} =0.

O

Observation 5.18: Absolute homogeneity

For every scalar A € R and column vector p € R", we have:

A Plloo = [A Pl (5.19)

Proof. For every scalar A € R and every column vector p € R”, we have:

1A Plloc = max{[A pj| : j € {1,2,...,n}}

max{|A| [p;| : 7 € {1,2,...,n}} (property of absolute value)

[A|max{|p;| : j € {1,2,...,n}} (factor constant out of max)

= [AlPlloo
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Observation 5.19: Triangle inequality

For every pair of column vectors p, w € R", we have:

1P+ wlloo < [|Plloc + llwlloo (5.20)

Proof. For every pair of vectors p,w € R, we have:
Hp + wHOO - max{|pj + wj| 1j € {1727 200 777‘}}
< max{|p;| + |w;| : j € {1,2,...,n}} (triangle inequality for absolute value)

< max{lp;| - j € {1,2,...,n}}
+ max{|w;| : j € {1,2,...,n}} (max distribution)

= [1Plloo + llwlloo
where in the second inequality we used the fact that
Ipj| < max{|pg|: k € {1,2,...,n}}

and
lwj| < max{|wg|: k€ {1,2,...,n}} forall je{1,2,...,n}.

5.6 Comparison of the ¢, /s and /., norms

e The /1, ¢ and ¢, norms of the same vector are, in general, different numbers. However,
they are related by simple inequalities.

Observation 5.20: Inequalities between norms

For every column vector p € R", we have:

[1Pllee < [[Pll2 < [Pl < 7Pl (5.21)

and
Il < v |pll2 (5.22)

Proof. Let k € {1,2,...,n} be an index such that |pg| = ||p||cc-
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1. |lpllso < |lp]|2: since all the terms pjz- are non-negative, we have
n
lpll% = vk < Y »5 = Ipll3
j=1

and, taking the square root of both (non-negative) sides, ||pllc~ < ||p||2-.

2. |Ipll2 < ||p|l1: expanding the square of the sum, we have

n 2 n n n n
IplF = (D sl | =D Ipil?+ D> Inillpsl =D pf =llpl3
= =1 =

i=1 j=1
JFi
>0
and, taking the square root of both (non-negative) sides, ||pll2 < ||p]|1.

3. |lplli £ nlplloo: since |p;| < ||p|loo for all j € {1,2,...,n}, we have
n n
Ipl =" Ipil <D Il = n Pl
j=1 j=1

4. ||pllx < v/n||p|l2: consider the column vectors

|p1| 1
p2 1

a= " cR" and 1=| . | eR”
|pn| 1

for which 1"a = ||p||1, [lall2 = ||p|l2 and ||1||2 = +/n. By the Cauchy—Schwarz
inequality (5.6), we get

lplly =1"a < [1"a| < |12 lalz = V7 [Ipll2
O

Example 5.11: inequalities between norms

Consider the vector:

1
p=|-2| eR?
2

Its norms are:
lpllcc = max{1,2,2} =2, lplla =vV1+4+4=3, lplh=14+2+2=5

and, with n = 3, we have:

2 < 3 < 5 < 6 and 5 < 3v3 ~5.196
~—~ ~— ~ T ~~
Iplloe ol lpli  3liplles el 3 |pls
G J
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e In two dimensions, the inequalities ||Z||c < ||x||2 < ||2||1 mean that the three unit balls
are nested: the ¢; diamond lies inside the £5 unit circle, which in turn lies inside the £
square.

a l 0
)
1k B
| |
1 0 1

Iy

N

5.7 Exercises

Exercise 5.1

Compute the /1, 5 and ¢, norms of the following column vectors:

: 4 .
p=|-3] eR?, w=| 0 | eR3, u= |, eRrR?
6 -3 1

For each vector, check that || - [|co < || ]l2 < - ||1-

| (
.

Solution

Using the definitions, we have:

Pl = [2[+ =3+ 16| =11, |Ipl2 = v4+9+36=T1,

lwlly = [4]+ 10 + | = 3] =7,
Juli =1+1+1+1=4,

Accordingly:

e

6<7<11,

lwlls = V16 4+0+9 = 5,

lulp=vV1I+1+14+1=2 |u|e =max{1,1,1,1} =1

4<5<7,

1<2<4

Iplloc = max{2,3,6} =6

|lw]|co = max{4,0,3} =4

(&

Author: Fabio Furini
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Exercise 5.2

Consider the column vectors

1 3
p=1|2 | eR? and w=|-1] eR?
-1 5
Compute the distance between p and w measured with the ¢1, 5 and f,, norms, i.e.,
lp— w1, ||p—wl|2 and ||p — w|s. Then explain why ||w — p|| = ||p — w|| for every norm.

Solution

The difference of the two vectors is

1-3 —2
p—w=|[2-(-1)]=| 3
1-5 -6

hence:
lp—wl|; =24+3+6=11, |p—wlo=vV4+9+36=7, |p—w|e =max{2 3,6} =6

Since w — p = (—1) (p — w), by absolute homogeneity (with A\ = —1) we get, for every
norm,
[w—=p|=[-1][lp—w| = p—w|

Ve
.

Exercise 5.3

Consider the column vector
2

p=|-1| eR?
2

1. Find the vector u with the same direction and orientation as p such that ||u|ls =1
(i.e., normalize p with respect to the ¢ norm), and check the result.

2. Normalize p with respect to the ¢; norm and with respect to the ¢, norm.

3. Explain why the zero vector cannot be normalized.

Vs
.

1. We have ||p|l2 = v/4 + 1 + 4 = 3. For any norm, the vector u = m p has, by absolute
homogeneity, ||u| = meH = 1. Hence

2

2 3
1 4 1 4
=~ (-1]=1-1 =4/t =41=1

2 2

3
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2. We have ||p|i =2+ 1+ 2 =05 and ||p|jc = 2, hence

3. By definiteness, ||0|| = 0, so we cannot divide by it. Moreover, ||A0| = ||0]| =0 # 1
for every A € R.

a
A\

Consider the column vectors

1 2
p=|2|eR® and w=|-2]¢eR?
2 1

1. Verify the triangle inequality ||p + w|| < ||p|| + ||w|| for the ¢;, ¢3 and ¢o norms.

2. Verify the reverse triangle inequality |||pll2 — [lwl|2| < [|p — w2

-
A\

We have
=1l

3
p+tw=10], p—w=| 4

3 1
L el |plli =35, |lwli =5, [[p+ w1 =6, and 6 <5+ 5 = 10.

o U |Iplla=vVI+4+4=3 ||wl=vVEd+4+1=3, |ptw|o=+vI+0+9=
3v2 A 4.243, and 3v/2 < 3+ 3 =6.

o loo: |Plloo =2, [wlloo =2, [P+ w]lse =3, and 3 < 2+2=4.
2. |lp— w2 =+v1I+16+1=+18 =3v?2, and

lpll2 = llwll2| = [3 - 3] =0 < 3v2

a
|\

Consider the column vectors

1 4 -2
p=12], w=|-5], u=|—4
3 6 —6

Verify the Cauchy—Schwarz inequality |p’ w| < ||p]|2 ||w]|2 for the pair p, w and for the pair
p,u. In which case does equality hold?

- J
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Solution

We have ||pll2 =v1+4+9=+14.
e Pair p,w: pw =4—-10+ 18 =12 and ||wl||2 = v/16 + 25 + 36 = /77, hence

Ip' w| =12 < V14 V77 = V1078 ~ 32.83

The inequality is strict.

e Pair p,u: pu=-2-8-18=—28 and |ju|2 = v4 + 16 + 36 = v/56 = 2+/14, hence
P’ uf = 28 = V14 - 2v14 = ||pl|2 [[ull2

Equality holds: indeed uw = —2p, i.e., u is a scalar multiple of p.

(&

-

Exercise 5.6

Consider the points of R?

)0 ) ()

1. Describe and sketch the unit balls {z € R? : ||z|| < 1} of the £1, {5 and s, norms.

S
Il
VN
SN

N[ DO[—=

2. For each point, establish whether it lies inside, on the boundary, or outside each of

the three unit balls.

.

-~

Solution

1. The ¢; unit ball |z1]| + |z2| < 1 is a diamond (a square rotated by 45°) with vertices
(£1,0) and (0, £1); the ¢5 unit ball 23 +x3 < 1 is the disk bounded by the unit circle;
the {5 unit ball max{|z1]|, |z2|} <1 is the axis-aligned square with vertices (+1,+£1).

z2
S
T

|
—
o

=

2. We compute the three norms of each point (value < 1: inside; = 1: on the boundary;

> 1: outside):
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Vs

0 Oy loo
a | 1 (boundary) ‘/TQ ~ 0.707 (inside) 3 (inside)
% (outside) \/% + %—g =1 (boundary) % (inside)
c | 2 (outside) V2 (outside) 1 (boundary)
d | 1 (boundary) 1 (boundary) 1 (boundary)

.

Exercise 5.7

-

Consider the matrix

. Using the definition, prove that @ is positive definite, so that ||z||g = V&' Qx is a

1 0
. Compute [[pllq. [wllg and [[p+ wllq for p = (O) and w = (1)

. Verify the triangle inequality and the generalized Cauchy—Schwarz inequality for p

5 2
— c RZXQ

norm on R2.

and w.

.

olution

Ve

1. Q is symmetric and, for every x € R?,

. Using ||z[|g) = 527 + 4a129 + 223

. Triangle inequality: v/11 ~ 3.317 < v/5 + v/2 ~ 2.236 + 1.414 = 3.650.

' Qx =513 + dx 20 + 225 = 25 + (201 + 22)2 + 22 > 0

The sum of squares is zero only if 21 = 0 and 22 = 0; hence ' Q = > 0 for all x # 0,
i.e., Q is positive definite, and || - || is a generalized ¢ norm.

1
Ipllo = V5, Jwllo = V2, Hp—}—wHQ:H(l)H /A rdara—+il
Q

Generalized Cauchy-Schwarz inequality: p’ Q w = ¢12 = 2, and
P Qw| =2 <V5v2=+10~ 3.162

Note that in the standard ¢, norm the same vectors are orthogonal (p’ w = 0), while

P Qw #0.

|\

Author: Fabio Furini
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. . . e . . 5 2
Consider again the symmetric positive definite matrix Q = ( )

2 2
1. Compute the eigenvalues and the eigenvectors of Q.

2. Describe the ellipse {z € R? : ' Q x = 1}: its semi-axes (lengths and directions), the
endpoints of the semi-axes, and its intersections with the coordinate axes. Sketch the
set {x € R?: ||z|g < 1}.

(. J

1. The characteristic equation is
det(Q — AN =(5-X)2-N)—-4=X N -TA4+6=A-1)(A-6)=0

hence A\; = 1 and Ay = 6 (both positive, as expected). The corresponding eigenvectors
are

am() an= () -rm) () (ou(5)-)

2. The ellipse 527 + 4x125 + 222 = 1 is centered at the origin and rotated (its principal
axes are the directions of v; and wvs, not the coordinate axes).

- _2
e Semi-axis along vi: length \ﬁ =1, endpoints :t”v T (\[ 5).
e Semi-axis along vs: length \/—E \/6’ endpoints i\[ ||'v2||2 = (f f)

o Intersections with the axes: for zo = 0, 53:% =1, ie., (i%,@); for x1 = 0,

212 =1, ie., (O,i%).

For instance, (%, —%) lies on the ellipse: 5 - % +4- (—%) +2. % = I

Si-

x2
o

Sl
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Exercise 5.9

Prove that, for every column vector x € R",

lzllz < Vnllzleo  and  fllleo < [l

For which vectors does equality hold in each inequality?

-
.

Solution

e Since 333 = |z;|> < ||z||%, for all j € {1,2,...,n}, we have

n n
lzllf =23 <> llzllZ = nlzl%
j=1 j=1

and, taking the square root of both (non-negative) sides, ||z|l2 < v/n |||/~ Equality
holds if and only if SBJQ = ||z||%, for all j, i.e., all components have the same absolute

value (e.g., x = (1, —1,1, —1)" of Exercise 5.7: 2 = /4 - 1).

e Let k be an index such that |zx| = ||Z|/cc. Then

]l = k| < |zxl + > |25] = 2|l
%k

Equality holds if and only if > otk |zj| = 0, i.e., = has at most one non-zero compo-
nent.

-
.

Exercise 5.10
Let p,w € R™ with w # 0. Prove that equality holds in the Cauchy—Schwarz inequality,
ie.,
P w| = [pll2 |wll2
if and only if p = A w for some scalar A € R.

Hint: use the vector u = ap+ B w, with o = w’ w and = —p’ w, introduced in the proof
of the Cauchy—Schwarz inequality.

-
.

Solution
(<) If p= Aw, then

p'w| = w'w|=Allw|; and  [pll2llwllz = Al [wl2]lwllz = Al [w]3

(=) As shown in the proof of the Cauchy—Schwarz inequality, with @ = w’w and g =
—p’ w we have
w3 = v'u = w'w (' w) (p'p) - (p' w)?)
If |p’ w| = ||p|2 ||w]|2, then (p’ w)? = (p’ p) (w’ w), so the term in parentheses is zero
and ||ull2 = 0. By definiteness, u = 0, i.e.,

/

p w

(Ww)p—(Pww=0 = p=Aiw with A==
w' w
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where we divided by w’ w = ||w||3 > 0.

For instance, in Exercise 5.7, u = —2 p and equality holds, while w is not a multiple of p
and the inequality is strict.

Exercise 5.11

For « € R?, consider the functions
fl@) =] +2laal,  gla)=la1l,  h(x)=af+ a3
1. Prove that f is a norm and sketch the set {x € R?: f(x) < 1}.

2. Show, with a counterexample, that g and A are not norms.

-
(.

1. We check the three properties.

e Non-negativity and definiteness: f(x) > 0 as a sum of non-negative terms;
f(x) =0 if and only if |z;| = 0 and |z2| =0, i.e., x = 0.

e Absolute homogeneity: f(Ax) = [Az1| + 2|Ax2| = [A| (|z1] + 2|z2|) = |A| f(x).

e Triangle inequality: by the triangle inequality for the absolute value,
f@+y) = oy +y1] + 20z + 2| < 2]+ || + 202 + 2[y2| = f(=) + f(y)

The set |z1| + 2|za| < 1 is a diamond with vertices (+1,0) and (0, £3):

2. g violates definiteness: g((0,1)") =0 but (0,1)" #

h violates absolute homogeneity: for x = (1, ) and A=2 h(2x) =4 #2=|2| h(x).
It also violates the triangle inequality: h( (1,0) ) =4 >1+1. (Note that
h(zx) = ||z||3: the square of a norm is not a norm. )

-
.
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Exercise 5.12

Let p,w € R™ be such that ||p|j2 = 3 and |Jw||2 = 4.

1. Find the smallest and the largest possible values of ||p+w||2, and give vectors attaining
them.

2. Compute ||p + wl|z if p’w = 0.
3. Compute ||p + w||2 and ||p — w||z if p’w = 6.

4. TIs it possible that p’ w = 137

-
(.

1. By the triangle inequality, ||p + w|2 < 3+ 4 = 7. By the reverse triangle inequality
applied to p and —w (note that || — w|2 = ||w]2),

Ip +wliz2 = [lp — (—w)ll2 > [lIpll2 — [wl2| = 3 - 4| =1

Both bounds are attained: if w = § p, then ||p+ w2 = % -3 =7; if w = —§ p, then
lp+ w2 = % -3 = 1. For instance, p = (3,0) and w = (£4,0)’.

2. Using o + wll3 = o2 + [awll2 + 25/, we get 1o+ w]3 = 9+ 16 + 0 = 25, hence
lp + wl||2 = 5 (Pythagorean theorem).

3. [ptw|3=9+16+12 =37 and ||p—wl|3 = 9+16—12 = 13, hence ||p +w|2 = V37
and |p — w2 = V13.

4. No: by the Cauchy—Schwarz inequality, [p’ w| < ||p||2 ||w]]2 = 12 < 13.

(
(.
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Part 1V

Linear systems
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Chapter 6

System of linear equations

6.1 Existence and uniqueness of solutions
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'd \
Consider a system of m linear equations with n variables:

Azxz=0»b
where:
e A € R™*"™ ig the coefficient matrix (m equations, n variables)
e = ¢ R"¥! is the vector of variables
e b c R™*! ig the right-hand side vector

e (A|b) € R™*(+1) i5 the augmented matrix

Rouché—Capelli theorem. The existence and uniqueness of solutions to the system
A x = b depend on the rank of the coefficient matrix A and the rank of the augmented
matrix (A|b).

Case 1 - No solution (inconsistent system):
rank(A) < rank(Alb)

The system is inconsistent and has no solution.
Case 2 - Unique solution:

rank(A) = rank(A|b) = n
The system has a unique solution.
Case 3 - Infinite solutions:

rank(A) = rank(A|b) <n
The system has infinitely many solutions with n — rank(A) degrees of freedom (free vari-

ables). If r = rank(A), the solutions can be described by means of n —r free parameters.
- J

e Since (A|b) is obtained from A by adding one column, we always have
rank(A) < rank(Alb) < rank(A)+ 1,

so the three cases above cover all the possibilities. In particular, the system has at least
one solution (it is consistent) if and only if rank(A) = rank(A|b).

e Since rank(A) < min{m,n}, a unique solution is possible only if m > n.

o If A € R™"™ is square, recall that rank(A) = n if and only if det(A) # 0. Hence, if
det(A) # 0, then also rank(A|b) = n and the system has a unique solution, for every
right-hand side b.
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6.2 Gaussian Elimination Method

The Gaussian elimination method is an algorithm for solving systems of linear equations
by transforming the augmented matrix (A|b) into row echelon form (upper triangular
form) through elementary row operations.

e Given the system of linear equations:
Ax=5b

we form the augmented matrix:

(Alb)
e The method consists of two phases:
Phase 1 - Forward elimination: Transform the augmented matrix into upper trian-
gular form using elementary row operations:

— Swap two rows
— Multiply a row by a non-zero scalar

— Add a multiple of one row to another row

The goal is to create zeros below the diagonal, obtaining:

a1 G2 -+ Qip | b1
0 az -+ a2, | b2
0 0 - Gun | by

Phase 2 - Backward substitution: Solve the upper triangular system from bottom to
top (assuming a;; # 0 for all i):

bn

Tn = <
Qnn

- . b1 — Gn—1,n Tn
n—1 — =
an—1,n—1
- " ~
bi — Zj:i—i—l Aij Tj
Ty = =

Elementary row operations:
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e R; <+ R;j : swap row 7 with row j
e R; «+ k R; : multiply row ¢ by scalar k # 0
o R« R;+k Rj: add k times row j to row 1

These operations do not change the solution set of the system.
(& J

Example 6.1: Solving a system using Gaussian elimination - Part 1

Consider the system of linear equations:
2x1+1x9+123 =4
4x1+3x0+323 =10

8x1+7x9+923 =24

Augmented matrix:

2 1 1|4
(Alp)=[ 4 3 310
8 7 9|24

Step 1: Eliminate z; from rows 2 and 3

Ry < Ry — 2 Ry (subtract 2 times row 1 from row 2):

21 1|4
01 1|2
8 7 9124

Rs < R3 — 4 Ry (subtract 4 times row 1 from row 3):

S O N

11
11
3 9

00 N =~

Step 2: Eliminate z2 from row 3

R3 < R3 — 3 Ry (subtract 3 times row 2 from row 3):

S O N
N — =
DN DN >

1
1
0

Upper triangular form achieved! The corresponding system is:
2x1+1laxg+1x3 =4
lag+1x3 =)

2:123 =F)
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Example 6.2: Solving a system using Gaussian elimination - Part 2

Backward substitution:

From the third equation:
2x3=2 — x3=1

From the second equation:

To+x3=2 — a90=2—23=2—-1=1

From the first equation:

2x1+a0+23=4 — 2x1=4—20—23=4—-1-1=2 — 21 =1

Solution:
X 1
= | T2 = 1
I3 1
Verification:
2 1 1 1 24+1+1 4
Axz=1[4 3 3 11 =(4+3+3]=1(10]=b V
8 7 9 1 8+7+9 24
g J

6.3 Gaussian elimination and the Rouché—Capelli theorem

e Gaussian elimination can be applied to any system A © = b, with A € R™*™. In general,
forward elimination transforms (A|b) into row echelon form: in each nonzero row, the
first nonzero entry (called pivot) is strictly to the right of the pivot of the row above,
and the rows of zeros (if any) are at the bottom.

e Elementary row operations do not change the solution set of the system, and they do not
change the rank of A nor the rank of (A|b).

e The rank of a matrix in row echelon form is equal to the number of its nonzero rows.
Therefore, at the end of forward elimination we can read rank(A) and rank(A|b) and
apply the Rouché—Capelli theorem:

— arow of the form ( 0o --- 0 ‘ c ) with ¢ # 0 corresponds to the impossible equation
0 = ¢: then rank(A) < rank(A|b) and the system has no solution;

— otherwise, the variables whose columns contain a pivot are computed by backward
substitution, and the remaining n — r variables are the free parameters.

When the system has infinitely many solutions with one free parameter ¢t € R, the solutions
can be written in parametric form

T=x9+1twv, teR,
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where x( is a particular solution (obtained for ¢ = 0) and v is a nonzero vector such that
Av=0.

Example 6.3: Rouché—Capelli: unique solution

Consider the system of linear equations:

lao+1ax3 =1

01 1|1
log+1ay+1zs =2 (Ab)=[ 1 1 1|2
2 1 3|1

2x1+1a9+323 =1

The entry in position (1,1) is zero, so we first swap rows 1 and 2.

R1 < Rs:
1 1 12
01 1]1
2 1 1
R3 — R3 — 2 Ry:
1 1 1| 2
0O 1 1|1
0 —1 1|-3
R3 < R3 + Rs:

1 11
01 1|1
0 0 2
There are 3 nonzero rows both in A and in (A|b): rank(A) = rank(A|b) = 3 = n, hence
the solution is unique. By backward substitution:
203=-2 — x3=-—1, To=1—123 =2, rNn=2—1290—23=2—-24+1=1,

that is,

Consider the system of linear equations:

1$1+2$2—1$3 =1

221 +510+123 =4 (Alb) =

W N =
N Ot N

31+ 729 =15
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R2<—R2—2R1:

w O =

R3%R3—3R1:

S O =

R3 + R3 — Ro:
1
0
0

N =N

S =N

3
0

(G20 G

NN

1
2
0

There are 2 nonzero rows both in A and in (Alb): rank(A) = rank(A|b) = 2 < 3 = n,
hence there are infinitely many solutions with n —r = 3 — 2 = 1 free parameter. The
pivots are in the columns of 1 and xo, so x3 is free: we set x3 = ¢, t € R. By backward
substitution:
To=2—3x3=2—3t, 21=1—-2294+23=1—4+6t+t= -3+ Tt.

In parametric form:

-3+ Tt -3 7
e=2-3|=(2)+t|-3] teRr
t 0 1
—— =
o v

Verification: A xp = (-3 +4, -6+ 10, -9+ 14)' = (1,4,5) =band Av = (7—6 —
1, 14—15+1, 21 —21) = 0, hence A(xo +t v) =b for every t € R v’

\ J

Example 6.5: Rouché—Capelli: no solution

We change only the last right-hand side of the previous system:

lxi+220—123 =1
1 2 —-1]1
2x 5z +lay =4  (Ab)=|2 5 1 |4
3 7 0|6
3x1+ 7 a0 =6

With the same row operations R < Ry — 2 R1, R3 + R3 — 3 Ri:

Author: Fabio Furini

1 2 —-1|1
01 3 |2
01 33
R3 — R3 — Ro:
1 2 —-1|1
01 3 |2
0 0 0|1
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The last row corresponds to the equation 0 x1+0 x5+0 x3 = 1, which is impossible. Indeed
A has 2 nonzero rows while (A|b) has 3:

rank(A) = 2 < 3 = rank(A|b),

hence the system is inconsistent and has no solution.
(& J

6.4 Homogeneous systems

Definition 6.1: homogeneous system

A system of linear equations A @ = b with A € R™*" is called homogeneous if b = 0,
i.e., if it has the form
Ax=0.

Observation 6.2: solutions of a homogeneous system

Let A € R™*". Then:

e the homogeneous system A x = 0 always has the solution x = 0, called the trivial
solution;

e it has nontrivial solutions (x # 0) if and only if rank(A) < n; in this case it has
infinitely many solutions, with n — rank(A) free parameters;

o if A € R™" is square, it has nontrivial solutions if and only if det(A) = 0.

Proof. Adding a column of zeros does not change the rank, hence rank(A|0) = rank(A) and
the system is always consistent (as shown by & = 0). By the Rouché-Capelli theorem, the
solution = 0 is the unique one if and only if rank(A) = n; otherwise there are infinitely many
solutions with n — rank(A) free parameters. For a square matrix, rank(A) < n if and only if
det(A) = 0. O

e In particular, if m < n (fewer equations than variables), then rank(A) < m < n and the
homogeneous system always has nontrivial solutions.

e If x( is a solution of A = b and v is a solution of A = 0, then A(xo+v) =b+0=">.
This explains the parametric form © = xg + t v of Example 6.4.
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Example 6.6: a homogeneous system

Consider the homogeneous system with the coefficient matrix of Example 6.4:

lei+2290—123 =0

2x1+5x2+1x3 =0

321+ 7 2o =0
By the Sarrus rule,
det(A)=1-5-0+2-1-34+(-1)-2.7—(-1)-5-3—2-2.0—-1-1-7=0+6—-144+15-0—-7 = 0,

so there are nontrivial solutions. With the same row operations as in Example 6.4 (the last
column stays equal to zero):

1 2 —-1/0
01 310
00 010
Setting x3 = t: xo = —3t and x1 = —2 x9 + x3 = 6t + t = 7t. Hence the solutions are
7
x=t|-3], t e R,
1

and the trivial solution is obtained for ¢ = 0.
g J

6.5 LU Factorization Method

( A
The LU factorization (or LU decomposition) is a method for solving systems of lin-
ear equations by decomposing the coefficient matrix A into the product of two triangular
matrices:

A=LU

where L is a lower triangular matrix (with 1’s on the diagonal) and U is an upper
triangular matrix.

e Given the system of linear equations:
Ax=b
if we have the LU factorization A = L U, we can substitute:
LUx=b
e We introduce the auxiliary variable y defined as:
y =Uczx

so that L U = = b becomes L y = b.
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Why does this work? We are splitting the original system A x = b into two simpler
triangular systems:

1. Find y such that Ly = b.
2. Find « such that U x = y.

If both steps succeed, then Ax = LUx = Ly = b, so x is indeed a solution of the
original system. Since both L and U are triangular, each of the two systems can be
solved in O(n?) operations by simple substitution.

e We then solve the system in two steps:
Step 1 - Forward substitution: Solve L y = b for y

Since L is lower triangular, we can solve this system easily from top to bottom:

y1 = b
y2 = ba — lo1 y1
y3 = bz — L3191 — {32 Y2

i-1
i =bi— > Llijy;
j=1

Step 2 - Backward substitution: Solve U x = y for «

Since U is upper triangular, we can solve this system easily from bottom to top:

Yn
T, = 2
Unn
_ Yn—-1 —Up—1n Tn
Tp-1 =
Up—1,n—1
n
Yi = Djmit1 Yij T
Ty =
Ui
( 2

Advantages of LU factorization:

e Once the factorization A = L U is computed, we can solve the system for different
right-hand sides b efficiently

e Both forward and backward substitution require only O(n?) operations

e The factorization itself requires O(n?) operations, but it needs to be done only once
- J
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Example 6.7: Solving a system using LU factorization - Part 1

Consider the system of linear equations:
2x1+1xa+123 =4
4x14+3x0+323 =10

8x1+T7x9+923 =24

In matrix form: A £ = b where

2 1 1 4
A=14 3 3 b=110
8 7 9 24
Given the LU factorization of A:
1 0 0 2 1 1
L=12 10 U=|0 11
4 3 1 0 0 2
Verification:
1 0 O 2 1 1 2 1 1
LU=[2 1 0 01 1)|=14 3 3|]=A V
4 3 1 0 0 2 8 7 9

-

J

Step 1 - Forward substitution: Solve Ly = b

100 Y1 4
21 0] [yl =10
4 3 1 Y3 24
From the first equation:
y1=4

From the second equation:
2y14+y2=10 = y=10—-2-4=10—-8=2
From the third equation:

Example 6.8: Solving a system using LU factorization - Part 2

Ay +3yo+ys =24 = y3=24—4-4-3-2=24—16—6=2

Thus:
4
y=12
2
Step 2 - Backward substitution: Solve U =y
2 11 1 4
01 1 o | = |2
00 2 T3 2
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From the third equation:

From the second equation:

From the first equation:

203=2 — x3=1

To+x3=2 — 2x9=2-—-1=1

2x14+29+2r3=4 — 2x1=4—-1-1=2 — z1=1

Solution:
X1 1
r=|xz| =1|1
T3 1
Verification:
2 1 1 1 24+1+1 4
Ax=1[4 3 3 11l =(4+3+3]=110]=b V
8 7 9 1 8+7+9 24

6.6 Cramer’s rule

Cramer’s rule is an explicit formula for the solution of a system of m linear equations with
m variables (valid whenever the system has a unique solution).

e Given a column vector b € R™*! of m rows, a matrix A € R™*™ of m rows and m

columns and a column vector & € R™*! of m rows containing the m variables:
ail a2 e A1m bl T
a1 a2 ... Qm by x2
A= . . . b= . T =
aml Am2 ... Omm bin Tm

if det(A) # 0, the solution & of the system of m linear equations:
Ax=D>

is given by the formula:

zjzm, Vie{l,2,...,m} (6.1)

where A; is the matrix formed by replacing the j-th column of A by the column vector
b.

Author: Fabio Furini
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6.6.1 Systems of two equations and two variables

( N\

With m = 2, we have:
A a1 a2 0 b1 A — b1 a2 Ay — a1 b
a1 a2 bo by g9 a1 bo

det(A) = a11 22 — A12 421
det(Al) = b1 a9 — 412 b2
det(AQ) = all bQ — bl a1

and

If det(A) # 0, we then have:

ann 1+ a2 2 =b ( det(A;) det(Ay) )

— (jla i‘2) - s
a21 1+ ag2 ro2 = b2 det(A) det(A)

e Given
-1 1 2
= b =
8 2 19
we have
2 1 -1 2
A = Ay =
19 2 8 19
and

det(A)=(-1)-2—-1-8=-10
det(A;)=2-2—1-19=—15
det(A2) =(-1)-19—-2-8=-35
Since det(A) # 0, we then have:

-1+ oz = 2 o —15 —35
= @)= (5 70)

(33)

8x1 + 2z = 19

e Given
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we have

and

det(A) = (~2) - (~1) = (1) -0 =2
det(Ag) = (=1)-0—(=2)-1=2

Since det(A) # 0, we then have:

-1 — T2 = —2

—  (1,d2) = <2,2> = (1,1)

I - ) = 0

6.6.2 Systems of three equations and three variables

( A

With m = 3, we have:

a1 ai2 ai3 by

A= lan ax ax b=|b

asy as2 ass3 b3
by a2 ais a1 by ais a1 aiz b
Ay = | by ax ass Ao = | a1 by as3 Az = |az ax b
b3 azz ass az; bz asz az1 azz b3

and (Sarrus rule)
det(A) = ar1a22a33 + a12a23a31 + a13G21a32 — 113022031 — A12021033 — Q11023032
det(A1) = bragaaszs + a12a23b3 + aizbaaze — a13a22bs — ajzbaazs — biagzass
det(Az) = ai1baass + brazzas + aizasibs — a13baas; — biasiazs — ai1az3bs

det(As) = ar1a22b3 + a12b2a31 + braziaze — brageas) — ajgasibs — aj1baase

If det(A) # 0, we then have:

(51,52753):< det(A;) det(Az) det(As) )

det(A) 7 det(A)’ det(A)
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Example 6.10: solution of a system of three equations and three variables

We solve with Cramer’s rule the system of Example 6.1:
211 4
A=14 3 3 b=110
8 79 24
We have
4 1 1 2 4 1 2 1 4
Ar=|10 3 3 A, =14 10 3 As;=(4 3 10
24 79 8 24 9 8 7 24
and
det(A) =54+24+28—-24-36—-42=4
det(A;) =108 +724+70 —72—-90 — 84 =4
det(Az) = 180 +96 + 96 — 80 — 144 — 144 = 4
det(Asz) =144 + 80+ 112 — 96 — 96 — 140 = 4
Since det(A) # 0, we then have:
L. 4 4 4
(.’171,(1:2,.’173) = (1_17 Za Z) = (]-7 ]-7 1)7
which is the solution found with Gaussian elimination.
\ J

6.6.3 Computational cost

e Cramer’s rule gives an explicit formula, which is very useful for small systems (m = 2
or m = 3) and for theoretical purposes. However, it is not a practical method for large
systems.

e To apply Cramer’s rule we need m + 1 determinants of order m: det(A), det(A;), ...,
det(A,,). If each determinant is computed with the Laplace expansion, the number of
arithmetic operations grows roughly like m! for each determinant.

e Gaussian elimination, instead, solves the system with a number of operations which grows
roughly like m?3 (about %mg‘ operations).

e For example, with m = 10 we have 10! = 3628 800, while % -10% =~ 667; with m = 20, 20!
is larger than 2 - 10'®, while % - 203 ~ 5333.

e Even if the determinants are computed in a more efficient way (for instance with Gaussian
elimination itself), Cramer’s rule still needs m+ 1 of them, and it remains more expensive
than solving the system directly with Gaussian elimination.
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6.7 Exercises

Solve with Gaussian elimination the system
lazy+1ao4+12z3 =6
2214+3x90+12x3 =11

laxy—1az904+223 =5

-
.

1 1 1(6
(Alb)=|( 2 3 1|11
1 -1 2|5
R2<—R2—2R1 andR3%R3—R1:
1 1 1 6
0 1 -—-1]-1
0 -2 1 |-1
R3 «+ R3+2 Ry:
1 1 1 6
0 1 —1]-1
0 0 —1|-3
Backward substitution:
-3 =—3 — x3 =23, T2 = —1+4+x3 =2, 1 =6—129 —23 = 1.
Hence x = (1,2, 3)’. Verification: 24+ 6+3=11and 1 —-246=5 v

.

Solve with Gaussian elimination the system

2x9+1x3 =-—1
lxy—1204+223 =5

2.%'14—1@'24—133‘3 =4
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The entry in position (1, 1) is zero. Ry <> Ra:
1 2
0 2 1
2 1

R3%R3—2R1:

Ry« = R3, then Ry <> R3 (to avoid fractions):

1 -1 2 )
0O 1 -—-1|-2
0 2 1 |-1

R3<—R3—2R2:

S =
= |
—_
Lo
—
I on
[N

1 -1 2 |5
0 2 1 |-1
0 3 -3|-6

S
@)
w
w

Backward substitution:

x3 =1, To=—-24+x3=—1, T1=54+x9—223=5—1—2=2.

Hence = (2,—1,1)". Verification: —24+1=-1,2+142=54—-1+1=4V

-

Solve with Gaussian elimination the system below and write its solutions in the parametric
form x = xg +t v:

1\

lexi—1zo04+223 =1

221 —1ax0+523 =4

12 +3x3 =3
1 -1 2|1
(Alb) = 2 -1 514
1 0 3|3

Rz(—RQ—QRl andR3<—R3—R1:

)
DN N
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Rg — R3 = RQZ
1 -1 2|1
0 1 1|2
0 0 0]0
rank(A) = rank(Alb) = 2 < 3: infinitely many solutions with 3 — 2 = 1 free parameter.

Setting z3 = t:
To =2 —t, 1y =1420—-223=14+2—-1t—-2t =3 — 3¢,
-3

3
z=|2-t|={2|+t|-1], teRr
0 1

-
-

Exercise 6.4

Solve the system of 2 equations in 4 variables
lxi+2x0—123+124 =2

2x1+4a0—12x34+324 =5

Vs
&

Solution

1 2 -1 12 1 2 -1 1|2
(A|b)—<24_1 35> Ry« Ry —2 Ry (OO 1 11>
rank(A) = rank(A|b) = 2 < 4: infinitely many solutions with 4 — 2 = 2 free parameters.

The pivots are in the columns of 1 and x3, so o2 = s and x4 = t are free:

r3=1—24=1—1t, 1 =2—-2x04+23—24=2—-25+1—-t—t=3—2s5 — 2,

SO = O W

-
-

Show that the following system has no solution:
lxi+220+123 =1
2x14+3x9+12x3 =2

3x1+5x2+223 =4

r
.
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1 2 1|1
(Alb)=| 2 3 1|2
3 5 2|4
RQ(—R2—2R1 andR3<—R3—3R1:
1 2 1
0 -1 —-110
0 -1 —-1|1
Rg — R3 = Rg:
1 2 1|1
0 -1 —-1]0
0 0 0|1
The last row reads 0 = 1: rank(A) = 2 < 3 = rank(A|b), hence by the Rouché-Capelli
theorem the system has no solution. (Note that the third row of A is the sum of the first
two, while 4 # 1+ 2.)
. J

The following augmented matrices are already in row echelon form. Using the Rouché-
Capelli theorem, say whether each system has a unique solution, infinitely many solutions
or no solution (variables x1, 9, x3). Then solve the systems which have solutions.

1 2 31 1 2 31 1 2 3|1
a) 01 42 b) 00 12 c) 01 1|2
0 0 5|3 00 010 0 0 04

Vs
.

a) rank(A) = rank(A|b) = 3 = n: unique solution. z3 = 3, 2y =2 -4 23 = -2,
g1=1-229-3a3=1+%-2=0. Hencez = (0,-%, )"

b) rank(A) = rank(A|b) = 2 < 3: infinitely many solutions with 1 free parameter.
The pivots are in the columns of 1 and x3, so z9 = tisfree: x3 =2, 21 =1-2t—3-2 =
—5—9t e,z =(—5,0,2) +t(-2,1,0), t € R.

c) rank(A) = 2 < 3 = rank(A|b) (the last row reads 0 = 4): no solution.

Vs
|\

Exercise 6.7

Discuss, as k € R varies, the number of solutions of the system

lei+1azo+kes =1
ley+kazs+12zy =1

kx1+1azo+12z3 =1

and solve it whenever it has solutions.

A

A
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1 1 k|1
Alp)=[ 1 % 1|1
k1 111
RQ%RQ—RlandR;g(—Rg—le:
1 1 k 1

0 k—1 1—k 0
0 1—k 1—-kK2|1—k

R3 + R3 + Ry (note that (1 — k) + (1 — k%) = (1 —k)(2+ k)):

11 k 1
0 k—1 1—k 0
0 0 (1-kQ2+k|1-k

e Case k # 1 and k # —2: three pivots, rank(A) = rank(A|b) = 3, unique solution.

Dividing by 1 —k # 0: (2+ k) z3 = 1, ie., a3 = k+-25 the second row gives (k —

1)(1‘2—363):0,1.6.,302:303:k—}r2; ﬁnallyxlzl—xg—kmgzl—%zk—b.
Hence |
x=——(1,1,1).
k+2(77)

e Case k = 1: the second and third rows become zero rows. rank(A) = rank(Al|b) =
1 < 3: infinitely many solutions with 2 free parameters. The system reduces to
1+ ratas=1withzg=s,a3=t: x=(1-—s—1t, s, t), s,t € R.

e Case k = —2: the last row becomes (0 0 0 ‘ 3),ie,0=3 rank(A)=2<3=
rank(A|b): no solution.

(Consistently, det(A) = —(k — 1)2(k + 2) vanishes exactly for k = 1 and k = —2.)

- J

Find the values of £ € R for which the homogeneous system

lx;+2x0+12z3 =0
2x1+kxzo+3x3 =0
lxi+1ax0+223 =0

has nontrivial solutions, and compute them.

AN J

The matrix A is square, so there are nontrivial solutions if and only if det(A) = 0. By the
Sarrus rule:

det(A) =2k +6+2—k—8—3=Fk—3,

hence nontrivial solutions exist if and only if & = 3 (for k # 3 the only solution is = 0).
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FOl‘k=3, RQFRQ—ZRl anng%Rg,—Rl,thenR3<—R3—R2:
1 2 110 1 2 1|0 1 2 1|0
23 3/0)—~(0 —-11|{0]]—>]10 —-111|0
11 20 0 -1 110 0 0 010
Setting x3 =t: 9 = x3 =t and 1 = —2 x5 — x3 = —3t. Hence
x=t(-3,1,1), t e R.
. _/

Solve with Cramer’s rule the system
3z14+2x9 =7

lxi—1xz0 =-1

Vs
.

det(A) =3-(-1)—2-1=—5
det(A;))=7-(-1)—2-(-1)=-5
det(A2)=3-(-1)—7-1=-10
Since det(A) # 0:
i) = (2. 25) =)

Verification: 3+4=7and1-2=-1V

.

Exercise 6.10

Solve with Cramer’s rule the system

|\

lei+1z0+123 =6
laxy—1z0+223 =5

2z14+1x9—123 =1

Ve
(.
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1 1 6 1 1
A= -1 2 A1=15 -1 2
2 1 -1 1 1 -1
1 6 1 1 1 6
Ay=|1 5 2 As=|1 -1 5
2 1 -1 2 1 1
By the Sarrus rule:
det(A)=14+44+1—-(-2)—(-1)—-2=7
det(A;)=6+24+5—(-1)—(-5)—-12=7
det(A3) =-5+24+1-10—(-6)—2=14
det(As) = —1+10+6 — (—12) =1 —5 =21
Since det(A) # 0:
7 14 21
T1,T0,%3) = | =, —,— | =(1,2,3).
(.’E17x2,$3) (77 77 7) (7 73)
Verification: 1+243=6,1-2+6=5,24+2—-3=1V
.

(&

Exercise 6.11
Given the LU factorization A = L U with

1 00 2 1 -1
L=|3 10 u=|(o0o1 2|,
-1 2 1 00 3

-

solve the system A x = b with b= (—1,0,13)".

.

Step 1 - Forward substitution: solve L y = b:
y1=—1, y2=0—-3y1 =3, y3=13—-(-1)y1 —2y2=13-1-6=6.
Step 2 - Backward substitution: solve U ¢ = y with y = (—1,3,6)":
3x3=6 — x3 =2, To=3—2x3=—1,

2z¢1=—1—-29+23=—-1+1+2=2 — z; =1.
Hence = = (1,-1,2)".

Author: Fabio Furini

Verification:
2 1 -1 2—1-2 -1
A=LU=| 6 4 —-1], Ax= 6—4—2 =10 |]|=b VvV
-2 1 8 —-2—-1+16 13
g J
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Chapter A

Further topics

A.1 Absolute value
A.1.1 Definition

Definition A.1: absolute value

The absolute value |a| of a real number a is the following non-negative real number:

a if a>0
la| = . (A1)
—a if a<0

" J

( N\
From the definition of absolute value it immediately follows that:

la| < e <= —e<a<e¢, Ve >0,a € R (A.2)

and, similarly, for non-strict inequalities:

la| <e <= —e <a<g, Ve >0,aeR (A.3)

A.1.2 Triangle inequality

Observation A.2: triangle inequality

b+ ¢c| < |b] + |c], Vb,c € R (A.4)

Proof. We write the two relations:
-l <b<[b,  —ld <e<]
and add member to member:
— (bl +lel) b+ e < [b] + ]

So for (A.3), with € = |b| + |¢| > 0 and @ = b + ¢, it follows (A.4). O
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e The triangle inequality is also used in the following form:

|d—e| <|d— f]+|e— f] Vd,e, f € R (A.5)
To obtain it, it suffices to set in (A.4):
b=d—f, c=f—e
and we get:
d=f+f—el=ld—e[<|d=fl+|f —e| =|d = f[+]e = f]

since:

|f —el=le—f] Ve feR
e Finally, another form of the triangle inequality is:
lgl <lg—hl+[hl  thatis |g[—[h[<[g—h] VgheR (A.6)

To obtain it, it suffices to set in (A.4):

Observation A.3: reverse triangle inequality

|lg| = |h|| <|g—h|, Vg,heR (A7)

Proof. From (A.6), we have:
lgl = |hl <lg—hl  Vg,heR
Similarly exchanging g for h in (A.6) we get:
Al =19l <|h =gl =1lg—h| thatis [g|—|h] > —|g—hl

then we have

—(lg—hl) <lgl—Ihl <lg—h]  Vg,heR
Accordingly from (A.3), with e = |g—h| > 0 and a = |g| — ||, we get the reverse triangle

inequality.
O
e The triangle inequality (A.4) can easily be generalized to the case of k addends:
k k
> b < bl (A.8)
i=1 i=1

e The following immediate properties also hold:

b b
[bc| = [b] |], ’c‘ = :c:’ | — b = [0] Vb,c € R (¢ # 0 in the quotient). (A.9)
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A.1.3 Exercises

Exercise A.1

Using the definition of absolute value, compute:

1 1 1
o -3+R--1-4 3] wB-a o |5

sowtion

a) Since =3 <0,2—-7=-5<0, -4 <0and 5 >0:
=3l 4+l2=7—|—4] |3 =3+5-4.12¢
2| 2
b) Since m > 3, we have 3 — 7 < 0 and then |3 — 7| = -(3—7) =7 — 3.
c) Since%—%:—%<0,wehave‘%—%‘:%.
. J

Prove that for every real number b we have:

a) |b| >0 and |b|=0<=0b=0, b) —|b] <b< b, c) b]? = b?

J

We distinguish the two cases of the definition of absolute value.

e If b >0, then |b| = b > 0; moreover |b| = 0 if and only if b = 0; we have —|b| = —b <
0 < b= [b]; finally [b]? = b2.

e If b <0, then || = —b > 0 (in particular |b| # 0); we have —|b| = b < 0 < —b = |b|;
finally [b% = (—b)2 = b2,

In both cases a), b) and c¢) hold.

. J

Exercise A.3

Find all real numbers x such that:

a) |z —2| <3, b) |22z 4 1| <5, c)lx—4|>1

a) From |a| <e <= —e<a<ewitha=2—2and e =3:

B<r—2<3<= -1<xr<5>h
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b) From |a| <e <= —e<a<ewitha=2x+1andec=5:

—5<224+1<bH<+= 6<2r<4<+— —3<xr<2

c) The inequality |z—4| > 1 is false exactly when |x—4| < 1, that is when —1 < z—4 < 1,
i.e., 3 <z < 5. Then the solutions are:

<3 or z2>5

Exercise A.4

Find all real numbers z such that | — 1| = |z + 3.

Two real numbers have the same absolute value if and only if they are equal or opposite.
Then:

e v —1=ux+4 3 gives —1 = 3, which is impossible;
ez —1=—(x+3)gives 2z = -2, that is z = —1.

The only solution is # = —1. Check: |-1—-1|=2=|—-1+3|.

. J

Find all real numbers = such that |z| + |z — 2| = 4.

The signs of z and z — 2 change at x = 0 and x = 2, so we distinguish three cases:

e £ <0: |z|]=—xand |x — 2| =2 —z, then —22 4+ 2 =4, i.e.,, z = —1, which satisfies
x < 0;

e 0<z<2 |z|]=zand |r—2| =2—x, then z + 2 — x = 2 = 4, which is impossible;
e £ >2: x| =z and |x — 2| =2 — 2, then 22 —2 =4, i.e., x = 3, which satisfies x > 2.

The solutions are x = —1 and =z = 3.
\ J

Exercise A.6

Prove that for every pair of real numbers b and c:

b+c| = b+ |c|] <= bc>0
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Both |b + ¢| and |b| + |¢| are non-negative, and two non-negative numbers are equal if and
only if their squares are equal. Using Exercise A.1.3 ¢) and |bc| = |b] ||, we have:

b+cf>=0b+c)2=b*4+2bc+ 3, (|b|—|—|c|)2:b2+2|bc|+02

Then [b+ ¢| = |b| + || if and only if b ¢ = |b¢|, that is (by definition of absolute value) if
and only if b¢ > 0.

- J

Exercise A.7

Verify the triangle inequality [b-+c| < [b|+|c| and the reverse triangle inequality | [b] —|c| | <
|b—¢| for b=5 and ¢ = —3.

We have |b| =5 and |c| = 3.
e Triangle inequality: [b+¢| =15—-3| =2 <8 = |b| + |¢|.
e Reverse triangle inequality: |[b] —|c||=5—-3|=2<8=|5—(=3)|=|b— |

The triangle inequality holds with the strict inequality, in agreement with Exercise A.1.3,
since bc = —15 < 0.

-

Let = be a real number such that |z — 3| < 1. Prove that:

.

a) |z <4, b) |22 -9/ <7

and show that the bound in b) cannot be improved.

AN J

a) From the form |g| < |g — h| 4 |h| of the triangle inequality, with ¢ = = and h = 3:

lz| <|lz-3|+ 3| <1+3=4

b) We have 22 —9 = (z — 3) (z + 3) and then |22 — 9| = |z — 3| |z + 3|. From the triangle
inequality:
lt+3|=[(x—3)+6/<|z—-3|+6<7

and therefore [v2 — 9| = |z — 3| |z +3| < 1-7T=T.

The bound cannot be improved: for x = 4 (which satisfies [4 — 3| = 1) we have |16 —9| = 7.

. J
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A.2 Modular arithmetic

A.2.1 Euclid’s division

Lemma A.4: Euclid’s division (or division with remainder)

For every pair of integer numbers n and m, with m # 0, there exist unique integer
numbers q and r such that

n=qgm+r and 0<7r<|m]| (A.10)

e The value n is called the dividend, the value m is called the divisor, the value q is called
the quotient and the value r is called the remainder.

e The standard convention is that the remainder is non negative but there are other con-
ventions where the remainder r can be negative.

Proof.
e To prove existence, we consider the set
S:{ n—km: ke€Z and n—km >0 }

The set S is nonempty, since for k = —|n|m we have n — km = n + |n|m? >
n + |n| > 0. Since S is a nonempty subset of the nonnegative integers, the well-
ordering principle guarantees that there exists a smallest element r € S, meaning
there exists some integer ¢ such that

r=n—qm, withr >0
By construction, we must have r < |m|, since if r > |m|, then we could write

g

r'=r—|m|l=n- <q+—>m20
m
which would imply " € S, contradicting the minimality of 7.
e To prove uniqueness, suppose there exist two pairs (q1,71) and (g2, 72) such that
n=aqm-+7r=gam-+12
with 0 < 71,79 < |m|. Subtracting the two equations, we have
(@1 —q)m=rs — 1

Since |rg — 71| < |m| and m divides ro — r; (which equals the left-hand side), the
only possibility is 71 = 79, which implies g1 = ¢2, ensuring uniqueness.

O
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Definition A.5: multiple

An integer number n is a multiple of an integer number m if there exists an integer
number q such that
n=gq-m (A.11)

Definition A.6: factor

An integer number m is a factor of an integer number n if there exists an integer number
q such that

n=gq-m (A.12)

e An integer number n is divisible by an integer number m if m is a factor of n.

A.2.2 Modulo and modulo congruence

Given two integer numbers n and m, with m # 0, n modulo m (abbreviated in n mod m)
is the remainder r of the Euclidean division (or division with remainder) of n by m, where
n is the dividend and m is the divisor.

e It follows from the definition that:
0 <n mod m < |m)| Vn,m € Z, m # 0

( A
Two natural numbers n and k are congruent modulo a natural number m > 1 if

n mod m = k mod m

and we write

n =k (mod m)
. J

e The parentheses mean that (mod m) applies to the entire equation, not just to the right-
hand side (here, k).

e Equivalently, we have n = k (mod m)

1. if n and k have the same remainder when divided by m.

2. if mis adivisor of [n—k|, i.e., if there exists a natural number g such that [n—k| = g-m
or equivalently if there exists an integer number ¢ such that n —k =¢q-m

Example A.1: congruence modulo 5

For example, 23 and 13 are congruent modulo 5 and we have 23 = 13 (mod 5)

A.2.3 Exercises
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Find the quotient ¢ and the remainder r (with 0 < r < |m|) of Euclid’s division of n by m
in the following cases:

a)n =47, m =15, b) n=—-47, m =5,
c)n=47, m = —b, d)n=-47, m= -5

A J

In each case we look for the integers ¢ and r such that n =¢m +r and 0 < r < 5:

a) 47=9-542, then ¢ =9 and r = 2.

b) —47 = (—10) - 5+ 3, then ¢ = —10 and r = 3. Note that —47 = (—9) - 5 — 2 is not
Euclid’s division, since —2 < 0.

c) 47=(-9) - (-=5) + 2, then ¢ = —9 and r = 2.

d) —47=10-(—5) + 3, then ¢ = 10 and r = 3.

~
(&

Exercise A.10

Compute:

a) 100 mod 7, b) — 100 mod 7, ¢) 2025 mod 9, d) 7 mod 12

By definition, n mod m is the remainder of Euclid’s division of n by m:
a) 100 =14 -7+ 2, then 100 mod 7 = 2.

b) —100 = (—15) -7+ 5, then —100 mod 7 = 5.

d

)
)

c) 2025 = 225-9 + 0, then 2025 mod 9 = 0 (2025 is a multiple of 9).
)

7=0-12+7, then 7 mod 12 = 7.

Exercise A.11

Establish whether the following congruences hold, using both the definition (same remain-
der) and the divisibility of the difference:

a) 38 = 14 (mod 6), b) 17 =4 (mod 5), ¢) 100 =1 (mod 11)

a) 38 =6-6+2 and 14 = 2 - 6 + 2 have the same remainder 2; equivalently 38 — 14 =
24 =4 -6. The congruence holds.
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b) 17=3-5+2 and 4 = 0 -5 + 4 have different remainders; equivalently 17 — 4 = 13 is
not a multiple of 5. The congruence does not hold.

c) 100=9-11+1and 1 =0-11+ 1 have the same remainder 1; equivalently 100 — 1 =
99 = 9-11. The congruence holds.

Ve
.

Exercise A.12

Let m > 1 be a natural number. Prove that for every pair of integer numbers n and k:

n mod m = k mod m <= there exists an integer ¢ such that n —k=¢-m

e
.

Solution
(=) Let » = nmod m = k mod m. By Euclid’s division there exist integers ¢; and go
such that n = ¢ m +r and k = g2 m + r. Subtracting:
n—k=(q—q)m
so the claim holds with ¢ = g1 — ¢o.

(<) Let n —k =¢m and let k = g2 m + r with 0 < r < m (Euclid’s division of k£ by m).
Then:
n=k+qgm=(q+qg)m+r with 0<r<m

By the uniqueness in Euclid’s division, r is the remainder of the division of n by m,
that is n mod m = r = k mod m.

-
-

Exercise A.13

Let m > 1, n, n/, k, ¥’ be natural numbers such that n = n’ (mod m) and k = k¥’ (mod m).
Prove that:
a)n+k=n"+k (mod m), b) nk=n"k' (mod m)

Then compute (123 - 456 + 789) mod 10 without computing the product.

A

A

Solution

By Exercise A.2.3 there exist integers a and b such that n =n' +am and k = k' + b m.
a) n+k=n"4+k+ (a+0b) m, then (n+ k) — (n’ + k') is a multiple of m.

b)nk=0+am)k +bm)=n"k+ 0 b+k a+abm)m,then nk —n' k' is a
multiple of m.

Since 123 = 3, 456 = 6 and 789 =9 (mod 10), we have:
123456 + 789 =3-6+9 = 27 =7 (mod 10)

then (123 - 456 4+ 789) mod 10 = 7. Check: 123 - 456 4 789 = 56088 + 789 = 56877.

.

(.
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Exercise A.14

Compute:

We use Exercise A.2.3 b) repeatedly: if n = n’ (mod m), then n? = (n/)? (mod m) for
every natural number p > 1.

a) 22 =8=1 (mod 7), then 2! = (23)3.2=13.2 = 2 (mod 7). Then 2'° mod 7 = 2
(check: 1024 = 146 - 7 + 2).

b) 32 =9 =1 (mod 4), then 3% = (32)50 = 159 = 1 (mod 4). Then 3!% mod 4 = 1.

c) 52 =25=1 (mod 6), then 52! = (52)10.5 = 119.5 = 5 (mod 6). Then 52! mod 6 = 5.

. J

Exercise A.15

Prove that for every integer number n we have n? mod 4 € {0,1}. Deduce that 2023 is not
the square of an integer number.

By Euclid’s division of n by 2, every integer n is either even, n = 2¢, or odd, n = 2t + 1,
with ¢ integer:

o if n=2¢ then n? =4t>=4¢>+0, son? mod 4 = 0;
e ifn=2¢t+1,thenn®=4t>4+4t+1=4(>+1t)+1,s0n? mod 4 = 1.

Since 2023 = 505 - 4 + 3, we have 2023 mod 4 = 3 ¢ {0, 1}, then 2023 is not the square of

an integer number.
- J

Exercise A.16

Prove that every natural number is congruent modulo 9 to the sum of its decimal digits.
Use this result to compute 123456789 mod 9 and 20251007 mod 9.

A natural number n with decimal digits ¢y, cp—1,...,c1,co can be written as:

p
n= ch 107
=0

Since 10 = 1-9+ 1, we have 10 = 1 (mod 9) and then (Exercise A.2.3) 10 = 1 (mod 9)
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for every j > 1 (and trivially for 7 = 0). Using Exercise A.2.3 for each term of the sum:

P p
n = ch 107 = ch (mod 9)
3=0 3=0

¢ 1+2+3+44+54+64+74+84+9=45=15"9, then 123456789 mod 9 = 0.
©24+0+24+54+1+04+0+7=17=1-9+ 8, then 20251007 mod 9 = 8.
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