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Chapter 6

The cutting plane algorithm with Gomory
fractional cuts

Exercise 6.1 — Cutting-plane algorithm (P1)

Consider the following ILP problem in canonical maximization form with n = 2 integer
variables and m = 1 linear constraint:

max 1 + 8x9
3r1 + 6x9 < 16

X1, To € ZZO

and the following optimal simplex dictionary of its LP relaxation in standard form:

8 1 1

i) = g — 5 I — 6 T3
64 4

z = ? - 3rn - g L3

Questions

1. Execute the cutting-plane algorithm based on Gomory fractional cuts using:

(a) one Gomory fractional cut at each iteration;

(b) the largest right-hand side as the cut selection strategy.

Solve the LP problems after adding the Gomory fractional cut using the dual simplex
algorithm. Graphically show the optimal solution of the LP problem at each iteration.

2. Graphically show the effect of each Gomory fractional cut on the LP relaxation of the
ILP problem in canonical form.
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Integer Linear Programming

Ve

Given a row i € B of a simplex dictionary associated with a feasible basic solution such
that b; is fractional, the linear inequality

> (@ — lay)) x> b — |bi]

JEN

is called the Gomory fractional cut generated by row i.

A\

N

AN

J/

Execution of the Cutting-Plane Algorithm to solve the ILP problem.

e Initialization

Let us consider the LP; problem in standard form:

max r1 + 8z
3r1 + 6x9 4+ x3 = 16

1, T2, zz > 0

and its optimal simplex dictionary:

8 1 1
X9 = § = §$1 = 6:1:3
z = o 3 x - Z—1353
3 3

The optimal solution &( LP; ) is fractional and the LP; problem is feasible.

We have the upper bound on the optimal value of the ILP problem:

2(ILP) < {%J

3
=21
For the LP; problem in canonical form, we have:
max r1 + 8xg
3r1 + 6x9 < 16
Ty, r2 > 0
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Integer Linear Programming

An optimal solution &( LP; ) is:

The optimal value is:

f T T T T [ \

3% —!
8 m
=
2%
Il
8
1%
0
I I I I ||
0 1 2 3 4 5?
z1

e Iteration 1

a) Cut generation phase

We have the following simplex dictionary associated with a fractional basic fea-
sible solution of the LP; problem in standard form:

8 1 1
T2 = 5—5331_6333
226—4— 3x1—%x3
3 3

where

— The Gomory fractional cut generated by the first row is:

() e () =2

%70_% %70_é %72_%
> —N 3 > /
2 ! 6 3 !
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Integer Linear Programming

By subtracting a surplus variable, we obtain the Gomory fractional cut in
standard form:

1 1 2
53;14—6373—3:4:5 = 3z +a3—6z4=4

From the standard form of the LP; problem, we have:
x3:16—3x1—6m2.

Substituting in the Gomory fractional cut, we can express it in terms of the
original variables of the ILP problem:

3x1+(16—3x1—6x2)24 = x19<2

Effect of the Gomory fractional cut generated by the first row on the LP;
problem in canonical form:

4 N
3 —
<3 .
3
2 —
2l
8
1 —
0 ® ® ® ® ®
[ [ [ [ [
0 1 4 2 3 4 5 16
3 3
Z1
- %

— The Gomory fractional cut generated by the objective-function row is:

_1 64_5y_1

4
3 3 3 -3

By subtracting a surplus variable, we obtain the Gomory fractional cut in
standard form: ]

- T3—Ta=- = T3—3x4=1
3T T4a=g 3 4

From the standard form of the LP; problem, we have:

1‘3:16—31‘1—61172,
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Integer Linear Programming

Substituting in the Gomory fractional cut, we can express it in terms of the
original variables of the ILP problem:

16 —3x1 —622>1 = z1+2722<5

Effect of the Gomory fractional cut generated by the objective-function row
on the LP; problem in canonical form:

a I
3 .
8 N
3 5 |
2
2 .
8
1 .
0
1
\ J

We select the Gomory fractional cut with the largest right-hand side and we
create the L P> problem by adding it to the LP; problem.

b) LP re-optimization phase

Let us consider the LP, problem in standard form:

max r1 + 8xg

3r1 + 6z + x3 = 16
9 + x4 = 2
x1, x2, x3, g > 0

For the added Gomory fractional cut we have:

2 1 1
3z1+ax3—6214=4 = $4:—§+§x1+6$3

We then add this equation to the previous optimal dictionary and we obtain the
following dictionary :

8 1 1
T2 = §—§$1_6$3

2 1 1
$4:—§+§$1+6$3
Z = o 3z —%xg

3 3
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Integer Linear Programming

where B = {2,4} and N = {1,3} and

— the basic primal non-feasible solution is:

8 2 64
To = 3’ Ty = —3 T1 =0, T3=0 of value 3
— the basic dual feasible solution is:
4 64
w9 =0, m =0, T =3, 7_T3=§ of value 3

If we increase the value of w4, we can get a better dual solution. We have:

1
1 3—=my >0
_ 2
1 _3—771'4 S—— T4 §6
2 A wllzo
4 1 S >0
73 :§—67T4 3 67T4— T4 SS
w3>0

By increasing the value of 74 to min {6,8} = 6, the value of m; decreases to 0.
Then we have that:

74 becomes a dual basic variable and accordingly x4 becomes a primal non
basic variable

w1 becomes a dual non-basic variable and accordingly x1 becomes a primal
basic variable

We have:
2 1 1 4 1
x4:—§+§$1+6$3 - 1‘1:§—§$3+2$4

Substituting into the other equations of the primal dictionary, we get:

8 1/4 1 ) 1 5
T2 = 37 9\3 3$3 L4 6-"53 = Tq
64 4 1 4 52 1
= — — _— = 2 —_ = = — — — —
2= 3 <3 373 IF :1:4> 373 = "3 ~3T3 624

Accordingly, we now have the following optimal primal dictionary:

( 1 L + 2
@ = - — -z T
1 3 3 3 4
Tro = 2 — T4
52 1
A 3 T 3 T3 — 6 x4
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Integer Linear Programming

— the basic primal optimal solution is:

4 52
571 = =, .i'Q = 2, i‘3 = 0, .f4 =0 of value —
3 3
— the basic dual optimal solution is:
1 52
’/:['120, 7?2:0, 7~'l'3:§7 ﬁ4:6 of value E

The optimal solution &( LP, ) is fractional and the LP, problem is feasible.

We have the upper bound on the optimal value of the ILP problem:

3

——
=17

Z(ILP) < {MJ

For the L P, problem in canonical form, we have:

max r1 + 8x9

3r1 + 6z < 16
r9 < 2
T, Ty > 0
An optimal solution &( LPs) is:
- 4 -
T = 3 To =2
The optimal value is: .
z2(LPy ) = ey
4 — ‘ ‘ — )

x2

@
—
ol |-
o
w -
PJ;’*
ol
wla |-

Z1
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Integer Linear Programming

e Iteration 2

a) Cut generation phase

We have the following simplex dictionary associated with a fractional basic fea-
sible solution of the L P problem in standard form:

( 4 1
xr1 = § = § T3 + 2 x4
i) = 2 — Ty
52 1
where . A
1 9 4
_ 3 - 3
A = b =
0 1 2

GJa) e -J8)

= :(,‘321

By subtracting a surplus variable, we obtain the Gomory fractional cut in
standard form:

1
§$3—1‘5:§ = x3—3z5=1

From the standard form of the LP, problem, we have:
3 =16—3 1 — 6 x9,

Substituting in the Gomory fractional cut, we can express it in terms of the
original variables of the ILP problem:

(16—3%1—6%2)21 = x1+2x <5

Effect of the Gomory fractional cut generated by the first row on the LP;
problem in canonical form:
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/ T 1 T T T T 1 \
3%
8 |
3
2
N
8
1
0 . . . .
L | | | L
0 1 4 2 3 4 5 16
3 3
z1
\_ /

1 —dl 52 A
5—0=3 ?—1773

= :(,‘321

rOW.
create the L Ps problem by adding it to the L P, problem.
b) LP re-optimization phase
Let us consider the LP; problem in standard form:

max r1 + 8z

3r1 4+ 6x9 + x3

T2 + 24
1 + 2x9 + x5
x1, z2, €3, T4, T5

For the added Gomory fractional cut we have:

1 1
r3—3zr5=1 = 1‘5:—§+§$3.

following dictionary:

— The Gomory fractional cut generated by the objective-function row is:

wvawmz@:@

This Gomory fractional cut is the same as the one generated from the first

We select the Gomory fractional cut with the largest right-hand side and we

We then add this equation to the previous optimal dictionary and we obtain the

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini

11


https://github.com/fabiofurini/integer-linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/
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1 ! + 2
ry = - - -z x
1 3 3 T3 4
xI9 = 2 — Ty
1 1
Is = —g + g I3
52 1
= 3 T 3T - 6 x4
where B = {1,2,5} and N = {3,4} and
— the basic primal non-feasible solution is:
4 1 52
i’lzg, To = 2, ZZ'5:—§, r3=0, x4=0 of Valueg

— the basic dual feasible solution is:

2
=3 T4 =06 of Value%

If we increase the value of 75, we can get a better dual solution. We have:

m3 — — — =T — — =T T
3 3 35 3 35_ 5 =
7w3>0

By increasing the value of 75 to 1, the value of w3 decreases to 0.
Then we have that:

75 becomes a dual basic variable and accordingly x5 becomes a primal non-
basic variable

73 becomes a dual non-basic variable and accordingly x3 becomes a primal
basic variable

We hayve:

1 1
5 =——+ -3 =— a23=1+3uxs.
3 3
Substituting in the other equations of the primal dictionary, we get:
4 1
T = §—§(1+3x5)+2x4: 1+2(L‘4—JZ‘5,
To = 2 — x4,
52 1
z = §—§(1+31‘5) —6xy = 17 — 624 — 5.

Accordingly, we now have the following optimal primal dictionary:
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T1 = 1 + 2x4 - 5
To = 2 — Ty

T3 = 1 + 3 x5
z = 17T — 6 x4 -— x5

where B = {1,2,3} and N = {4,5}.

— the basic primal optimal solution is:

T1=1, x9=2, Tz3=1, Z4=0, T5 =0 of value 17

m =0, =0, a3=0, =6, 75=1 of value 17

The optimal solution &( LPs) is integer. Accordingly, an optimal solution
Z(ILP) is:

The optimal value z( ILP ) is 17.

For the LP3 problem in canonical form, we have:

max r1 + 8x»

3xr1 + 6x9 < 16
To < 2
1 4+ 2z < 5
1, z2 > 0
An optimal solution &( LPs) is:
71 =1, To =2
The optimal value is:
z( LP3 ) =17
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/ | | | | | \

3W —!
2 [ Tg= .
g $1+8x2:'1'7'-.-..
1@ ° L] .
0 ° o
| | | | |
0 1 2 3 4 )
1

Exercise 6.2 — Cutting-plane algorithm (P2)

Consider the following ILP problem in canonical maximization form with n = 2 integer
variables and m = 2 constraints:

max 1+ 3 w2
—4 x; + 10 zo < 35
3 1 + To < 12
1, T2 € Z>o

and an optimal dictionary of its LP relaxation in standard form:

( 5 1 b

mEg ot g o
9 3 2

T2 = 5 - 3*4 xr3 - T? T4
4 11

z=16 — 7 T3 — 17 T4

Questions
1. Execute the cutting-plane algorithm based on Gomory fractional cuts using:

(a) one Gomory fractional cut at each iteration;

(b) the largest right-hand side as the cut selection strategy.

Solve the LP problems after adding the Gomory fractional cut using the dual simplex
algorithm. Graphically show the optimal solution of the LP problem at each iteration.
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Integer Linear Programming

2. Graphically show the effect of each Gomory fractional cut on the LP relaxation of the
ILP problem in canonical form.

e a
Given a row i € B of a simplex dictionary associated with a feasible basic solution such
that b; is fractional, the linear inequality

> (@i — lai)) @ > b — |bi]
JjeN
is called the Gomory fractional cut generated by row i.
& J

Execution of the Cutting-Plane Algorithm to solve the ILP problem.

e Initialization

Let us consider the LP; problem in standard form:

max 1 + 3 T2
—4 z; + 10 o + 3 = 35
3 1 + T2 + xy = 12
1, T2, 3, zg > 0

and its optimal simplex dictionary:

( b} 1 )
33125 oy 31 r3 — 17 T4
9 3 2
1‘2:5 — ﬁ I3 — 1—7 Ty
4 11
| z=16 — 17 T3 — 7 T4

The optimal solution &( LP; ) is fractional and the LP; problem is feasible.

We have the upper bound on the optimal value of the ILP problem:

(ILP) < 16

For the LP; problem in canonical form, we have:
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max 1 + 3 x2
-4 7 + 10 2o < 35
3 z1 + g < 12
1, zz = 0
An optimal solution &( LP; ) is:
=2, F=o
1= g 2= 5

The optimal value is:

-~

w NN N N[O o
[

T2

o

—

(V)
Njon

w

(=

1

e Iteration 1

a) Cut generation phase

We have the following simplex dictionary associated with a fractional basic fea-
sible solution of the LP; problem in standard form:

'l‘ > + 1 r3 - ix
179 34 3 17 4

9 3 2
275 34 73 17 4

4 11

—-16 - _ =
#=16 17 3 17 4
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where
15 5
A— 34 17 b— 2
3 2 9
34 17 2

— The Gomory fractional cut generated by the first row is:

o)) =+ G- [5) = G- 5)

103 5 5 5 1
“34 D73y 17 17 5 %75

33 5 1

— — x> - = 33 10 x4 > 17
34:(}3—1-17.%'4_2 x3 + 10 x4 >

By subtracting a surplus variable, we obtain the Gomory fractional cut in
standard form:

33 5 1
@x3+1—7$47x5:§ = 33x3+10x4 — 3425 =17

From the standard form of the LP; problem, we have:
3 =35+4+4 21 — 10 a9, Ty =12 -3 x1 — x9.

Substituting in the Gomory fractional cut, we can express it in terms of the
original variables of the ILP problem:

33(354+4x) —10m9) +10 (12— 321 —a2) > 17 = —3 a1+ 1025 <37

Effect of the Gomory fractional cut generated by the first row on the LP;
problem in canonical form:

a | | I
4397 3 ~ |
2 —3x e —
5 | 1 +10xo =]
4 - |
T |
2
3 |
™
8
2 1 |
11 |
"
| | | | |
0 1 2 5 3 4
2
x1
\_ %
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— The Gomory fractional cut generated by the second row is:

Gl ~ G l2) = C-2)

3 . 3 2 ; 2 9 \ 1
34 34 17 17 2 2
3 2 1

= S>> = 4og>1
343334-17:6472 = 3x3+4dx4>17

By subtracting a surplus variable, we obtain the Gomory fractional cut in
standard form:

3 2 1
3—4m3+ﬁw4—x5:§ = 3dux3+4dzy—34x5=17

From the standard form of the LP; problem, we have:
r3=35+4 1 — 10 a9, Ty =12 -3 x1 — x9.

Substituting in the Gomory fractional cut, we can express it in terms of the
original variables of the ILP problem:

3(35—1—4.271—10$2)+4(12—31‘1—$2)217 = x9<4

Effect of the Gomory fractional cut generated by the second row on the LP;
problem in canonical form:

/ [T I \

W NN A N[O
[

€2

ot
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1
Both Gomory fractional cuts have the same right-hand side, equal to —=. We
select the Gomory fractional cut generated by the second row and we create the
L P, problem by adding it to the LP; problem.
b) LP re-optimization phase

Let us consider the LP, problem in standard form:

max r1 + 3 xo
—4 1 + 10 zo + x3 = 35
3 1 + T2 + T4 = 12
T2 + x5 = 4
x1, z2, x3, T4, zs = 0

For the added Gomory fractional cut we have:

1 3 2
Sdxr3+4xy—34 x5 =17 = x5——§+3—4x3—|—1—7x4

We then add this equation to the previous optimal dictionary and we obtain the
following dictionary :

501 5
=5 34 7 17 ™
9 3 2
To=7 — T3 — 5 T4
2 34 17
1 3 2
5 = ——= + — x3 + — X4
2 34 17
4 11
z=16 — 7 T3 — 7 T4

where B = {1,2,5} and N = {3,4} and

— the basic primal non-feasible solution is:
) 9 1
= =—, T5=—-, Z3=0, T4, =0 of value 16

— the basic dual feasible solution is:

1 =0, m=0, 75 =0, Mg =-—, @y =— of value 16

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 19


https://github.com/fabiofurini/integer-linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Integer Linear Programming

If we increase the value of 75, we can get a better dual solution. We have:

4 3
— — — 15 >0
S I 17347 8
_ 4 3 <2
ST A VR 30 b =3
11 2 11 11
= 4 — — —m5>0 < =
RS TAR T r 17— ™=
742>0
. . . [8 11 8
By increasing the value of 75 to min 39 (=3 the value of 73 decreases to

0. Then we have that:

75 becomes a dual basic variable and accordingly x5 becomes a primal non
basic variable

73 becomes a dual non-basic variable and accordingly x3 becomes a primal
basic variable

We hayve:

Substituting in the other equations of the primal dictionary, we get:

179 3y\3 34" 3™ gyt T3 3T
T 9.3 1—7—%33 —i-%x —Ex =4—-z
279 34\3 3T 3 vt >

g s flr 2o e h Mo e 1o &8

= w\3 3T 3T gttT 3 3% 3%

Accordingly, we now have the following optimal primal dictionary:

r 8 1 L1
Bl== = = & -z
1 3 3 4 3 5
T9 =4 - T5
17 4 L3
T3=— — =z —
3 3 3 4 3 5
44 1 8
Z=— — - T4 — T X
3 4 3 7

where B = {1,2,3} and N = {4,5} and
— the basic primal optimal solution is:

44
T4 =0, Z5 =0 of value 3
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— the basic dual optimal solution is:

1 8 44
7~T1:0, 7?2:0, ’7(3:0, 7~T4:§, 7~T5:§ of value ?

The optimal solution &( LP, ) is fractional and the LP, problem is feasible.

We have the upper bound on the optimal value of the ILP problem:

Z(ILP) < ﬁfJ

——
=14

For the L P, problem in canonical form, we have:

max 1 + 3 x2
—4 x; + 10 zo < 35
3 1 + T < 12
Ty < 4
1, z2 > 0

An optimal solution &( LP;) is:

- 8 -
xTr1 = g, 9 = 4
The optimal value is:
44
Z( LP2 ) = ?

/

w NN N

T2

o
e
NS e
\)
wloo [
w
=~

Z1
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e Iteration 2

a) Cut generation phase

We have the following simplex dictionary associated with a fractional basic fea-
sible solution of the L P, problem in standard form:

8 1 i 1
1 = - — -z .
1 3 3 4 3 5
Ty = 4 — ZI5
17 4 o 34
z3 = 3 3 %4 3 5
M 1 8
A 3 3 T4 3 5
where
1 1 8
3 3 3
A=10 1 b=| 4
4 34 17
3 3 3

— The Gomory fractional cut generated by the first row is:

(G2 e ([ == G- )

1 1 1 2 8 2
— )= — ——t1=— -9
3 3 3 3 3 3
. +2 >2 = +2zx5>2
T — —
3 4 3555_3 T4 Ts =

By subtracting a surplus variable, we obtain the Gomory fractional cut in
standard form:

71 ~|—f2 = 535 = 2 = +2x5—3 x5 =2
x = = =
3 4 3 xIs5 Te 3 T4 xTs5 Te

From the standard form of the LP, problem, we have:
$4:12—31‘1—$2, x5:4—m2.

Substituting in the Gomory fractional cut, we can express it in terms of the
original variables of the ILP problem:

(12—3x1—:1:2)+2(4—x2)22 = x1+x2<6.
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Effect of the Gomory fractional cut generated by the first row on the LP;
problem in canonical form:

4 T 1 N
4, |
7 .
2
3, |
N
8
2, |
17 —
R
L | \ || \
0 15 2 8 3 4
1 3
Z1
- /

— The Gomory fractional cut generated by the third row is:

L) e (2 = (- [2)

41 34”122 17 " 2
3773 33 3 773
g 4T3 P23 AT ETs =

This is the same Gomory fractional cut obtained with the first generating
row.

We select the Gomory fractional cut with the largest right-hand side and we
create the L Ps problem by adding it to the LP, problem.

b) LP re-optimization phase

Let us consider the LP3 problem in standard form:
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max r1 + 3 x9
—4 1 + 10 zo + a3 = 35
3 11 + T2 + x4 = 12
T2 + x5 = 4
r1 + To + x5 = 6
x1, Z2, x3, T4, x5, ¢ = 0

For the added Gomory fractional cut we have:

2 1 2
Tyg+2x5 —3 26 =2 = Te=—c-t-zatc-z
4 5 6 6 3 T 3%t 35
We then add this equation to the previous optimal dictionary and we obtain the

following dictionary :

8 1 1
=3 — 3 M + 3 %5
r9 =4 - Ty

17 4 n 34

== = =& =
3 3 3 4 3 5

2 1 2

xG——g + §$4 + §$5

44 1 8

S T T S

where B = {1,2,3,6} and N' = {4,5} and

— the basic primal non-feasible solution is:

8 17 2 4
By = g, 572:4, 3773:?, f(}:—g, f4:O, i520 of value ?
— the basic dual feasible solution is:
_ _ _ _ _ 1 _ 8 44
m =0, m=0, w3=0, 7w =0, Ty = 3’ Ty = 3 of value 3

If we increase the value of mg, we can get a better dual solution. We have:

= 0
3 3 7420 6 =
8 2 8_ 2 -9
5 25—571'6 3 37r6* e <4
75>0

By increasing the value of mg to min{1,4} = 1, the value of m4 decreases to 0.
Then we have that:
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e becomes a dual basic variable and accordingly zg becomes a primal non
basic variable

74 becomes a dual non-basic variable and accordingly x4 becomes a primal
basic variable

We have:

2 1 2
$6:_§+§x4+§x5 then x4 =2 —2z5 + 3x5.

Substituting in the other equations of the primal dictionary, we get:

8 1 1
1‘1:g—5(2—2$5+3$6)+§l‘5:2+1‘5—l‘6
17 4 34
1-3:g—5(2—2x5+3$6)+§$5:3+14$5_4$6
44 1 8
z:3—5(2—2x5—|—3x6)—§$5:14—2$5—$6

Accordingly, we now have the following optimal primal dictionary:

(

x1=2 + r5 — Z6

To =4 — 5

r3=3 4+ 14 x5 — 4 xg

T4=2 - 2 x5 + 3 x4
| 2= 14 - 2 x5 — T

where B = {1,2,3,4} and N = {5,6} and

— the basic primal optimal solution is:
T1 =2, To=4, T3=3, T4=2, T5 =0, Zg=0 of value 14
— the basic dual optimal solution is:

7~T1:0, 7~T2:0, 7~T3:0, 7~T4:0, 7~T5:2 7~T6:1 of value 14

The optimal solution &( LPs) is integer. Accordingly, an optimal solution
Z(ILP) is:
T1=2, T2o=4

The optimal value z( ILP ) is 14.

For the LPs problem in canonical form, we have:
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max 1 + 3 x2
—4 3 + 10 zo < 35
3 1 + o < 12
Ty < 4
1+ T2 <6
1, r2 > 0
An optimal solution &( LPs3) is:
F1=2,  Gp=4

The optimal value is:

-

47
T
2
37
o
8
27
17
"1
| | | | |
0 15 2 3 4
4
x1
. J

Exercise 6.3 — Cutting-plane algorithm (P3)

Consider the following ILP problem in canonical maximization form with n = 2 integer
variables and m = 2 constraints:
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max 2x1 4+ 4 x9

|
=
+
8
[\
IA
[\]

xq, ro € ZZO

4 _ 3,1 1
=g 5 '3 10 ™
7 4 1
o= g 5 73 10 "
14 3
z = 17 - E r3 — 5 T4

Questions

1. Execute the cutting-plane algorithm based on Gomory fractional cuts using:

(a) one Gomory fractional cut at each iteration;

(b) the largest right-hand side as the cut selection strategy.

Solve the LP problems after adding the Gomory fractional cut using the dual simplex
algorithm. Graphically show the optimal solution of the LP problem at each iteration.

2. Graphically show the effect of each Gomory fractional cut on the LP relaxation of the
ILP problem in canonical form.

s a
Given a row i € B of a simplex dictionary associated with a feasible basic solution such

that b; is fractional, the linear inequality

> (@i — i)z > b — |bi]

jEN

is called the Gomory fractional cut generated by row i.

(.

- /

Execution of the Cutting-Plane Algorithm to solve the ILP problem.

e Initialization
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Let us consider the LP; problem in standard form:

max 2 x1 + 4 x9

- T+ 2 + x3 = 2
8 1 + 2 x + x4 = 19
X1, x2, €3, T4 Z 0

and its optimal simplex dictionary:

( 3, 1 1
B = = - T3 — —
! 2 5 3 10 4
7 4 1
2= 5 B 10
14 3
z = 17 - g r3 — 3 T4

The optimal solution &( LP; ) is fractional and the LP; problem is feasible.

We have the upper bound on the optimal value of the ILP problem:

z(ILP) < 17
For the LP; problem in canonical form, we have:

max 211 + 4 x9

- 1 + T2 <2
8 1 + 2 x5 < 19
x1, 2 =2 0
An optimal solution &( LP; ) is:
- 3 _ 7
Bo= = -t
1= 5 T2 =5
The optimal value is:
Z( LP1 ) =17
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Z2

~

e Iteration 1

I

Z2

where

a) Cut generation phase

G-l

We have the following simplex dictionary associated with a fractional basic fea-
sible solution of the LP; problem in standard form:

£, 1L
2 P
7 4
2 H o
14
].7 — g I3
11
5 10
4 1
5 10

— The Gomory fractional cut generated by the first row is:

o+ (- |x)

1
0
1
0 ™
3
5
3
2
7
2

Author: Fabio Furini
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4

— T3+ — T4 > = 8x3+x4>5

1
5 10 2

By subtracting a surplus variable, we obtain the Gomory fractional cut in
standard form:

4 1 1
5z3+ﬁx47m5:§ = 8az3+taxs—10x5=5

From the standard form of the LP; problem, we have:
T3 =24 11 — T9, T4 =19 —8 21 — 2 x9.

Substituting in the Gomory fractional cut, we can express it in terms of the
original variables of the ILP problem:

8(24—1‘1—%2)4—(19—8%1—21‘2)25 = x99 < 3.

Effect of the Gomory fractional cut generated by the first row on the LP;
problem in canonical form:

4 I

Z2

L1 | \
0 1 313 2 19 3
28 8

\_ J

— The Gomory fractional cut generated by the second row is:

(L2 e (-3 = G- )

1,4 1,1 T,
5 10 10 2 72
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1
—r3+—xz4> = = 8xz+ax4>5

This is the same Gomory fractional cut obtained with the first generating
row.

We select the Gomory fractional cut with the largest right-hand side and we
create the L P, problem by adding it to the LP; problem.

b) Dual simplex reoptimization phase

Let us consider the LP, problem in standard form:

max 2 x1 + 4 x9

- T + T2 + 23 = 2
8 71 + 2 9 + x4 = 19
o + x5 = 3

x1, Zg, z3, Z4, zs = 0

For the added Gomory fractional cut we have:

1 4
T3 + T4 T5 5 2+5IE3+10$4
We then add this equation to the previous optimal dictionary and we obtain the

following dictionary :

B 3 i 1 1
T 5 3 10 "
T 4 1
T g 5 7 10 "
_ 1, 4 Ll
T T 5 10
14 3
| 2 = 17 - = By = 5 T4
where B = {1,2,5} and N = {3,4} and
— the basic primal non-feasible solution is:
3 7 1
T1 = — To — — Tr — —— T = T4 = f 1 1
T 5 ZTo 2 Ts X Z3=0, Z4=0 of value 17
— the basic dual feasible solution is:
14 3
=0, ma=0, 75 =0, 771'3237 77'4:5 of value 17
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If we increase the value of 75, we can get a better dual solution. We have:
14 4

14 4 5 520 .
M = — ——T —_—— Z
3 5 5 75 5 5 §2
3 1 3_1 -9
T4 :g—mﬂ'g) 5 107’[‘5_ 5 §6
T42>0

7 7
By increasing the value of 75 to min {2, 6} =3 the value of 73 decreases to 0.

Then we have that:

75 becomes a dual basic variable and accordingly x5 becomes a primal non
basic variable

3 becomes a dual non-basic variable and accordingly x3 becomes a primal
basic variable

We have:
o141 . _5_ 1.5
Irs = 9 5 I3 10 X4 xr3 = 3 8$4 4$5.

Substituting into the other equations of the primal dictionary, we get:

3 1/5 1 5 1 13 1 1
961:54-* 2 T gTat x5 )| — mT4 = o — gyt X5

5\8 8 4 10 8 8 4
T 4/(5 1 n 5 r 3
2T T s\ g T T T T
17 14 /5 1 n 5 3 61 1 7
z2=17T——|-—=xy+-25| — =24 = — — ~24 — =2
5\8 84 T4a) 5T g gt 2
Accordingly, we now have the following optimal primal dictionary:
( 13 1 n 1
rr = — - == -z
! 8 g 17
i) = 3 — I5
5 1 n 5
3 = = — = -z
s 8 g 4 "
6l 1 7
Ty 4™ g 5

The optimal solution &( LP;) is fractional and the LP, problem is feasible.

We have the upper bound on the optimal value of the ILP problem:

4

——
=15

Z(ILP) < VﬂJ

For the L P problem in canonical form, we have:

Author: Fabio Furini
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max 211 + 4 x9

= @ = T2 < 2
8 1 + 2 x99 < 19
xrg < 3
1, 2 > 0
An optimal solution &( LPs) is:
F = % o =3

The optimal value is:

f

T2

e Iteration 2

a) Cut generation phase

We have the following simplex dictionary associated with a fractional basic fea-
sible solution of the L P, problem in standard form:
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( 13 1 n 1
x = = = = g5 = g5
1 3 3 4 1 B
Tro = 3 — xT5
_ 5 1 5
r3 = 3 3 T4 4 xT5
. 61 1 7
z = 1 T4 9 Ty
where
1 1 13
8 4 8
A=1]0 1 b= 3
Lo L
8 4 8

— The Gomory fractional cut generated by the first row is:

(5-15) ( ) == (5-[5)

L1 L3 135
8 8 —1 V7 8 8
S 2at > +6z5>5
! 7 - T - T T
] 4 4 5_8 4 5 Z

By subtracting a surplus variable, we obtain the Gomory fractional cut in
standard form:

1 3 5
§x4+1x5—m6:§ = 24+6x5 -8z =25

From the standard form of the L, problem, we have:
4 =19 -8 1 — 2 x9, T5 = 3 — Xo.

Substituting in the Gomory fractional cut, we can express it in terms of the
original variables of the ILP problem:

(19*8$1*2$2)+6(3*5E2)25 = 11 +x2 <4

Effect of the Gomory fractional cut generated by the first row on the LP;
problem in canonical form:
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4 N

- /

— The Gomory fractional cut generated by the third row is:

() e G2 =2 2D

— J— — 2_7 — J———
— — + —
- - > = = 6 >5
This is the same GOI’HOI‘y fractional cut obtained with the first generaling

Trow.

We select the Gomory fractional cut with the largest right-hand side and we
create the LP3 problem by adding it to the L P, problem.

b) Dual simplex reoptimization phase

Let us consider the LP; problem in standard form:

max 2 x1 + 4 z9

- 1 + T2 + T3 = 2
8 z1 + 2 =z + a4 = 19
T2 + x5 = 3

T + T2 4+ x¢ = 4
x1, z2, z3, T4, zs5, e = 0
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For the added Gomory fractional cut we have:

Ta+625—8x6 =5 = = §—|—1x —|—§:L'
4 5 6= 6=—gtgTat 1 Ts5
We then add this equation to the previous optimal dictionary and we obtain the

following dictionary :

( 13 1 1
o= g T g + 1
To = 3 - Ts
T3 = > _ 1 Ty + > 7

3 = 3 g T4 1 s
Te = D + ! T4 + 3 T
6 = 3 g T4 1 s
61 1 7
SO g 2

where B = {1,2,3,6} and N' = {4,5} and

— the basic primal non-feasible solution is:

13 5 K

1
6= —g Z4=0, 5 =0 of value GZ

— the basic dual feasible solution is:

1
47

7 6
=0, mo=0, m3=0, 75 =0, T4 = 7T5:§ of value T

If we increase the value of mg, we can get a better dual solution. We have:

1 1 0
11 4 8=
_ - _ - e <2
T4 4 87['6 % 6 =
7 3 T3 sy 14
7w5>0

By increasing the value of mg to min {2, 3} = 2, the value of 74 decreases to

0. Then we have that:

g becomes a dual basic variable and accordingly zg becomes a primal non
basic variable
74 becomes a dual non-basic variable and accordingly x4 becomes a primal
basic variable

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 36


https://github.com/fabiofurini/integer-linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Integer Linear Programming

We have:
5 1 3

To=—gtgat rs = @4="5—6x5+ 8z

Substituting into the other equations of the primal dictionary, we get:
13 1 1

131—§—§(5—6$5+8$6)+15L‘5:1+l’5—l’6

5 1 5

61 1 7

_ - — —x5 = 14 — 225 — 2
2= 4(5 6x5 + 8x¢) %5 T5 — 2T6

Accordingly, we now have the following optimal primal dictionary:

;

B = 1 + T — Tg

To = 3 - 5

z3 = 0 + 2 x5 — T

Ty = 5 — 6 x5 + 8 zg
z = 14 - 25 — 2 xg

where B = {1,2,3,4} and N = {5,6} and

— the basic primal optimal solution is:

T1=1, T2 =3, T3=0, 24=25, 5 =0, T¢ =0 of value 14
— the basic dual optimal solution is:

m =0, mo=0, w3 =0, 74 =0, 75 =2, =2 of value 14

The optimal solution Z( LPs) is integer and the LP; problem is feasible.

We have the upper bound on the optimal value of the ILP problem:
z(ILP) < 14
For the LPs problem in canonical form, we have:

max 211 + 4 x9

= @ T2 <2
8 1 + 2 x99 < 19
xrg < 3

T + 2 < 4
1, z2 > 0
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An optimal solution &( LPs) is:

The optimal value is:
2(LP3y ) =14

The optimal solution &( LP3) = (1,3) is integer. Therefore, it is also an
optimal solution of the ILP problem.

z( ILP ) = 14.
-
3
13
b
8
1
0
x1
\_ J

Exercise 6.4 — Cutting-plane algorithm (P4)

Consider the following ILP problem in canonical maximization form with n = 2 integer

variables and m = 2 constraints:

max 5 x1 + 3 x2
2 x1 + Ty < 14
ry + 8 mzy < 32
1, T2 € Z>o

and the following optimal simplex dictionary of its LP relaxation in standard form:
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16 8 1

T = 3 T 15 r3 + 5 T4
10 1 2

T2 = 3 + 15 T3 — IR T4
110 37 1

\ z = ? — T5 I3 - T5 T4

Questions
1. Execute the cutting-plane algorithm based on Gomory fractional cuts using:

(a) one Gomory fractional cut at each iteration;

(b) the largest right-hand side as the cut selection strategy.

Solve the LP problems after adding the Gomory fractional cut using the dual simplex
algorithm. Graphically show the optimal solution of the LP problem at each iteration.

2. Graphically show the effect of each Gomory fractional cut on the LP relaxation of the
ILP problem in canonical form.

e N
Given a row i € B of a simplex dictionary associated with a feasible basic solution such

that b; is fractional, the linear inequality
> (@i — lag)) z5 > b — | bi]
JeEN

is called the Gomory fractional cut generated by row i.
- J

. J

Execution of the Cutting-Plane Algorithm to solve the ILP problem.

e Initialization

Let us consider the LP; problem in standard form:

max o x1 + 3 x3

2 rn + T2 + @3 = 14
Ty + 8 xo + x4 = 32
Ty, X2, r3, Ty > 0

and its optimal simplex dictionary:
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( 16 8 1

Ty = ? - T5 r3 + T5 T4
10 1 2

To = ? + T5 xr3 — 75 T4
110 37 1

z = 7 — T5 x3 75 Ty

The optimal solution &( LP; ) is fractional and the LP; problem is feasible.

We have the upper bound on the optimal value of the ILP problem:

2(ILP) < F;OJ

=36

For the LP; problem in canonical form, we have:

max 5 x1 + 3 xo

2 x1 + To < 14
I + 8 xIo < 32
x1, x2 = 0
An optimal solution &( LP; ) is:
- 16 - 10
xri = — To =
1 3 ) 2 3
The optimal value is:
110
Z( LP1 ) = —
3
f T T T T s | ] T T \
4l ¢ : .
o
10 | h! |
3| 4 o o s .
S
b
[l | \/ .
g 21 e o o o ) 2
1-¢ e o o o ° -
‘\
0 ° . ° ° ° ° e
| | | | || | | )
0 1 2 3 4 5? 6 7
1

e Iteration 1
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a) Cut generation phase

We have the following simplex dictionary associated with a fractional basic fea-
sible solution of the LP; problem in standard form:

( 16 8 1
Ty = 3 = T5 xr3 + 5 T4
10 1 2
T2 = 3 + 15 r3 - 15 T4
110 37 1
T 3 T 1B T ™
where
8 1 16
a_| B 15 5|3
1 2 10
15 15 3

— The Gomory fractional cut generated by the first row is:

& lel) »+ (5 sl) 2 (5-[5))

N 1 vl 14 161
15 15 15 CY715 3 3
8 14 1
— _ >—- = 8 14 >5
15$3+15£L’4_3 x3+ 14 24 >

From the standard form of the LP; problem, we have:
x3:14—2x1—x2, 33‘4:32—$1—833‘2.

Substituting in the Gomory fractional cut, we can express it in terms of the
original variables of the ILP problem:

8(14—21‘1—$2)+14(32—1‘1—81’2)25 = 2z +8x9 <37

Dividing by the greatest common divisor 2 of the coefficients and rounding
down the right-hand side, we obtain the cut in primitive form:

Effect of the Gomory fractional cut generated by the first row on the LP;
problem in canonical form:
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/ \ T \
41 ¢ |
T o
2y 2F -
7 ° )
x1 + 4x2 = 18
8 2 4 . . ° ° ° =
116 ° ° . ° . —
0, Y Y o o o [} ® |
| | | | | L |

- /

— The Gomory fractional cut generated by the second row is:

1 V1714 N 01
BRI 15 =15 3 %73
M e 2 st o Uei2m>5
152715 %4=3 R A S =

From the standard form of the LP; problem, we have:
.%'3:14—2.1‘1—.%'2, x4:32—$1—8x2.

Substituting in the Gomory fractional cut, we can express it in terms of the
original variables of the ILP problem:

14(14—22) —29) +2 (32— 2 —8a2) =5 = 2z +229 <17

Dividing by the greatest common divisor 2 of the coefficients and rounding
down the right-hand side, we obtain the cut in primitive form:

17
T+ 29 < o =38

Effect of the Gomory fractional cut generated by the second row on the LP;
problem in canonical form:

4 N
A :
37 —
g 2| :
17 —
07 —
T1
- /
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1
Both Gomory fractional cuts have the same right-hand side, equal to =. We
select the Gomory fractional cut generated by the second row and we create the
L P, problem by adding it to the LP; problem.

Dual simplex reoptimization phase

Let us consider the LP, problem in standard form:

max 5 x1 + 3 x9
21 + T2 + 3 = 14
Ty + 8 x9 + x4 = &%
T+ T2 + x5 = 8
1, x2, x3, T4, zs = 0

The slack variable of the added primitive cut is x5 = 8 — £1 — x3. Substituting
the rows of z; and x2 of the previous optimal dictionary, we have:

16 8 1 10 1 2 2 7 1
5 = O— 7—73734‘7.’1}4 — §+175$3—Bx4 :—§+T5$3+T5$4

We then add this equation to the previous optimal dictionary and we obtain the
following dictionary:

( 16 8 1

T = 3 T 15 T3 + 15 T4
10 1 2

Ty = 3 + 5 r3 - I T4
2 7 1

Trs = 3 = 15 r3 -+ 15 T4
110 37 1

5 = = 15 r3 - 5 T34

where B = {1,2,5} and N = {3,4} and

— the basic primal non-feasible solution is:

16 _ 10 _ 2

—3 23 =0, 74 =0 of value =

— the basic dual feasible solution is:

m =0, ma=0, 7 =0, T3 = —

74 = — of value 3

Author: Fabio Furini
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If we increase the value of 75, we can get a better dual solution. We have:

3T,
— ——
S LA 15 15 ° =
_of_ T
® 715 15 — 5 s
I 1 ot s0
™ =T ™ 15 15 °= s
w420

37
By increasing the value of 75 to min {7, 1} = 1, the value of 74 decreases to

0. Then we have that:

75 becomes a dual basic variable and accordingly =5 becomes a primal non

basic variable

m4 becomes a dual non-basic variable and accordingly x4 becomes a primal

basic variable

We have:
2 1
T5=——+—a23+-—x4 = z4=10—Tx3+15z5.

Substituting in the other equations of the primal dictionary, we get:

16 8 1

71 = 5 — g + 77 (10 = 7wy + 1505) = 6 — 23 + o5
=0 2 (10— Tws+ 1505) =2+ 25— 2

R N TR T B
110 37 1

2= — g3 — 75 (10 = Tog + 1525) = 36 — 223 — 75

Accordingly, we now have the following optimal primal dictionary:

T = 6 — T3 + T5
To = 2 4+ T3 — 2 x5
gy = 10 — 7 x3 + 15 x5

z = 36 — 2 x3 -— T5

where B = {1,2,4} and N = {3,5} and

— the basic primal optimal solution is:
T1 =6, T9=2, x4 =10, T3=0, Z5 =0 of value
— the basic dual optimal solution is:

m =0, ma=0, =0, 3 =2, w5 =1 of value

36

36
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The optimal solution &( LP,) = (6,2) is integer. Therefore, it is also an
optimal solution of the ILP problem.

2(ILP ) = 36.

For the L P, problem in canonical form, we have:

max o x1 + 3 x3

2 1 + T2 < 14
1 + 8 xp < 32
T + zz < 8
z1, zz > 0
An optimal solution &( LP5) is:
F1=6, G3=2

The optimal value is:

/

x2
V)
T

Z1

Exercise 6.5 — Cutting-plane algorithm (P7)

Consider the following ILP problem in canonical maximization form with n = 2 integer

variables and m = 2 linear constraints:
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max 3x1 -+ To

Ty 4+ 4dx9 < 12
221 + T2 < 5
T, ro € ZZO

and the following optimal simplex dictionary of its LP relaxation in standard form:

5 1 1

ry = 5—51’2—51’4
19 7 1

BT oy T gt T
15 1 3

[ 7 T 3 T g™ T g™

Questions
1. Execute the cutting-plane algorithm based on Gomory fractional cuts using:

(a) one Gomory fractional cut at each iteration;

(b) the largest right-hand side as the cut selection strategy.

Solve the LP problems after adding the Gomory fractional cut using the dual simplex
algorithm. Graphically show the optimal solution of the LP problem at each iteration.

2. Graphically show the effect of each Gomory fractional cut on the LP relaxation of the
ILP problem in canonical form.

s a
Given a row i € B of a simplex dictionary associated with a feasible basic solution such

that b; is fractional, the linear inequality

> (@i — i)z > b — |bi]

jEN

is called the Gomory fractional cut generated by row i.
\ J

- /

Execution of the Cutting-Plane Algorithm to solve the ILP problem.

e Initialization
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Let us consider the LP; problem in standard form:

max 3x1 -+ T9

1 + 4z + 3 = 1%
221 + ) + T4 = 5
€, €2, zs3, T4 > 0

and its optimal simplex dictionary:

( 5) 1 1
xrpT = 5—5332— 5334
19 7 1
$3:?f§$2+§$4
15 1 3
[ == 5 — g™ — @

The optimal solution &( LP; ) is fractional and the LP; problem is feasible.

We have the upper bound on the optimal value of the ILP problem:

2(ILP) < er
=i

For the LP; problem in canonical form, we have:

max 3x1 + T2

1 + 4z < 12
2x1 + T2 < 5
z1, 2 = 0
An optimal solution &( LP; ) is:
- 5 -
Tr1 = 5, ro = 0
The optimal value is:
15
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e — N

\1‘5 9

2

Z1

e Iteration 1

a) Cut generation phase

We have the following simplex dictionary associated with a fractional basic fea-

sible solution of the LP; problem in standard form:

. 5 1 1
] = 5 5 T2 5 T4
19 7 1
r3 = ? — 5 To + 5 T4
15 1 3
T 9 5 12 g T
where
1 1 5
_ 2 2 _ 2
A: b:
7 _1 19
2 2 D

— The Gomory fractional cut generated by the first row is:

() 12 = G- )
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= To+x4>1

By subtracting a surplus variable, we obtain the Gomory fractional cut in
standard form:

1 1 1
§x2+§1‘4*$5=§ = T2tz4—2z5=1

From the standard form of the LP; problem, we have:
$4=5—2:L’1—$2.

Substituting in the Gomory fractional cut, we can express it in terms of the
original variables of the ILP problem:

x2+(5—2m1—m2)21 = x1<2

Effect of the Gomory fractional cut generated by the first row on the LP;
problem in canonical form:

a N
3 —
19
1 N
2 —
N
8
1 —
0 ®
_T || \ \ \
0 18 2 5 3
7 2
1
o _/

— The Gomory fractional cut generated by the second row is:

G-[3) G ls) G- 5)

7 _ 1 1 _1 19 _ 1
2—3=3 —3—(=1)=3 2 9=3
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= To+x4>1

N | —

1 +1 =
— T2+ -
g T2t 542

This Gomory fractional cut is the same as the one generated by the first
row.

We select the Gomory fractional cut with the largest right-hand side and we
create the L P, problem by adding it to the LP; problem.

b) LP re-optimization phase

Let us consider the LP, problem in standard form:

max 3xz; -+ T

r1 + 4z9 + a3 = 12
221 + T2 + x4 = 5
HA] + x5 = 2
z1, z2, x3, Z4, zs =2 0

For the added Gomory fractional cut we have:
1 1 1
T2+x4—225=1 = $5:—§+§$2+§$4

We then add this equation to the previous optimal dictionary and we obtain the
following dictionary :

) 1 1

I = 5 — §$2 — §$4
19 7 1

xr3 = ? — 5]]2 + 51’4
1 1 1

Is5 = —5 + §$2 -+ §$4
15 1 3

[ 7= 5 — 3® - ju

where B = {1,3,5} and N = {2,4} and

— the basic primal non-feasible solution is:

__5 __19 L 1
:C1—2, 333—2,1‘5— 9’

— the basic dual feasible solution is:

_ _ 1
To=0, 74 =0 of value 5

3 15
m =0, m3=0, 75 =0, 7?2:5, 77'425 of value ?
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If we increase the value of 75, we can get a better dual solution. We have:

L
™ Zl—lﬂ 2 27r5_ T <1
2 27 72>0 IR
3 1 3_1 290
™=y 3 ™= ™ <3
T4 2>0

By increasing the value of 75 to min {1,3} = 1, the value of my decreases to 0.
Then we have that:

75 becomes a dual basic variable and accordingly x5 becomes a primal non
basic variable
o becomes a dual non-basic variable and accordingly x2 becomes a primal
basic variable

We have: 19 ]
=——4 = - =1- 2
Ts 2—1-2.7}2—1—21‘4 — X9 T4+ 275
Substituting into the other equations of the primal dictionary, we get:
5 1 1
1‘125—5(1—.%'44-2585)—51'4:2—%5
19 7 1
x3:——7(1—x4+2x5)+7x4:6+4x4—7x5
2 2 2
15 1 3
Z:?—5(1—$4+2$5)—§$4:7—l‘4—$5

Accordingly, we now have the following optimal primal dictionary:

B = X — T5
o = 1 - T4y + 2 x5
r3 = 6 + 44 — T xj
z = 7 - Ty — 5

where B = {1,2,3} and N = {4,5}.

— the basic primal optimal solution is:

T1=2, To=1, 3=6, 4=0, T5=0 of value 7

=0, mo=0, 13=0, Tu=1, 75=1 of value 7
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The optimal solution &( LP») is integer. Accordingly, an optimal solution
Z(ILP) is:
I1=2, Ix=1

The optimal value z( ILP ) is 7.

For the L P, problem in canonical form, we have:

max 3z + T9

Ty 4+ 4z < 12
221 + ro < 5
T < 2
T, To > 0
An optimal solution &( LP») is:
=2  dg=1

The optimal value is:

-

\1|5 29

Z2

Z1
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Exercise 6.6 — Cutting-plane algorithm (P8)

Consider the following ILP problem in canonical maximization form with n = 2 integer
variables and m = 2 linear constraints:

max T1 + 2z

IN
DO

-1 + 2x9
r, + rg < 3

X1, i) S ZZO

and the following optimal simplex dictionary of its LP relaxation in standard form:

( 4 1 2

ry = §+§$3—§1‘4
) 1 1

Tr9g = §—§$3—§x4
14 1 4

L = T 3 T 3™ T o3M

Questions
1. Execute the cutting-plane algorithm based on Gomory fractional cuts using:

(a) one Gomory fractional cut at each iteration;

(b) the largest right-hand side as the cut selection strategy.

Solve the LP problems after adding the Gomory fractional cut using the dual simplex
algorithm. Graphically show the optimal solution of the LP problem at each iteration.

2. Graphically show the effect of each Gomory fractional cut on the LP relaxation of the
ILP problem in canonical form.

e a
Given a row i € B of a simplex dictionary associated with a feasible basic solution such

that b; is fractional, the linear inequality

> (@ — ag)) ;> b — i)

JEN

is called the Gomory fractional cut generated by row i.
& J
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Execution of the Cutting-Plane Algorithm to solve the ILP problem.

e Initialization
Let us consider the LP; problem in standard form:

max T1 + 2z

-1 + 222 + z3 = 2
x1 + X2 + 1y = 3
T, 2, x3, T4 Z 0

and its optimal simplex dictionary:

( 4 1 2

T = §+§1’3— §x4
) 1 1

ro = §—§x3—§m4
14 1 4

S U B

The optimal solution &( LP; ) is fractional and the LP; problem is feasible.

We have the upper bound on the optimal value of the ILP problem:

2(ILP) < {%J

——
=4

For the LP; problem in canonical form, we have:

max 1 + 2z

—x1 + 2z < 2
1 + z2 < 3
x1, T2 > 0
An optimal solution &( LP; ) is:
- 4 - 5
=< Tog =<
1 37 2 3
The optimal value is:
14
Z( L.Pl ) = ?
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~

wWlot o

T2

(en]

—
Wi

[\V]

w

z1

e Iteration 1

a) Cut generation phase

We have the following simplex dictionary associated with a fractional basic fea-
sible solution of the LP; problem in standard form:

( 4 n 1 2
T, = — -3 — =z
1 3 3 T3 3 T4
_ 5 1 1
T2 = 3 3 x3 3 T4
14 1 4
7 = 3 3 T3 3 T4
where
1 2 4
_ 3 3 _ 3
A= b=
1 1 5
3 3 3

— The Gomory fractional cut generated by the first row is:

([ e G- ) = (4D

“3-0-3 301 11~
2 2 1
§x3+§x42§ = 2x3+2x42>1
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From the standard form of the LP; problem, we have:
T3 =241 — 2 T9, T4 =3 —x1 — Ta.

Substituting in the Gomory fractional cut, we can express it in terms of the
original variables of the ILP problem:

2(24—%‘1—21‘2)4—2(3—1‘1—%2)21 = 622<9

Dividing by the greatest common divisor 6 of the coefficients and rounding
down the right-hand side, we obtain the cut in primitive form, the same
inequality as the cut generated by the second row:

9

Effect of the Gomory fractional cut generated by the first row on the LP;
problem in canonical form:

/ T T T T \
2? |
5 a
3
S 1 ° .
" ro =1
0 L 2 L 4 .
I I I I
0 1 4 2 3
3
1
\_ J/

— The Gomory fractional cut generated by the second row is:

()~ 12 = G- )

%_07% 1_07% 55_ =2
x x = x x

By subtracting a surplus variable, we obtain the Gomory fractional cut in
standard form:

! —i—l 2 = + 3 2
= T3+ = T4 — Ts — = T3+ T4 — 35 =
3 3 3 4 5 3 3 4 5
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From the standard form of the LP; problem, we have:

r3 =241z — 2 T3,

Substituting in the Gomory fractional cut, we can express it in terms of the

original variables of the ILP problem:

24z —2x2)+B—21—12) >2 =

Effect of the Gomory fractional cut generated by the second row on the LP;

problem in canonical form:

Ty =3 —x1 — 9.

9 <1

/ | | | | \
2% —
5L .
3
§o1f .
0 ® ®
| | | |
0 1 4 2 3
3
\_ /

We select the Gomory fractional cut with the largest right-hand side and we
create the L P, problem by adding it to the LP; problem.

b) LP re-optimization phase

Let us consider the LP, problem in standard form:

max T1 + 2z
-1 + 229
r + T2

Z2

X1, z2,

For the added Gomory fractional cut we have:

T3+ x4 — 3 x5 =2

=

L3

xs3,

5 =—=+ =23+ = 24

= 2

Ty = 3
+ x5 = 1

T4, zs > 0

2 1 1
3 3 3

Author:

Fabio Furini
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We then add this equation to the previous optimal dictionary and we obtain the
following dictionary :

( 4 1 2
= §+§ﬂi3—§f€4
5 1 1
Tro = § — §$3 — §$4
2 1 1
1’5:—§+§$3+§$4
14 1 4
[ 7 = 3 ~ 3% — 3m™

where B = {1,2,5} and N = {3,4} and

— the basic primal non-feasible solution is:

4 5 2
3—51257 Ty = 335:—5, Z3 =0, T4 =0 of value 3

— the basic dual feasible solution is:

1 4
74 = - of value 3

7?1:07 7?2:07 7?5:07 7?3:§7 s

If we increase the value of 75, we can get a better dual solution. We have:

S as>0
73 :1—171'5 3 371—5_ T <1
3 3 7320 5 =
4 1 4 1 <0
T4 :§—§7T5 3 37T5— s <4
w420

By increasing the value of 75 to min{1,4} = 1, the value of w3 decreases to 0.
Then we have that:

75 becomes a dual basic variable and accordingly x5 becomes a primal non
basic variable
w3 becomes a dual non-basic variable and accordingly x3 becomes a primal
basic variable

We have: 20 ;
1‘5:—§+§{B3+§$4 = x3=2—x4+325
Substituting into the other equations of the primal dictionary, we get:
4 1 2
T = §+§(2—x4+3x5)—§x4:2—x4+x5
5 1 1
.'1:2:5—5(2—374"_3.%5)_5%4:1—1'5
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14 1 4
z:?—§(2—x4—|—3x5)—§x4:4—x4—x5

Accordingly, we now have the following optimal primal dictionary:

rn = 2 — x4 + 5
r9 = 1 — 5
3 = 2 — x4 + 3 x5

z = 4 — x4y - x5

where B = {1,2,3} and N = {4,5}.

— the basic primal optimal solution is:
T1=2, To=1, 23=2, 4=0, T5=0 of value 4
— the basic dual optimal solution is:

77'1:0, ’ﬁ'Q:O, 7?3:0, ﬁ4:1, ﬁ5:1 of value 4

The optimal solution &( LP,) is integer. Accordingly, an optimal solution
Z(ILP) is:
F1=2, Fg=1

The optimal value z( ILP ) is 4.

For the L P, problem in canonical form, we have:

max T1 + 2z

-1 + 2z < 2
1 + x2 < 3
T < 1
1, o > 0
An optimal solution &( LP;) is:
T =2, To=1
The optimal value is:
z(LPy ) =4
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/ | | | \

wWlot o

z2

Z1

N /

- J

Exercise 6.7 — Cutting-plane algorithm (F10)

Consider the following ILP problem in canonical maximization form with n = 2 integer
variables and m = 3 linear constraints:

max dx; + 2x9

—x1 4+ 3x9 < 12
1 + 2x9 < 12
3r1 — 2x9 < 8
1, T2 € Z>o

and the following optimal simplex dictionary of its LP relaxation in standard form:

1 1

T = 5 — Z Ty — Z Is5
7 3 1

Ty = 3 T 3 T4 + ] L5
13 7 5)

r3 = 5 + 3 Ty — 3 5

z = 32 — 2xy - 5

Questions
1. Execute the cutting-plane algorithm based on Gomory fractional cuts using:

(a) one Gomory fractional cut at each iteration;
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(b) the largest right-hand side as the cut selection strategy.

Solve the LP problems after adding the Gomory fractional cut using the dual simplex
algorithm. Graphically show the optimal solution of the LP problem at each iteration.

2. Graphically show the effect of each Gomory fractional cut on the LP relaxation of the
ILP problem in canonical form.

e N
Given a row i € B of a simplex dictionary associated with a feasible basic solution such

that b; is fractional, the linear inequality

> (@ — ag)) ;> b — [bi]

JEN

is called the Gomory fractional cut generated by row i.
& J

A J

Execution of the Cutting-Plane Algorithm to solve the ILP problem.

e Initialization

Let us consider the LP; problem in standard form:

max 5x1 + 2xo

-1 + 3x2 + T3 = 12
T 4+ 2x0 4+ x4 = 1%
3r1 — 29 + x5 = 8
1, Ta, T3, Z4, zs > 0

and its optimal simplex dictionary:

( 1 1
X1 = 5 — 4_1 Ty — 4_1 xT5
7 3 1
T2 = 5 T g™ + g s
13 7 D
r3 = > + 3 T4 — 3 5
z = 32 — 2x4 - 5
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The optimal solution &( LP; ) is fractional and the LP; problem is feasible.

We have the upper bound on the optimal value of the ILP problem:

z(ILP) < 32
For the LP; problem in canonical form, we have:

max b5x1 + 2x9

—x1 4+ 3z, < 12
r1 + 229 < 12
3x1 — 2x9 < 8
xy, r2 > 0
An optimal solution &( LP; ) is:
- - 7
r1 = 5, T9 = 5

The optimal value is:

-~

Lo NN A alR

2

=
—
[\)
=
(V)
w00 [—
w
S
ot

8 o
3

o Iteration 1
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a) Cut generation phase

We have the following simplex dictionary associated with a fractional basic fea-
sible solution of the LP; problem in standard form:

( B 5 1 1
il = 4 Ty 4 xT5
7 3 I 1
Ty = - — -z -z
2 5 g T4 g I8
T3 = E + z T4 — § x
3= 5 g T4 g I8
where . )
i1 5
A 3 1 r_ |7
A= 5§ -3 b= |3
_7 3 13
g8 8 2

— The Gomory fractional cut generated by the second row is:

(-2 e ([ == G- )

3 3 1 _7 7 _ 1
§—0=% —s—(=D=g 33=3

= 3x4+Tx5>4

By subtracting a surplus variable, we obtain the Gomory fractional cut in
standard form:

3 7 1
§w4+§x5—x6:§ = 3x4+T7x5—8x5=4

From the standard form of the LP; problem, we have:
Ty =12 — 21 — 2 29, r5 =8 —3 11 + 2 9.

Substituting in the Gomory fractional cut, we can express it in terms of the
original variables of the ILP problem:

3(12—21 —222)+7(8—-3x1+22x9) >4 = 3z —22<11

Effect of the Gomory fractional cut generated by the second row on the LP;
problem in canonical form:
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~

€2

- /

— The Gomory fractional cut generated by the third row is:

(3L e G [E) == (3 [2)

1 5_0=5 18_g=1
8 8 8 2 2

= xT4+bx5>4

By subtracting a surplus variable, we obtain the Gomory fractional cut in
standard form:

1 5 1
§x4+§x5—x6:§ = wy4+5x5—816=4

From the standard form of the LP; problem, we have:
4 =12 — 21 — 2 29, T5 =8 —3 21 + 2 0.

Substituting in the Gomory fractional cut, we can express it in terms of the
original variables of the ILP problem:

(12—21 —229)+5@8 =321 +2w2) >4 = 2x7—22<6

Effect of the Gomory fractional cut generated by the third row on the LP;
problem in canonical form:
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4 N

€2

(@)
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wloo |-
w
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ot

g als |-

- /

1
Both Gomory fractional cuts have the same right-hand side, equal to 5" We

select the Gomory fractional cut generated by the third row and we create
the LP, problem by adding it to the LP; problem.

b) LP re-optimization phase

Let us consider the LP, problem in standard form:

max o5x; + 2x9

-1 + 3x2 + T3 = 1%
T + 2z 4+ x4 =
3r1 — 2x9 + x5 = 8
2x1 — T9 + x5 = 6
z1, Zg, z3, Z4, zs, zg > 0

For the added Gomory fractional cut we have:

1 1 5
S5r5—8xg=4 = =—— 4= -
T4+ 9 T5 T T6 2+8$4+8$5
We then add this equation to the previous optimal dictionary and we obtain the

following dictionary :
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B 5 1 1
I = 1 Ty 1 Is5
S S
i) = 5 3 Ty 3 Is
13 i 7 5
r3 = — — x4 — -
s 2 g ! g °
1 i 1 i B
rg = —= - x - x
6 5 g T4 g 5
| 2z = 32 - 2my - 5
where B = {1,2,3,6} and N' = {4,5} and
— the basic primal non-feasible solution is:
7 13 1
T1=05, To=—=, T3=—, Tg=—=, T4=0, Ty =0 of value 32
2 2 2
— the basic dual feasible solution is:
m =0, Mo =0, w3=0, =0, s =2, w5=1 of value 32

If we increase the value of 7g, we can get a better dual solution. We have:

1
1 2—§7T620
Ty, =2— —Tg —_———— e < 16
g420
b) 8
5 :1—§7r6 1_§7T620 T 55
———
75>0

8 8
By increasing the value of mg to min {167 } = —, the value of w5 decreases to

5 5
0. Then we have that:

e becomes a dual basic variable and accordingly zg becomes a primal non
basic variable

75 becomes a dual non-basic variable and accordingly x5 becomes a primal
basic variable

We have:

115 4 1 8
re — —— = 45 =I5 — PR = = — = = 95
6 g T8 5T 5 54T 50

Substituting into the other equations of the primal dictionary, we get:

1 1<4 1 8 ) 24 1 2
$1:5—*CC4—* *—71‘44-*566 = — — - T4 — - Tp

4 4\5 5 5 5 5 5

T3 L4 1 8 18 2 1
To=—-—=T4+-|-—-Ta+-T6|=——-Ta+-2
27978 T g\s 5T 50 5 5 47§50
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13+7 5(4 1 +8 6+
r3=—+-Ta—=-|-—zxa+ -6 ) = Ty —T
3= 5 Tg¥ gl " 5¥aT %6 4 6

N 4 1 8 156 9 8
zZ = — 4T — = = — Jp = b = —- = = b4 — =I5
S W R e 5 5 4 56

Accordingly, we now have the following optimal primal dictionary:

( 24 1 2
T = g — g Tyg — g Te
18 2 1
T9 = — = g T4 + g Tg
T3 = 6 + T4 — Te
4 1 n 8
By = - - -z -
5 5 5 T4 5 76
156 9 8
[ 7= 5 T 5T T 5%
where B = {1,2,3,5} and N = {4,6}.
— the basic primal optimal solution is:
24 18 4 156
i’l = E, .ig = E, .if‘g = 6, .i'5 = g, ii‘4 = 0, 576 = of value ?
— the basic dual optimal solution is:
T 0, 7 0, 7 0, 0, 7 - 8 f val
T = Ty = Ty = 5 = MTy=—, Tg=— of value —
1 ’ 2 ; 3 3 5 ) 4 57 6 5 5

The optimal solution &( LP» ) is fractional and the LP, problem is feasible.

We have the upper bound on the optimal value of the ILP problem:

S(ILP) < VEGJ

=31

For the L P problem in canonical form, we have:

max bdx; + 2x9

—x1 4+ 3x9 < 12
r1 4+ 2x9 < 12
3r1 — 239 < 8
2x1 — T < 6
1, z2 > 0
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An optimal solution &( LP») is:

- 24 - 18
T =— Tg = —
1= 55 2= 5
The optimal value is:
156
z2( LPy ) = =

-

47 |
18 | |
5}
'
3 o { ] L
Y
™ '
8 .
Y
21 @ { { R
1 @ { ] { ] —
Oj [ ) ()
| | | | | |
0 1 2 128 3 4 245
53 5

e Iteration 2

a) Cut generation phase

I =

xT9 =

I3 =

xIs =

24 1
— = =&
5 5 4
18 9
= = =g
54
6 —+ T4
4 1
= = = @
5 5 4
6 9
5 5 4

We have the following simplex dictionary associated with a fractional basic fea-
sible solution of the L P, problem in standard form:

2
= =&
56
L1
- X
56
.8
- X
56
56

Author: Fabio Furini
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where
102 24
5 5 5
2 _1 18
_ 5 5 _ 5
A = b:
-1 1 6
1 _8 4
5 5 5

— The Gomory fractional cut generated by the first row is:

() = L2 = (2-[2)

é _1 2 72 24y 4
1 1 > :> r 2117 >

By subtracting a surplus variable, we obtain the Gomory fractional cut in
standard form:

1 2 4
5x4+5x6—x7=5 = x4+2x6—5z7=4

From the standard form of the LP; problem and the added cut, we have:
T4 =12 — 21 — 2 29, Tg =6 — 2 x1 + To.

Substituting in the Gomory fractional cut, we can express it in terms of the
original variables of the ILP problem:

(12—21 —229)+2(6—-2x1+22) >4 = x1<4

Effect of the Gomory fractional cut generated by the first row on the LP;
problem in canonical form:

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 69


https://github.com/fabiofurini/integer-linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Integer Linear Programming

/ [ [T [ [ \
4 .
18
15 |
3 .
o
8
2 .
1 .
O_T | ? | | | | | |
0 2 128 3 4 245
5 3 5
x1
\_ J

— The Gomory fractional cut generated by the second row is:

G-[s]) =+ sl »2 G- [5))

e E ot
2 it 20s>3 o omitdzme>3
FrAT T = ¢ TATRA6 =

From the standard form of the LP; problem and the added cut, we have:
T4 =12 — 21 — 2 29, Tg =6 — 2 x1 + To.

Substituting in the Gomory fractional cut, we can express it in terms of the
original variables of the ILP problem:

2(12—x1—2x2)+4(6—2x1+x2)23 = 10z <45

Dividing by the greatest common divisor 10 of the coefficients and rounding
down the right-hand side, we obtain the cut in primitive form, the same
inequality as the cut generated by the first row:

A
=170 =

Effect of the Gomory fractional cut generated by the second row on the LP;
problem in canonical form:

Author: Fabio Furini
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— The Gomory fractional cut generated by the fourth row is:

G-l e (-1 = -1

This Gomory fractional cut is the same as the one generated by the first
row.

We select the Gomory fractional cut with the largest right-hand side and we
create the L P3 problem by adding it to the L P, problem.

b) LP re-optimization phase

Let us consider the LP; problem in standard form:
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max bx; + 2x9

—x1 + 3x2 + T3 = 12
z1 + 2m + 14 = 12
3r1 — 29 + x5 = 8
221 — 9 +  xg = 6
T + xy = 4
1, 2, 3, Ty, 5, 76, zr = 0

For the added Gomory fractional cut we have:

4 1 2
T4 +226—Dax7=4 = 7=—"+—-T4+ - x4
5 5 5
We then add this equation to the previous optimal dictionary and we obtain the

following dictionary :

24 1 2
x = — = - T — — X
1 5 5 T4 5 76
B 18 2 i 1
T2 = 5 5 L4 5 L6
r3 = 6 + 7 Tg
B 4 1 i 8
5 = 5 5 L4 5 Z6
4 i 1 i 2
Ty = —= -z -z
7 5 5 4 5 6
s = W 9 8
( -5 5 ° 5 °°
where B = {1,2,3,5,7} and N’ = {4,6} and
— the basic primal non-feasible solution is:
_ 24 _ 18 _ 5 5 4 4
T = — T = — xr = €T [ — X —_— — =
1 5 ) 2 5 ) 3 ) 5 55 7 57

5
T4=0, Tg=0 of value =

— the basic dual feasible solution is:

M =0, m9=0, m3=0, 75=0, 77 =0,

ﬂ*g 7?*§ of value —
4_57 6_5 5

Author:
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If we increase the value of 77, we can get a better dual solution. We have:

g >0
= = =
T4 _ 7 17?7 %r—/5 5~ mr <9
-2 _Z
5 5 7'('420 7 ]
8 2 8_2 -0
6 :5—571'7 5 57r7_ w7 <4
76 >0

By increasing the value of 77 to min{9,4} = 4, the value of mg decreases to 0.
Then we have that:

77 becomes a dual basic variable and accordingly z7 becomes a primal non
basic variable
g becomes a dual non-basic variable and accordingly x¢ becomes a primal
basic variable

We have:
4 1 2 1 5
$7:—g+5x4+5$6 — $6:2—§IIZ‘4+§.’L’7

Substituting into the other equations of the primal dictionary, we get:
24 1 2 ( 1

5
ﬂfl—g—gﬂu—g 2—2$4+2$7>:4—$7

18 2 1( 1 5 PR
rT9 = — — =T — = =95 = 95 = = = 95 = g5
275 5475 9T g T g AT QT

1 5 3 5
- _(9_Z h T
T3 =064 x4 ( 2$4+2$7> +2x4 2$7

4 1 8 1 5
$5:—x4+(2—x4+2x7> =4 —x4+427

5 5 5 2
1 1
z:?—2x4—§<2—2x4+2x7) =28 —x4—4x7

Accordingly, we now have the following optimal primal dictionary:

T1 = 4 — T7
4 1 + 1
€T = — = —

2 D) T4 D) T
xr3 = 5 T4 5 &7
5 = 4 — x4 + 4 x7

_ 5 1 n 5
By = 5 Ty > 7
z = 28 — x4y — 4 xz7
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— the basic primal optimal solution is:
T1=4, To=4, T3=4, Ts5=4, T¢=2, T4=0, T7r=0
of value 28

— the basic dual optimal solution is:

of value 28

The optimal solution &( LPs) is integer. Accordingly, an optimal solution
Z(ILP) is:
T1=4, To=4

The optimal value z( ILP ) is 28.

For the LPs problem in canonical form, we have:

max bdx; + 2x9

—x1 4+ 3x9 < 12
r1 4+ 2x9 < 12
3r1 — 2139 < 8
21 — To < 6
T < 4
xy, Ty > 0
An optimal solution &( LPs) is:
1 =4, Tg =4
The optimal value is:
z( LP3 ) =28

Author:
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Exercise 6.8 — Cutting-plane algorithm (P21)

Consider the following ILP problem in canonical maximization form with n = 2 integer

variables and m = 3 linear constraints:

max 1 + 2x

—ry - r9 < —2
dxy — 2z9 < 7
r1 + Sxy < 21
1, T2 € Z>o

and the following optimal simplex dictionary of its LP relaxation in standard form:

( 7 5 1
r = ) 29 ry - 1 L5
7 1
Ty = 5 + ﬁ T4 — ﬁ x5
xr3 = 5 - % T4 — ﬁ T5
2 3 )
L z = ? - ﬁ T4 - ﬁ 5

Questions
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1. Execute the cutting-plane algorithm based on Gomory fractional cuts using:

(a) one Gomory fractional cut at each iteration;

(b) the largest right-hand side as the cut selection strategy.

Solve the LP problems after adding the Gomory fractional cut using the dual simplex
algorithm. Graphically show the optimal solution of the LP problem at each iteration.

2. Graphically show the effect of each Gomory fractional cut on the LP relaxation of the
ILP problem in canonical form.

Ve

(N

N
Given a row i € B of a simplex dictionary associated with a feasible basic solution such

that b; is fractional, the linear inequality

> (@i — la)) =5 = b — |bi]

JeEN

is called the Gomory fractional cut generated by row i.

&

J

Execution of the Cutting-Plane Algorithm to solve the ILP problem.

e Initialization

Let us consider the LP; problem in standard form:

max T1 + 2z

—T — xr9 + X3 = -2
4z, — 2x9 + x4 = 7
r1 + Dxo + x5 = 21
1, x2, z3, Z4, zz > 0

and its optimal simplex dictionary:

Author: Fabio Furini
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r 7 5
TS 5 T g5 -
7 1
T2 = 54‘51’4_
2
© o= 5 - o -
21 3
e

— T5

— =I5

The optimal solution &( LP; ) is fractional and the LP; problem is feasible.

We have the upper bound on the optimal value of the ILP problem:

2(ILP) < FJ

2
=10
For the LP; problem in canonical form, we have:
max 1 + 29
-1 — x2 <
4 T - 2 T <
r1 + Swe <
x1, T2 2
An optimal solution &( LP; ) is:
- 7 _ 7
T == To = =
1= 75 2= 5
The optimal value is:
21
Z( LPI ) = ?
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~

21 |
547
7
Tl
37
g 2f
17
1
b
| | | | |
0 1 112 3 7
6 2
1

e Iteration 1

a) Cut generation phase

We have the following simplex dictionary associated with a fractional basic fea-
sible solution of the LP; problem in standard form:

7 ) 1
ry = 3 - 29 T4 — 11 T5
7 1
T = 5 + ﬁ T4 — ﬁ Ts5
2
T3 = 5 — 11 T4 — 11 5
21 3
|z = -5 ﬁm — ﬁx5
where
5 L 7
22 11 2
a-|-% &| -3

:“‘7 o
oo
ot
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— The Gomory fractional cut generated by the first row is:

(5-l]) (- [2) == G- )

5 —5 1 _og=1 T _3—
570_22 0= 2 3=

= bHaxyg+2z52>11

By subtracting a surplus variable, we obtain the Gomory fractional cut in
standard form:

b} 1 1
ﬁl‘4+ﬁ$5—x6:§ = bxy+2x5—2226=11

From the standard form of the LP; problem, we have:
T4 =T7—4 11+ 2 x9, Tr5 =21 —x1 — 5 x9.

Substituting in the Gomory fractional cut, we can express it in terms of the
original variables of the ILP problem:

5(7*4$1+25L’2)+2(21*$1*5$2)211 = x1<3

Effect of the Gomory fractional cut generated by the first row on the LP;
problem in canonical form:

a I

als e

[N [ w

T2
)
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— The Gomory fractional cut generated by the second row is:

(a=2)) =+ G- [5) == G- 13)

~%-C1-3 &-0-% -}
21 2 1
— — > — 21 4 > 11
22334+11$5_2 = r4t+4T5 2

By subtracting a surplus variable, we obtain the Gomory fractional cut in
standard form:

21 2 1
§$4+ﬁ$5—1‘6:§ = 2lxzy+4x5—22x6=11

From the standard form of the LP; problem, we have:
ra=T7—4x1 + 2 29, 5 =21 —x1 — 5 x9.

Substituting in the Gomory fractional cut, we can express it in terms of the
original variables of the ILP problem:

21(7—4331—|—2."E2)—|—4(21—$1—51’2)211 = 4dx1—29<10

Effect of the Gomory fractional cut generated by the second row on the LP;
problem in canonical form:

d N

€2

Author: Fabio Furini
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1
Both Gomory fractional cuts have the same right-hand side, equal to —=. We

select the Gomory fractional cut generated by the first row and we create
the LP, problem by adding it to the LP; problem.

b) LP re-optimization phase

Let us consider the LP, problem in standard form:

max T1 + 2z

=@ = To + x3 = =2
4y — 29 + x4 = 7
r1 + bHao + T3 = 2
T + x5 = 3
x1, x2, z3, Z4, x5, e > 0

For the added Gomory fractional cut we have:
Sx4+2x5—22x5=11 = x6=—=4+— 124+ — x5

We then add this equation to the previous optimal dictionary and we obtain the
following dictionary :

7 5
rr = 3 §$4 - ﬁﬂ%
7 1
T2 = B + o9 T4 T 11 T
2 3
I3 = 5 — ﬁ$4 — ﬁx5
1 5 1
Tre = 5 I ﬁ$4 + ﬁa%
21 3
z = 5 5564 - ﬁﬂ%

where B = {1,2,3,6} and N = {4,5} and

— the basic primal non-feasible solution is:
_ _ 2
T3 =5, 936:—5, T4 =0, Zs =0 of value >

— the basic dual feasible solution is:

1 =0, M9 =0, m3=0, 7 =0, Ty = —, 75 =— of value —
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If we increase the value of mg, we can get a better dual solution. We have:

5 6> 0
— — —
o3 5 22 22 0% _3
_3 5 I 3
t Ty 227 — T <
5 1 s 1 _ <o
R TIT o n"= ™ £E
w5>0

3 3
By increasing the value of g to min {5, 5} =& the value of 74 decreases to 0.

Then we have that:

g becomes a dual basic variable and accordingly zg becomes a primal non
basic variable
74 becomes a dual non-basic variable and accordingly x4 becomes a primal
basic variable

We hayve:

Substituting into the other equations of the primal dictionary, we get:

7 5<11 2 22 ) 1
T1=s—sl=—c25+—%6 ) — 725 =3 — 6

2 22\ 5 5 5 11
x2:7+1<11—2x5+22:ﬂ6> 35—18 131:5—1—1:176
2 22\ 5 5 5 11 5 5 5
2 (11 2 22 3 23 1 4
m:5_n(5_5%+5$0_115:5_5%_5%
21 3 /(11 2 22 5 51 2 3
Z:2‘m(5‘5%+5“>‘n%:5‘5%‘5%

Accordingly, we now have the following optimal primal dictionary:

Il = 3 - Ie
18 1 1
T9g = T 3 r5s + 5 Ze
23 1 4
r3 = 5 5 5 - 5 L6
11 2 22
T4 = & T 5 ¥ + 5 6
51 2 3
2= 5 T 5® T 5

Author: Fabio Furini
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— the basic primal optimal solution is:

18 23 11 51
= Fo — 3= —, Tyg=—, T5=0, Tg=0 of value =

— the basic dual optimal solution is:

2 3 51
7~T1:0, 7?2:0, 7~1'3:07 7~T4:0, 7~T5:g, 7~T6:g of value g

The optimal solution &( LP, ) is fractional and the LP, problem is feasible.

We have the upper bound on the optimal value of the ILP problem:

A(ILP) < f;J

=10

For the L P, problem in canonical form, we have:

max 1 + 29
—r1 - To < =2
41 — 2x9 < 7
r1 + bz <21
T < 3
T1, To 2> 0
An optimal solution &( LP») is:
- - 18
T =3, T9 = =
The optimal value is:
S(LPy) = %
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e Iteration 2

a) Cut generation phase

We have the following simplex dictionary associated with a fractional basic fea-
sible solution of the L P, problem in standard form:

( Il = 3 — Te
18 1 1
To = = - 5:85 + g$6
23 1 4
T3 = = 5x5 — gLIZ‘G
11 2 22
T4 = g — 5305 + gxﬁ
51 2 3
4= g g
where
0 1 3
1 _1 18
A: 5 5 B: 5
1 4 23
5 5 5
2 22 11
5 5 5
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— The Gomory fractional cut generated by the second row is:

(- [s]) =+ (-] == G- [5))

%7 _% 7%7(71)_% 157873_%
- x5+ - - = x5 + 4x 3
5 5 5 6 = 5 5 6 =

By subtracting a surplus variable, we obtain the Gomory fractional cut in
standard form:

L —I—4 _3 = +4 Sx7r =3
51:5 51‘6 :E7—5 xIs Te Tr7 =

From the standard form of the LP; problem and the added cut, we have:
:1:5:21—301—5:1;2, x6:3—m1.

Substituting in the Gomory fractional cut, we can express it in terms of the
original variables of the ILP problem:

(21*1‘1*5(E2)+4(3*$1)23 = x1+22<6

Effect of the Gomory fractional cut generated by the second row on the LP;
problem in canonical form:

a I

[N [ w

T2
)

S

—
e
alo [

w
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— The Gomory fractional cut generated by the third row is:

(L) e (L2 = (22D

%_ 7% %_ 7% ?_47%

This Gomory fractional cut is the same as the one generated by the second
row.

— The Gomory fractional cut generated by the fourth row is:
2 12| pon (-2 | 22]) 4s (1|1
5 15]) " 5 51)=\5 " |5
—_—— —_——

2 _ 2 22 _3 11 It
5 0=5 —5—(=5)=3 T 2=3

2 3
— x5+ = T =

5 5 = 2x5+3x5>1

ot =

By subtracting a surplus variable, we obtain the Gomory fractional cut in
standard form:

2 3 1
5x5+5w6—x7:g = 2x5+3xs—0z7=1

From the standard form of the LP; problem and the added cut, we have:
:E5:21—.271—5:E2, .1:6:3—1’1.

Substituting in the Gomory fractional cut, we can express it in terms of the
original variables of the ILP problem:

2(21—ZB1—5$2>+3(3—1’1)21 = x1+2x,<10

Effect of the Gomory fractional cut generated by the fourth row on the LP;
problem in canonical form:
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4 N

w

T2

wloo [—
w

\ %

We select the Gomory fractional cut with the largest right-hand side and we
create the L P3 problem by adding it to the LP, problem.

b) LP re-optimization phase

Let us consider the LP; problem in standard form:

max r1 + 2xo
=) = xr9 + X3 = -9
41 — 229 + x4 = 7
1 + OSm9 + x5 = 21
481 +  x6 = 3
1+ X9 + xz7 = 6
x1, Z2, z3, Z4, Zs, Z6, zr =2 0

For the added Gomory fractional cut we have:

3 1 4
r5+4r6—Hx7=3 = x7=—+4+—-1o5+ = x4
5 5 5
We then add this equation to the previous optimal dictionary and we obtain the

following dictionary :

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 87


https://github.com/fabiofurini/integer-linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Integer Linear Programming

T = 3 - Te
18 1 1

Ty = ? = 5 rs + g Tg
23 1 4

T3 = g — 5 xT5 — g Te
11 2 22

T4 = g — 5 r5 + g Z6
3 1 4

T7 = —g + g x5 + 5 Tg
51 2 3

zZ = E - 5 s — g L6

where B = {1,2,3,4,7} and N' = {5,6} and

— the basic primal non-feasible solution is:

. 11 3
T 5 T g0 5 5

51
Ts5 =0, Tg=0 of value =

— the basic dual feasible solution is:
M =0, m9=0, m3=0, =0, 77 =0,

_ 2 _
s — — g —

, of value —
5 5

5

If we increase the value of 77, we can get a better dual solution. We have:

2 _1 >0
- — =T
_2 1 5 5 <92
Ty = — — =Ty N————’ 7
5 5 75 >0
3 4 3_4 S0 3
6 :g—gﬂ"? 5 57'('7_ 7 SZ
76>0

3 3
By increasing the value of 77 to min {2, 4} =7 the value of mg decreases to 0.

Then we have that:

77 becomes a dual basic variable and accordingly z7 becomes a primal non
basic variable
g becomes a dual non-basic variable and accordingly x¢ becomes a primal
basic variable

We hayve:

3 1 43 1 5
Ty = 5 5375 5376 x6—4 41'5 4$7
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Substituting into the other equations of the primal dictionary, we get:

3 1 5 9 1 5
r1=3—|-—-a5+-2x7 ]| =-+-25— - 27

4 14 4 1471 1
_18 1 13 1 5.\ 1 1 1
A S R VR 4 gt
_23 1 e Lo 4
TB= g TE T \g g Tt T AT
11 2 22 /3 1 5 11 3 11
Ty — — — =2 — = = =75 = 75 = — — =X X
4T 5T s\ gy 9 2T g
51 2 3/3 1 5 39 1 3
geE—==gg—= (o=@ =y | === —==%

5 5 ° B5\4 457377 4 4T

Accordingly, we now have the following optimal primal dictionary:

( 9 o 1 5
o= 1 T T
15 1 i 1
T2 = 4 4 L5 1 Tr
r3 = 4 - T
_u 3 .u
Ty = 9 5 L5 9 L7
3 1.
L6 = 4 4 Ts 1 T
39 1 3
z = = — - T — —
4 17 17
where B = {1,2,3,4,6} and N = {5,7}.
— the basic primal optimal solution is:
9 15 4 11 3 . 0. 7o —
€1 4’ T2 4’ z3 , T4 9’ Ze 4’ s =U, Ty =
3

9
f value —
of value

— the basic dual optimal solution is:

1 3
7?1:07 77['220, 7}3:07 7?4:07 77[-6207 7?5217 7‘%7:1

of value —

The optimal solution &( LPs) is fractional and the LP; problem is feasible.
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The optimal value is:

Z(ILP) < @

=9

max T +
-z -
4331 -
T +
T
T +

x1,

An optimal solution &( LPs) is:

:1:1217

We have the upper bound on the optimal value of the ILP problem:

For the LP3 problem in canonical form, we have:

2372
T2
2.232

5.222

Z2

Z2

INIANIA A IA
) |
o W o=

v
o

/

T2

[
I

N Nlot
[

H
°

Z1

(O |-
w

Author: Fabio Furini
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e Iteration 3

a) Cut generation phase

We have the following simplex dictionary associated with a fractional basic fea-
sible solution of the LPs problem in standard form:

_ 9,1 5
Ty = 4 4-%‘5 4557
15 1 1
T2 = 4 T 5 + i
xr3 = 4 - X7
1 3 n 11
T4 = B B Iy D) Ty
_ 3 1,5
Te = 4 4355 4$7
_ 3 1 3
(T 1 4 0 4 T
where
_1 3 9
1 1 4
1 1 15
1 1 4
A=]0 1 b= |4
3 _ 11 1
2 2 2
1 _5 3
1 1 1

— The Gomory fractional cut generated by the first row is:

([ e G- ) = C-[2)

_i_(_l)fg %_17% %_ 7%
x5 + X7 X +ﬂf7
l 5 | =4 5 -

By subtracting a surplus variable, we obtain the Gomory fractional cut in
standard form:

3 1
- X5+ — X7 — X8 =

4 4 Z = 3x5+x7—4[1}8:1
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2 (the LPs problem), we have:

I5:21*$1*5CE2,

original variables of the ILP problem:

problem in canonical form:

From the standard form of the LP; problem and the cut added at iteration

T7 =6 — 21 — X9.

Substituting in the Gomory fractional cut,

3(21—x1—5$2)+(6—x1—$2)21

Effect of the Gomory fractional cut generated by the first row on the LP;

we can express it in terms of the

= x1+4x0 <17

-~

~

,_.
=
N

“|

x2
o Nlot o

N

— The Gomory fractional cut generated by the second row is:

L) =+ G- )

standard form:

1
- X5+ — X7 — X8 =

1 1 1

%_07% _%_(_1)7% %_37%
- - T7 > = = 3x7>3
Trs+ - rs +3 X
| 5 1 =4 5 =

By subtracting a surplus variable, we obtain the Gomory fractional cut in

5 +3x7—4x3=3

> (5-13)
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— The Gomory fractional cut generated by the fourth row is:

From the standard form of the LP; problem and the cut added at iteration
2 (the LPs problem), we have:

r5 =21 —x1 — 5 29, T7 =6 — 21 — X9.

Substituting in the Gomory fractional cut, we can express it in terms of the
original variables of the ILP problem:

21—z —5x29)+3(6—21—22) >3 = x1+2292<9

Effect of the Gomory fractional cut generated by the second row on the LP;
problem in canonical form:

-~

~

4, —
3, |
N
8
2, ]
1, |
0
\ \ \
0 1 il 3
6
r1

N /

(8- ) e (A 2]) = (- 18]

3

3_1— U _s_1

_1 1
2 2 2 2 2

1 1
75(,‘5—{—§$7Z

5 = x5+a7r>1

By subtracting a surplus variable, we obtain the Gomory fractional cut in
standard form:
1

1 1
5:1:5—1-5:67—1’8:5 = xstar—2zg=1

Author: Fabio Furini
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From the standard form of the LP; problem and the cut added at iteration
2 (the LPs problem), we have:

1'5:21—1‘1—5.7}2, 337:6—.7}1—33‘2.

Substituting in the Gomory fractional cut, we can express it in terms of the
original variables of the ILP problem:

21—z —5x9)+(6—x1 —22) >1 = 27+322<13

Effect of the Gomory fractional cut generated by the fourth row on the LPj
problem in canonical form:

-

~

4, |
3, |
N
8
2, |
1, |
0
\ \ \ \
0 1 i1 5 3
6 2
Z1

N /

— The Gomory fractional cut generated by the fifth row is:

() e Gl = 2D

104 -§-Co- $-0-4
S lmed = +327>3
4 s 4 X7 = A Zs T =2

This Gomory fractional cut is the same as the one generated by the second
row.

We select the Gomory fractional cut with the largest right-hand side and we
create the L P, problem by adding it to the LP; problem.
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b) LP re-optimization phase

Let us consider the LP; problem in standard form:

max r1 4+ 2x9

=gB| = To + xrs3 = -9
4y — 2x9 + x4 = 7
1 + Sz + x5 = 21
T + 6 = 3
r,  + To + a7 = 6
T1 + 2xo + zz3 = 9
x1, X2, zs3, T4, x5, Z6, x7, zg > 0

For the added Gomory fractional cut we have:

3 1 3
3zr—428=3 = =——+4- -
T5 + 3 x7 T8 T8 4+4x5+4x7
We then add this equation to the previous optimal dictionary and we obtain the

following dictionary :

S 5
rr = 1 4$5 4377
15 1 o 1
r2 = 4 41105 4$7
r3 = 4 — T7
11 3 11
T4 = ? — 51‘5 + ?:C7
Te = §— lx + §a:
6 = 1 1 T 1 o
_ 3 13
rg = 1 4535 4-'37
39 1 3
\ 2= 7T T 1% T 1
where B = {1,2,3,4,6,8} and N’ = {5,7} and
— the basic primal non-feasible solution is:
9 15 . u 3 3
$1_47 $2—4,$3—,$4—2,$6—4, xrg = 4’

T5 =0, Z7=0 of value %

Author: Fabio Furini
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— the basic dual feasible solution is:
7_1_1:07 7_1—2:07 77(3:07 7?4207 7_1—6207 77(8:07

1

3
:Z’ 7r7:Z of value T

If we increase the value of 7g, we can get a better dual solution. We have:

1 1 >0
— =7
s —1 171'8 \—4 4f—/8_ s <1
- - _ =
4 4 75>0 ¢ =
3 8 3.3 <o
7 _Z_ZFS 4 47T8— g <1
w7 >0

By increasing the value of mg to min {1,1} = 1, the values of 75 and 77 decrease
to 0 at the same time: the ratio test is tied. We choose to make x5 enter the
primal basis (the choice of z7 instead would lead to the other optimal vertex
(1,4), also with value 9: the ILP problem has two optimal solutions, (3,3) and
(1,4)). Then we have that:

mg becomes a dual basic variable and accordingly zg becomes a primal non
basic variable

75 becomes a dual non-basic variable and accordingly x5 becomes a primal
basic variable
We have:

3 1 3
mg=—7 T+ or = @ =3-3wr+4ug

Substituting into the other equations of the primal dictionary, we get:

9 1 9
a;1:1+1(3_3x7+4378)_Zw7:3_2x7+x8
15 1 1
j[‘2:Z—1(3—3$7+4x8)+1x7:3+x7_x8
:E3:4—33‘7
11 3 11
$4:?—5(3—31’7—1—4%8)4-3587:1+10$7_6x8
3 1 b
xG:Z—1(3—3957—1—4368)4—1:137:2%7—%8
39 1 3
Z:1—1(3—3$7+4$8)—1$7:9_I8

Accordingly, we now have the following optimal primal dictionary:
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rn = 3 — 2z + s
To = 3 + 7 = s
r3 = 4 - T7

zy = 1 + 10xzy — 6 zg
5 = 3 — 3z + 4 xg
g = 0 + 2 x7 — s
z =9 — s

where B = {1,2,3,4,5,6} and N = {7,8}.

— the basic primal optimal solution is:
T1=3, To=3, Ta=4, T4=1, T5=3, Tg=0, =0, 23=0
of value 9
— the basic dual optimal solution is:
m =0, mp=0, w3 =0, 1y =0, 75=0, 7g=0, 7 =0, g=1

of value 9

The optimal solution &( LPy) is integer. Accordingly, an optimal solution
Z(ILP) is:
1 =3, To=3

The optimal value z( ILP ) is 9.

For the L Py problem in canonical form, we have:

max T1 + 2x9

—xr7 - Ty < =2
4y — 2x9 < 7
xr1 + bxy <21
T < 3
r1 + xa < 6
1 + 2z < g
T1, To 2> 0
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x2

o Nlot o

~

Z1

Author: Fabio Furini
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Chapter 7

LP-based branch-and-bound

7.1 Branch-and-bound algorithm

Exercise 7.1 — Branch-and-bound algorithm (P1)

( N
Consider the following ILP problem in canonical maximization form with n = 2

integer variables and m = 1 constraint:

max 1 + 8 x9
31 + 6 a9 < 16
X1, T € ZZO

and an optimal simplex dictionary of its LP relaxation in standard form:

T3

z3

(=2
@B wioo
Wk O

- J

Questions

1. Execute the branch-and-bound algorithm using;:

a) the smallest-index rule as branching-variable selection strategy;

(c

(d) set the lower bound LB to —oo (no heuristic algorithm is executed).

(a)

(b) the LIFO rule as branching-node selection strategy;
) solve first the down-branching node and then the up-branching node;
)

Solve the LP problems of the branching nodes using the dual simplex algorithm. In the
dual simplex algorithm, the leaving variable is the basic variable with negative value
and smallest index, and ties in the ratio test are broken by the smallest index. Show
graphically the optimal solution of the LP problems associated with the branching
nodes.
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2. Determine and comment the branch-and-bound tree, showing the reason why each
branching node is pruned.

. J

1. Execution of the branch-and-bound algorithm to solve the ILP problem.

e Initialization

Let us consider the LP; problem in standard form:

max r1 + 8 x9
31 + 6z 4+ 23 = 16
z1, z2, zg > 0
and its optimal simplex dictionary:
8 1 1
x = — = = g5 — - X
2 3 5 71 6 3
64 5 4
z = 3 T1 3 T3
4 ™

x2

N i %

Figure 7.1: Node 1: feasible region of LP; (red), feasible points of the ILP problem (black)
and optimal solution of LP; (blue) with the objective function line through it.
An optimal solution &(LPy) is:

the optimal value is:

64
Z(LPl) = ?

The optimal solution &(LP;) is fractional and the LP; problem is feasible, so the LP;
problem is inserted in the problem list L and the lower bound LB is set to —oco.
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Due to the current lower bound LB and upper bound UB, we have:

—00 < 2(ILP) < {?J

——
=21

» Iteration 1
The LP; problem is extracted and deleted from the problem list L.
The branching variable is x9. The branching constraints are:

8 8
Ty < L))J and xz9 > {3J +1
-~ —_—

=2 =3

Two LPy and LP3 problems are created with these branching constraints.

(a) Solution of the LPy problem

Let us consider the LPy problem in standard form:

max r1 + 8 29
3x1 4+ 629 + x3 = 16
T2 + x4 = 2
1, T2, s, zg > 0

For the branching constraint we have:
To+ x4 =2 = X4=2—29

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get
9 8 1 1 N 2 + 1 n 1
x4=2—-|-—=x1— =2 Ta=—c+-z1+ =2
4 3 1T T3 4 3 TPt T3

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:

8 1 1

9 = g — 5 rr - 6 x3
2 1 1

Ty = —§ + 5 A 6 x3
64 4

z = ? - 3x - g €3

where B = {2,4} and N = {1,3} and
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— the basic primal non-feasible solution is:

8 2 64
532:57 j4:—§, Z1=0, z3=0 of value 3

— the basic dual feasible solution is:
4 6
=0, m =0, T =3, W3= 3 of value 3

If we increase the value of w4, we can get a better dual solution. We have:

1
B 1 3*577420
M =3—-m N———™ Ty <6
2 >0
4 1 %—lﬂ' >0
T3 25_677-4 3 6 4= T4 SS
m3>0

By increasing the value of 4 to min {6, 8} = 6, the value of m; decreases to
0. Then we have that:

w4 becomes a dual basic variable and accordingly x4 becomes a primal
non-basic variable.

w1 becomes a dual non-basic variable and accordingly z; becomes a
primal basic variable.
We have:

2+1 -l-l = i1 +2
Tg=—c+-11+7 Tl == — =@ T
4 3 2 1 63 1 3 33 4

Substituting into the other equations of the primal simplex dictionary, we

get:
8§ 1/4 1 49 1 5
) = === | == =05 Ty —=23=2—=2
2=3 75 37 3% 4 6 73 4
64 4 1 4 52 1
=s==38(=s=2 2 ——-23=———-23—6
2= (3 3I3+ I4> 3= 3 38 T4

Accordingly, we now have the following updated primal simplex dictionary:

( 1 = + 2
rn = = - =
1 3 3 73 T4
xI9 = 2 — Xq
52 1
= — - = - 6
\ z 3 I3 T4
where B = {1,2} and N = {3,4} and
— the basic primal optimal solution is:
- 4 - -
T = 3’ To = 2, Z3=0, 4, =0 of value 3
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— the basic dual optimal solution is:

- - _ 1 _ 52
=0, m =0, 3 ==, 4 =06 of value —
3 3
/ T T T T T T T \
37 ]
P —
N
8
1 4
0
| | | | | | |
0 4 2 3 4 5 6

\ i /

Figure 7.2: Node 2: feasible region of LPy (red), with the branching constraint xo < 2
(dashed), and its optimal solution (blue).
An optimal solution &(LP3) is:

- 4
Tr1 = g, 9 = 2
the optimal value is:
52
LPy) = —
#(LP2) = 3
The LPs problem is feasible and we have
: 52
|z(LP2)] > LB since \‘3J > —00
——
=17

The optimal solution &(LP2) is fractional, accordingly, the LPs problem is inserted in
the problem list L.

Solution of the LP3 problem

Let us consider the LP3 problem in standard form:

max 1 + 8 x9
31 + 629 + x3 = 16
To — T4 = 3
X1, Z2, z3, ze > 0

For the branching constraint we have:

To — x4 =3 = xT4=-34+x9
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Using the equations of the optimal simplex dictionary we can express this branching con-
straint as a function of the non-basic variables. Substituting, we get

_ s (81 1 Lo, 11 1
T4 = 3 2$1 6x3 T4 = 3 2$1 6373

We then add this equation to the previous optimal simplex dictionary and we obtain the
following simplex dictionary:

8 1 1

T2 = 3 7 3 rr - 6 L3
1 1 1

T4 = —g — 5 I — 6 I3

z = o1 3z — él’g
3 3

where B = {2,4} and N = {1,3} and

— the basic primal non-feasible solution is:

e _ 1
37 4 —

64
3 1 =0, z3=0 of value 3

To =
— the basic dual feasible solution is:

4 4
9 =0, T =0, T =3, ﬁgzg of value %

If we increase the value of my, we can get a better dual solution. We have:

1
1 3"‘577420
T =3+ -m SN——— Ty > —06
2 w1>0
41 41
Ty =gt 3 tgmz0 Ty > -8
—_———
w3>0

Accordingly, we can increase the value of 4 without violating dual feasibility, which implies
that the dual problem is unbounded. As a result, the primal problem LPj is infeasible,
and the corresponding branching node is pruned by infeasibility.

At the end of the first iteration, branching on zs from Node 1 has generated the down-
branching node, Node 2, and the up-branching node, Node 3. Node 2 is inserted in the list
L, while Node 3 is pruned by infeasibility. The corresponding branch-and-bound tree is:
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Node 1

max x1 + 8xg
3r1 + 6x2 < 16

L1, L2 > 0

LB =—-0
Node 2 T2 <2 Node 3 T2 23
max xj -+ 8x9 max 1 + S8xa
3xr1 + 622 < 16 3r1 + 620 < 16
To < 2 T2 >3
z1,22 = 0 z1,22 =0
1 . T
PO T pruned by infeasibility
3
52
cp) = | 7|
~——
=17
LB=-x

Due to the current lower bound LB and upper bound UB, we have:

“%o < H(ILP) < f;J

——
=17

» Iteration 2
The LPs problem is extracted and deleted from the problem list L.
The branching variable is 1. The branching constraints are:

4 4
) < 3 and 1 > 3 +1
—~ e

=1 =2

The LP4 problem is created with the first branching constraint (the second child is solved
only if needed).

(a) Solution of the LP4 problem

Let us consider the LP4 problem in standard form:
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max 1 + 8 xo
31 + 6 x9 4+ x5 = 16
To + x4 = 2
T + x5 = 1
Z1, Z2, z3, T4, zs =2 0

For the branching constraint we have:
T +x5=1 = x5=1—2x;

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get

1 i1 +2 = 1+1 2
=1—-|=-—==z a5 T5=—=+=-x3— 2z
5 3 373 4 5 3 T3 4

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:

( 4 1
xrK = - — —x3 + 2 x4
3
i) = 2 — T4
1 1
my = —3 =+ 3 T3 — 2 24
52 1
| 2 = 3 T 3 3 — 6 24
where B = {1,2,5} and N = {3,4} and
— the basic primal non-feasible solution is:
4 1 52
531:3, Tg = 2, f5:—§, z3=0, 4 =0 of value ?
— the basic dual feasible solution is:
1 52

1 =0, =0, 7 =0, 77'3237 74 =6 of value ?

If we increase the value of 75, we can get a better dual solution. We have:

L 4 >0
1 1 2 275 Z
m3 = = — —T5 u,_/ T <1
3 3 320
Ty =06+ 275 6+27m5 >0 T > —3
>0
>

By increasing the value of 75 to 1, the value of 73 decreases to 0. Then we
have that:
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75 becomes a dual basic variable and accordingly x5 becomes a primal
non-basic variable.

w3 becomes a dual non-basic variable and accordingly zs becomes a
primal basic variable.

We have:
1 1
x5:_§+§x3—2m4 = w13=1+6x4+3x5
Substituting into the other equations of the primal simplex dictionary, we
get:
4 1
z1 = §—§(1+6x4+3x5)+23¢4=1—$5
52 1
z:E—§(1+6m4—|—3x5)—6$4=17—8$4—335

Accordingly, we now have the following updated primal simplex dictionary:

T = 1 — 5
To = 2 - Ty

r3 = 1 + 6 x4 + 3 x5
z = 17 — 8 x4 — Ts5

where B = {1,2,3} and N = {4,5} and

— the basic primal optimal solution is:

T1=1, Zo=2, T3=1, T4=0, T5 =0 of value 17

m =0, m=0, 7w3=0, ,=8, w5=1 of value 17

T2
&
5
+
Co
&

e
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Figure 7.3: Node 4: feasible region of LP4 (red), with the branching constraint z; < 1
(dashed), and its optimal solution (blue).
An optimal solution &(LPy) is:

Fr=1, g=2

the optimal value is:

z(LP4) = 17

The LP4 problem is feasible and we have
|2(LP4)] > LB since 17 > —o0

The optimal solution (LP,) is integer, accordingly, the lower bound LB becomes 17 and
the incumbent solution Z(ILP) becomes Z; = 1,z = 2.
Accordingly, the branching node is pruned by integrality.

At the end of the second iteration, branching on x; from Node 2 has generated the down-
branching node, Node 4. This node is pruned by integrality. The up-branching node is not
solved, since after Node 4 the lower bound satisfies

|2(LPs)] < LB.

This is the portion of the branch-and-bound tree showing the LP problems of the branching
nodes that are solved:
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Node 2

max x1 + 8xg
3x1 + 6x2 < 16

Ty < 2
z1,22 >0
N 4
r1 = g, 9 = 2
52
2P = | 7
——
=17
LB=—-x
Node 4 rp <1

max x1 + 8xg
3x1 + 6x2 < 16

T9 < 2
r1 <1
z1,22 > 0
71=1, T2=2
z(LPy) = 17
LB =17

pruned by integrality

Due to the current lower bound LB and upper bound UB, we have:

» Termination

Since the list L is empty, the lower bound LB is equal to the upper bound UB and the ILP

17 < z(ILP)

problem is solved to optimality.

The optimal value is z(ILP) = 17 (the value of the lower bound LB) and an optimal solution

< 17

Z(ILP) is 1 = 1,Z2 = 2 (the incumbent solution Z(ILP)).

2. The final branch-and-bound tree is:

Author: Fabio Furini
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Node 1

[2(LPy1)]

=21

i) < 2
Node 2

i) Z 3
Node 3

|2(LPy)| = 17

pruned by in-
feasibility

1 <1
Node 4

z(LPy) = 17
LB = 17
pruned by
integrality

9.

1.

becomes the incumbent solution.

optimal solution Z(ILP) = (1,2).

The reasons why the branching nodes are pruned are the following.

e Node 1 has a fractional optimal solution with |z(LP;)| = 21: it is branched on

e Node 2 has a fractional optimal solution with |z(LP3)| = 17: it is branched on

e The up-branching node of Node 2 is not solved, and it is not drawn, since
|2(LP2)| = 17 < LB = 17 after its first child.

e Node 3 is pruned by infeasibility: the LP3 problem has no feasible solution.
e Node 4 is pruned by integrality: &(LP4) = (1,2) is integer, with value 17, which

The optimal value is z(ILP) = 17 and the branch-and-bound algorithm returns the

Author: Fabio Furini
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Exercise 7.2 — Branch-and-bound algorithm (P2)

( A
Consider the following ILP problem in canonical maximization form with n = 2

integer variables and m = 2 constraints:

max r1 + 3 X9
—4 x1 4+ 10 9 < 35
31 “+ T < 12
1, T2 € Z>o

and an optimal simplex dictionary of its LP relaxation in standard form:

( ) 1 )
ry = B + 31 T3 — 17 T4
9 3 2
T2 = 5 - 3*4 r3 - ﬁ T4
4 11
\ z = 16 — 17 r3 - 17 L4
. J

Questions
1. Execute the branch-and-bound algorithm using;:

(a) the smallest-index rule as branching-variable selection strategy;
(b) the FIFO rule as branching-node selection strategy;
)
)

(c

(d) set the lower bound LB to —oo (no heuristic algorithm is executed).

solve first the down-branching node and then the up-branching node;

Solve the LP problems of the branching nodes using the dual simplex algorithm. In the
dual simplex algorithm, the leaving variable is the basic variable with negative value
and smallest index, and ties in the ratio test are broken by the smallest index. Show
graphically the optimal solution of the LP problems associated with the branching
nodes.

2. Determine and comment the branch-and-bound tree, showing the reason why each
branching node is pruned.

- J

1. Execution of the branch-and-bound algorithm to solve the ILP problem.

e Initialization

Let us consider the LP; problem in standard form:
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max r1 + 3 To
-4z + 10z2 + z3 = 35
3 x1 + T2 + x4 = 12
I, z2, 3, T4 = 0

and its optimal simplex dictionary:

5! 1 5)

B = i—i-ﬁmg,—ﬁcu
9 3 2

T2 = §—ﬁ$3—ﬁ$4
4 11

\z:16—1—7$3—1—7x4

B N[O o

2

0 ® ® ®
| | | ‘1\
4
N - /

Figure 7.4: Node 1: feasible region of LP; (red), feasible points of the ILP problem (black)
and optimal solution of LP; (blue) with the objective function line through it.
An optimal solution (LPy) is:

o

—

[\
NG

w

the optimal value is:

The optimal solution &(LP;) is fractional and the LP; problem is feasible, so the LP;
problem is inserted in the problem list L and the lower bound LB is set to —oo.
Due to the current lower bound LB and upper bound UB, we have:

-0 < z(ILP) < 16
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¢ Iteration 1
The LP; problem is extracted and deleted from the problem list L.
The branching variable is ;. The branching constraints are:
T < BJ and 1 > BJ +1
> 5

Two LPy and LP3 problems are created with these branching constraints.

(a) Solution of the LPy problem

Let us consider the LPy problem in standard form:

max T1 + 3 To

—4 21 4+ 10 zo + 3

3T + X9 + x4
T + x5
T1, x2, z3, T4, T5

For the branching constraint we have:

T+ x5 =2 = T5=2-—1

35

12

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get

T5 =2 — §—i—iﬂc—ix = x*—l—ix —i—im
>~ 2 "3 ST VIR T e

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:

) 1 5

rK = B + 31 r3 — 17 T4
9 3 2

T2 = 5 — 3*4 T3 — T? T4
1 1 5

Ts = —5 ~ 3473 + 17 4
4 11

| 2 = 16 — 17 r3 — 7 T4

where B = {1,2,5} and N = {3,4} and
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— the basic primal non-feasible solution is:

5 9 1
T = — T = — T = — — T = T p— f 1 1
T 2 T2 %) T5 3 3 =0, z4=0 of value 16
— the basic dual feasible solution is:
4 11
T =0, =0, 7 =0, 7?3:?7, 7?4:?7 of value 16

If we increase the value of 75, we can get a better dual solution. We have:

4,1 .
4 1 17 "33 =
T =gty 5 b
11 5 5 <y 11
R TARS T 17 17" = T =g
74>0

11
By increasing the value of 75 to = the value of m4 decreases to 0. Then we
have that:

75 becomes a dual basic variable and accordingly x5 becomes a primal
non-basic variable.

w4 becomes a dual non-basic variable and accordingly x4 becomes a
primal basic variable.

We have:
1 1 5 17 1 17
x5:—§—3—4x3+ﬁx4 = 334:?04-%1'34-?335
Substituting into the other equations of the primal simplex dictionary, we
get:
5 1 5 (17 1 17
n=p Ty BTy <1o+10x3+5$5> —4=m
9 3 2 (17 1 17 43 1 2
”_2_34953_17(10+10x3+5x5> 10 107%™
2216—41173—“(174-11134-173}5) I%—ixg—glg
17 17 \10 10 5 10 10 5

Accordingly, we now have the following updated primal simplex dictionary:

T, = 2 — 5
43 1 2

T2 = TO — ﬁxg — — X5
17 1 17

Ty = TO + 1—0903 + 3.935
149 3 11

[ = 0 " % 3"

where B = {1,2,4} and N = {3,5} and
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— the basic primal optimal solution is:

- - 43 17 - ~ 149
T1=2, T9=—, Tu= — I3 =0, Z5 =0 of value —
’ 10’ 10’ ’ 10
— the basic dual optimal solution is:
- - - . 3 . 1 149
m =0, m9=0, =0 i3 = —, @15 =— of value —
’ ’ ’ 10’ 5 10
/ T : T T \
5 ~ks ! .
.*~. ]
Y ]
43 | Ses |
10 ~a
[ ® '~... |
Z7 ....
$3x2§ 14g
]\
3L o ° ® 0.
o
8
2 @ L ] ® |
1~ @ ] ® |
0 °
| ]
| [ ] | |
0 1 2 3 4

\_ i v

Figure 7.5: Node 2: feasible region of LPy (red), with the branching constraint z; < 2
(dashed), and its optimal solution (blue).
An optimal solution &(LP3) is:

- - 43
Ir1 = 2, To = ﬁ
the optimal value is:
149
LPy) = —
#(LP2) =75

The LPs problem is feasible and we have
149
|z(LPy)| > LB since {J > —00
The optimal solution &(LP3) is fractional, accordingly, the LPy problem is inserted in

the problem list L.
Solution of the LP3 problem

Let us consider the LP3 problem in standard form:
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max T1 + 3 xo
—4 1 + 10 20 + 3 = 35
31 + T2 + x4 = 12
1 - x5 = 3
x1, z2, x3, Ty, zs = 0

For the branching constraint we have:
T — 25 =3 = x5=-3+4+x

Using the equations of the optimal simplex dictionary we can express this branching con-
straint as a function of the non-basic variables. Substituting, we get

g (5 5 ~ _ 1,1 5
= 2 T3 BT ™ L= Ty Tt T

We then add this equation to the previous optimal simplex dictionary and we obtain the
following simplex dictionary:

( 5 1 b}
R S Vi BT A
9 3 2
2T 7oy T o™
1 1 5
s R v i T
Z = 16 — 147 T3 — % T4

where B = {1,2,5} and N = {3,4} and

— the basic primal non-feasible solution is:

_ 5 9 _ 1
xr = — Tro = N = —=
1 9’ 2 5 9’

— the basic dual feasible solution is:

z3=0, 74=0 of value 16

4 11
17’

=0, m=0, 7 =0, Ty = 74 = — of value 16
If we increase the value of 75, we can get a better dual solution. We have:

17

1 1>
= = =1
41 17 34°°° ms <8
_ 42 S 82 <
ST 3 520
11 5 T 11
T =1t s wtm™ e T 2Ty
w4 2>0

By increasing the value of 75 to 8, the value of w3 decreases to 0. Then we have that:
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75 becomes a dual basic variable and accordingly x5 becomes a primal
non-basic variable.

w3 becomes a dual non-basic variable and accordingly zs becomes a
primal basic variable.

We have: 1 1 5

Substituting into the other equations of the primal simplex dictionary, we get:

5 1 5
1 2+34(7+ Oxq+ 34x5) I T 3+ x5
9 3 2
T2 =5 34( 74+ 1024 + 34 x5) 17 %4 3— x4 — 35

4 11
=16 - —(17+1 + = — =12 — =
z 6 7 (17 O0xq + 34 5) 7 T4 2 —3x4 — 85

Accordingly, we now have the following updated primal simplex dictionary:

ry = 3 + 5
o = 3 — Ty — 3 x5
r3 = 17 + 10 x4 + 34 z5
z = 12 = 3 x4 — 8 x5

where B = {1,2,3} and N = {4,5} and

— the basic primal optimal solution is:
T1=3, To=3, T3=17, Z4=0, T5=0 of value 12
— the basic dual optimal solution is:

=0, m=0, 73 =0, =3, 5 =8 of value 12
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/ T T ! T \
5 i :
1
]
]
N~ ]
R ! e
'2'1:/\... !
3 Y
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37
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27
17
0
[ ]
I I 1 I
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Figure 7.6: Node 3: feasible region of LPj3 (red), with the branching constraint x; > 3
(dashed), and its optimal solution (blue).
An optimal solution &(LP3) is:

the optimal value is:
Z(LPg) = 1%

The LP3 problem is feasible and we have
|2(LP3)| > LB since 12 > —o0

The optimal solution (LP3) is integer, accordingly, the lower bound LB becomes 12 and
the incumbent solution &(ILP) becomes 1 = 3, T2 = 3.
Accordingly, the branching node is pruned by integrality.

At the end of the first iteration, branching on z1 from Node 1 has generated the down-
branching node, Node 2, and the up-branching node, Node 3. Node 2 is inserted in the list
L, while Node 3 is pruned by integrality. The corresponding branch-and-bound tree is:
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Node 1

max x1 + 3x9
—4zq1 + 1020 < 35

3r1 + 12 <12
z1,22 20
- 5 9
I1=—, Ig=-—
1=5 255
z(LPy) = 16
LB =—-x
Node 2 1 <2 Node 3 1 23
max x1 + 3x9 max x1 + 3x9
—4z1 + 1022 < 35 —4x1 + 1029 < 35
3T+ 12 <12 3r1 + 10 <12
x1 <2 1 >3
z1,22 20 x1,w2 20
. . 43 I1=3, T2=3
:L'l = s $2 = -_—
leo 2(LP3) = 12
149
|2(LPy)]| = {J LB =12
10 pruned by integrality
=14
LB=—-x

Due to the current lower bound LB and upper bound UB, we have:

149
12 < ILP) < |—2
= a(lE) = LOJ

=14

» Iteration 2
The LPs problem is extracted and deleted from the problem list L.

The branching variable is x9. The branching constraints are:

Ty < g and x9 > g +1
2=110 2= 10
=4 =5

The LP,4 problem is created with the first branching constraint (the second child is solved
only if needed).

(a) Solution of the LP4 problem

Let us consider the LP4 problem in standard form:

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 119


https://github.com/fabiofurini/integer-linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Integer Linear Programming

max r1 + 3 x9
42 + 10z + a3 = 35
3 x1 + T + x4 = 12
1 + x5 = 2
T2 + x5 = 4
1, T2, T3, T4, Ts5, rg > 0

For the branching constraint we have:
To+x6 =4 = 26=4—1

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:

r1 = 2 — T5
43 1 2
i) = E — E.Z‘g — 5x5
17 1 17
Ty = E + Tol‘g + Exg,
3 1 2
e = _E P Tol'?, 2 5$5
149 3 11
S T R T B

where B = {1,2,4,6} and N' = {3,5} and

— the basic primal non-feasible solution is:

_ _ 43 _ 17 _ 3
.%'122, Xro = — = =— =

— the basic dual feasible solution is:

7_1_1:07 7_1—2:07 7_7_4:07 7_1_6:07

3 11 149
75 = —  of value

A T 10
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If we increase the value of g, we can get a better dual solution. We have:

3 1 >0
S R 10 10 °< re <3
3 10 10 6 73>0 o
1 2 U 2y 11
5 23*5776 5 57r6— 6 >
75>0

1
By increasing the value of mg to min {3, 2} = 3, the value of w3 decreases

to 0. Then we have that:

g becomes a dual basic variable and accordingly zg¢ becomes a primal
non-basic variable.

w3 becomes a dual non-basic variable and accordingly zs becomes a
primal basic variable.

We hayve:

3 1 2
$6:—E+E$3+5$5 == $3:3*4l‘5+10$6

Substituting into the other equations of the primal simplex dictionary, we

get:
.’172:%*%(3*4$5+10$6)*§$5:4*$6
1‘4:%+%0(3—4x5+103:6)+g335:24—3355—1—1:6
z:%—%(3—4%4—10%)—%x5:14—x5—3x6

Accordingly, we now have the following updated primal simplex dictionary:

T = 2 - T5

To = 4 — T
T3 = 3 — 4d4x5 + 10 xz¢
ey = 2 + 3z + T
z = 14 - T5 — 3 Tg

where B = {1,2,3,4} and N = {5,6} and

— the basic primal optimal solution is:

:i1:27 ‘%2:47 ‘%3:37 '%4:27

T5 =0, Zg=0 of value 14
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— the basic dual optimal solution is:

F1=0, 7a=0, 73=0, #4=0,

75 =1, g =3 of value 14

¥
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Figure 7.7: Node 4: feasible region of LP, (red), with the branching constraint xo < 4
(dashed), and its optimal solution (blue).

An optimal solution &(LPy) is:
G =2 Gy—4

the optimal value is:

The LP4 problem is feasible and we have
|z(LP4)] > LB since 14 > 12

The optimal solution &(LP4) is integer, accordingly, the lower bound LB becomes 14 and
the incumbent solution Z(ILP) becomes 1 = 2,9 = 4.
Accordingly, the branching node is pruned by integrality.

At the end of the second iteration, branching on xo from Node 2 has generated the down-
branching node, Node 4. This node is pruned by integrality. The up-branching node is not
solved, since after Node 4 the lower bound satisfies

|2(LP3)| < LB.

This is the portion of the branch-and-bound tree showing the LP problems of the branching
nodes that are solved:
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p Termination

Node 4

Node 2

max x1 + 3x9
—4z1 + 1029 < 35

3r1 + 20 <12
il § 2
z1,22 > 0
N . 43
r1 = 2, 9 = TO
149
LPs)| = | —
2P = | 57
——
=14
LB=—-x
To < 4

max x1 + 3x9
—4z1 4+ 1029 < 35
3r1 + 220 <12
1 <2
To < 4

z1,72 >0

T1=2, To=4

z(LP4) =14

LB=14

pruned by integrality

Due to the current lower bound LB and upper bound UB, we have:

14 < 2(ILP) < 14

Since the list L is empty, the lower bound LB is equal to the upper bound UB and the ILP
problem is solved to optimality.

The optimal value is z(ILP) = 14 (the value of the lower bound LB) and an optimal solution

Z(ILP) is 1 = 2,Z9 = 4 (the incumbent solution z(ILP)).

2. The final branch-and-bound tree is:
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Node 1
LB = —©
|
ry <2 r1 >3
Node 2 Node 3
|2(LPy)| = 14 z(LP3) = 12
LB = — LB = 12
pruned by
integrality
x9 < 4
Node 4
z(LPy) = 14
LB = 14
pruned by
integrality

The reasons why the branching nodes are pruned are the following.

e Node 1 has a fractional optimal solution with z(LP;) = 16: it is branched on z;.

e Node 2 has a fractional optimal solution with |z(LP2)| = 14: it is branched on
9.

e The up-branching node of Node 2 is not solved, and it is not drawn, since
|z(LP2)| = 14 < LB = 14 after its first child.

e Node 3 is pruned by integrality: &(LP3) = (3, 3) is integer, with value 12, which
becomes the incumbent solution.

e Node 4 is pruned by integrality: &(LP4) = (2,4) is integer, with value 14, which
becomes the incumbent solution.

The optimal value is z(ILP) = 14 and the branch-and-bound algorithm returns the
optimal solution Z(ILP) = (2,4).
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Exercise 7.3 — Branch-and-bound algorithm (P3)

Consider the following ILP problem in canonical maximization form with n = 2
integer variables and m = 2 constraints:

max 2 x1 + 4 x9

-1 + T2 < 2
81 4+ 2x9 < 19
X, ro € Zzo

and an optimal simplex dictionary of its LP relaxation in standard form:

( _ 3, 1
Ty 5 13 10 ™
7 4 1
T2 = - — - T3 — T
2 2 53 10
14 3
\ z = 17 - = T3 — £ Ty
\ _J

Questions

1. Execute the branch-and-bound algorithm using;:

b
(c

(d) set the lower bound LB to —oo (no heuristic algorithm is executed).

(a) the largest-index rule as branching-variable selection strategy;
(b) the LIFO rule as branching-node selection strategy;

) solve first the down-branching node and then the up-branching node;

)
Solve the LP problems of the branching nodes using the dual simplex algorithm. In the
dual simplex algorithm, the leaving variable is the basic variable with negative value
and smallest index, and ties in the ratio test are broken by the smallest index. Show

graphically the optimal solution of the LP problems associated with the branching
nodes.

2. Determine and comment the branch-and-bound tree, showing the reason why each

branching node is pruned.

- J

1. Execution of the branch-and-bound algorithm to solve the ILP problem.

e Initialization

Let us consider the LP; problem in standard form:
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max 2 x1 + 4 z9

—r1 + x2 + w3 = 2
8x1 4+ 2 x9 + x4 = 19
1, z2, 3, T4 = 0

and its optimal simplex dictionary:

3, 1 1
1T = = -3 — —

! 2 573 10 4
7 4 1

T2 = - — =— I3 — — T

2 2 573 10
14 3

\ z = 17 - 333'3 - gxll

x2

\_ i /

Figure 7.8: Node 1: feasible region of LP; (red), feasible points of the ILP problem (black)
and optimal solution of LP; (blue) with the objective function line through it.
An optimal solution (LPy) is:

the optimal value is:
z(LPy) =17

The optimal solution Z(LP;) is fractional and the LP; problem is feasible, so the LP;
problem is inserted in the problem list L and the lower bound LB is set to —oo.
Due to the current lower bound LB and upper bound UB, we have:

-0 < z(ILP) < 17
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¢ Iteration 1
The LP; problem is extracted and deleted from the problem list L.
The branching variable is x2. The branching constraints are:
To < BJ and o > BJ +1
5 —r

Two LPy and LP3 problems are created with these branching constraints.

(a) Solution of the LPy problem

Let us consider the LPy problem in standard form:

max 2 x1 + 4 x9

-1 —+ T2 + T3 = 2
8z + 2z + x4 = 19
To + 5 = 3

x1, Z2, z3, Z4, zs =2 0

For the branching constraint we have:
To + x5 =3 = IT5=3— X9

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get

o (7_4 1 _ 1,4 1
rs — — — — -3 — — X rys — —— - X — X
> 2 53 1071 > 2 "5 T 0™

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:

3 1 1

T, = 5 + g T3 — TO T4
7 4 1

T2 = 5 — g T3 — TO T4
1 4 1

5 = _5 o 5 r3 + TO T4

|z = 17 — % r3 - g L4

where B = {1,2,5} and N = {3,4} and
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— the basic primal non-feasible solution is:

3 7 1
T = — T = — T = — — T = T = f 1 1
T X To X Ts X T3=0, Z4=0 of value 17
— the basic dual feasible solution is:
14 3
1 =0, m=0, 75 =0, 77'323, 77'425 of value 17

If we increase the value of 75, we can get a better dual solution. We have:

14 4 -0
14 4 B ps<= 7
T3 = — — =T —_— —
3 5 5 > m3>0 5 §2
3_ 1 3_L1. 5o
™ TET 5 107 m =6
w4 >0

7 7
By increasing the value of 75 to min {2, 6} =3 the value of 73 decreases
to 0. Then we have that:

75 becomes a dual basic variable and accordingly x5 becomes a primal
non-basic variable.

w3 becomes a dual non-basic variable and accordingly zs becomes a
primal basic variable.

We have:
1,4 N 5 1,5
To= Ty TydT g™ T g T gl s

Substituting into the other equations of the primal simplex dictionary, we

_ 3,15 1 5 L 13 1 1
l‘1—2 Ty xIs Ty = 3 8.7}4 41’5

get:

( 13 1 1
r = g — g T4 + Z s
) = 3 - Is
r3 = > _ 1 T4 + > T
3 - 3 3 4 4 5
_ 61 1 7
[ ° T 3 4 9 ¥

Author: Fabio Furini
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— the basic primal optimal solution is:

13
rK = —
— the basic dual optimal solution is:

7 6
7~T1:0, 7~T2:0, 773:(), T4 = —, 7T5:5 of value Z

-

2

N o /

Figure 7.9: Node 2: feasible region of LPy (red), with the branching constraint xo < 3
(dashed), and its optimal solution (blue).

An optimal solution &(LP3) is:

T = 3 2 =3
the optimal value is:
61
The LPs problem is feasible and we have
. 61
|2(LP2)| > LB since {4J > —00
——
=15

The optimal solution &(LP3) is fractional, accordingly, the LPy problem is inserted in
the problem list L.

Solution of the LLP3 problem

Let us consider the LP3 problem in standard form:
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max 2 x1 + 4 x9

—xr1 + T2 + T3 = 2
8x1 4+ 2 x9 + x4 = 19
T2 — x5 = 4

x1, z2, x3, Ty, zs > 0

For the branching constraint we have:
To—T5 =4 = x5=—-4+ 2

Using the equations of the optimal simplex dictionary we can express this branching con-
straint as a function of the non-basic variables. Substituting, we get

(7 1 N 14 1
45— 2 5 0™ ="y T T 0™

We then add this equation to the previous optimal simplex dictionary and we obtain the
following simplex dictionary:

(Lo 3 1 1
T g 5 3 10 "
B 7 4 1
2T g 5 10
B 1 4 1
BT Ty 5 3 10
14 3
| 2z = 17 — = T3 — 5 T4
where B = {1,2,5} and N = {3,4} and
— the basic primal non-feasible solution is:
3 7 1
5125, .fgzi, 55:—5, T3 =0, 74=0 of value 17
— the basic dual feasible solution is:
14 3
m =0, m =0, 75 =0, 77'3:?, 77'4:5 of value 17

If we increase the value of 75, we can get a better dual solution. We have:

14 4

T = — = 0] —_—— _
3 5 5 75 %5 TS > 5
3,1 3.1 50
A T 5 10 ™ 2 =6
w4 2>0

Accordingly, we can increase the value of 75 without violating dual feasibility, which implies
that the dual problem is unbounded. As a result, the primal problem LPj is infeasible,
and the corresponding branching node is pruned by infeasibility.
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At the end of the first iteration, branching on zs from Node 1 has generated the down-
branching node, Node 2, and the up-branching node, Node 3. Node 2 is inserted in the list
L, while Node 3 is pruned by infeasibility. The corresponding branch-and-bound tree is:

Node 1
max 2x71 + 4xo
—x1+ 22 <2
8xr1 + 229 < 19
Z1,T2 2 0
R
1= 27 2 — 2
z(LPy) =17
LB = -0
Node 2 T2 <3 Node 3 T2 >4
max 2x1 + 4xs max 2x1 + 4xs
—x1+ 22 <2 —x1+ 22 <2
8x1 + 229 < 19 8x1 + 229 < 19
r2 <3 To >4
x1,22 >0 x1,22 20
13 : o
F=2 =3 pruned by infeasibility
8
61
+cp) = |
~——
=15
LB =-x

Due to the current lower bound LB and upper bound UB, we have:

—oo < #(ILP) < LTJ
——
=15

» Iteration 2
The LPs problem is extracted and deleted from the problem list L.

The branching variable is ;. The branching constraints are:

1 1
r1 < {SBJ and z; > {;J +1
=il =2

Two LP4 and LP5 problems are created with these branching constraints.

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini

131


https://github.com/fabiofurini/integer-linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Integer Linear Programming

(a) Solution of the LP4 problem

Let us consider the LP4 problem in standard form:

max 2 x1 + 4 x9

—r1 + T2 + T3 = 2
8z + 2 x9 + a4 = 19
z2 + x5 = 3

T + @ = 1
1, Z2, z3, T4, 5, ze > 0

For the branching constraint we have:
1+ 26 =1 = xg=1—1:

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get
13 1 i 1 N 5 i 1 1
r6=1—|——-x4+-2 Te=——=+-Zs— -
6 4 5 6 g Tg¥a— 4%

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:

( 13 1 i 1
xy = — — =z -z
1 3 g T4 1 T
o = 3 — xIs
5 1 b
23 = g g %4 1 %
5 1 1
e — —g + g T4 — Z Zs5
61 1 7
L z = 4 4 T4 D) T5
where B = {1,2,3,6} and N = {4,5} and
— the basic primal non-feasible solution is:
T = E To =3, T3= § T = —§
1= 3 ) 2 — 9, 3 = 87 6 — 87

T4=0, 5 =0 of value

— the basic dual feasible solution is:

m =0, Mo =0, m3=0, 7 =0,
1
47

Ty =

7
Ty = 3 of value

Author:

Fabio Furini
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If we increase the value of g, we can get a better dual solution. We have:

L im0
4 8 1220 6 >~
71 v
T o= 57 5‘1‘17620 Te > —14
—_—
75>0

By increasing the value of mg to 2, the value of 74 decreases to 0. Then we
have that:

g becomes a dual basic variable and accordingly xg becomes a primal
non-basic variable.

w4 becomes a dual non-basic variable and accordingly x4 becomes a
primal basic variable.

We hayve:

5 1 1
Q;G:—§+§x4—1$5 = 3]'4:54-23]'54-8[136

Substituting into the other equations of the primal simplex dictionary, we

get:
13 1 1
3:1:§—§(5+2x5+8x6)+1x5:1—x6
> 1(5+2 +8 )+5 0+
T3 =—-— = x 7 = g5 = T5 —
3 8 S 5 6 4 5 5 6
61 1 7
Z:Z—1(5+2$5+8$6)—51’5:14—4.%'5—236'6

Accordingly, we now have the following updated primal simplex dictionary:

T, = 1 — T
To = 3 — 5

rz3 = 0 + 5 — T
x4y = 5 4+ 2x5 + 8 x¢
z = 14 - 4x5 — 2 xg

where B = {1,2,3,4} and N = {5,6} and

— the basic primal optimal solution is:

:i1:17 ‘%2:37 ‘%3:07 '%4:57

T5 =0, Zg=0 of value 14
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— the basic dual optimal solution is:
m =0, To=0, 73=0, 74 =0,

s =4, g =2 of value 14

=\

/

2

— - -

_ i J
Figure 7.10: Node 4: feasible region of LP, (red), with the branching constraint z; < 1

(dashed), and its optimal solution (blue).
An optimal solution &(LPy) is:

xr1 = 1, .fg =
the optimal value is:

Z(LP4) =14
The LP4 problem is feasible and we have

|2(LP4)| > LB since 14 > —oc0

The optimal solution Z(LP,) is integer, accordingly, the lower bound LB becomes 14 and
the incumbent solution &(ILP) becomes 71 = 1,z2 = 3.

Accordingly, the branching node is pruned by integrality.

Solution of the LP5 problem

Let us consider the LP5 problem in standard form:

max 21 + 4 x9

=1 Tr T2 + T3 = 2
8x1 + 2 x9 + x4 = 19
T2 + 5 = 3

1 = g5 = X
T, T2, 3, T4, Ts, T > 0
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For the branching constraint we have:
T, —xg =2 = xT6=-24x
Using the equations of the optimal simplex dictionary we can express this branching con-

straint as a function of the non-basic variables. Substituting, we get

13 1 1 3 1 1
8§ 8 4 8§ &8 4

1‘6——2+<—x4+$5 = Xg=—=— =4+ — T

We then add this equation to the previous optimal simplex dictionary and we obtain the
following simplex dictionary:

( 13 1 1

@ = 3 3 Ty + = x5

To = 3 — 5
5 1 5

T3 = 3 T 3 4y + 1 s
3 1 1

6 = —g — g™ + 7 ¥
61 1 7

S S R

where B = {1,2,3,6} and N' = {4,5} and

— the basic primal non-feasible solution is:

1
7@3’ T9 =3, 5032§ By —=

1
T4 =0, T =0 of value vy

— the basic dual feasible solution is:

m =0, m=0, m3=0, 75 =0,

1 7 61

Ty = T = 3 of value =z

If we increase the value of mg, we can get a better dual solution. We have:

1+1 >0

—+-m

Ty _1+17T5 L& - e > —2
= — —_ %,—/ —
4 8 74>0 A
71 LA D

5 :5—171'6 2 47T6_ e §14

75>0

By increasing the value of 7g to 14, the value of 75 decreases to 0. Then we have that:

g becomes a dual basic variable and accordingly zg becomes a primal
non-basic variable.
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75 becomes a dual non-basic variable and accordingly x5 becomes a
primal basic variable.

We have:
_ 31 +1 = —3+1 +4
Te = 3 8564 4$5 $5—2 2564 T

Substituting into the other equations of the primal simplex dictionary, we get:

D (B tarame) =2+
$1—8 8$4 9 2()34 Te | = Te

4 4 2\2 2

Accordingly, we now have the following updated primal simplex dictionary:

61 1 73 1
z-—a:4—<+x4+4m6>—10—2x4—14x6

T = 2 + T6

3 1
= = = = = 4

i) 9 5 Ty Te
5 1

T3 = 3 P B T4 + 9 Xg
3 1

s = 3 + B T4 + 4 xg

z = 10 — 2 x4 — 14 x4

where B = {1,2,3,5} and N = {4,6} and

— the basic primal optimal solution is:

- - 3 5
1 =2, T2 =3, 3= 3

T4 =0, Zg=0 of value 10

3
113525

)

— the basic dual optimal solution is:

F1=0, 7a=0, 73=0, #5=0,

Ty =2, T =14 of value 10
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Figure 7.11: Node 5: feasible region of LPj5 (red), with the branching constraint x; > 2

(dashed), and its optimal solution (blue).
An optimal solution &(LP5) is:

the optimal value is:
z(LP5) = 10

The LP5 problem is feasible and we have
|z(LP5)] <LB since 10< 14

Accordingly, the branching node is pruned by bound.

At the end of the second iteration, branching on z; from Node 2 has generated the
down-branching node, Node 4, and the up-branching node, Node 5. Node 4 is pruned by
integrality, while Node 5 is pruned by bound. The corresponding branch-and-bound tree
is:
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Node 2
max 2x71 + 4xo
—x1] + 19 < 2
8xr1 + 222 < 19
T2 § 3
z1,22 20
- 13 .
r1 = g, Tro = 3
61
cp) = | |
~———
=15
LB = -0
Node 4 rp <1 Node 5 Ty > 2
max 2x1 + 4xo max 2x1 + 4xo
—x1 + 29 <2 —x1+ 120 <2
8xr1 + 2x2 < 19 8xr1 + 2x2 < 19
T2 <3 T2 <3
r1 <1 T 2> 2
x1,22 20 x1,22 20
T1=1, =3 . . 3
Ir1 = 2, Xro = —
2(LPy) = 14 2
pruned by integrality LB =14
pruned by bound

14 <

p Termination

problem is solved to optimality.

2. The final branch-and-bound tree is:

Due to the current lower bound LB and upper bound UB, we have:

Z(ILP) < 14

Since the list L is empty, the lower bound LB is equal to the upper bound UB and the ILP

The optimal value is z(ILP) = 14 (the value of the lower bound LB) and an optimal solution
Z(ILP) is 71 = 1, %2 = 3 (the incumbent solution Z(ILP)).

Author: Fabio Furini
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Node 1
LB = —
|
T2 <3 T2 >4
Node 2 Node 3
|2(LP2)] = 15 pruned by in-
LB = - feasibility
|
1 <1 1 > 2
Node 4 Node 5
z(LPy) = 14 z(LP5) = 10
LB = 14 LB = 14
pruned by pruned by bound
integrality

The reasons why the branching nodes are pruned are the following.

The optimal value is z(ILP) = 14 and the branch-and-bound algorithm returns the

Node 1 has a fractional optimal solution with z(LP;) = 17: it is branched on zs.

Node 2 has a fractional optimal solution with |z(LP3)| = 15: it is branched on
xIq.

Node 3 is pruned by infeasibility: the LP3 problem has no feasible solution.
Node 4 is pruned by integrality: &(LP4) = (1, 3) is integer, with value 14, which

becomes the incumbent solution.

Node 5 is pruned by bound: z(LPs5) =10 < LB = 14.

optimal solution &(ILP) = (1, 3).

Author: Fabio Furini
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Exercise 7.4 — Branch-and-bound algorithm (P4)

Consider the following ILP problem in canonical maximization form with n = 2
integer variables and m = 2 constraints:

max 5 1 + 3 x2

2T —+ r9 < 14
T + 8 ) < 32
X, ro € Zzo

and an optimal simplex dictionary of its LP relaxation in standard form:

16 8 1
Tl = 3 — TS xr3 -+ TE) T4
10 1 2
T2 = 3 + 15 r3 - IR T4
110 37 1
S e T B T
- J

Questions

1. Execute the branch-and-bound algorithm using;:

b
(c

(d) set the lower bound LB to —oo (no heuristic algorithm is executed).

(a) the largest-index rule as branching-variable selection strategy;
(b) the LIFO rule as branching-node selection strategy;

)
)
) solve first the down-branching node and then the up-branching node;

)

Solve the LP problems of the branching nodes using the dual simplex algorithm. In the
dual simplex algorithm, the leaving variable is the basic variable with negative value
and smallest index, and ties in the ratio test are broken by the smallest index. Show

graphically the optimal solution of the LP problems associated with the branching
nodes.

2. Determine and comment the branch-and-bound tree, showing the reason why each
branching node is pruned.

- J

1. Execution of the branch-and-bound algorithm to solve the ILP problem.

e Initialization

Let us consider the LP; problem in standard form:
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max dx1 + 3 x9

2 x1 + ro + x3 = 14
r1 + 8 x2 + x4 = 32
Ty, T2, s, zg > 0

and its optimal simplex dictionary:

16 8 Lo
no= 73 B 15
01 9
Ty = = — 3 — — Z
2 3 15 3 5
110 37 1
z = — = — T — — T
\ 3 15 3 15 4
/ T T T T T \
4'7\‘ ]
Z'1 +8:172:32
10 |
3
[E— [ ] [ ] [ ) [
g 2 @ ° ° ° o
1 @ L ) L ] L ] L )
0 [} [ J [ ] [} o o *
| | | | | | | N‘
0 1 2 3 4 % 6 7

\_ i /

Figure 7.12: Node 1: feasible region of LP; (red), feasible points of the ILP problem (black)
and optimal solution of LP; (blue) with the objective function line through it.
An optimal solution (LPy) is:

- 16 10
T = ?, Ty = ?
the optimal value is:
A(LPy) = %

The optimal solution &(LP;) is fractional and the LP; problem is feasible, so the LP;
problem is inserted in the problem list L and the lower bound LB is set to —oo.
Due to the current lower bound LB and upper bound UB, we have:

3

=36

—00 < z(ILP) < {HOJ
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» Iteration 1
The LP; problem is extracted and deleted from the problem list L.

The branching variable is x2. The branching constraints are:

10 10
To < {SJ and o > {SJ +1

=3 =4

Two LPy and LP3 problems are created with these branching constraints.

(a) Solution of the LPy problem

Let us consider the LPy problem in standard form:

max b5 x; + 3 x9

2z + T2 + @3 = 14
r1 + 8 x9 + x4 = &
To + 5 = 3

x1, Z2, z3, Z4, zs =2 0

For the branching constraint we have:
To + x5 =3 = IT5=3— X9

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get

T5 =3 — L0+ix—zx = x*—l—ix —i—zx
5 3 "15°°% 154 T 73 151571

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:

16 8 1

r = ? = B r3 + T5 T4
10 1 2

T2 = £} + 15 r3 = 15 T4
1 1 2

T5 = 3 T 15 r3 + 15 T4
110 37 1

L z = ? — ﬁ 3 — TS T4
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— the basic primal non-feasible solution is:

16 10 1
T1 = — To — — Te — —— Ta — TA — f 1 —_—
T 3 To 3 s 3’ r3 =0, z4=0 of value 3
— the basic dual feasible solution is:
37 1 110
=0, m=0, 75 =0, 3 Ty of value T

= B’ = B
If we increase the value of 75, we can get a better dual solution. We have:

37 1
2 >0
371 5 10 > 37
T3 = —+ —T5 —_— s 2
15 15 7320
1 2 1 2 <0 1
T =™ 15 15 °= T =3
T42>0

1
By increasing the value of 5 to o the value of m4 decreases to 0. Then we
have that:

75 becomes a dual basic variable and accordingly x5 becomes a primal
non-basic variable.

w4 becomes a dual non-basic variable and accordingly x4 becomes a
primal basic variable.

We have:
1 1 2 5 1 15
x5:—§—ﬁx3+ﬁx4 = x4:§+§x3+?x5
Substituting into the other equations of the primal simplex dictionary, we

get:

16 8 1 /5 1 15 1 1 1
x1:3—15$3+15<2+2x3+2x5>:2—2x3+2x5
10 1 2 (5 1 15
5”2:3*15”63‘15(2*2"03*2%):3‘%
110 37 1 /5 1 15 3 5 1
:3‘159”3‘15(2*2303*2“‘5):2‘2””3‘29”5

Accordingly, we now have the following updated primal simplex dictionary:

11 1 1
= 5 T 51 + 5 T5
X9 = 3 - Ty

) . 1 . 15
Ty = = = -

4 B D) T3 9 L5
B 5 1
z = 5 9 T3 5 xT5

where B = {1,2,4} and N = {3,5} and
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— the basic primal optimal solution is:

=0

of value 7—
2

73
f val —
of value =

N

1

- 11 . ) N ~
J/‘1:?7 $2:37 334257 ‘/E3207 T5
— the basic dual optimal solution is:
- - . - 5
7-‘—1:07 7T2:07 7T4:O, 7T3:§7 s — 5
/ T T T T Al
A S
4+ *
A Y
3 - ° ® ° ° ®
g 21 @ ° ° ° ° °
1+ @ (] (] (} (] (]
0 ° ° ° ° ®
| | | | |
0 1 2 3 4 5

o

-
=
[N S

(dashed), and its optimal solution (blue).
An optimal solution &(LP3) is:

the optimal value is:

The LPs problem is feasible and we have

|2(LP2)| > LB since

the problem list L.
Solution of the LP3 problem

Let us consider the LP3 problem in standard form:

max 5 ;1 + 3 22

2 x1 + r2 + x3

1 + 8 i) T
Z2
x1, x2, xs3,

=36

Zq

T4, Z5

Figure 7.13: Node 2: feasible region of LPs (red), with the branching constraint xo < 3

The optimal solution &(LP3) is fractional, accordingly, the LPy problem is inserted in

14

32
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For the branching constraint we have:
To— x5 =4 = x5=—-4+x

Using the equations of the optimal simplex dictionary we can express this branching con-
straint as a function of the non-basic variables. Substituting, we get

(10,1 2 N _ 2.1 9
= 3 15T ™ =73 T g T 5™

We then add this equation to the previous optimal simplex dictionary and we obtain the
following simplex dictionary:

16 8 i
€T — _— = — 95 X
! 3 15 °° 15 !
10 o 1 2
Ty = @ — — x3 — T
2 3 15 ° 15 ¢
2 n 1 2
rs = —= — x3 — T
> 3 15 ° 15
110 37 1
(7 T 3 15 3 15 4
where B = {1,2,5} and N = {3,4} and
— the basic primal non-feasible solution is:
16 10 2 110
T = ?, T9 = g, 552—57 igZO, f4:O of value ?
— the basic dual feasible solution is:
37 1 110

=0, m=0, 75 =0, 7_1'3:6, 7_1'4:B of value 3

If we increase the value of 75, we can get a better dual solution. We have:

37 1 >0
=T 2
T3 :3f7—iﬂ'5 M,_/ 5 §37
15 15 73>0
12 1250 1
T4 :B+B7T5 15+157T5_ 5 2_5
T42>0

By increasing the value of 75 to 37, the value of w3 decreases to 0. Then we have that:

75 becomes a dual basic variable and accordingly x5 becomes a primal
non-basic variable.

w3 becomes a dual non-basic variable and accordingly zs becomes a
primal basic variable.
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We have: 9 1 9
I5:_§+ﬁ$3_ﬁx4 = x3=10+2x4+ 1525

Substituting into the other equations of the primal simplex dictionary, we get:

_ 16 8(1o+2 +15 )+1 =0 8
r1 = 3 15 T4 xT5 15 Ty = T4 xIs5

L 0420+ 1505) — = a4+
2773 715 A S S0y = T A = S

110 37 1
:?—T5(10+2x4+15$5)—T5$4:12_5x4_37x5

Accordingly, we now have the following updated primal simplex dictionary:

Ty = 0o - Ty — 8 x5
To = 4 + T5
rz3 = 10 + 2 x4 + 15 x5
z = 12 — buxzy — 37 x5

where B = {1,2,3} and N = {4,5} and
— the basic primal optimal solution is:
1 =0, To=4, z3=10, Z4=0, Z5=0 of value 12

— the basic dual optimal solution is:

T =0, m =0, 7w3=0, T4 =5, 75 =237 of value 12
e “L T T T T T : ; \
/T T A0 A L R -
A Y
A )
A )
‘.
3 3 |
A Y
A )
.
.
g 2 5 |
S
.
PR Y
X s
1 533 |
[N
9\\‘
A\
0 S,
A Y
I I S| I I I I
0 1 2 3] 4 5 6 7
\_ ! J

Figure 7.14: Node 3: feasible region of LP3 (red), with the branching constraint xo > 4
(dashed), and its optimal solution (blue).
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An optimal solution &(LP3) is:
21 =0, To=4

the optimal value is:
z(LP3) =12

The LP3 problem is feasible and we have

|2(LP3)| > LB  since 12 > —oc0

The optimal solution (LP3) is integer, accordingly, the lower bound LB becomes 12 and

the incumbent solution Z(ILP) becomes Z; = 0,z = 4.
Accordingly, the branching node is pruned by integrality.

At the end of the first iteration, branching on zo from Node 1 has generated the down-
branching node, Node 2, and the up-branching node, Node 3. Node 2 is inserted in the list

L, while Node 3 is pruned by integrality. The corresponding branch-and-bound tree is:

Node 1
max bx1 + 3x9
2x1 + 10 < 14
1 + 8x9 < 32
x1,22 20
- 16 _ 10
T1=—, T9g=—
1 30 2= 3
110
CPy) = | 5
3
=36
LB = -
Node 2 T <3 Node 3 T9 >4

max H5xi + 3xo max bxi + 3x9

2r1 + 10 < 14 2r1 + 10 < 14
x1 + 8x9 < 32 x1 + 8x9 < 32
r2 <3 T9 >4
z1,22 >0 z1,22 20
. 11 T1=0, T2 =4
I1=—, T90=23
2 . 2(LP3) = 12
3
|z(LP2)| = {J LB =12
2 pruned by integrality
=36
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Due to the current lower bound LB and upper bound UB, we have:

2

——
=36

12 < (ILP) < V?’J

» Iteration 2
The LPs problem is extracted and deleted from the problem list L.

The branching variable is ;. The branching constraints are:

< 1 d > 1 +1
7 — and =« —
1515 1215

5 6

Two LP4 and LP5 problems are created with these branching constraints.

(a) Solution of the LP4 problem

Let us consider the LP4 problem in standard form:

max 5 x1 + 3 x2

21 + T3 + 23 = 14
r1 + 8 x2 + x4 = 32
T + x5 = 3

T + zg = 5
z1, Z3, z3, x4, zs, g > 0

For the branching constraint we have:
T+ 26 =05 = Tg=>H—1

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get

11 1 1 1 1 1
T6=5—|——=x3+ = 75 = x6:—§+§x3—§x5

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:
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11 1 i 1
x = — — —x _
1 B B 3 9 L5
Tro = 3 — xT5
B 5 i 1 i 15
Ty = 5 5 T3 5 5
B 1 i 1 1
T = 5 5 T3 5 5
A — B3 T3 — 1 x
T2 2 7° 2 0
where B = {1,2,4,6} and N' = {3,5} and
— the basic primal non-feasible solution is:
_ 1 3 = 5
1 2 y L2 =9, T4 = 27 Te = 27

— the basic dual feasible solution is:

m =0, mo=0, my=0, =0,
5 _ 1
S e =

20 0T 2

If we increase the value of mg, we can get a better dual solution. We have:

of value E

T3 =

5_ 1 >0
= = =
3 —5 17T6 —f—/Q 26_ e <5
_ 2 _ -
2 2 71'320 6 —=
1 1 1 1
Ts ==+ - 3 T3m20 me > —1
2 2
w5>0

By increasing the value of mg to 5, the value of 73 decreases to 0. Then we
have that:

mg becomes a dual basic variable and accordingly zg becomes a primal
non-basic variable.

w3 becomes a dual non-basic variable and accordingly x3 becomes a
primal basic variable.

We hayve:

1 1 1
$6:—§+§l‘3—§$5 = x3=1+4+x5+ 2z

Substituting into the other equations of the primal simplex dictionary, we

get:
11 1 1
331:?—5(1+x5+2$6)+§x5:5—x6
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5 1 15
:):4:§+5(1+$5+29€6)+?x5:3+8x5+$6

73 5 1
Z:?—5(1+x5+2x6)—§m5:34—3x5—5x6

Accordingly, we now have the following updated primal simplex dictionary:

77— 9 — Tg
Ty = 3 - 5

r3 = 1 + z5 + 2 zg
Ty = 3 + 8ux5 + T
z = 34 — 3 x5 — 5 xg

where B = {1,2,3,4} and N = {5,6} and

— the basic primal optimal solution is:

T1=0, To=3, T3=1, T4=3,

T5 =0, Z¢=0 of value 34
— the basic dual optimal solution is:

7}1207 7}2:07 7}3:07 7}4207

75 =3, g =5 of value 34

a T T T T, I T 1\
. []
4t S i
s
A S |
AN ]
.
3 k- ° ® ® ° R PR . -
A Y
A )
A Y
A Y
X - . |
g 2 ® ° ° ° ° * S
s
s
o
. X
1@ ° ] ] ° ® L% e
A=)
O
A Y
A
&2
0 ® [ ] [ ] ® <
1 A )
I I I I 1 I ?
0 1 2 3 4 5 6 7

\_ i J

Figure 7.15: Node 4: feasible region of LP4 (red), with the branching constraint x; < 5
(dashed), and its optimal solution (blue).
An optimal solution &(LPy) is:

F1=5, T9=3
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the optimal value is:
Z(LP4) =34

The LP4 problem is feasible and we have
|z(LP,)] > LB since 34 > 12

The optimal solution &(LP4) is integer, accordingly, the lower bound LB becomes 34 and
the incumbent solution Z(ILP) becomes 71 = 5, T2 = 3.
Accordingly, the branching node is pruned by integrality.

(b) Solution of the LP5 problem

Let us consider the LP5 problem in standard form:

max o r; + 3 x2

2 x + To + 3 = 14
r1 + 8 x9 + x4 = JX
T9 + x5 = 3

T — xzg = 6
1, T2, z3, Z4, Ts, z¢ > 0

For the branching constraint we have:
1 —x6 =06 = x5=—-0+x

Using the equations of the optimal simplex dictionary we can express this branching con-
straint as a function of the non-basic variables. Substituting, we get

(o1 1 I SIS S
L6 = ) 2353 2335 L6 = B 21’3 2$5

We then add this equation to the previous optimal simplex dictionary and we obtain the
following simplex dictionary:

( 1 1 L]

T = 9 5 T3 5 xT5

i) = 3 — T5
) 1 15

Ty = 5 T 5 r3 + ? x5
1 1 1

T6 = —5 — 5 I3 + 5 T5
_ B 5 1

z = 5 9 T3 5 xT5

where B = {1,2,4,6} and N' = {3,5} and
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— the basic primal non-feasible solution is:

T TN
.%'1—2,.%'2—,£U4—2, Te = 27
3
T3 =0, 5 =0 of value 5

— the basic dual feasible solution is:

m =0, mo=0, my=0, =0,
5 _ 1

5, Ty = 5 of value ?

If we increase the value of g, we can get a better dual solution. We have:

T3 =

9, 1 >0
7r _5—|—17T §+§7T6_ ¢ > —D
= — —_ %,—/ —
3 2 2 6 73>0 b =
1 1 L
5 :§—§7T6 2 2 6 = T <1
75>0

By increasing the value of mg to 1, the value of 75 decreases to 0. Then we have that:

g becomes a dual basic variable and accordingly xg becomes a primal
non-basic variable.

75 becomes a dual non-basic variable and accordingly x5 becomes a
primal basic variable.

We have: 1 N
=_—-_= - =1 2
T6 5 2$3+2CL’5 =  T5 + T3+ 26
Substituting into the other equations of the primal simplex dictionary, we get:
11 1 1
$1:?—§x3+§(1+$3+2x6):6+m6
$2:3—(1+$3+2.’E6) =2—x3—2x¢
5 1 15
x4:§+§x3+?(1+x3+2x6) =10+ 8x3 + 15 x4
73 5 1
z:?—§x3—§(1+x3+2x6):36—33:3—565

Accordingly, we now have the following updated primal simplex dictionary:

T = 6 + T
To = 2 — T3 — 2 xg
gy = 10 + 8 xz3 + 15 x4
- 1 + r3 + 2 xg
z = 36 — 3 zx3 — T
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where B = {1,2,4,5} and N = {3,6} and

— the basic primal optimal solution is:

T1 =06, To=2, Z4=10, 25 =1,

T3=0, Zg=0 of value 36
— the basic dual optimal solution is:

m =0, m=0, mq=0, 75=0,

3 =3, g =1 of value 36

/ T T T % | E T \
4| o ! i
A Y 1
\d ]
\‘ :
R L LR R R fmmqmmmma- -
+ 1
A |
AN |
.
§ 2
17
0
I I I I I
0 1 2 3 4 5
\_ o

Figure 7.16: Node 5: feasible region of LP5 (red), with the branching constraint x; > 6
(dashed), and its optimal solution (blue).
An optimal solution &(LPs5) is:

G, =6, Fy=2

the optimal value is:
z(LP5) = 36

The LP5 problem is feasible and we have
|z(LPs)| > LB since 36 > 34

The optimal solution Z(LPs3) is integer, accordingly, the lower bound LB becomes 36 and
the incumbent solution Z(ILP) becomes z; = 6, z2 = 2.
Accordingly, the branching node is pruned by integrality.

At the end of the second iteration, branching on z; from Node 2 has generated the
down-branching node, Node 4, and the up-branching node, Node 5. Both nodes are pruned
by integrality. The corresponding branch-and-bound tree is:
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Node 2
max bx1 + 3x9
201 + 19 < 14
T+ 8xo < 32
T2 § 3
z1,22 20
~ 11
r1 = ?, Tro = 3
73
cp) = | 5|
~——
=36
LB = -0
Node 4 r1 <5 Node 5 r1 26
max bx1 + 3x9 max dx1 + 3x9
21 + 10 < 14 21 + 10 < 14
x1 + 8xy < 32 x1 + 8x9 < 32
T2 <3 T2 <3
x1 <5 x1>6
z1,x2 2 0 z1,22 20
T1=05, To= T1 =06, To=2
2(LPy) = 34 z(LP5) = 36
LB =34 LB = 36
pruned by integrality pruned by integrality
Due to the current lower bound LB and upper bound UB, we have:
36 < z(ILP) < 36
» Termination
Since the list L is empty, the lower bound LB is equal to the upper bound UB and the ILP
problem is solved to optimality.
The optimal value is z(ILP) = 36 (the value of the lower bound LB) and an optimal solution
Z(ILP) is #; = 6,22 = 2 (the incumbent solution z(ILP)).
2. The final branch-and-bound tree is:
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Node 1
|z(LPy1)] = 36
LB = —
|
2 <3 xg >4
Node 2 Node 3
|z(LPy)] = 36 z(LP3g) = 12
LB = — LB = 12
| pruned by
integrality
x1 <5 x1>6
Node 4 Node 5
z(LPy) = 34 z(LPs) = 36
LB = 34 LB = 36
pruned by pruned by
integrality integrality

The reasons why the branching nodes are pruned are the following.

e Node 1 has a fractional optimal solution with |z(LP;)| = 36: it is branched on
xZ9.

e Node 2 has a fractional optimal solution with |z(LP3)| = 36: it is branched on
xIq.

e Node 3 is pruned by integrality: (LP3) = (0,4) is integer, with value 12, which
becomes the incumbent solution.

e Node 4 is pruned by integrality: (LP4) = (5, 3) is integer, with value 34, which
becomes the incumbent solution.

e Node 5 is pruned by integrality: &(LP5) = (6,2) is integer, with value 36, which
becomes the incumbent solution.

The optimal value is z(ILP) = 36 and the branch-and-bound algorithm returns the
optimal solution &(ILP) = (6, 2).
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Exercise 7.5 — Branch-and-bound algorithm (P5)

Consider the following ILP problem in canonical maximization form with n = 2
integer variables and m = 2 constraints:

max 2 x; + 3 xo

6 x1 + 21 29 < s
8 I + 3 o S 36
X1, ro € ZZO

and an optimal simplex dictionary of its LP relaxation in standard form:

( 7 1 7
ry = 5 + % r3 — % T4
8 4 1
T2 = 3 T 7 r3 + 25 T4
z = 15 - i T3 — i T4
\ 25 25
. J

Questions

1. Execute the branch-and-bound algorithm using;:

)
b)
(c)

)

(d) set the lower bound LB to —oo (no heuristic algorithm is executed).

(a) the smallest-index rule as branching-variable selection strategy;
(b) the LIFO rule as branching-node selection strategy;

solve first the down-branching node and then the up-branching node;

Solve the LP problems of the branching nodes using the dual simplex algorithm. In the
dual simplex algorithm, the leaving variable is the basic variable with negative value
and smallest index, and ties in the ratio test are broken by the smallest index. Show
graphically the optimal solution of the LP problems associated with the branching
nodes.

2. Determine and comment the branch-and-bound tree, showing the reason why each

branching node is pruned.

- J

1. Execution of the branch-and-bound algorithm to solve the ILP problem.

e Initialization

Let us consider the LP; problem in standard form:
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max 2 x1 —+ 3 X9

6 xt1 + 21 29 + x3 = 77
8 x1 + 3 X9 + x4 = 36
Ty, T2, 3, Ty > 0

and its optimal simplex dictionary:

ry = Z + i r3 — l 0
g 50 3 50 4
_ 8 4 P
2 = 3 75 3 25 4
3 4
= 15 - — - =
| % 5 o5 T3 25 T4

2

o

=

)

w
XTI

IS

(S48

o i /

Figure 7.17: Node 1: feasible region of LP; (red), feasible points of the ILP problem (black)
and optimal solution of LP; (blue) with the objective function line through it.
An optimal solution (LPy) is:

. T . 8
€r1 = — To = —
1 9’ 2 3

the optimal value is:

The optimal solution &(LP;) is fractional and the LP; problem is feasible, so the LP;
problem is inserted in the problem list L and the lower bound LB is set to —oo.
Due to the current lower bound LB and upper bound UB, we have:

-0 < z(ILP) < 15
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¢ Iteration 1
The LP; problem is extracted and deleted from the problem list L.
The branching variable is ;. The branching constraints are:
T < BJ and 1 > BJ +1
5 —r

Two LPy and LP3 problems are created with these branching constraints.

(a) Solution of the LPy problem

Let us consider the LPy problem in standard form:

max 2 x; -+ 3 X9

6 x1 + 21 z9 + x3

8 1 + 3 X9 + 14
T + x5
x1, x2, zs, X4, T5

For the branching constraint we have:

1+ x5 =3 = x5=3—1

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get

T5 =3 — Z—i-i:l:—la: = x*—l—ix —i—l:c
> 2 750 % 50t T 9 50 507

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:

7 1 7

1 = 54‘%%3—%%4
8 4 1

To = g—%xgjt%m
1 1 7

$5:—§—%$3+%$4
3 4

| 2 = 15—%:(:3—%334

where B = {1,2,5} and N = {3,4} and
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— the basic primal non-feasible solution is:

7 8 1
T = — T = — T = — — T = T p— f 1 1
T 2 T2 3 T5 3 3 =0, z4=0 of value 15
— the basic dual feasible solution is:
3 4
T =0, =0, 7 =0, 7?3:?5, 7?4:?5 of value 15

If we increase the value of 75, we can get a better dual solution. We have:

—+ —75 >0
3 1 25 50
3 25+507T5 - 5 =
4 7 i_l >0 8
T4 =5 g7 2550 0~ T =7
74>0

8
By increasing the value of 75 to = the value of m4 decreases to 0. Then we

have that:

75 becomes a dual basic variable and accordingly x5 becomes a primal
non-basic variable.
w4 becomes a dual non-basic variable and accordingly x4 becomes a

primal basic variable.

We have:

m——l—ix —i—lm = :c—%—i-}x —i-@x
T T2 50 507 AT Ty TS

Substituting into the other equations of the primal simplex dictionary, we

get:
x1—7+1x3—7<25+1x3+50x5>—3—x5
2 50 50\ 7 7 7
8 4 1 /25 1 50 59 1 2
“:3‘75563*25(7%””3 7m5>:21‘21$3+7“f5
z:15—3x3—4<25 1:1:3+5Oa:5>:101—1:1:3—8x5
25 25\ 7 7 7 T 7 7

1 = 3 - xIs
59 1 2

T9 = ﬁ — ﬁ xr3 + ? s
25 1 50

T4 = - + - By T K 5
101 1 8

{ z = 7 - ? r3 - ? Ts
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— the basic primal optimal solution is:

25 101
T = 23 =0, 5 =0 of value —

— the basic dual optimal solution is:

1 8 101
7~T1:0, 7~T2:0, 7~T4:0, 7?3:?, 77'5:? of value 7
47
59 |
21
§ 2f
17
0 ® ® :
| | : | |
0 1 2 3 4 5

NS i /

Figure 7.18: Node 2: feasible region of LPs (red), with the branching constraint x; < 3
(dashed), and its optimal solution (blue).
An optimal solution &(LP3) is:

- - 59
Tr1 = 3, Tro = i
the optimal value is:
101
Z(LPQ) = 7

The LP, problem is feasible and we have
101
|z(LPy)] > LB since {J > —00
The optimal solution &(LP3) is fractional, accordingly, the LPy problem is inserted in
the problem list L.

Solution of the LP3 problem

Let us consider the LP3 problem in standard form:
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max 2 r; -+ 3 To

6 z1 + 2170 + 3 = 77
8 1 + 3 To + x4 = 36
4B — x5 = 4
x1, Z2, z3, T4, zs =2 0

For the branching constraint we have:
T —x5=4 = x5=—-4+x

Using the equations of the optimal simplex dictionary we can express this branching con-
straint as a function of the non-basic variables. Substituting, we get

g (7.1 7 _ 1,1 7
T5 = — — 4+ —z3— — 2z Ts=—5+ -3~ =7
> 2 7503 50t 5 2750 % 504

We then add this equation to the previous optimal simplex dictionary and we obtain the
following simplex dictionary:

( 7 1 7
Ty = B + 50 r3 - 50 T4
8 4 1
To = g = % xr3 + % X4
1 1 7
s = 3 + 50 %3 T pp U
Z = 15 — % T3 — 24—5 T4

where B = {1,2,5} and N = {3,4} and

— the basic primal non-feasible solution is:

_ 7T 8 _ 1
xr = — Tro = N = —=
1 9’ 2 5 9’

— the basic dual feasible solution is:

z3=0, 74=0 of value 15

3 _ 4
25’ 25

T4 of value 15
If we increase the value of 75, we can get a better dual solution. We have:

m =0, m=0, 7 =0, 3 =

3 1 0
5 " EaT5 2
™3 :i*iﬂs u,_/ 5 §6
25 50 73>0
4 7 i l >0 8
T =gpt 5 s 25 507 ™2
w420

By increasing the value of 75 to 6, the value of w3 decreases to 0. Then we have that:
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75 becomes a dual basic variable and accordingly x5 becomes a primal
non-basic variable.

w3 becomes a dual non-basic variable and accordingly zs becomes a
primal basic variable.

We have: 1 1 7
$5:—§+%x3—%x4 = x3=25+4+"T7x4+50x5

Substituting into the other equations of the primal simplex dictionary, we get:

7 1 7
=—4+ —(254+7 50 - — =4
T > + 50 (25 4+ 7x4 +50x5) 20 ) + x5
8 4 1 4 1 8
= = (25+Tx4+50 S py=-—Cag— -
T2=73 75( + T4+ x5)+25$4 3 3%~ 3%

3 4
= _ — — — 1 — —
z=15 95 (25+7.’L'4+50$5) 5 T4 2—x4—62x5

Accordingly, we now have the following updated primal simplex dictionary:

T = 4 + x5
4 1 8

xT9 = g — g Ty — g xIs

I3 = 25 + 7 T4 + 50 I

z = 12 T4y — 6 x5

where B = {1,2,3} and N = {4,5} and

— the basic primal optimal solution is:

4
1 =4, 5:2:5, T3 = 25, Z4=0, 5 =0 of value 12
— the basic dual optimal solution is:

=0, =0, 73=0, us=1, 5 =6 of value 12
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Figure 7.19: Node 3: feasible region of LP3 (red), with the branching constraint x; > 4
(dashed), and its optimal solution (blue).
An optimal solution &(LP3) is:

4
71 = 4, 9~C2=§

the optimal value is:

#(LPs) = 12

The LP3 problem is feasible and we have
|z(LP3)| > LB since 12 > —o0

The optimal solution &(LP3) is fractional, accordingly, the LP3 problem is inserted in
the problem list L.

At the end of the first iteration, branching on z; from Node 1 has generated the down-
branching node, Node 2, and the up-branching node, Node 3. Both nodes are inserted in
the list L. The corresponding branch-and-bound tree is:
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Node 1

max 2x1 + 3x9
6x1 + 21z < 77
8x1 + 3x2 < 36

x1,22 20
- T 8
T1=—, Tog=—
1=35 Ta=3
2(LPy) = 15
LB = -
Node 2 1 <3 Node 3 x> 4
max 2x1 + 3xo max 2x1 + 3zo
6x1 + 21z < 77 611 + 21xy < 77
8x1 + 3xo < 36 8x1 + 3x2 < 36
1 <3 r1 >4
1,22 20 1,72 >0
59 4
T1 = To — — T1 = 4 To = —
T1 =3, @9 o1 21 , T2=3
101 2(LP3) = 12
|z2(LP2)| = \‘7J IB = —0o
=14
ILB=-x

Due to the current lower bound LB and upper bound UB, we have:

“0 < (ILP) < mlJ

=14

» Iteration 2
The LP3 problem is extracted and deleted from the problem list L.

The branching variable is xo. The branching constraints are:

4 4
To < LJ and o > L}J +1

=1 =2

(a) Solution of the LP4 problem

Let us consider the LP4 problem in standard form:

Two LP4 and LP5 problems are created with these branching constraints.
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max 2 x1 + 3 To

6 z1 + 2170 + w3 = 77
8 1 + 3 To + x4 = 36
1 - 5 = 4
9 + x = 1

z1, Z2, x3, T4, x5, ze = 0

For the branching constraint we have:
To+xg =1 = xg=1—1x9

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get

4 1 8 1 1 8
Te=1— |3 -3 T4— 55 = 336=—§+§$4+§l‘5

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:

ry = 4 -+ T5
B 4 1 8
T2 = 3 3 T4 3 L5
r3 = 25 + T wxy + 50 x5
1 n 1 i 8
re = —= - x -
6 3 3 T4 3 I5
2z = 12 - s — 6 x5
where B = {1,2,3,6} and N' = {4,5} and
— the basic primal non-feasible solution is:
0 4, T i 25, X L
T = To=—, TI3= Tg = ——
1 v 2= 3, T3 y T6 3

T4 =0, ZT5 =0 of value 12
— the basic dual feasible solution is:

m =0, ma=0, w3=0, 7 =0,

=1, w5 =6 of value 12
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If we increase the value of g, we can get a better dual solution. We have:

1
m =1—=T7¢ —_— T <3
3 78r4zo
8 9
5 :6—571'6 6_§7T620 6 SZ
—_———
75>0

9 9
By increasing the value of mg to min {3, 4} =7 the value of 75 decreases

to 0. Then we have that:

g becomes a dual basic variable and accordingly xg becomes a primal
non-basic variable.

75 becomes a dual non-basic variable and accordingly x5 becomes a
primal basic variable.

We have:

sc——}—i-}x +§x = m—l—lx —i-%a:
6= "3 T3l T 3L 5=g glaT g

Substituting into the other equations of the primal simplex dictionary, we

get:
1 =4+ l—lx —|—§x —ﬁ—lx +§x
1= § 84 Tg) T g gt ge
41 8(1 1 .3 _,
2Ty T gt gl\gT gt g T T

1 1 3 125 3 75
=y - — = = =c—d = -
T3 5+7x4+50<8 8x4~|—8:n6> 1 +4334+4:n6

1 1 3 45 1 9
2212—x4—6(8—8$4+8$6>

Accordingly, we now have the following updated primal simplex dictionary:

=7 1% g%

( 33 1 n 3
r = - - == - T
1 3 3 4 3 6
To = 1 - T
x = % + §m + Ex
3 = 4 1 4 1 6
B 1 1 n 3
r5 = 3 8364 81‘6
_ 45 1 9
L % = 4 4:174 4336
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— the basic primal optimal solution is:

- 33 . . 125 1

T1=—, Zo= T3 =—, I5=—

1 R ) 2 ) 3 4 ) 5 87
T4=0, Zg=0 of value —

— the basic dual optimal solution is:

F1=0, 7a=0, 75=0, #5=0,

- 1 9 ¢ val
T4 = —, T — — oI value —
4’ 4
f T T T
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Figure 7.20: Node 4: feasible region of LP4 (red), with the branching constraint xo < 1

(dashed), and its optimal solution (blue).
An optimal solution (LPy) is:

T = 3 To=1
the optimal value is:
45
z2(LPy) = —
The LP4 problem is feasible and we have
, 45
|z(LP4)] > LB since —| > -0
~—
=11

The optimal solution &(LP4) is fractional, accordingly, the LP4 problem is inserted in
the problem list L.

Solution of the LP5 problem

Let us consider the LP5 problem in standard form:
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max 2 x1 —+ 3 X9

6 z1 + 21 a0 + w3 = 77
8 r1 + 3 To + x4 = 36
1 — 5 = 4
T2 - x5 = 2

z1, z2, x3, T4, zs, g = 0

For the branching constraint we have:
To —xg = 2 = xTg=—-24x9

Using the equations of the optimal simplex dictionary we can express this branching con-
straint as a function of the non-basic variables. Substituting, we get

o (A 8 L .2 1 8
6 = 33T 3% Te=—3 = 3T 3T

We then add this equation to the previous optimal simplex dictionary and we obtain the
following simplex dictionary:

I = 4 + xT5
4 1 8

T2 = g — g Ty — g T5

r3 = 25 + Tax4 + 50 zj
2 1 8

Te = *g — g T4 — g i

7 = 12 — Ty — 6 x5

where B = {1,2,3,6} and N' = {4,5} and

— the basic primal non-feasible solution is:

— the basic dual feasible solution is:

ﬁl:oa ﬁ2:07 7773:07 ﬁﬁ:ov

ms=1, @5 =6 of value 12

If we increase the value of g, we can get a better dual solution. We have:
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tree is:

1
Ty =14 —mg

5 :6+§7T6

8
N————

1
1+-mm >0
\_Sv_/ 6 >

74>0

75>0

Accordingly, we can increase the value of g without violating dual feasibility, which implies
that the dual problem is unbounded. As a result, the primal problem LPj is infeasible,
and the corresponding branching node is pruned by infeasibility.

At the end of the second iteration, branching on zo from Node 3 has generated the
down-branching node, Node 4, and the up-branching node, Node 5. Node 4 is inserted in
the list L, while Node 5 is pruned by infeasibility. The corresponding branch-and-bound

Node 3
max 2x1 + 3x9
6x1 + 21z < 77
8x1 + 3z < 36
T 2 4
z1,22 20
5 4
r1 = 4, To = g
LB =—-x
Node 4 Ty <1 Node 5 T2 2> 2

Vv

-3

g
4

max 2x1 + 3x9
6x1 + 21xo < 77
8x1 + 3x2 < 36

max 2x1 + 3x9
6x1 + 21z <77
8x1 + 3x2 < 36

1 >4 T >4
z9 <1 zg > 2
z1,22 20 z1,22 2> 0
33 - s
B— o &l pruned by infeasibility
8
45
2cpa) = | 5|
——
=11
LB=-00

Author: Fabio Furini
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Due to the current lower bound LB and upper bound UB, we have:

7

=14

—o0 < 2(ILP) < FOIJ

» Iteration 3
The LP4 problem is extracted and deleted from the problem list L.

The branching variable is ;. The branching constraints are:

33 33
1 < {SJ and x> {SJ +1

\T/ T

The LPg problem is created with the first branching constraint (the second child is solved
only if needed).

(a) Solution of the LPg problem

Let us consider the LPg problem in standard form:

max 2 x1 -+ 3 o

6 xz1 + 21 x9 + x3 = 70
8 1 + 3 X9 + x4 = 36
Ty = @ = 4
Z2 + e = 1

T + a7 = 4
Ty, Z2, 3, T4, Ts, e, z7 > 0

For the branching constraint we have:
T+ =4 = xr=4—mn

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get

4 33 1 +3 N 1+1 3
€T = — = = = 75 - X 7 = —% S L4 — S
7 ] ] 4 ] 6 7 ] ] 4 ] 6

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:
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' 1 = § - 1 4y + § a5
1 = 3 g ™ g T6
Ty = 1 - e
3T
T3 = 1 T 1 T
1 1 3
xIs = g — g T4 + g Te
1 i 1 3
X = e~ — T — —x
7 3 g 4 g Y6
_ b 1 Y
[ * T 3 i g 7
where B = {1,2,3,5,7} and N’ = {4,6} and
— the basic primal non-feasible solution is:
_ 33 _ 125 1 1
x1 8, €2 , I3 4 x5_87 Ty = 85
4

5
T4 =0, Zg=0 of value T

— the basic dual feasible solution is:

m =0, m9=0, m3=0, 75=0, 7w =0,
1 9 45

Ty =—, ©g=- of value —

4 4

If we increase the value of w7, we can get a better dual solution. We have:

1
>0
T4 —1 17‘(’7 L 87:—/7_ T <2
- - _ -
4 8 74>0 [
9 3 3
Te = -+ <7 atgm=z0 T > —6
4 8 —
76>0

By increasing the value of 77 to 2, the value of 74 decreases to 0. Then we
have that:

77 becomes a dual basic variable and accordingly z7 becomes a primal
non-basic variable.

w4 becomes a dual non-basic variable and accordingly x4 becomes a
primal basic variable.

We hayve:

1 1
x7:—§+§$4—§$6 = x4=1+4+326+8x7
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Substituting into the other equations of the primal simplex dictionary, we

get:
xl:%—%(1+3x6+8x7)+%a}6:4—x7
583:% %(1+3$6+8x7)+§$6:32+21x6+6x7
1 1 3
:E5=§—§(1+3w6+8x7)+§$620—x7
z:4%5—%(1—1-33764-8:67)—Zx6:11—3x6—2:c7

Accordingly, we now have the following updated primal simplex dictionary:

T = 4 — T7
To = 1 - T

3 = 32 + 21 xz¢ + 6 z7
Ty = 1 + 3xg + 8 xy
- 0 - T7
z = 11 - 3xg — 2 x7

where B = {1,2,3,4,5} and N = {6,7} and

— the basic primal optimal solution is:

F1=4, Fg=1, $3=32 F4=1, @5=0,

T¢=0, Zr=0 of value 11
— the basic dual optimal solution is:

F1=0, 72=0, 73=0, 74=0, 75=0,

g =3, wr=2 of value 11
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Figure 7.21: Node 6: feasible region of LPg (red), with the branching constraint x; < 4
(dashed), and its optimal solution (blue).
An optimal solution &(LPg) is:

G1=4, Fp=1

the optimal value is:

The LPg problem is feasible and we have
|2(LPg)| > LB since 11 > —o0

The optimal solution &(LPg) is integer, accordingly, the lower bound LB becomes 11 and
the incumbent solution Z(ILP) becomes z; = 4,z9 = 1.
Accordingly, the branching node is pruned by integrality.

At the end of the third iteration, branching on z; from Node 4 has generated the down-
branching node, Node 6. This node is pruned by integrality. The up-branching node is not
solved, since after Node 6 the lower bound satisfies

|2(LP4)| < LB.

This is the portion of the branch-and-bound tree showing the LP problems of the branching
nodes that are solved:

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 173


https://github.com/fabiofurini/integer-linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Integer Linear Programming

Node 4

max 2x1 + 3x9
61 + 21z < 77
8x1 + 3xo < 36
1 >4
To <1

x1,72 > 0

Node 6 Ty <4

max 2x1 + 3zs
6x1 + 21z < 77
8x1 + 32 < 36
1 >4
x9 <1
1 <4

1,72 20

T1=4, T2=1

Z(LP(;) =11

LB=11

pruned by integrality

101
11 < »(ILP) < {SJ

=14
» Iteration 4

The branching variable is xo. The branching constraints are:

59 59
< | — > | — 1
To < {21J and x9 > {21J +
=2 =3

Due to the current lower bound LB and upper bound UB, we have:

The LPs problem is extracted and deleted from the problem list L.

Two LP7 and LPg problems are created with these branching constraints.
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(a) Solution of the LP7 problem

Let us consider the LP7 problem in standard form:

max 2 x1 + 3 X9

6 z1 + 21 20 + w3 = 77
8 1 + 3 T9 + x4 = 36
Tl + x5 = 3
T2 + g = 2

x1, Z2, x3, T4, x5, g = 0

For the branching constraint we have:
Lo+ 6 =2 = Tg=2— X9

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:

;

@® = 3 - T5
59 1 2
xro = ﬁ = ﬁ xr3 -+ ? T5
25 1 50
T4 = - + - r3 + - 5
17 1 2
Tg = _ﬁ + i r3 — ? T
101 1 8
T T

where B = {1,2,4,6} and N = {3,5} and

— the basic primal non-feasible solution is:

F=5, B Fa= 2 mp— e
1— 9 2_217 4_77 6 — 217
101
23 =0, 75 =0 of value —

— the basic dual feasible solution is:
m =0, mo=0, my=0, =0,
1 8 101

T = - of value =
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If we increase the value of g, we can get a better dual solution. We have:

1 1 0
S W 7 217%= s
3 7 21 6 50 e S
8 2 2
5 = — + =g ?‘F?WGZO e > —4
7 7 —
75>0

By increasing the value of mg to 3, the value of 73 decreases to 0. Then we
have that:

g becomes a dual basic variable and accordingly xg becomes a primal
non-basic variable.

w3 becomes a dual non-basic variable and accordingly zs becomes a
primal basic variable.

We hayve:

17 1 2
x6:—ﬁ+ﬁx3—?$5 = $3:17+6x5+21x6

Substituting into the other equations of the primal simplex dictionary, we

get:
59 1 2
=2 _ Q1 21 Zas=2-

) o1 21( 7T+ 6x5+ x6)+7x5 Tg

25 1 50
x4:7—|—?(17—|—6:p5+21m6)+7x5:6—|—8w5+3x6

101 1 8
z:?—?(17—1—63:5—1—21%)—?165:12—2305—3:36

Accordingly, we now have the following updated primal simplex dictionary:

T = 3 - 5

T2 = 2 — Tg
3 = 17 4+ 6 x5 + 21 x4
gy = 6 + 8x5 + 3z
z = 12 — 2 x5 — 3 Tg

where B = {1,2,3,4} and N = {5,6} and

— the basic primal optimal solution is:

T1=3, T2=2, 23=17, x4 =6,

T5 =0, Zg=0 of value 12
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— the basic dual optimal solution is:
77[-1207 7}2:07 7~T3:Oa ﬁ4:O7

75 =2, g =3 of value 12
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Figure 7.22: Node 7: feasible region of LP7 (red), with the branching constraint xo < 2
(dashed), and its optimal solution (blue).

An optimal solution &(LP7) is:
1 =3, T9=2
the optimal value is:
Z(LP7) =12
The LP7 problem is feasible and we have
|z(LP;)] > LB since 12> 11

The optimal solution (LP7) is integer, accordingly, the lower bound LB becomes 12 and
the incumbent solution Z(ILP) becomes Z; = 3, Zy = 2.

Accordingly, the branching node is pruned by integrality.

Solution of the LPg problem

Let us consider the LPg problem in standard form:

max 2 x; —+ 3 X9

6 z1 + 2120 + w3 = 77
8 1 + 3 To + x4 = 36
T + x5 = 3
T - x6 = 3

z1, z2, z3, T4, x5, g = 0

Author: Fabio Furini
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For the branching constraint we have:
To — X6 =3 = Tg=-—-3+ T2
Using the equations of the optimal simplex dictionary we can express this branching con-

straint as a function of the non-basic variables. Substituting, we get

_ (L2 N __ 4 L o2
“ = 291 21T 7T T6= "9 Ty BT

We then add this equation to the previous optimal simplex dictionary and we obtain the
following simplex dictionary:

T = 3 — xIs
99 1 2

T2 = 51 921 8 + = T
25 1 50

T4 = — + ?:Cg + 7$5
4 1 2

Tg = _ﬁ = ﬁxg + ?1‘5
101 1 8

| 7= 7 - 3m - 3%

where B = {1,2,4,6} and N = {3,5} and

— the basic primal non-feasible solution is:

_ _ 59  _ 25 _ 4
1 =3, T2= = Ta=—, Te =57

101
T3 =0, 5 =0 of value —

— the basic dual feasible solution is:

=0, m=0, Ty =0, 7g=0,

_ 1 8 101
Ty = - Ty = - of value —

If we increase the value of mg, we can get a better dual solution. We have:

4w >0
T3 —1+17T6 7+217r6_ 6 > —3
= — _— %,—/ —
7T 21 73>0 6 =
g8 2 8_2_ 50
5 Z?—§7T6 7 77T6— g <4
75>0

By increasing the value of 7g to 4, the value of 75 decreases to 0. Then we have that:

g becomes a dual basic variable and accordingly zg becomes a primal
non-basic variable.
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75 becomes a dual non-basic variable and accordingly x5 becomes a
primal basic variable.
We have:
4 1 i 2 N 2 i 1 o 7
Tg=——"——T3+ == rs=-—+-z3+ ==
L TR T T3 760 270

Substituting into the other equations of the primal simplex dictionary, we get:

e (2,1, 71 7
= 3T g TR ) T3 T g T %6
59 1 2(2 1 4
2791 T BT \3 g T e ) T T6
%1 50 /2 1 T N 25 4
M= Ty BT 3T g T% )= g T3g¥T %
101 1 8(2,1 7 41 1 A
2=— —cx3—z |tttz )| = — -3 — 4z
7 7 7\3Te 27 3 377 6

Accordingly, we now have the following updated primal simplex dictionary:

( 7 1 7
T = = — e — —
1 3 6 3 5 6
To = 3 -+ T6
25 4
Ty = ? + g r3s + 25 zg
2 i 1 o 7
x5 = = = & = B
5 3 6 T3 5 6
41 1
| 2 = 5 = 3T — 4 xz¢
where B = {1,2,4,5} and N = {3,6} and
— the basic primal optimal solution is:
- T 3 & 25 2
r1 =— — To = T4 = — — —
1 3’ 2 ) 4 3 5 3’

T3=0, Zg=0 of value 3
— the basic dual optimal solution is:

m =0, m=0, mq=0, 75=0,

—_

1
7?325, e =4  of value 3
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Figure 7.23: Node 8: feasible region of LPg (red), with the branching constraint xo > 3
(dashed), and its optimal solution (blue).
An optimal solution &(LPg) is:

the optimal value is:

41
z(LPg) = 3

The LPg problem is feasible and we have

41
|z(LPg)| > LB since {3J > 12
~——
=13
The optimal solution &(LPg) is fractional, accordingly, the LPg problem is inserted in
the problem list L.

At the end of the fourth iteration, branching on zs from Node 2 has generated the
down-branching node, Node 7, and the up-branching node, Node 8. Node 7 is pruned by
integrality, while Node 8 is inserted in the list L. The corresponding branch-and-bound
tree is:
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Node 2

max 2x1 + 3x9
621 + 21zg < 77
8x1 + 3x2 < 36
r1 <3

z1,T2 > 0

LB = -0
|
Node 7 rg <2 Node 8 T2 >3
max 2x1 + 3xo max 2x1 + 3zo
61 + 21z <77 6x1 + 21xy < 77
8x1 + 3z2 < 36 8r1 + 3x2 < 36
1 <3 1 <3
zo < 2 T2 >3
xi,x9 >0 z1,29 > 0
T1 =3, T9=2 i’lzz, o =3
2(LP7) = 12 3
LB =12 2cps)) = | 5
pruned by integrality \\3/4
B=12

Due to the current lower bound LB and upper bound UB, we have:

3

——
=13

12 < z(ILP) < {“J

» Iteration 5
The LPg problem is extracted and deleted from the problem list L.
The branching variable is 1. The branching constraints are:

T < LZJ and 1 > EJ +1
—~~ —

=2 =3

Two LPg and LP1g problems are created with these branching constraints.
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(a) Solution of the LPy problem

Let us consider the LPg problem in standard form:

max 2 x; -+ 3 o

61 + 21 22 + x3 = 77
8w + 32 + 34 = 36
T + x5 = 3
To — X = 3

T + xr = 2
x1, T2, x3, T4, s, z6, zr =2 0

For the branching constraint we have:

T+ a7 =2 = x7=2-—1x

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get

., (71 7 IR S SRR
L7 = 3 61’3 2-"56 L7 = 3 6$3 2356

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:

( 7 1 7
x - - x3 — = x
1 3 G T3 5 6
X9 3 + Te
25 4
x4 ? g T3 + 25 xg
2 1 i 7
T5 3 6 T3 5 6
1 1 n 7
T —= -z —x
7 3 G T3 5 6
41 1
| ¢ = 3 " 3 r3 — 4 x6
where B = {1,2,4,5,7} and N' = {3,6} and
— the basic primal non-feasible solution is:
_ 7T 3z 25 2 1
xrH1 = — €Tro = T4 = — Trs = — = — =
1 37 2 ’ 4 3 ’ 5 37 7 35

z3=0, Zzg=0

1
f val —
of value =
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get:
71 T(2 1 .2 _,
NM=37g® g\ "y 7)) =77
gy (2 1 2 65 1 . 2
To = — = —gg =y | = — = —dig b =
2 21 21 3T ) T 1 T T
25 4 (2 1 2 5,1 50
Ta=—+=-=2 — x7 | = =3+ ==z
1T 3 T3 o1 21 2" ¢ R

Accordingly, we now have the following updated primal simplex dictionary:

— the basic dual feasible solution is:

m =0, m9=0, my=0, 75=0, =0,

1
7’?323, 76 =4 of value

If we increase the value of 77, we can get a better dual solution. We have:

L >0
11 37677
T3 = — =7 $ 6 T <2
6 73>0
7 4-Tm>o 2
6 :4—5777 5 M7 = e S?
76>0

8 8
By increasing the value of 77 to min {2, 7} = the value of 7g decreases
to 0. Then we have that:

77 becomes a dual basic variable and accordingly x7 becomes a primal
non-basic variable.

mg becomes a dual non-basic variable and accordingly zg becomes a
primal basic variable.

We hayve:

_ 11 T N _2 1 .2
TR TR T g 6= 51 T BT

Substituting into the other equations of the primal simplex dictionary, we

_2,1 72 12 N
=g Teg®Tolgy T 77— T

41 (212 N 93 1 8
=3 3% 21 21T RTT) T H =

Author:

Fabio Furini
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xry = 2 - x7
_ 65 1 P
2= 9 21 3 7 T
_ B . 1 o B
Tr4 = - - T3 7 Ty
r5 = 1 + X7
B 1 L2
6= 9 21 3 7 7
, - B L 8
-7 73 777

where B = {1,2,4,5,6} and N' = {3, 7} and

— the basic primal optimal solution is:

9
T3 =0, Ty =0 of value -
— the basic dual optimal solution is:
=0, To=0, my=0, 75=0, 7 =0,

93
f val —
of value =

Ty = 7, '%5:17 '%6:57

2

~
~
~
‘. .
o [5== PS oo
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(dashed), and its optimal solution (blue).

Figure 7.24: Node 9: feasible region of LPg (red), with the branching constraint x; < 2
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An optimal solution &(LPy) is:

the optimal value is:

93
Z(LPQ) = 7

The LPg problem is feasible and we have

|z(LPg)| > LB since {973J > 12

——
=13

The optimal solution &(LPy) is fractional, accordingly, the LPgy problem is inserted in
the problem list L.

Solution of the LP1¢ problem

Let us consider the LP1g problem in standard form:

max 2 x; + 3 X9

6 z1 + 2129 + 3 = 77
8x1 + 32 + x4 = 36
T + x5 = 3
T9 — x4 = 3

T - x7 = 3
1, Ta, T3, T4, s, Tg, 7 > 0

For the branching constraint we have:
T —x7 =3 = x7r=-3+4+x

Using the equations of the optimal simplex dictionary we can express this branching con-
straint as a function of the non-basic variables. Substituting, we get

_ . (T 7 Lo 21 7
T7 = 3 6$3 21'6 T = 3 6$3 2336

We then add this equation to the previous optimal simplex dictionary and we obtain the
following simplex dictionary:
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o= 4t - I
1 = 3 6 3 5 6
To = 3 + Te
25 4
T4 = ? + g x3 + 25 wg
2 1 7
Ty = g + 6 T3 5 T6
2 1 7
T = —= — - X — —
7 3 6 3 5 T6
41 1
= — - = — 4
{ z 3 3 T3 L6
where B = {1,2,4,5,7} and N' = {3,6} and
— the basic primal non-feasible solution is:
o 3 2 _ 2 _ 2
xl_sa €T2 = O, l‘4—3, 1'5—3, xr7 = 3’
T3=0, Zg=0 of value 3
— the basic dual feasible solution is:
m =0, m9=0, my=0, 75=0, =0,
1 41
T3 = 3 76 =4 of value 3
If we increase the value of 7, we can get a better dual solution. We have:
1 H 1 -0
1 1 3767
Ty =L+ T —_— T7 2 =2
3 36" 73>0
4+ Lmr>0 €
_ — _2
6 = 4+ 5 vé 2 7= T 2> 7
76>0

Accordingly, we can increase the value of 77 without violating dual feasibility, which implies
that the dual problem is unbounded. As a result, the primal problem LP;g is infeasible,
and the corresponding branching node is pruned by infeasibility.

At the end of the fifth iteration, branching on x; from Node 8 has generated the down-
branching node, Node 9, and the up-branching node, Node 10. Node 9 is inserted in the
list L, while Node 10 is pruned by infeasibility. The corresponding branch-and-bound tree is:
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Node 8
max 2x1 + 3x9
6x1 + 21z < 77
8x1 + 3x2 < 36
T § 3
T2 2 3
z1,o2 >0
- 7T
r1 = 57 ro = 3
41
2ps)) = | 5 |
~——
=13
LB =12
Node 9 r1 <2 Node 10 Ty >3
max 2x1 + 3xo max 2x1 + 3x9
6x1 + 21z < 77 61 + 21z < 77
8xr1 + 3z < 36 8r1 4+ 3x2 < 36
1 <3 1 <3
T2 > 3 T2 >3
z1 <2 1 >3
z1,72 20 1,72 >0
B = = 65 pruned by infeasibility
21
93
|2(LPyg)] = {7J
~——
=13
LB =12

Due to the current lower bound LB and upper bound UB, we have:

12 < (ILP) < ﬁJ

——
=13

» Iteration 6
The LPg problem is extracted and deleted from the problem list L.
The branching variable is 2. The branching constraints are:

65 65

< |[— > | —
To < {21J and o > {21J +1
~—— _—

=3 =4
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The LP;; problem is created with the first branching constraint (the second child is solved
only if needed).

(a) Solution of the LP;; problem

Let us consider the LP1; problem in standard form:

max 2 x; + 3 o

6y + 21 x9 + 3 = 77
8 xr; + 3 o + x4 = 36
T + x5 = 3
z2 — X = 3

x1 +  x7 = 2
To + xg = 3

Z1, Z2, z3, x4, Zs5, Z6, x7, zg > 0

For the branching constraint we have:
To+2x8 =3 = x8=3— 29

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:

il = 2 — Ty
6 1 L2
2= 9 21 3 7 &7
T4 = E + E r3 + o0 x
4 — 7 7 3 7 7
r5 = 1 -+ X7
_ 2 1 L 2
6= g1 91 3 7 T
_ 2 1 2
= To) 21 3 7 &7

93 1 8
z = e — — — X — —
7 73 77

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 188


https://github.com/fabiofurini/integer-linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Integer Linear Programming

— the basic primal non-feasible solution is:

ENECR N R
1— 4 2_217 4_77
i 22
5 = 1, g 21’ 8 — 21’

T3=0, Zr=0 of value -

— the basic dual feasible solution is:

T y T2 y T4 )
w5 =0, w6 =0, 78 =0,
1
T3 = ?7 T = ? of value 7

If we increase the value of 7g, we can get a better dual solution. We have:

1 1

- —me>0
S S 7 2178 = oy
- = . ,
3 7T 21 8 73>0 g =
8 9 8 2
7 = -+ —mg ?+§7r820 s > —4
v T —_——
w7 >0

By increasing the value of 7g to 3, the value of 73 decreases to 0. Then we
have that:

g becomes a dual basic variable and accordingly xg becomes a primal
non-basic variable.
w3 becomes a dual non-basic variable and accordingly xs becomes a

primal basic variable.

We have:
2 1 2

$8:_ﬁ+ﬁx3_?$7 = x3=2+4+6x7+21z3

Substituting into the other equations of the primal simplex dictionary, we

get:

=8 L (2462 +2108)+ 207 =3
2751 2 T AT Ty T =0T T8
71 50
x4:7+?(2+6$7+21.’L‘8)+7x7:11+8x7+3$8
_ 2 1(2+6 +21 )+2 =0
6= 51 21 Trr eIy Ty T =18
93 1 8
Z:7—?(24‘6%7"‘211'8)_?-%7:13_21;7_3'%'8

Accordingly, we now have the following updated primal simplex dictionary:

Author: Fabio Furini
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T

Z2

T3

T4

Ts5

Te

z
\

2 — T7
3

2 + 6 z7
11 4+ 8 27
1 + T7
0

13 — 2 xy

+ 21 xTs
+ 3 xTs
— 3 xTs

where B = {1,2,3,4,5,6} and N' = {7,8} and

— the basic primal optimal solution is:

z7 =0, 2zg=0

— the basic dual optimal solution is:

Fr=2, 7g=3

G5 =1,

Fo=3, F3=2,

6 =0,

of value 13

w9 =0, 73 =0,
7:’[-5207 7}6:07

of value 13
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Figure 7.25: Node 11: feasible region of LP1; (red), with the branching constraint xzo < 3
(dashed), and its optimal solution (blue).
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An optimal solution (LPq;) is:

the optimal value is:

Z(LPll) =13

The LP1; problem is feasible and we have
|2(LP11)] > LB since 13> 12

The optimal solution &(LP1;) is integer, accordingly, the lower bound LB becomes 13 and
the incumbent solution Z(ILP) becomes Z; = 2,z = 3.
Accordingly, the branching node is pruned by integrality.

At the end of the sixth iteration, branching on zo from Node 9 has generated the down-
branching node, Node 11. This node is pruned by integrality. The up-branching node is
not solved, since after Node 11 the lower bound satisfies

|2(LPy)] < LB.

This is the portion of the branch-and-bound tree showing the LP problems of the branching
nodes that are solved:
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Node 9
max 2x1 + 3x9
6x1 + 21xy < 77
8x1 + 3xo < 36
I S 3
xI9 Z 3
T <2
z1,22 >0
- 65
i =8, &n= o1
93
+cpo)) = |7 |
~——
=13
LB =12
Node 11 T2 <3

max 2x1 + 3x9
611 + 21xy < 77
8x1 + 3x2 < 36
1 <3
To > 3
1 <2
T < 3

T1,T2 > 0

pruned by integrality

Due to the current lower bound LB and upper bound UB, we have:
13 < z(ILP) < 13

» Termination

Since the list L is empty, the lower bound LB is equal to the upper bound UB and the ILP
problem is solved to optimality.

The optimal value is z(ILP) = 13 (the value of the lower bound LB) and an optimal solution
Z(ILP) is 71 = 2, %2 = 3 (the incumbent solution Z(ILP)).

2. The final branch-and-bound tree is:
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Node 1
z2(LPy) = 15
IB = —x
|
x1 <3 r1 >4
Node 2 Node 3
|z(LP2)| = 14 z(LP3) = 12
IB = - LB = —x
| |
T9 < 2 T2 >3 r9 <1 T 2> 2
Node 7 Node 8 Node 4 Node 5
z(LP7) = 12 |z(LPg)] = 13 |z(LPy)] = 11 pruned by
LB = 12 LB = 12 LB = —x infeasibility
pruned by |
integrality
x1 <2 r1 >3 r1 <4
Node 9 Node 10 Node 6
|2(LPg)| = 13 pruned by z(LPg) = 11
LB = 12 infeasibility LB = 11
pruned by
integrality
i) S 3
Node 11
Z(LPll) =13
LB = 13
pruned by
integrality

The reasons why the branching nodes are pruned are the following.

e Node 1 has a fractional optimal solution with z(LP;) = 15: it is branched on z;.

e Node 2 has a fractional optimal solution with |z(LP2)| = 14: it is branched on
xI9.

e Node 3 has a fractional optimal solution with z(LP3) = 12: it is branched on 3.

e Node 4 has a fractional optimal solution with |z(LP4)| = 11: it is branched on
xIq.

e The up-branching node of Node 4 is not solved, and it is not drawn, since
|2(LP4)] = 11 < LB = 11 after its first child.

e Node 5 is pruned by infeasibility: the LP5 problem has no feasible solution.

e Node 6 is pruned by integrality: (LPg) = (4,1) is integer, with value 11, which
becomes the incumbent solution.

e Node 7 is pruned by integrality: &(LP7) = (3,2) is integer, with value 12, which
becomes the incumbent solution.
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e Node 8 has a fractional optimal solution with |z(LPg)| = 13: it is branched on
xIq.

e Node 9 has a fractional optimal solution with |2(LPg)| = 13: it is branched on
xI9.

e The up-branching node of Node 9 is not solved, and it is not drawn, since
|2(LPg)| = 13 < LB = 13 after its first child.

e Node 10 is pruned by infeasibility: the LP1¢ problem has no feasible solution.

e Node 11 is pruned by integrality: &(LPi;) = (2,3) is integer, with value 13,
which becomes the incumbent solution.

The optimal value is z(ILP) = 13 and the branch-and-bound algorithm returns the
optimal solution (ILP) = (2, 3).

Exercise 7.6 — Branch-and-bound algorithm (P6)

Consider the following ILP problem in canonical maximization form with n = 2
integer variables and m = 2 constraints:

max r1 + 9
421 + 15z < 70
1221 + 3290 < 52
x1, T2 € Z>o

and an optimal simplex dictionary of its LP relaxation in standard form:

95 1 5
L= g Togg T T pg ™
79 1 1
To = i — 11 xr3 -+ E T4
601 3 11
ST T 5T 1es ™
g J

Questions

1. Execute the branch-and-bound algorithm using:
(a) the smallest-index rule as branching-variable selection strategy;
(b
(c

(d) set the lower bound LB to —oo (no heuristic algorithm is executed).

the LIFO rule as branching-node selection strategy;

solve first the down-branching node and then the up-branching node;

)
)
)
)
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Solve the LP problems of the branching nodes using the dual simplex algorithm. In the
dual simplex algorithm, the leaving variable is the basic variable with negative value
and smallest index, and ties in the ratio test are broken by the smallest index. Show
graphically the optimal solution of the LP problems associated with the branching
nodes.

2. Determine and comment the branch-and-bound tree, showing the reason why each

branching node is pruned.
(. J

1. Execution of the branch-and-bound algorithm to solve the ILP problem.

e Initialization

Let us consider the LP; problem in standard form:

max r1 + o
421 + 15z + 3 = 70
12 1 + 3 To + x4 = 52
T, T2, x3, zy =2 0

and its optimal simplex dictionary:

( 95 1 5

T = 23 o 56 r3 — 6 T4
79 1 1

Ty = 21 1 r3 + D) T4
601 3 11

{ z = 8_4 — % T3 — @ T4
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2

N

Figure 7.26: Node 1: feasible region of LP; (red), feasible points of the ILP problem (black)
and optimal solution of LP; (blue) with the objective function line through it.

An optimal solution &(LPq) is:

- 95 79
T1=—, Tg=—
'Tagr P 21
the optimal value is:
601
Z(LPl):

84

The optimal solution &(LP;) is fractional and the LP; problem is feasible, so the LP;
problem is inserted in the problem list L and the lower bound LB is set to —oo.

Due to the current lower bound LB and upper bound UB, we have:

601
— < ILP) < |—
oo < z(ILP) < { ol J

=4
p Iteration 1

The LP; problem is extracted and deleted from the problem list L.

The branching variable is x1. The branching constraints are:

o |22 d o> |2 11
N T R T
~—— —_—

=3 =4

Two LP9y and LP3 problems are created with these branching constraints.

(a) Solution of the LPy problem

Let us consider the LPy problem in standard form:
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max xr1 + o)
4 21 + 15 xz0 + a3 = 70
12 1 + 3 To + x4 = &
1 + x5 = 3
x1, z2, x3, Ty, zs =2 0

For the branching constraint we have:
T+ x5 =3 = x5=3—121

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get

, (%, 1 5 _ o105
xry — — —_— — I3 — — X ry, — —— — — X — X
5 28 56 ° 56 1 5 28 56 ° " 56 1

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:

( 95 1 9

1 = 23 + 56 U3 T mg
79 1 1

xro = ﬁ — ﬁ xr3 + E T4
11 1 b}

5 = 38 &6 r3 + 56 T4
601 3 11

L z = 87 — % T3 — ﬁ T4

where B = {1,2,5} and N = {3,4} and

— the basic primal non-feasible solution is:

7—% 7—@ 7——2 T3 =0, z4=0 of value —601
$1—28, 332—217 Ts = 28’ T3 =0, T4= valu 31
— the basic dual feasible solution is:
3 11 601
T :0 T :0 T :0 T = — T — — f 1 -
™1 , T2 , T5 y 3 56, T4 168 oI value 34

If we increase the value of 75, we can get a better dual solution. We have:

3,1,
— + =
S T 56 56 = 1 > -3
0,1 GO >
° 756 56 320
11 5 I B 11
T8 56 168 56"~ ™S5
7420
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11
By increasing the value of 75 to 5 the value of m4 decreases to 0. Then we
have that:

75 becomes a dual basic variable and accordingly x5 becomes a primal
non-basic variable.

w4 becomes a dual non-basic variable and accordingly x4 becomes a
primal basic variable.

We hayve:

_uo1 s N 2156
5= 798 T b6 T pe M =T TR T g

Substituting into the other equations of the primal simplex dictionary, we

get:
95 , 1 5 (22,1 56 \
TNl=5 Tz 23—z |72 Tz — 5| =3—x
1798 562 56\5 5 °" 57 g
N S S (O R . B )
= T B T\ T T ) T 5T 15T 5
601 3 11 (2,1 56 103 1 11
z2=———T3——=|—+-23+—x5 )| =—— —T3— —=<
84 5 ° 168\5 52" 50 5 15 ° 15°°

Accordingly, we now have the following updated primal simplex dictionary:

T1 = 3 — xIs
58 1 4

To = I r3 + 15 5
22 1 56

T4 = = + 5 r3 + 5 5
103 1 11

zZ = ﬁ — B 3 — T5 I5

where B = {1,2,4} and N = {3,5} and

— the basic primal optimal solution is:

58 22 103
51 = 3, i’z = B, i’4 = E, .’Z’g = O, .fi’5 =0 of value T5
— the basic dual optimal solution is:
11 103
T — To — i — Ta — — T — — f 1 _—
m =0, m =0, my =0, 3 5 5 5 of value 5
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Figure 7.27: Node 2: feasible region of LP9 (red), with the branching constraint x; < 3
(dashed), and its optimal solution (blue).
An optimal solution &(LP3) is:

- - 58
T = 3, To = B
the optimal value is:
103
LPy) = —
2(LP2) = 35
The LPs problem is feasible and we have
103
|z(LP2)| > LB since {BJ > —00
=6

The optimal solution &(LP3) is fractional, accordingly, the LPy problem is inserted in
the problem list L.

Solution of the LP3 problem

Let us consider the LP3 problem in standard form:

max xr1 + X2
421 + 15 z0 + a3 = 70
12 21 + 3 To + x4 = 52
1 - x5 = 4
71, T2, 3, T4, zs = 0

For the branching constraint we have:

1 — x5 =4 = x5=—-4+x
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Using the equations of the optimal simplex dictionary we can express this branching con-
straint as a function of the non-basic variables. Substituting, we get

s (%0 5 _ 17,1 5
€Tre — — _— — Yoo — — Ib Irs — — xr3 — €
5 28 56 0 56 1 5 28 56 ° 56

We then add this equation to the previous optimal simplex dictionary and we obtain the
following simplex dictionary:

ry = % + i r3 — > x
T 56 ° 56
B 79 1 n 1
2T g 1z " 42
B 17 H 1 5
T 56 0 56 4
601 3 11
z = — — — T — —
\ 84 56 ° 168 *
where B = {1,2,5} and N = {3,4} and
— the basic primal non-feasible solution is:
_ 95 79 17 _ _
Il_%’ x2_ﬁ7 1'5——%, 133—0, 334—0 Of Value Q
— the basic dual feasible solution is:
3 11 601
T1 = 0 To — 0 Te — 0 Ta — — T — —— f 1 -
™1 , T2 , T5 9 T3 56, T4 163 oI value 34

If we increase the value of 75, we can get a better dual solution. We have:

S _Loso
= ==
R T 56 56 = T <3
_s 1 6 56— <
56 56 520
15 .5 S 11
T =16 T ™ 168 560~ LT
T42>0

By increasing the value of 5 to 3, the value of w3 decreases to 0. Then we have that:

75 becomes a dual basic variable and accordingly x5 becomes a primal
non-basic variable.

w3 becomes a dual non-basic variable and accordingly x3 becomes a
primal basic variable.

We have:
17 T = > = 34 4+ 5x4 + 56
T5=——+4+—T3— —= T3 = x x
T 28 560 56 ° ! °
Substituting into the other equations of the primal simplex dictionary, we get:
95 1 5
=—4+—=(34+5 56 ——1x4=4
T 28+56( +5x4 + 56 x5) 56 T4 + x5
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79 1 1 4 1

T2= 57 T 1 (3 +5x4+56x5)+42 T4=3 3% 5
601 3 11 16 1
=2 2 (34452, +5625) — —— T = — — — 34— 3
2= 35 g B4+ 0B+ 56m5) — o0 Ba = > - 374 =32

Accordingly, we now have the following updated primal simplex dictionary:

;

T1 = 4 + T5
4 1
xTo = § — g Ty — 4 xIs
r3s = 34 4+ bHxy + 56 x5
16 1 5
z = 3 3 T4 Ts

where B = {1,2,3} and N = {4,5} and

— the basic primal optimal solution is:

4
531 = 4, .f'g = g, i‘g = 34, f4 = 0, .’2'5 =0 of value
— the basic dual optimal solution is:
- - - - 1 .
=0, m=0, 73 =0, Ty = 3 75 =3  of value

z2
.

o ol
[ [
.
¢ X
'o' 'Lﬁ’
7
Y
o~
| q,/\ ||

\_ i /

Figure 7.28: Node 3: feasible region of LP3 (red), with the branching constraint x; > 4

(dashed), and its optimal solution (blue).
An optimal solution &(LP3) is:
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the optimal value is:

16
Z(LP3) = ?

The LP3 problem is feasible and we have

|2(LP3)| > LB  since {MJ > —00

The optimal solution &(LP3) is fractional, accordingly, the LP3 problem is inserted in

the problem list L.

At the end of the first iteration, branching on z; from Node 1 has generated the down-
branching node, Node 2, and the up-branching node, Node 3. Both nodes are inserted in

the list L. The corresponding branch-and-bound tree is:

Node 1
max i+ Zo
4z + 1529 < 70
1221 + 329 < 52
z1,22 =0
W% T
178" T 91
601
LP = | —
e = |5
\—2’,7—/
LB = -
Node 2 r1 <3 Node 3 rp =>4
max T+ T2 max i1+ T2
41 4+ 15x0 < 70 4z + 1529 < 70
1221 4+ 329 < 52 1221 + 329 < 52
1 <3 x1 >4
z1,22 20 x1,22 20
58 4
T1 — To — — T1 — 4 To — —
T =3, Io 5 T y X2 3
103 16
P = | 3 2P = | 3]
IB=-00 LB = —c0
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Due to the current lower bound LB and upper bound UB, we have:

15

=6

—o0 < 2(ILP) < {101

» Iteration 2
The LP3 problem is extracted and deleted from the problem list L.
The branching variable is 2. The branching constraints are:

4 4
Ty < 3 and xz9 > 3 +1
—~ —

=1 =2

Two LP4 and LP5 problems are created with these branching constraints.

(a) Solution of the LP4 problem

Let us consider the LP4 problem in standard form:
max xr1 + T2

421 + 1529 + 13

12 =1 + 3 xo + 14
il — Is5
T2 + g
T, z2, 3, Ty, s, L6

For the branching constraint we have:

To+x6 =1 = xg=1—1x9

we get

3 3

we obtain the following simplex dictionary:

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,

4 1 1 1
e = 1 — §—§x4—4x5 = 1’6:—*4-*374"1‘4.%5

We then add this equation to the previous optimal simplex dictionary and
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I = 4 2 Is5
4 1

i) = g — g Ty — 4 xIs5

r3 = 34 4+ bSxy4 + 56 x5
1 1

Tg = 3 + 3 s + 4 x5
16 1

= 3 T 3T - 3 x5

where B = {1,2,3,6} and N = {4,5} and

— the basic primal non-feasible solution is:
4
3 b

6
T4 =0, 5 =0 of value 3

1
T1 =4, X9 = T3 = 34, f@z—g,

— the basic dual feasible solution is:
m =0, m=0, w3=0, 7 =0,

1 16
7‘74:§, 75 =3  of value 3

If we increase the value of mg, we can get a better dual solution. We have:

1 1

———mg >0
SO S 3 3 0% m <1
3 3 1420 .
s =3 —47g 3—4ms >0 6 < -
—_———— 4
w5>0

3 3
By increasing the value of mg to min {1, 4} = —, the value of 75 decreases

4
to 0. Then we have that:

g becomes a dual basic variable and accordingly zg becomes a primal
non-basic variable.

75 becomes a dual non-basic variable and accordingly zs becomes a
primal basic variable.

We hayve:

R U DR 111
T6= "3 T3 IaT I T= 19 T Tyt

Substituting into the other equations of the primal simplex dictionary, we

g (Ll 1, 1 9 1 1
r1 = —— — T+ -T6 | =—FZ— T4+ -7
! 12 1274747 12 127474

get:
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4 1 1 1 1
x2:§—§w4—4 —— —Ts+ -z ) =1—26

12 12 1
11 1 116 1
=34 gt cmg )= gt 14
T3 =3 +5x4+56<12 12.’124—1—4%'6) 3 +3x4+ Tg
161 S(L 1, 1 \_6 1 3
F=3 T3 12 127473 T T et e

Accordingly, we now have the following updated primal simplex dictionary:

. 49 1 Ll
ST 12 " 4
Ty = 1 - T6
116 1
I3 = ? + g T4 + 14 Te
B 1 1 N 1
BT 12 12 " g "
_ a1 3
ST 12 g
where B = {1,2,3,5} and N = {4,6} and
— the basic primal optimal solution is:
9 _u6 1
Tl 12’ T2 =1, X3= 3 y Ly = 12’
61
T4=0, Zg=0 of value T

— the basic dual optimal solution is:

F1=0, 7a=0, 75=0, #5=0,

e i ol 2
7T4—12, 7T6—4 Ol value 12
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(dashed), and its optimal solution (blue).
An optimal solution &(LPy) is:

the problem list L.
Solution of the LP5 problem

Let us consider the LP5 problem in standard form:

Figure 7.29: Node 4: feasible region of LP, (red), with the branching constraint zo < 1

T 5 To=1
the optimal value is:
61
LPy) = —
“(LPy) = 75
The LP4 problem is feasible and we have
. 61
|z(LP4)| > LB since LZJ > —00
=5

The optimal solution &(LP,) is fractional, accordingly, the LP4 problem is inserted in

max r1 + o
421 + 15 z9 + a3 = 70
12 =7 + 3 T2 + x4 = 52
1 - 5 = 4
T = o = 2
z1, Z2, z3, T4, x5, e = 0
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For the branching constraint we have:
To —xg = 2 = Tg=-—-24x9

Using the equations of the optimal simplex dictionary we can express this branching con-
straint as a function of the non-basic variables. Substituting, we get

24 i 1 4 = 2_1 4
Te = — — — — T4 — X T = —5 — 54— 42T
6 3 3 4 5 6 3 3 4 5

We then add this equation to the previous optimal simplex dictionary and we obtain the
following simplex dictionary:

xrT = 4 + Ts
4 1

To = 3 ~ 3 Ty — 4 x5

I3 = 34 + b T4 + 56 x5
2 1

Te = —g — g Ty — 4 I5
16 1

Z = 35 T 3T - 3 x5

where B = {1,2,3,6} and N' = {4,5} and

— the basic primal non-feasible solution is:

4 2
x1 =4, ZZ‘2:§, T3 = 34, .Tﬁz—g,

6
T4 =0, Zs =0 of value 3

— the basic dual feasible solution is:

m =0, mo=0, w3=0, 7 =0,
1 16
Ty = 3’ 75 =3  of value 3

If we increase the value of g, we can get a better dual solution. We have:

1 1
1 1 —+-m=>0
T :7+77T6 3 3 T 2—1
3 3 7420
s =3+ 4mg 3+47m >0 e > ——
—_———
75>0

Accordingly, we can increase the value of mg without violating dual feasibility, which implies
that the dual problem is unbounded. As a result, the primal problem LPj is infeasible,
and the corresponding branching node is pruned by infeasibility.
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tree is:

Node 4

At the end of the second iteration, branching on zs from Node 3 has generated the
down-branching node, Node 4, and the up-branching node, Node 5. Node 4 is inserted in
the list L, while Node 5 is pruned by infeasibility. The corresponding branch-and-bound

Node 3
max xi -+ T2
4z + 1529 < 70
1221 + 329 < 52
T Z 4
z1,22 >0
5 5 4
Tr1 = 4, ro = g
16
2P = | |
=
LB =—-x
T2 <1 Node 5 T2 > 2

max xi1 -+ T2

41 4+ 1520 < 70
1221 + 329 < 52

max xi1 -+ T2
41 4+ 1520 < 70
1221 + 322 < 52

p Iteration 3

Due to the current lower bound LB

_OOS

T1 >4 r1 >4
xr9 <1 T 2> 2
x1,22 20 z1,22 2 0
19 : o
FE pruned by infeasibility
12
61
LPy)| = |—
2cpa) = |35
=
LB = -0

and upper bound UB, we have:

103
15
——

=6

The LP4 problem is extracted and deleted from the problem list L.

Author: Fabio Furini
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The branching variable is x;. The branching constraints are:

49 49
< | —= > | — 1
T < LQJ and x1 > LQJ +
~——

——
=4 =5

The LPg problem is created with the first branching constraint (the second child is solved
only if needed).

(a) Solution of the LPg problem

Let us consider the LPg problem in standard form:

max r1 + T
421 + 15 a0 + a3 = 70
12 1 + 3 xo + x4 = 52
T — x5 = 4
T2 + x4 = 1
T + x7 = 4
1, T2, T3, T4, Ts5, T6, zr > 0

For the branching constraint we have:
T +x7=4 = xr=4—-mn

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get

Lo (o1 1 _ L1 1
T = — — = — 5 - X Ty = — Ty — &
7 12 1274747 7 12 1274 47

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:

49 1 1

Ty = 2~ 1o + 7 T

Ty = 1 — 6

r3 = % o % zqe + 14 x4
1 1 1

T5 = 2~ 1™ + 7 %6
1 1 1

xy = —E + E Ty — Z Tg
61 1 3

T R T
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where B = {1,2,3,5,7} and N = {4,6} and
— the basic primal non-feasible solution is:
To=1 Z3=—, T5=—, Ty =——
_ _ 6
T4 =0, Zg=0 of value —

— the basic dual feasible solution is:

m =0, mo=0, 713=0, m5=0, 77 =0,

L8 L 6l
T4 = 12’ 7T6—4 Ol value 12

>0
11 2 127" <1
L -
YT 12T 3o S
Te = -+ -~ gt g E = T >-3
4 4 —
76>0

By increasing the value of 77 to 1, the value of m4 decreases to 0. Then we
have that:

77 becomes a dual basic variable and accordingly x7 becomes a primal
non-basic variable.

w4 becomes a dual non-basic variable and accordingly x4 becomes a
primal basic variable.

We have:
- + ! ! = =1+3z6+12
Ty = 12 12 T4 4&76 T4 — Te X7
Substituting into the other equations of the primal simplex dictionary, we
get:
49 1 1
=——-—(1 12 -z =4—
T o 12( + 3x¢ + 1’7)—1-4.736 T7
116 1
T3 = T+§(1+3x6+12x7) + 14 26 =39+ 1524 + 427
_ 1 141+3 + 12 )+1 =0
Ts = 12 12 L6 Z7 1 Te = g
61 1 3
Z:E_E(1+3m6+12x7)_1x6:5_$6_x7

Accordingly, we now have the following updated primal simplex dictionary:
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1 = 4 — 7
To = 1 - T
r3 = 39 + 15 x¢ + 4 x7
Ty = 1 + 3 xg + 12 x7
Ty = 0 — Ty
| = 5 — Tg — T7
where B = {1,2,3,4,5} and N' = {6, 7} and
— the basic primal optimal solution is:
T1=4, To=1, ©3=39, Z4=1, 5 =0,
T¢=0, ZT7r=0 of value 5

— the basic dual optimal solution is:

F1=0, 7a=0, 73=0,

Fa=0, 75=0,

g=1, w7 =1 of value 5
f . T T T 4 T \
| ]
5 - ‘\ ! |
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- 1
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- 1
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Figure 7.30: Node 6: feasible region of LPg (red), with the branching constraint x; < 4

(dashed), and its optimal solution (blue).
An optimal solution &(LPg) is:
F=4, Fp=1

the optimal value is:
z(LPg) =5
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nodes that are solved:

|2(LPg)| >

The LPg problem is feasible and we have
LB since 5 > —00

The optimal solution (LPg) is integer, accordingly, the lower bound LB becomes 5 and
the incumbent solution Z(ILP) becomes z; = 4,9 = 1.
Accordingly, the branching node is pruned by integrality.

At the end of the third iteration, branching on z; from Node 4 has generated the down-
branching node, Node 6. This node is pruned by integrality. The up-branching node is not
solved, since after Node 6 the lower bound satisfies

|2(LP4)] < LB.

This is the portion of the branch-and-bound tree showing the LP problems of the branching

Node 4
max xi1 -+ T2
4x1 4+ 1529 < 70
1221 + 322 < 52
1 >4
To <1
z1,2x2 > 0
T = g, To=1
61
cpa) = | 3]
——
1= oy
|
Node 6 ry <4
max xi -+ T2
4x1 + 15xo < 70
1221 + 39 < 52
T, >4
o <1
1 <4
r1,x9 >0
T1=4, To=1
z(LPg) =5
LB =
pruned by integrality

Author: Fabio Furini
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Due to the current lower bound LB and upper bound UB, we have:

15

=6

5 < ILP) < {101

» Iteration 4
The LPs problem is extracted and deleted from the problem list L.

The branching variable is 2. The branching constraints are:

< |— a,d > | — 1
X 1l X +
2 > 15 2 Z 15

\T/ T

The LP7 problem is created with the first branching constraint (the second child is solved
only if needed).

(a) Solution of the LP7 problem

Let us consider the LP7 problem in standard form:

max r1 + X2
421 + 15 xz9 + a3 = 70
12 21 + 3 o + x4 = b52
T + x5 = 3
T9 + 26 = 3
x1, z2, x3, T4, zs5, zg > 0

For the branching constraint we have:
To + g =3 = Tg=3— X2

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get

g (81 4 N _ 131 4
g AT TR T Y 15 e

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:
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I = 3 - T5
58 1 4

To = 5 15 r3 + 15 T5
22 1 56

T4 = 5 -+ 3 r3 + E Ts
13 1 4

T = 15 + IR r3 — I 5
103 1 11

L zZ = T5 — T5 I3 — ﬁ T5

where B = {1,2,4,6} and N' = {3,5} and

— the basic primal non-feasible solution is:

g %8 21
r1 =9, T2= 157 Ty = 57 Te = 15’
103
23 =0, 75 =0 of value 5

— the basic dual feasible solution is:
m =0, mo=0, my4=0, =0,

Lo 108
= = =——= (@) alue =
15> "0~ 15 M T

If we increase the value of mg, we can get a better dual solution. We have:

T3 =

11 0
11 15 15 6<
S 15 15 te <1
15 15 T3>0
11 4 1 4 11
_ —+—=76>0 ——
5 =t 15 1507 T =
w5>0

By increasing the value of mg to 1, the value of 73 decreases to 0. Then we
have that:

mg becomes a dual basic variable and accordingly zg¢ becomes a primal
non-basic variable.

w3 becomes a dual non-basic variable and accordingly x3 becomes a
primal basic variable.

We hayve:

_ B 1 4 N —13+4z5 +15
BT E TR He = 9 T S

Substituting into the other equations of the primal simplex dictionary, we

get:
58 1 4
= — ——(1 4 1 — =3 -
T9 B 15( 3+4x5+ 5I6)+ 15 Ts5 = 3 — Tg

Author: Fabio Furini
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Ty

22 1 56
—€+g(13+4$5+15$6)+€$5:7+12x5+3x6

103 1 11
—715—T5(13+4x5+15x6)—ﬁx5—6—.’175—.'1:6

Accordingly, we now have the following updated primal simplex dictionary:

— the basic dual optimal solution is:

( B = 3 — Ts5
To = 3 — Tg
rs = 13 + 44 x5 + 15 x4
Ty = 7T 4+ 12 x5 + 3 Tg
g = 6 — By = T
where B = {1,2,3,4} and N = {5,6} and
— the basic primal optimal solution is:
T1=3, T2=3, T3=13, 24=17,
T5 =0, Zg=0 of value 6

7}1207 7}2:07 7}3:07 7}4207

75 =1, wg=1 of value 6
f ‘~‘ . T : - - \
5 *s : —
5~ '
- ]
‘5 1
- ]
[ A 1 |
4 R '
> [ ]
S~ 1
5~ [ ]
3= ® ® i— .............
-
-
N -
8 .
-
-
2@ (] ] ® B =5
-
‘5
%X\‘
1 @ ° ° ® R
%
[SRRN
«
0 ° °
[ ]
| | f | |
0 1 2 3 4 5
z1

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini

215


https://github.com/fabiofurini/integer-linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Integer Linear Programming

Figure 7.31: Node 7: feasible region of LP7 (red), with the branching constraint xo < 3
(dashed), and its optimal solution (blue).
An optimal solution (LP7) is:

F1=3, Fp=3

the optimal value is:

z(LP7) =6

The LP7 problem is feasible and we have
|z(LP7)] > LB since 6>5

The optimal solution &(LP7) is integer, accordingly, the lower bound LB becomes 6 and
the incumbent solution Z(ILP) becomes Z; = 3,z = 3.
Accordingly, the branching node is pruned by integrality.

At the end of the fourth iteration, branching on x5 from Node 2 has generated the down-
branching node, Node 7. This node is pruned by integrality. The up-branching node is not
solved, since after Node 7 the lower bound satisfies

|2(LPs)] < LB.

This is the portion of the branch-and-bound tree showing the LP problems of the branching
nodes that are solved:
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Node 2

max xi1 -+ T2
4z + 1529 < 70
1221 + 320 < 52

il S 3
x1,w2 20
- 5 58
r1 = 3, 9 = T5
103
LP = | —
2P = | 37
=6
LB=-x
Node 7 T2 <3

max xi1 -+ T2
4x1 4 1529 < 70
1221 4+ 329 < 52
r1 <3
To <3

Z1,T2 > 0

1 =3, T2=3

z(LP7) =6

LB=6

pruned by integrality

Due to the current lower bound LB and upper bound UB, we have:
6 < z(ILP) < 6

p Termination

Since the list L is empty, the lower bound LB is equal to the upper bound UB and the ILP
problem is solved to optimality.

The optimal value is z(ILP) = 6 (the value of the lower bound LB) and an optimal solution
Z(ILP) is 1 = 3,22 = 3 (the incumbent solution z(ILP)).

2. The final branch-and-bound tree is:
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Node 1
[2(LP1)] =7
LB = —x
|
1 <3 x1 >4
Node 2 Node 3
[2(LP2)] = 6 [2(LP3)] = 5
LB = —0 LB = —
|
T2 <3 To <1 To > 2
Node 7 Node 4 Node 5
z(LP7) = 6 |2(LP4)] = 5 pruned by in-
LB =6 LB = —x feasibility
pruned by
integrality
T S 4
Node 6
z(LPg) = 5
LB =5
pruned by
integrality

The reasons why the branching nodes are pruned are the following.

e Node 1 has a fractional optimal solution with |z(LP;)| = 7: it is branched on
xI1.

e Node 2 has a fractional optimal solution with |z(LP2)| = 6: it is branched on
xg.

e The up-branching node of Node 2 is not solved, and it is not drawn, since
|z2(LP2)] = 6 < LB = 6 after its first child.

e Node 3 has a fractional optimal solution with |z(LP3)| = 5: it is branched on
xI9.

e Node 4 has a fractional optimal solution with |z(LP4)| = 5: it is branched on
xIq.

e The up-branching node of Node 4 is not solved, and it is not drawn, since
|z2(LP4)] =5 < LB =5 after its first child.

e Node 5 is pruned by infeasibility: the LP5 problem has no feasible solution.

e Node 6 is pruned by integrality: &(LPg) = (4,1) is integer, with value 5, which
becomes the incumbent solution.

e Node 7 is pruned by integrality: &(LP7) = (3,3) is integer, with value 6, which
becomes the incumbent solution.
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The optimal value is z(ILP) = 6 and the branch-and-bound algorithm returns the
optimal solution (ILP) = (3,3). The optimal solution is not unique: also (2,4) has
value 6. With the rules stated in the question, the algorithm finds (3, 3).

Exercise 7.7 — Branch-and-bound algorithm (P7)

Consider the following ILP problem in canonical maximization form with n = 2
integer variables and m = 2 constraints:

max 3 xr1 -+ T
r1 + 4z < 12
2z + T2 < )
x1, T2 € Z>o

and an optimal simplex dictionary of its LP relaxation in standard form:

( ) 1 1
T = 5 — 5:1}2 — 51}4
19 7 1
xSZE - 51’2 + 51’4
15 1 3
| # T 3 T 3T T gm
N J

Questions

1. Execute the branch-and-bound algorithm using;:
(a) the smallest-index rule as branching-variable selection strategy;
(b
(c

(d) set the lower bound LB to —oo (no heuristic algorithm is executed).

)
) the FIFO rule as branching-node selection strategy;

) solve first the down-branching node and then the up-branching node;

)

Solve the LP problems of the branching nodes using the dual simplex algorithm. In the
dual simplex algorithm, the leaving variable is the basic variable with negative value
and smallest index, and ties in the ratio test are broken by the smallest index. Show

graphically the optimal solution of the LP problems associated with the branching
nodes.

2. Determine and comment the branch-and-bound tree, showing the reason why each

branching node is pruned.
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1. Execution of the branch-and-bound algorithm to solve the ILP problem.

e Initialization

Let us consider the LP; problem in standard form:

max 3 xr; -+ T9
r1 + 429 + z3 = 12
2 + T2 + x4 = 5
1, T2, z3, xy = 0

and its optimal simplex dictionary:

( 5 1 1

Ty = §—§$2—§$4
19 7 1

BT gy T gt T
15 1 3

22—2 —5332—51'4

z2

N

Figure 7.32: Node 1: feasible region of LP; (red), feasible points of the ILP problem (black)
and optimal solution of LP; (blue) with the objective function line through it.
An optimal solution (LPy) is:

5
11)125, :L‘QZO
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the optimal value is:

15
Z(LPl) = E

The optimal solution &(LP;) is fractional and the LP; problem is feasible, so the LP;
problem is inserted in the problem list L and the lower bound LB is set to —oo.
Due to the current lower bound LB and upper bound UB, we have:

—00 < 2(ILP) < @

» Iteration 1
The LP; problem is extracted and deleted from the problem list L.
The branching variable is x1. The branching constraints are:
T < BJ and x1 > BJ +1
> 5

The LPy problem is created with the first branching constraint (the second child is solved
only if needed).

(a) Solution of the LPy problem

Let us consider the LPs problem in standard form:

max 3z + T
1 + 4z + 3 = 12
2z + To + x4 = B
T + x5 = 2
Z1, Z2, z3, T4, zs =2 0

For the branching constraint we have:
1+ x5 =2 = x5=2-—2x1

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get

B 5 1 1 N IR NS S
Irs = T2 X4 Iry5 = B 2$2 21’4

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:
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( 5 1 1
rr = 5 - 5 T2 — 5 T4
19 7 1
3 = 72 — 5 T2 + 5 T4
1 1 1
r5 = *Q ol 5 r9 + 5 T4
15 1 3
L 74 = 72 = 5 i) = 5 Ty

where B = {1,3,5} and N' = {2,4} and

— the basic primal non-feasible solution is:

5 19 1 15
T1 = — T = — T = — — T = TA — f 1 —_
T 5 T3 5 5 5 To =0, z4=0 of value 5
— the basic dual feasible solution is:
1 3 1
T = 07 Ty = 0, Ty = O7 g = 5, Ty = 5 of value ?

If we increase the value of 75, we can get a better dual solution. We have:

1
== 0
T :}_171'5 2 27T5_ Yy <1
2 2 72>0 v =
3 1 3 1 _ -0
T4 25—5775 2 27T5— m <3
742>0

By increasing the value of 75 to min {1,3} = 1, the value of my decreases to
0. Then we have that:

75 becomes a dual basic variable and accordingly x5 becomes a primal
non-basic variable.

w9 becomes a dual non-basic variable and accordingly z2 becomes a
primal basic variable.

We have:
_ ! + L + L = =1 +2
Ty = 9 9 Z2 9 T4 T2 = Ty Ts
Substituting into the other equations of the primal simplex dictionary, we
get:
5 1 1
113125—5(1—$4+2x5)—§$4:2—x5
19 7 1
T3 = ——7(1—x4+2m5)+7$4:6+4m4—7x5
2 2 2
15 1 3
z:?—5(1—x4+2$5)—§a}4:7—x4—x5

Accordingly, we now have the following updated primal simplex dictionary:
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r = 2 — s
T2 = 1 - T4 + 2 x5
3 = 6 + 4x4 — T x5
z = 7 - Ty — Ts5

where B = {1,2,3} and N = {4,5} and
— the basic primal optimal solution is:
.f1:2, .i'gzl, 1‘3:6, @4:0, ii‘5:0 of value 7

— the basic dual optimal solution is:

7?1:0, 77['220, 77'3:0, 77('4:1, ﬁ5:1 of value 7
e )
3 a
2 a
N
3)
1+ a
0 : “A
: [y
I i . I
0 1 2 3

N i /

Figure 7.33: Node 2: feasible region of LPs (red), with the branching constraint x; < 2

(dashed), and its optimal solution (blue).
An optimal solution &(LP3) is:

the optimal value is:

z(LPy) =7
The LP, problem is feasible and we have

|2(LP2)| > LB since 7> —00

The optimal solution &(LP3) is integer, accordingly, the lower bound LB becomes 7 and
the incumbent solution &(ILP) becomes 71 = 2,z9 = 1.
Accordingly, the branching node is pruned by integrality.
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At the end of the first iteration, branching on z; from Node 1 has generated the down-
branching node, Node 2. This node is pruned by integrality. The up-branching node is not

solved, since after Node 2 the lower bound satisfies

This is the portion of the branch-and-bound tree showing the LP problems of the branching
nodes that are solved:

Due to the current lower bound LB and upper bound UB, we have:

» Termination

Since the list L is empty, the lower bound LB is equal to the upper bound UB and the ILP

|2(LP;)] < LB.

Node 1
max 3x1 + T2
T+ 41‘2 < 12
201+ 22 <5
z1,22 > 0
- 5 .
r1 = 5, 9 = 0
15
cp) = |7
=7
LB=—-x
Node 2 r1 <2
max 3x1 + X9
T, + 4xo < 12
221 + 22 <5
I S 2
1,22 20

T1=2, T2=1

Z(LPQ) =5

LB=7

pruned by integrality

7 < 2(ILP)

problem is solved to optimality.

The optimal value is z(ILP) = 7 (the value of the lower bound LB) and an optimal solution
Z(ILP) is 1 = 2,Z2 = 1 (the incumbent solution Z(ILP)).

< 7
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2. The final branch-and-bound tree is:

Node 1
[2(LP1)] = 7

Node 2

2(LPy) = 7
LB =7
pruned by
integrality

The reasons why the branching nodes are pruned are the following.

e Node 1 has a fractional optimal solution with |z(LP;)| = 7: it is branched on
x].

e The up-branching node of Node 1 is not solved, and it is not drawn, since
|z2(LP1)] =7 < LB =7 after its first child.

e Node 2 is pruned by integrality: &(LP3) = (2,1) is integer, with value 7, which
becomes the incumbent solution.

The optimal value is z(ILP) = 7 and the branch-and-bound algorithm returns the
optimal solution Z(ILP) = (2,1).
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Exercise 7.8 — Branch-and-bound algorithm (P9)

Consider the following ILP problem in canonical maximization form with n = 2
integer variables and m = 2 constraints:

max 2 x1 + T2
-1 + T2 < 1
61 + 4z < 39
1, T2 € Z>o

and an optimal simplex dictionary of its LP relaxation in standard form:

13 2 1
e N B
15 5 1
e N
z = 13—11‘2—11’4
3 3
\ _J

Questions

1. Execute the branch-and-bound algorithm using;:

b
(c

(d) set the lower bound LB to —oo (no heuristic algorithm is executed).

(a) the smallest-index rule as branching-variable selection strategy;
(b) the LIFO rule as branching-node selection strategy;

) solve first the down-branching node and then the up-branching node;

)
Solve the LP problems of the branching nodes using the dual simplex algorithm. In the
dual simplex algorithm, the leaving variable is the basic variable with negative value
and smallest index, and ties in the ratio test are broken by the smallest index. Show

graphically the optimal solution of the LP problems associated with the branching
nodes.

2. Determine and comment the branch-and-bound tree, showing the reason why each

branching node is pruned.

- J

1. Execution of the branch-and-bound algorithm to solve the ILP problem.

e Initialization

Let us consider the LP; problem in standard form:
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max 2 zx; + T2
—r1 + x2 + w3 = 1
6 r1 + 4 x9 + x4 = 39
T, T2, 3, gy > 0

and its optimal simplex dictionary:

13 2 1

il = ? — g T2 — 6 Ty
15 D 1

I3 = ? — g T2 — 6 Ty
1 1

\ z = 13 - g T2 — g T4

2

N

Figure 7.34: Node 1: feasible region of LP; (red), feasible points of the ILP problem (black)
and optimal solution of LP; (blue) with the objective function line through it.
An optimal solution &(LP;) is:

- 13
Ir1 = ?, Tro = 0
the optimal value is:
z(LPy) =13

The optimal solution &(LP;) is fractional and the LP; problem is feasible, so the LP;
problem is inserted in the problem list L and the lower bound LB is set to —oo.
Due to the current lower bound LB and upper bound UB, we have:

—o0 < z(ILP) < 13
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» Iteration 1
The LP; problem is extracted and deleted from the problem list L.

The branching variable is ;. The branching constraints are:

13 13
T < {2J and 1 > {2J +1

=6 =1

Two LPy and LP3 problems are created with these branching constraints.

(a) Solution of the LPy problem

Let us consider the LPy problem in standard form:

For the branching constraint we have:

1+ 25 =06 = I5=6—1

max 2 zx; + 4ip)
-1 —+ T2 + T3 = 1
6 21 + 4 22 + x4 = 39
T + 5 = 6
x1, Z2, z3, Z4, zs =2 0

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get

13 2 1 1+2 +1
TR = = — — = X2 — =X Ty = —3 5T - T
5 2 4 = 5 2 3 2 % 4

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:

( 13 2 1

T = ? — g i) — 6 Ty
15 ) 1

T3 = 5 — g i) — 6 X4
1 2 1

5 = _§ ol g r9 + 6 T4

| 2 = 13 - é Ty — é T4

where B = {1,3,5} and N = {2,4} and
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— the basic primal non-feasible solution is:

__13 __15 L 1
$1—2,$3—2,$5— 9’

— the basic dual feasible solution is:

To=0, 74=0 of value 13

1 1
3’ 7’7425 of value 13

If we increase the value of 75, we can get a better dual solution. We have:

m =0, m3=0, 7 =0, g =

2
S >0
M o=t 2 3 30 < 1
3 3 20 ® =3
1 1 7717T5>0
Ty 25—67'('5 3 6 = s <2
w4 >0

1 1
By increasing the value of 75 to min {, 2} = —, the value of my decreases

2 2
to 0. Then we have that:

75 becomes a dual basic variable and accordingly x5 becomes a primal
non-basic variable.

w9 becomes a dual non-basic variable and accordingly zs becomes a
primal basic variable.

We hayve:
B 1+2 +1 N 3 1 +3
T5 = 5 3902 65134 1’2—4 4334 25E5

Substituting into the other equations of the primal simplex dictionary, we

get:
13 2/3 1 3 1
I‘lz2—3<4—4$4+2$5>—6$4:6—$5
15 5(3 1 3 1 25 1 5
x3:23(44$4+2x5>6x4:4+4$42$5
2213—1(3—1$4+3l‘5>—11‘4:51—1$4—1l‘5
3\4 4 2 3 4 4 2

Accordingly, we now have the following updated primal simplex dictionary:

xI1 = 6 - xIs
3 1 3

T2 = 1 1 T4 + 3 Ts5
25 1 )

T3 = T + 1 Ty — 3 T5
51 1 1

{ z = ] Ty 9 L5

where B = {1,2,3} and N' = {4,5} and
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— the basic primal optimal solution is:

— the basic dual optimal solution is:
1 51
7~T1:0, 7~T2:0, 773:(), T4 = —, 7T5:5 of value Z

-

T2

\_ i /

Figure 7.35: Node 2: feasible region of LPs (red), with the branching constraint x; < 6
(dashed), and its optimal solution (blue).
An optimal solution &(LP3) is:

j1=6, Tro = —

the optimal value is:

o1

The LP, problem is feasible and we have
. 51
|z(LP2)] > LB since {J > —00

=12

The optimal solution &(LP3) is fractional, accordingly, the LPy problem is inserted in
the problem list L.

Solution of the LP3 problem

Let us consider the LP3 problem in standard form:
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max 2z + T2
—xr1 + T2 + T3 = 1
6 r1 + 4 x9 + x4 = 39
x1 - x5 = 7
x1, z2, x3, Ty, zs = 0

For the branching constraint we have:
T, —T5 =17 = x5=-T7T4+x

Using the equations of the optimal simplex dictionary we can express this branching con-
straint as a function of the non-basic variables. Substituting, we get

S 13 2 1 N - 1 2 1
T5 = 9 3962 6564 5 = 5 3332 6374

We then add this equation to the previous optimal simplex dictionary and we obtain the
following simplex dictionary:

13 2 1

il = 5 — g i) — 6 Ty
15 ) 1

T3 = 9 — g i) — 6 T4
1 2 1

T5 = 5 3 T9 — 5 T4

|z = 13 — é Ty — é T4

where B = {1,3,5} and N = {2,4} and

— the basic primal non-feasible solution is:

13 15 1
T = -_— T = -_— T = — — T = T e f 1 1
T 5 T3 5 Ts 5’ To =0, £4=0 of value 13
— the basic dual feasible solution is:
1 1
=0, m3=0, 75 =0, 77'225, 77'425 of value 13

If we increase the value of 75, we can get a better dual solution. We have:

1-|-27'd'5>0
T2 :lﬁLgWS u,—_/ 71' >—1
3 3 m22>0 b= 2
1.1 1ol s0
T4 =§+67T5 3 6 5 = T > —2
w420

Accordingly, we can increase the value of 75 without violating dual feasibility, which implies
that the dual problem is unbounded. As a result, the primal problem LPj is infeasible,
and the corresponding branching node is pruned by infeasibility.
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At the end of the first iteration, branching on z; from Node 1 has generated the down-
branching node, Node 2, and the up-branching node, Node 3. Node 2 is inserted in the list
L, while Node 3 is pruned by infeasibility. The corresponding branch-and-bound tree is:

Node 1
max 2x1 + o
—z1+22 <1
6x1 + 4xo < 39
1,72 >0
13
T pr— 77 T pr— 0
1 5 o
z(LP1) =13
LB =—-x
Node 2 1 <6 Node 3 x> 7
max 2x1 + X9 max 2x1 + X9
—x1+x92 <1 —x1+22 <1
6x1 + 4xo < 39 6x1 + 4xo < 39
1 <6 x1>7
x1,22 20 1,72 20
- - pruned by infeasibility

ILB=-

Due to the current lower bound LB and upper bound UB, we have:

—00 < 2(ILP) < E{J/

=12
»p Iteration 2

The LPs problem is extracted and deleted from the problem list L.

The branching variable is xo. The branching constraints are:

3 3
Ty < LlJ and x9 > LLJ +1

=0 Sl
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The LP,4 problem is created with the first branching constraint (the second child is solved
only if needed).

(a) Solution of the LP4 problem

Let us consider the LP4 problem in standard form:

max 2 x; + T2
—-r1 + T2 + I3 = 1
6 21 + 4 x + a4 = 39
T + x5 = 6
T + xg = 0
z1, Z3, z3, Z4, Ts5, zg > 0

For the branching constraint we have:

T2 +x6 =0 = 26=0—12
Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get

ze =0 — g—lx +§:Jc = X ——§+1$—§:{:
6 = 4 5 6="3 T %47 5%

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:

Il = 6 — Iy
To = 5o 1 x4 + 3 T
p = 1 1 T 5 5
25 N 1 5
r3 = 4 4 Lq 5 Zs
3 13
T = 1 1 T 5 5
51 1 1
L C T g™ 2 0
where B = {1,2,3,6} and N' = {4,5} and
— the basic primal non-feasible solution is:
S 3 _ 25 3
T = To=—, T3=—, Tg=—-
1 ) 2 47 3 47 6 4)
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— the basic dual feasible solution is:

7T[-1:0) 7?2:07 771-3:07 7?6:07

L1
47 5 —

5 of value

Ty =

If we increase the value of 7g, we can get a better dual solution. We have:

1
c >0
SRR N T e <1
4 4 6 74>0 o
1 3 1 § >0 1
5 :§+§7T6 2+27r6— 6 Z—g
75>0

By increasing the value of mg to 1, the value of 74 decreases to 0. Then we
have that:

g becomes a dual basic variable and accordingly xg becomes a primal
non-basic variable.

w4 becomes a dual non-basic variable and accordingly x4 becomes a
primal basic variable.

We have:

3 1
Te = —— + T4 —

=
4 4

Ts5 Ty =3+ 6x5 +4xg

2

Substituting into the other equations of the primal simplex dictionary, we

get:
xQ:Z—Z(3+6x5+4x6)+gﬂc5:0—x6
:L"g:%+i(3+6x5+4x6)—gaz5:7—$5+m6
z:%—%(34—61’5—1—4%)—%m5:12—2x5—x6

Accordingly, we now have the following updated primal simplex dictionary:

T = 6 — 5

Ty = 0 — T
rxz3 = 7 - 5 + T
ry = 3 + 6x5 + 4 x4
z = 12 - 2 x5 - T

\

where B = {1,2,3,4} and N = {5,6} and
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— the basic primal optimal solution is:
21 =6, To=0, T3=7, T4=3,
T5 =0, Zg=0 of value 12
— the basic dual optimal solution is:
m =0, mp=0, w3=0, =0,

75 =2, g =1 of value 12

/ T T = T T 1 T \

51 s " .
£y ]
. 1
. ]
A Y 1
+ ]

4+ A ' a
[ ]
\‘ 1
£y [ ]
[ ]

3| S ! i
\ 1
™ . 1
8] ‘i“ i
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2+ @,“ 1 1
I '
A\ 1
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1| S| .
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T
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0 1 2 3 4 5 6 7

\_ o J
Figure 7.36: Node 4: feasible region of LP4 (red), with the branching constraint xo < 0
(dashed), and its optimal solution (blue).

An optimal solution &(LPy) is:
F1=6, F3=0

the optimal value is:
Z(LP4) =12

The LP4 problem is feasible and we have
|2(LP4)| > LB since 12 > —o0

The optimal solution &(LP,) is integer, accordingly, the lower bound LB becomes 12 and
the incumbent solution Z(ILP) becomes Z; = 6,2z = 0.
Accordingly, the branching node is pruned by integrality.

At the end of the second iteration, branching on x5 from Node 2 has generated the down-
branching node, Node 4. This node is pruned by integrality. The up-branching node is not
solved, since after Node 4 the lower bound satisfies

|2(LP3)| < LB.

This is the portion of the branch-and-bound tree showing the LP problems of the branching
nodes that are solved:
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Node 4

Node 2

max 2x1 + X9
—x1+ 292 <1
6x1 + 4xo < 39
r1 <6

z1,T2 > 0

zo <0

Due to the current lower bound LB and upper bound UB, we have:

p Termination

Since the list L is empty, the lower bound LB is equal to the upper bound UB and the ILP

max 2x1 + x9
—z1+22 <1
6z1 + 42 < 39
1 <6
9 <0

z1,72 >0

1 =6, T2=0
LB =12
pruned by integrality

12 < 2(ILP) < 12

problem is solved to optimality.

The optimal value is z(ILP) = 12 (the value of the lower bound LB) and an optimal solution

Z(ILP) is #; = 6,22 = 0 (the incumbent solution z(ILP)).

2. The final branch-and-bound tree is:

Author: Fabio Furini

SAPIENZA

UNIVERSITA DI ROMA

236


https://github.com/fabiofurini/integer-linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Integer Linear Programming

Node 2

1 <6 1 >7

Node 3

|2(LP2)| = 12 pruned by in-
LB =

—00 feasibility

Node 4

:L'QSO

z(LPy)

LB = 12
pruned by
integrality

= 12

9.

The reasons why the branching nodes are pruned are the following.

e Node 1 has a fractional optimal solution with z(LP;) = 13: it is branched on z;.

e Node 2 has a fractional optimal solution with |z(LP2)| = 12: it is branched on

e The up-branching node of Node 2 is not solved, and it is not drawn, since
|z(LP2)| = 12 < LB = 12 after its first child.

e Node 3 is pruned by infeasibility: the LP3 problem has no feasible solution.

e Node 4 is pruned by integrality: &(LP4) = (6,0) is integer, with value 12, which
becomes the incumbent solution.

The optimal value is z(ILP) = 12 and the branch-and-bound algorithm returns the
optimal solution (ILP) = (6,0). The optimal solution is not unique: also (5,2) has
value 12. With the rules stated in the question, the algorithm finds (6, 0).

Author: Fabio Furini
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Exercise 7.9 — Branch-and-bound algorithm (P10)

Consider the following ILP problem in canonical maximization form with n = 2
integer variables and m = 3 constraints:

max 5 x; + 2 x9

—r1 + 312 < 12
r1 + 2 x99 < 12
3x1 — 2 x99 < 8
1, T2 € Z>o

and an optimal simplex dictionary of its LP relaxation in standard form:

1 1
1 = 5 - 1% T 1w
7 3 1
Ty = 5 T3 Ty + 3 5
13 7 )
r3 = 5 + 3 Ty — 3 T5
z = 32 — 2xy; - T5
N J

Questions
1. Execute the branch-and-bound algorithm using:

a) the largest-index rule as branching-variable selection strategy;

b)

(¢) solve first the down-branching node and then the up-branching node;
)

(
(

the FIFO rule as branching-node selection strategy;

(d) set the lower bound LB to —oo (no heuristic algorithm is executed).

Solve the LP problems of the branching nodes using the dual simplex algorithm. In the
dual simplex algorithm, the leaving variable is the basic variable with negative value
and smallest index, and ties in the ratio test are broken by the smallest index. Show
graphically the optimal solution of the LP problems associated with the branching
nodes.

2. Determine and comment the branch-and-bound tree, showing the reason why each
branching node is pruned.
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e Initialization

max b xi
1

1

3 I

x1,

+

T

T2

T3

2:62

3z + 3

z2, zs,

and its optimal simplex dictionary:

5 — ;lu
7 3
7 ~ 5
13 7
5 + §334
32 — 2 x4

Let us consider the LP; problem in standard form:

T4

€4,

00| Ut CO| = x| =

5

5

L5

5

5

1. Execution of the branch-and-bound algorithm to solve the ILP problem.

[SURN ST BTN

x2

\_

z1

%

Figure 7.37: Node 1: feasible region of LP; (red), feasible points of the ILP problem (black)
and optimal solution of LP; (blue) with the objective function line through it.

Author: Fabio Furini
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An optimal solution (LPy) is:

571:5, .’E2:§

the optimal value is:

The optimal solution &(LP;) is fractional and the LP; problem is feasible, so the LP;
problem is inserted in the problem list L and the lower bound LB is set to —oo.
Due to the current lower bound LB and upper bound UB, we have:

—o0 < z(ILP) < 32

» Iteration 1
The LP; problem is extracted and deleted from the problem list L.
The branching variable is x9. The branching constraints are:
Ty < {;J and xz9 > {;J +1
> i

Two LPy and LP3 problems are created with these branching constraints.

(a) Solution of the LPy problem

Let us consider the LPy problem in standard form:

max 5 x1 + 2 xo

—x1 4+ 39 + a3 = 1%
1 + 2 ® + x4 = 12
31 — 2 x9 + x5 = 8
T2 + x5 = 3

z1, z2, z3, Z4, Ts5, zge > 0

For the branching constraint we have:
To + g =3 = xg=3— T3

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get

(T3, 1 IS S S
Lo = B 81’4 8355 L6 = 9 8$4 8$5

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:
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( _ 5 1 1
r = 4 T4 4 L5
I S B
o = 9 3 T4 3 xIs
13 H 7 5
r3 = — — x4 — -
s 2 g ! g °
1 n 3 1
X = == — T — —
0 2 g 8 "’
| 2 = 32 — 2 x4 - T5
where B = {1,2,3,6} and N' = {4,5} and
— the basic primal non-feasible solution is:
i B T — T _ 13 _ 1
xry =9, I2= 27 €r3 = 2 , Te = 2)

T4 =0, 5 =0 of value 32
— the basic dual feasible solution is:

m =0, M9 =0, w3=0, 7 =0,

=2, w5 =1 of value 32

If we increase the value of g, we can get a better dual solution. We have:

3
2-gme =0 16
T4 =2—-Tg ——— e < —
7{420 3
1+§7r620 -8

N———
75>0

v

6

16
By increasing the value of 7g to 3 the value of m4 decreases to 0. Then we
have that:

g becomes a dual basic variable and accordingly zg becomes a primal
non-basic variable.

w4 becomes a dual non-basic variable and accordingly x4 becomes a
primal basic variable.

We have:

1+3 1 N 4+1 +8
g =—==r=@==% Ta=-+c-Ts+ -7
6 5 T T4~ g% 4= 3T 3T 3%

Substituting into the other equations of the primal simplex dictionary, we

get:
s L4108 1 14 1 2
Z1=5—=-(=+=-a5+=-T6 ) —-Ts5=——=T5— =T
! 4\3 37T g ) Ty 3 T 3T g0
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2757 g g T gt T3y | T g¥ =716
SN DI NI U PR DI PR T
379 Tg\3 "33 g T 3 3T gt

3 3 3

Accordingly, we now have the following updated primal simplex dictionary:

4 1 8 88 5 16
z:32—2<+x5+x6>—x5:—x5—x6

14 1 2
rr = 3 3 L5 3 L6
Tro = 3 — Te6
23 1 7
3 = 5 T 3 + 3 T6
4 n 1 i 8
Ty = = - -
4 3 3 I5 3 76
= 2 0, B,
~ B 3 3 0
where B = {1,2,3,4} and N = {5,6} and
— the basic primal optimal solution is:
- 14 5 23 . 4
I 3 Z2 y I3 3 T4 3’

— the basic dual optimal solution is:

m =0, =0, m3=0, =0,
88
3

T —§ T —E of value
5_37 6_3
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Figure 7.38: Node 2: feasible region of LPy (red), with the branching constraint xo < 3
(dashed), and its optimal solution (blue).

An optimal solution &(LP3) is:

the optimal value is:

+(LP) = %

The LPs problem is feasible and we have

|z(LP2)| > LB since {%J > —00
=29

The optimal solution &(LP32) is fractional, accordingly, the LPs problem is inserted in
the problem list L.

Solution of the LP3 problem

Let us consider the LP3 problem in standard form:

max dx1 + 2 x9

—x1 + 31z + a3 = 12
1 + 2 1 + x4 = 12
31 — 2 x9 + x5 = 8
T2 — x4 = 4

T, T2, s, T4, Ts, T > 0
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For the branching constraint we have:
To—xg =4 = xg=—-44+x9

Using the equations of the optimal simplex dictionary we can express this branching con-
straint as a function of the non-basic variables. Substituting, we get

44 7T 3 +1 N 1 3 +1
€Te = — = = = 7§ = g5 re = —5 — =T 57T
6 2 ] 4 ] 5 6 2 8 4 ] 5

We then add this equation to the previous optimal simplex dictionary and we obtain the
following simplex dictionary:

_ x 1 1
I1 = 4 T4 4 I5
R S B
xZ9 = B 3 T4 3 xIs
13 i 7 )
r3 = — - x4 — =z
’ 2 g ! 8
1 3 1
Te = —5 — g Ty + g Is
Z = 32 — 2 x4 - 5
where B = {1,2,3,6} and N' = {4,5} and
— the basic primal non-feasible solution is:
_ 5 7T 13 _ 1
T = To=—, Ta3=—, Te=—=
1 D 2 9’ 3 9’ 6 92’

T4=0, 5 =0 of value 32
— the basic dual feasible solution is:
1 =0, m=0, w3=0, 7 =0,

Ty =2, 5 =1 of value 32

If we increase the value of g, we can get a better dual solution. We have:

3
2+ — >0
.3 +tgme = 16
™ =242 — 6 > ——
74 >0 3
1
s :1—§776 1_§7T620 g <8
—_————
75>0

By increasing the value of mg to 8, the value of 75 decreases to 0. Then we have that:

g becomes a dual basic variable and accordingly xg becomes a primal
non-basic variable.

75 becomes a dual non-basic variable and accordingly zs becomes a
primal basic variable.
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We have:
= L 3 1 = =443 8
Tg = 5 8x4+8x5 x5 =4+ 34+ 8x4

Substituting into the other equations of the primal simplex dictionary, we get:

1 1
1'1:5—11‘4—1(44-3%‘4-1—81)6):4—1’4—21'6

N~

3 1
Tp=5 =g Tat g (443w +8m) =4+

x—g—l—zx—f(
T2 T8

2=32—-2x4— (44324 +8x6) =28 —5x4 — 8

4+3$4+8x6):4—x4—5a}6

Accordingly, we now have the following updated primal simplex dictionary:

T, = 4 - T4 — 2 xg
To = 4 + T
r3 = 4 - T4 — b xg
s = 4 4+ 3 x4 + 8 zg
z = 28 — bxy — 8 x

where B = {1,2,3,5} and N' = {4,6} and

— the basic primal optimal solution is:

~i'1:47 £2:47 5:3:47 j5:47

Z4=0, Zg=0 of value 28
— the basic dual optimal solution is:

F1=0, 7a=0, 73=0, 75=0,

74 =5, =8 of value 28
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Figure 7.39: Node 3: feasible region of LP3 (red), with the branching constraint xo > 4
(dashed), and its optimal solution (blue).
An optimal solution &(LP3) is:

the optimal value is:
Z(LPg) =28

The LP3 problem is feasible and we have
|2(LP3)| > LB since 28 > —o0

The optimal solution (LP3) is integer, accordingly, the lower bound LB becomes 28 and
the incumbent solution &(ILP) becomes 1 = 4, 9 = 4.
Accordingly, the branching node is pruned by integrality.

At the end of the first iteration, branching on zo from Node 1 has generated the down-
branching node, Node 2, and the up-branching node, Node 3. Node 2 is inserted in the list
L, while Node 3 is pruned by integrality. The corresponding branch-and-bound tree is:
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Node 1

max bx1 + 2x9

—x1 4+ 3z < 12
T1 + 220 < 12
3x1 — 229 <8
z1,22 20
~ - 7
T1 =095, Tg9= 5
z(LPy) = 32
LB =—-0
|
Node 2 zg <3 Node 3 Tg > 4
max 5x1 + 2x9 max dxi + 2x9
—x] + 31y < 12 —x1 + 3x0 < 12
T1 + 229 < 12 x1 + 229 < 12
31 — 229 < 8 31 — 219 < 8
x2 <3 T9 > 4
z1,22 20 x1,22 20
leLZL’ Gy =3 T1=4, =4
3 2(LP3) = 28
|2(LPs)| = {?J MB=29 .
:5; pruned by integrality
LB=-x

Due to the current lower bound LB and upper bound UB, we have:

- 3
——
=29

28 < 2(ILP) < FSJ

» Iteration 2
The LPs problem is extracted and deleted from the problem list L.

The branching variable is ;. The branching constraints are:
14 14
1 < 3 and 1 > 3 +1

=4 =5

(a) Solution of the LP4 problem

Two LP4 and LP5 problems are created with these branching constraints.
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Let us consider the LP4 problem in standard form:

max b5 x1 + 2 xo

—x1 + 39y + x3 = 12
1 + 2@ + x4 = 12
3x1 — 2 x9 + x5 = 8
Ta + wg = 3

T + a7y = 4
z1, T2, z3, T4, Ts5, T6, zr > 0

For the branching constraint we have:
1 +x7=4 = x7=4-—2x

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get

4 14 1 2 2+1 +2
xTrr = = = = = IR — = 45 Tr = —5 5T PRl
7 5 6 = 7 3 3 5 3 6

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:

( 14 1 2
X = = — — — —x
1 3 3 5 3 6
To = 3 - Te
_o® 1T
r3 = 3 3 Zs 3 Ze
4 1 8
T4 = g S g 5 + g Ze
2 i 1 i 2
T7 = —= -z - x
7 3 3 o5 3 6
;= B 2, L,
\ I 3°7° 3 0
where B = {1,2,3,4,7} and N’ = {5,6} and
— the basic primal non-feasible solution is:
_ 14 _ 23 _ 4 2
Tr1T = — €Tro = Troq = — Tag = — = ——
1 3 ) 2 ) 3 3 ) 4 37 7 37

T5 =0, T¢=0 of value

Author:

Fabio Furini
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— the basic dual feasible solution is:

M =0, m9=0, mw3=0, 1y =0, 717 =0,
516
-3 3

i of value —
0 3
If we increase the value of 77, we can get a better dual solution. We have:

5 1 0
= = =1
5 =§—17T7 3 3 '~ T <5
3 3 7r520 7 =
16 2 162 9
6 :§—§7T7 3 371—7_ w7 <8
w6>0

By increasing the value of w7 to min {5,8} = 5, the value of 75 decreases to
0. Then we have that:

77 becomes a dual basic variable and accordingly x7 becomes a primal
non-basic variable.

75 becomes a dual non-basic variable and accordingly x5 becomes a
primal basic variable.

We have:
2 1 2
x7:—§+§x5+§1’6 = 15=2-2x¢+3x7
Substituting into the other equations of the primal simplex dictionary, we
get:
14 1 2
ggl:?—5(2—2$6+3$7)_§x6:4_$7
23 1 7
$3:g—§(2—21‘6+3x7)+§$6:7+3x6_x7

4 1 8
554:§+§(2—2x6+3$7)+§$6=2+2$6+$7

88 5 16
Z:§_§(2—2$6+3$7)_§$6:26_2x6_5x7

Accordingly, we now have the following updated primal simplex dictionary:

g, = 4 — T7
To = 3 — T

r3 = 17 4+ 3 x5 — T7
Ty = 2 4+ 2z + T7
T5 = 2 — 2x¢ 4+ 3 x7
z = 26 — 2z — b xy
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where B = {1,2,3,4,5} and N = {6,7} and

— the basic primal optimal solution is:

1'1:4, $2:37 j3:77 j4:27 ‘%5:25

T¢ =0, Zr=0 of value 26
— the basic dual optimal solution is:

7'(’1:0, 7T2:0, 7~r3:0, 7~T4:0, 7~T5:0,

¢ =2, =5 of value 26
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Figure 7.40: Node 4: feasible region of LP, (red), with the branching constraint x; < 4

(dashed), and its optimal solution (blue).
An optimal solution &(LPy) is:
r1 = 4, 52 =

the optimal value is:

The LP4 problem is feasible and we have
|z(LP4)] < LB since 26 < 28

The optimal solution &(LP,4) is integer, but its value does not improve the lower bound
LB, which remains 28.
Accordingly, the branching node is pruned by integrality.

Solution of the LP5 problem

Let us consider the LP5 problem in standard form:
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max b x; + 2 x9

—x1 + 3 x2 + x3

For the branching constraint we have:

T —x7 =25 = T7r=-5+4+m

straint as a function of the non-basic variables. Substituting, we get

14 1 2 1 1
3 3

following simplex dictionary:

( 14 1 2
T = ? — g I — g Te
) = 3 - T
23 1 + 7
r3 = — — - -z
3 3 3 5 3 T6
B 4 i 1 i 8
T4 = 3 3 xTs5 3 L6
1 1 2
xT7 = —g — g I — g Te
. = B 0, B,
B 37 3 70
where B = {1,2,3,4,7} and N = {5,6} and
— the basic primal non-feasible solution is:
_ 14 2 5 23 4
€r1T = — To — €Ta = — Ta = —
1 3 ) 2 ) 3 3 ) 4 37

— the basic dual feasible solution is:

7_'('1:0’ 7_'(2:0’ 77['3207 7_'('4:()’
T > 4 —16 of value
Mg = —, Tg= %
5= 3 T6 3

1 + 2 x5 + x4
3x1 — 2 x9 + x5
To + xg
Tl -
zy, z2, 3, Iy, s, L6,

Iy =

7 =

Using the equations of the optimal simplex dictionary we can express this branching con-

2

= T7r=—7 —-T5— - Tg

3

We then add this equation to the previous optimal simplex dictionary and we obtain the

T5 =0, T =0 of value 83—8

w7 =0,
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If we increase the value of w7, we can get a better dual solution. We have:

5+1 0
e
5 :§+17T7 3 3 - T > =5
3 3 7r520 7 -
16 2 16
6 :g—l—gﬂ"y E—’_gﬂ—?zo w7 > —8
——
w6>0

Accordingly, we can increase the value of 77 without violating dual feasibility, which implies
that the dual problem is unbounded. As a result, the primal problem LPj5 is infeasible,
and the corresponding branching node is pruned by infeasibility.

At the end of the second iteration, branching on z; from Node 2 has generated the
down-branching node, Node 4, and the up-branching node, Node 5. Node 4 is pruned by
integrality, while Node 5 is pruned by infeasibility. The corresponding branch-and-bound
tree is:
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Node 2
max bx1 + 2x9
—x1 4+ 3z < 12
T1 + 220 < 12
3xr1 — 219 < 8
To <3
z1,22 2 0
T = %, To =3
p) = |5
=
LB = -0
|
Node 4 Ty <4 Node 5 T1 25
max 5x1 + 2x9 max 5xi + 2x9
—x1 + 3z2 < 12 —x1 + 3z0 < 12
x1 + 229 < 12 x1 + 229 < 12
31 — 229 < 8 31 — 229 < 8
r2 <3 r2 <3
r1 <4 r1>5
x1,22 >0 x1,22 20
T1 =4, Tag=3 pruned by infeasibility
z(LPy) = 26
LB =28
pruned by integrality

Due to the current lower bound LB and upper bound UB, we have:
28 < z(ILP) < 28

p Termination

Since the list L is empty, the lower bound LB is equal to the upper bound UB and the ILP
problem is solved to optimality.

The optimal value is z(ILP) = 28 (the value of the lower bound LB) and an optimal solution
Z(ILP) is 71 = 4,2 = 4 (the incumbent solution Z(ILP)).

2. The final branch-and-bound tree is:
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Node 1
LB = —
|
T2 <3 T2 >4
Node 2 Node 3
|z(LPy)] = 29 z(LP3) = 28
LB = — LB = 28
| pruned by
integrality
1 <4 1 2>
Node 4 Node 5
z(LPy) = 26 pruned by in-
LB = 28 feasibility
pruned by
integrality

The reasons why the branching nodes are pruned are the following.

e Node 1 has a fractional optimal solution with z(LP;) = 32: it is branched on xzs.

e Node 2 has a fractional optimal solution with |z(LP2)| = 29: it is branched on
xIq.

e Node 3 is pruned by integrality: (LP3) = (4,4) is integer, with value 28, which
becomes the incumbent solution.

e Node 4 is pruned by integrality: &(LP4) = (4, 3) is integer, with value 26, which
does not improve the lower bound LB = 28.

e Node 5 is pruned by infeasibility: the LP5 problem has no feasible solution.

The optimal value is z(ILP) = 28 and the branch-and-bound algorithm returns the
optimal solution (ILP) = (4,4).
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Exercise 7.10 — Branch-and-bound algorithm (P21)

Consider the following ILP problem in canonical maximization form with n = 2
integer variables and m = 3 constraints:

max 1 + 2 x9
-1 - T < -2
41 — 2x9 < 7
r1 + S mp < 21
1, T2 € Z>o

and an optimal simplex dictionary of its LP relaxation in standard form:

7 5

r = §—§$4—ﬁ$5
7 1

T2 = 5 + 51}4 - ﬁ$5

2 3

r3 = 5 — ﬁl‘4 — ﬁl‘g,
2 3

[ 2 T 3 T g oo

\ J

Questions

1. Execute the branch-and-bound algorithm using;:
(a) the largest-index rule as branching-variable selection strategy;
(b
(c

(d) set the lower bound LB to —oo (no heuristic algorithm is executed).

)
) the LIFO rule as branching-node selection strategy;

) solve first the down-branching node and then the up-branching node;

)

Solve the LP problems of the branching nodes using the dual simplex algorithm. In the
dual simplex algorithm, the leaving variable is the basic variable with negative value
and smallest index, and ties in the ratio test are broken by the smallest index. Show

graphically the optimal solution of the LP problems associated with the branching
nodes.

2. Determine and comment the branch-and-bound tree, showing the reason why each
branching node is pruned.

3. Re-execute the branch-and-bound algorithm, changing only the branching-variable
selection strategy: use the smallest-index rule. Determine and comment the corre-
sponding branch-and-bound tree.
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1. Execution of the branch-and-bound algorithm to solve the ILP problem.

e Initialization

Let us consider the LP; problem in standard form:

max 1 4+ 2 x9
-1 - To + 3 = =2
4 21 — 2 x9 + x4 = 7
r1 + 5 22 + x5 = 21
x1, z2, z3, Z4, zs = 0

and its optimal simplex dictionary:

( 7 b}
T = i~ — — T4 — — X5
2 22 11
7 n 1 2
T2 = — — T4 — — X5
2 22 11
5 2
r3 = - T T4 — = T5
11 11
21 3 5
Z = — — — T4 — — T5
\ 2 22 11
5| s .
§~~ 17(
~——l_ 7 + 5 S 2
41 @ ~2=21 e IS e
7l - i
2 ~~~
3@ ° ° ) hEY
N
2+ . o .
&’\r
W
1 . ° -
Q}\
N
| | | | |
0 1 2 3 % 4

N i J

Figure 7.41: Node 1: feasible region of LP; (red), feasible points of the ILP problem (black)
and optimal solution of LP; (blue) with the objective function line through it.

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 256


https://github.com/fabiofurini/integer-linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Integer Linear Programming

An optimal solution (LPy) is:

- T 7
T1==, Tg=—
1=5 255
the optimal value is:
21

The optimal solution &(LP;) is fractional and the LP; problem is feasible, so the LP;
problem is inserted in the problem list L and the lower bound LB is set to —oo.
Due to the current lower bound LB and upper bound UB, we have:

2

=10

—00 < 2(ILP) < VlJ

¢ Iteration 1
The LP; problem is extracted and deleted from the problem list L.
The branching variable is 2. The branching constraints are:
Ty < {;J and xz9 > {;J +1
jacy i

Two LPgy and LP3 problems are created with these branching constraints.

(a) Solution of the LPy problem

Let us consider the LPy problem in standard form:

max 1 + 2 x9
—-r1 - T2 + x3 = =2
4 21 — 2 x4 + x4 = 7
1 + 5 xo + x5 = 2l
T9 + xzg = 3
1, T2, 3, Z4, Ts, Te = 0

For the branching constraint we have:
To + g =3 = Tg=3— X9

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get

7 1 2 1 1 2
Tg=90— | =+ —=24— — x5 = x6:—§—§x4+ﬁm5
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We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:

7 ) 1
r = §—E$4—ﬁ$5
7 1 2
T2 = §+£$4*ﬁ$5
2 3
r3 = 5 — ﬁ$4 - ﬁxg,
1 1 2
xG:—§—ﬁx4+ﬁx5
21 3
(T 2 T 2™ T ™

where B = {1,2,3,6} and N' = {4,5} and

— the basic primal non-feasible solution is:

_ 7T 7
T =3 $2:§,

_ _ 1
T3 =5, T6 =5

1
T4 =0, Ty =0 of value >

— the basic dual feasible solution is:

=0, m=0, w3=0, 7 =0,
3 _ )

7T4:§, 7r5:ﬁ

21
f val —
of value =

If we increase the value of mg, we can get a better dual solution. We have:

3 1

2 >0
3 1 22 "9 T >3
_s, 2 22 >

T T2t 1220
5 2 5_2_ -0 5
5 =17 11" 11 11= T S5
75>0

5
By increasing the value of 7g to oL the value of w5 decreases to 0. Then we
have that:

e becomes a dual basic variable and accordingly xg becomes a primal
non-basic variable.

75 becomes a dual non-basic variable and accordingly x5 becomes a
primal basic variable.

We hayve:

_1 1 2 I | S D &'
Te = Lq Iy Is = 4 4554 21'6
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Substituting into the other equations of the primal simplex dictionary, we
get:

75 L1 1\ 18] 1
=g T M\ g g™t Ty Tyt e

71 2 (11 N
332—2 22$4 Ly 2x6 - Ze

11\4 "1
2 31 1 11\ 17 1 3
TZIT P\ Ty T ) T Tyt g e
21 3 LI N 5
FT Y T T\ Tyt T e ) Ty Tt T e

Accordingly, we now have the following updated primal simplex dictionary:

13 1 1
T = 4 4 T4 B T6
To = 3 — Tg
I 1 3
r3 = 4 4 T4 B L6
T S
s = 4 1 T4 9 L6
37 1 5
VA = — = - X — —
4 4 2 70
where B = {1,2,3,5} and N = {4,6} and
— the basic primal optimal solution is:
1B 3 s 7 1
$1—4,$2—,3§'3—4,$5—4,

T4=0, Z¢=0 of value T
— the basic dual optimal solution is:
m =0, mpa=0, w3=0, 75 =0,

Ty = ,7?625 of value =z

AN
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~
—

2

N o /

(dashed), and its optimal solution (blue).
An optimal solution &(LPy) is:

the optimal value is:

+(LP) = %

The LPs problem is feasible and we have
. 37
|z(LP2)| > LB since — | > -0
The optimal solution &(LP32) is fractional, accordingly, the LPs problem
the problem list L.

Solution of the LP3 problem

Let us consider the LP3 problem in standard form:

max r1 + 2 x
-] — r2 + x3 =
41 — 2 x9 + x4 =
r1 + 5 x + x5 =
i) — Te =
x1, x2, x3, T4, x5, T6 =

Figure 7.42: Node 2: feasible region of LPy (red), with the branching constraint xo < 3

is inserted in
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For the branching constraint we have:
To —Tg =4 = x5=—-4+ 2
Using the equations of the optimal simplex dictionary we can express this branching con-

straint as a function of the non-basic variables. Substituting, we get

4+ ’ - *1 *2 = L s 71 *2
€Ta = — — Tqa — X, Tre = — = T4 — X
6 2 29 4 11 5 6 4 5

We then add this equation to the previous optimal simplex dictionary and we obtain the
following simplex dictionary:

( 7 5 1
Ty = 9 ~ 99 Ty = T Ts
7 1
T2 = B + 59 T4 T 1 ¥
2 3
r3 = 5 — ﬁ T4 — ﬁ 5
1 1 2
Te — —5 + ﬁ T4 — ﬁ x5
21 3
z = ? — ﬁ T4 — ﬁ xIs

where B = {1,2,3,6} and N' = {4,5} and

— the basic primal non-feasible solution is:

7 7T _ 1
- - xr3 = 57 Te = _57
_ _ 1
T4 =0, Zs =0 of value >

— the basic dual feasible solution is:

m =0, M9 =0, w3=0, 7 =0,
3 _ )

2
—, 75 = — of value —
22 11 2

Ty =

If we increase the value of mg, we can get a better dual solution. We have:

31 0
301 22 9276 =
-2 - s <3
= 22 227T6 74>0 0
5, 2 S .2 <o 5
Moo= T TR T 273
75>0

By increasing the value of 7g to 3, the value of w4 decreases to 0. Then we have that:

g becomes a dual basic variable and accordingly zg becomes a primal
non-basic variable.
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w4 becomes a dual non-basic variable and accordingly x4, becomes a
primal basic variable.

We have: | | .
$6:—§+§x4—ﬁx5 = x4=114+4x5+ 22z
Substituting into the other equations of the primal simplex dictionary, we get:
7T 5 1
=—-——— (1144 22 ——a5=1—x5 —
T 5 " 2 (11 4+ 4 x5 + 22 x¢) 11 Ts T5 — 5 Xg

7 1 2
= -+ —(11+4 22 - — =4
X9 5 S 29 ( +4x5 4+ 376) 11 Ts + x¢

2 3
:C3:5——(11+4a:5+22x6)——x5:3—m5—4m6

11 11
21 3 5}
z:?—ﬁ(ll+4x5+22x6)—ﬁx5:9—x5—3x6

Accordingly, we now have the following updated primal simplex dictionary:

r = 1 — 5 — 5 Tg
To = 4 + T
T3 = 3 - Tr5 — 4 x¢
xy = 11 + 4 x5 + 22 x4
A 9 — 5 — 3 xg

where B = {1,2,3,4} and N = {5,6} and

— the basic primal optimal solution is:

1'1:1, 532:4, 5‘3:3, :i‘4:11,

T5 =0, ZTg=0 of value 9
— the basic dual optimal solution is:

F1=0, 7o=0, 73=0, #4=0,

75 =1, =3 of value 9
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Figure 7.43: Node 3: feasible region of LP3 (red), with the branching constraint xo > 4
(dashed), and its optimal solution (blue).
An optimal solution &(LP3) is:

the optimal value is:
z(LP3) =9

The LP3 problem is feasible and we have
|z(LP3)| > LB since 9> —o0

The optimal solution &(LP3) is integer, accordingly, the lower bound LB becomes 9 and
the incumbent solution &(ILP) becomes 71 = 1, Z9 = 4.
Accordingly, the branching node is pruned by integrality.

Node 2 is removed from the problem list L (pruned by bound), since now

|2(LPy)] =9 <LB =9

At the end of the first iteration, branching on zs from Node 1 has generated the down-
branching node, Node 2, and the up-branching node, Node 3. Node 2 is inserted in the list
L, while Node 3 is pruned by integrality. Node 2 is then removed from the problem list L
(pruned by bound). The corresponding branch-and-bound tree is:
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Node 2

Node 1
max x1 + 2x9
—X1 — T2 S —2
41 — 229 < 7
xr1 + dxe <21
z1,22 >0
- 7T . 7
T1=—=, Tg=—
1 27 2 9
21
e = |5 |
~———
=10
LB =—-c
T2 <3 Node 3 T2 >4

max xi1 + 2x9

—X1 — T2 S —2
4561 - 2:172 S 7

max x1 + 2x9
—X1 — T2 S —2
4%1 - 2.T2 S 7

e = |

~——

LB=-x

x1 + bxry < 21 1+ 5xo < 21
To <3 T9 >4
1,72 > 0 z1,22 =0
13 F1=1, #p—4
T1 = Ig=3
2(LP3) =9
37 LB=9

pruned by integrality

Due to the current lower bound LB and upper bound UB, we have:

p Termination

Since the list L is empty, the lower bound LB is equal to the upper bound UB and the ILP

9 < 2(ILP) < 9

problem is solved to optimality.

The optimal value is z(ILP) = 9 (the value of the lower bound LB) and an optimal solution

Z(ILP) is 1 = 1,Z2 = 4 (the incumbent solution Z(ILP)).

2. The final branch-and-bound tree is:

Author: Fabio Furini
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Node 1
|z(LPy)] = 10
LB = —©
|
T2 <3 x2 >4
Node 2 Node 3
|2(LP3)] = 9 z(LP3) = 9
LB =9 LB =9

pruned by bound pruned by
integrality

The reasons why the branching nodes are pruned are the following.

e Node 1 has a fractional optimal solution with |z(LP;)] = 10: it is branched on
Tg.

e Node 2 is pruned by bound: after an improvement of the lower bound it is
removed from the list, since |z(LP2)| =9 < LB =09.

e Node 3 is pruned by integrality: &(LP3) = (1,4) is integer, with value 9, which
becomes the incumbent solution.

The optimal value is z(ILP) = 9 and the branch-and-bound algorithm returns the
optimal solution (ILP) = (1,4). The optimal solution is not unique: also (3, 3) has
value 9. With the rules stated in the question, the algorithm finds (1,4).

3. Execution of the branch-and-bound algorithm with the smallest-index rule as
branching-variable selection strategy.

e Initialization

Let us consider the LP; problem in standard form:

max r1 + 2 x
-1 - To + 3 = -2
4 1 — 2 x9 + x4 = 7
r1 + b5 xo + x5 = 21
x1, Z2, z3, Z4, zs =2 0

and its optimal simplex dictionary:
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( 7 5

r = 3 ﬁm - ﬁﬂ%
7 1

T2 = 5 oI 51‘4 - ﬁx5
2

T3 = 5 — ﬁx4 = ﬁ$5
21 3

L z = ? — §x4 — ﬁx5
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Figure 7.44: Node 1: feasible region of LP; (red), feasible points of the ILP problem (black)
and optimal solution of LP; (blue) with the objective function line through it.

An optimal solution &(LPy) is:
N

the optimal value is:

21
Z(LPl) = ?

The optimal solution &(LP;) is fractional and the LP; problem is feasible, so the LP;
problem is inserted in the problem list L and the lower bound LB is set to —oc.
Due to the current lower bound LB and upper bound UB, we have:

2

~——
=10

oo < (ILP) < m

Iteration 1

The LP; problem is extracted and deleted from the problem list L.
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The branching variable is x;. The branching constraints are:

) < {;J and 1 > {;J +1
=3 =4

Two LPy and LP3 problems are created with these branching constraints.

(a) Solution of the LPy problem

Let us consider the LPy problem in standard form:

max 1 + 2 x9
—rr — T2 + X3 )
4 1 — 2 x9 + x4 = 7
r1 + 5 xo + x5 = 2
T + x5 = 3
x1, T2, z3, T4, x5, re > 0

For the branching constraint we have:
1 +x6 =3 = Tg=3—11

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get

s (7T 5 1 _ 1.5 1
reg — e = = — P4 — =— b rg — —— — b, =75
6 9 227t 117? 6 2 T

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:

7 5 1
I = 5 — ﬁm — ﬁxg,
7 1 2
Ty = 5 + ﬁ.%'zL - ﬁ.ﬁlf5
2 3
T3 = 5—ﬁx4—ﬁm5
1 5) 1
x6:—§+§x4+ﬁx5
21 3
S R T
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— the basic primal non-feasible solution is:

— the basic dual feasible solution is:

77[.120, 7_1-2207 7?3:07 7?6:07
3 5}

774257 WSZH

2
of value —
2

If we increase the value of 7g, we can get a better dual solution. We have:

3 5 .
— — —

. _3 5 22 22 0= 3

_3_5 3

YT 227 DR T <

51 51 o4

(I v T o=’ T S5

75>0

By increasing the value of mg to min {2, 5} = %, the value of w4 decreases

to 0. Then we have that:

g becomes a dual basic variable and accordingly xg becomes a primal
non-basic variable.

w4 becomes a dual non-basic variable and accordingly x4 becomes a
primal basic variable.

We hayve:

_ L, 5 L N _ oz 2
T6= "y TogTaT " TR TR

Substituting into the other equations of the primal simplex dictionary, we

get:
b sk A 2 Lo -

T1=5 79 \5 "5 T HT) T BT

7o1/u 2 2 9 18 1 1
Ta==-+—|——=x5+—26| ——T5=——-x5+=-2
27972\ 5T )11 T 5 50T

s 2 (1 2 2 3 23 1 4
23=5——=|——=a5+—26) ——=25=——=x5 — =<
3 11\5 55757 117 5 55 5
_2 31 2 22 5 51 2 3
T T 9\5 BT EI) T BTy T T 6

Accordingly, we now have the following updated primal simplex dictionary:

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 268


https://github.com/fabiofurini/integer-linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Integer Linear Programming

T

Z2

3

Zq

where B = {1,2,3,4} and N = {5,6} and

— the basic primal optimal solution is:

= 3 _
18 1 1
-5 5™ T 5
23 1 4
= 3 8™ T 5
11 2 22
=% 8™ T 3
5l 2 3
= 5 5% T 5
a:1:3 .%Q_E i‘3—§~
, = =

T5 =0, ZT¢=0 of value

— the basic dual optimal solution is:

F1=0, 7a=0, 73=0, #4=0,

0 2 - 5 f val
5 = —, 7ig=— of value
5= 5 6= ¢

L6

L6

L6

L6

L6

x2

N

¥
L}
L}
L}
~ 1
1
1
[}
1
1

34 ~ o
]
2 ¢ ! 4
]
[ ]
[ ]
[ ]
1 1 -
[ ]
]
]
]
0 :
[ ]
| | 1 |
0 1 2 3 4
x1

Figure 7.45: Node 2: feasible region of LP9 (red), with the branching constraint x; < 3

(dashed), and its optimal solution (blue).

An optimal solution &(LP3) is:

18
F1=3, Tg=—

5

Author: Fabio Furini
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the optimal value is:

1
2(LPy) = %

The LPs problem is feasible and we have
: 51
|2(LP2)| > LB since {J > —00

=10

The optimal solution &(LP3) is fractional, accordingly, the LPy problem is inserted in
the problem list L.
Solution of the LP3 problem

Let us consider the LP3 problem in standard form:

max T1 + 2 x9
—xr] — To + T3 = =2
4 21 — 2 x9 + x4 = 7
r1 + 5 a2 + x5 = 21
1 = @y = 4
1, T2, 3, T4, Ts, Tg > 0

For the branching constraint we have:
T1 —xg =4 = xg=-—-44+ 1

Using the equations of the optimal simplex dictionary we can express this branching con-
straint as a function of the non-basic variables. Substituting, we get

sy (75 1 . 1 5 1
T = — ===11=== @ T6=—=-———=T4a— —X
6 2 2T 117 6 9 227t 117

We then add this equation to the previous optimal simplex dictionary and we obtain the
following simplex dictionary:

7 5
r = 3 ~ 99 T4 — 11 s
7 1 2
o = 5 9 ﬁ T4 — ﬁ x5
2
r3 = 5 — 11 T4 — 11 Ts5
1 5
e = —5 - ﬁ Ty — ﬁ Ts
21 3 5
z = ? — ﬁ T4 — ﬁ Is5
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— the basic primal non-feasible solution is:

— the basic dual feasible solution is:

77[.120, 7_1-2207 77-3207 7?6:07
3 5}

7 fvalue 2
Ty — — Ty — — OI value =
179 T 2

If we increase the value of g, we can get a better dual solution. We have:

3.5

— < —n

o3 5 22 " 2270 = 3
= — — —_— __

t T 9" 5 6 >~
5 1 S, 1 -9

ms =17 T 7T TR T = —9D

75>0

Accordingly, we can increase the value of mg without violating dual feasibility, which implies
that the dual problem is unbounded. As a result, the primal problem LPj is infeasible,
and the corresponding branching node is pruned by infeasibility.

At the end of the first iteration, branching on z; from Node 1 has generated the down-
branching node, Node 2, and the up-branching node, Node 3. Node 2 is inserted in the list
L, while Node 3 is pruned by infeasibility. The corresponding branch-and-bound tree is:
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Node 1

max x1 + 2T9

—X1 — T2 S —2

41 — 229 < 7

xr1 + dxe <21

z1,22 >0
- 7T . 7
3U1—§a 552—5

p Iteration 2

~——
=10
LB =—-c
Node 2 r1 <3 Node 3 ry >4
max xi1 + 2x9 max xi + 29
—z1 —x2 < =2 —z1 — 22 < =2
4$1*2$2§7 4$1f2$2§7
x1 + bxry < 21 1+ 5xo < 21
r1 <3 T >4
x1,22 20 z1,T2 =0
Bl—3 e 18 pruned by infeasibility
5
51
2cpa) = | 5 |
~——
=10
LB =—-00

—00 < 2(ILP) < {51J

18

Due to the current lower bound LB and upper bound UB, we have:

5

——
=10

The LPs problem is extracted and deleted from the problem list L.

The branching variable is 2. The branching constraints are:

18
To < {J and o > {5J +1

5

=3

=4

Two LP4 and LP5 problems are created with these branching constraints.

Author: Fabio Furini
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(a) Solution of the LP4 problem

Let us consider the LP4 problem in standard form:

max r1 + 2 x
i T2 + 3 = -9
4 21 — 2 x9 + x4 = 7
r1 + 5 x2 9° 483 =
T + X = 3
X9 + x7 = 3
Ty, T2, s, T4, Ts, 6, Ty > 0

For the branching constraint we have:
To+2x7 =3 = x7=3—22

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get
5 18 1 I 1 N 3 i 1 1
r=3———-—Zazs+-=z Tr=—c+zT— T
7 5 55T T6 7 5T 5T T 56

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:

T = 3 — T6
18 1 1
=5 T ogm t o5
23 1 4
I3 = g — gxg, — gflfﬁ
11 2 22
T4 = = - 5555 + 3536
3 1 1
X7 = —g I g$5 = 5376
51 2 3
2= F T 5m - 5

where B = {1,2,3,4,7} and N' = {5,6} and

— the basic primal non-feasible solution is:

18 23 11 _ 3

1
T5 =0, T =0 of value %
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— the basic dual feasible solution is:

m =0, ma=0, m3=0, mq=0, 77 =0,
2

T = =, 7?6:3 of value =

5

If we increase the value of 77, we can get a better dual solution. We have:

2 . >0
——-7
s —2 17‘(’7 L 5,—/7_ s <2
—_Z2_Z
5 5 a0 T >
3 1
T =t Ftgmz0 T >3
76>0

By increasing the value of 77 to 2, the value of 75 decreases to 0. Then we
have that:

w7 becomes a dual basic variable and accordingly z7 becomes a primal
non-basic variable.

75 becomes a dual non-basic variable and accordingly zs becomes a
primal basic variable.

We have:
x——§+1x —lx = wx5=3+16+5x
TETE TR T 6 5= 6 7

Substituting into the other equations of the primal simplex dictionary, we

get:
_ 18 1(3+ +5 )+1 =3
T = 5 5 Te Ty 5.236— Ty
23 1 4
:C3:E—5(3+$6+5$7)—5$6:4—x6—$7
11 2 22
x4:€—g(3+$6+5x7)+€x6:1+4x6—2$7
51 2 3
Z:3—6(3“—(36‘{‘5@’7)—51}6:9—$6—2ZE7

Accordingly, we now have the following updated primal simplex dictionary:

T = 3 - T

To = 3 — T7
r3 = 4 - T — 7
zy = 1 4+ 4z — 2 27
rs = 3 + re + D w7
z = 9 - Tg — 2 x7
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where B = {1,2,3,4,5} and N = {6,7} and

— the basic primal optimal solution is:

i'1:37 j2:37 i3:47 j4:17 j5:3a

T¢=0, Zr=0 of value 9
— the basic dual optimal solution is:

F1=0, 7a=0, 7#3=0, 74 =0, 75=0,

¢ =1, 77 =2 of value 9

- )
5[ i :
1
~"~.‘2’1~7,\ 1
*2, ;
“.2§ (]
T —
S 1
~
~ 1
~~~~ \
A |t ° ° I e -|
~~~
N ~§
8 ' ~~~
2 ! =
1
1
1
1
1 1 =
1
1
1
1
0 :
1
| | 1 |
0 1 2 3 4

NS . /

Figure 7.46: Node 4: feasible region of LP, (red), with the branching constraint xo < 3

(dashed), and its optimal solution (blue).
An optimal solution &(LPy) is:
T1=3, T2=3
the optimal value is:
2(LPy) =9

The LP4 problem is feasible and we have
|z(LP4)| > LB since 9> —o0

The optimal solution &(LP,) is integer, accordingly, the lower bound LB becomes 9 and
the incumbent solution &(ILP) becomes z; = 3,z2 = 3.
Accordingly, the branching node is pruned by integrality.

Solution of the LP5 problem

Let us consider the LP5 problem in standard form:

Author: Fabio Furini
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max T1 + 2 @9
—ry - T2 + T3 = _9
4 1 — 2 x9 + x4 = 7
1 + 5 a9 + x5 = 21
X1 + g = 3
To - x7 = 4
x1, x2, x3, x4, Zs5, Z6, xzz =2 0

For the branching constraint we have:

To —x7 =4 = x7v=—-4+x
Using the equations of the optimal simplex dictionary we can express this branching con-
straint as a function of the non-basic variables. Substituting, we get

7 =—4+ §—1x —i—lm = x——g—lx —i—lx
7= 5 5Ty %6 Ty T I T de

We then add this equation to the previous optimal simplex dictionary and we obtain the
following simplex dictionary:

T = 3 — Tg
18 1 1

Ty = g = g r5 + g Tg
23 1 4

r3 = 5 3 r5 — 5 L6
11 2 22

T4 = E — g Tr5 + E Ze
2 1 1

Ty = —g = g r5 + 5 Tg
51 2 3

\ zZ = E - g s — g L6

where B = {1,2,3,4,7} and N' = {5,6} and

— the basic primal non-feasible solution is:

18 23 11 2

1
s =0, Zg=0 of value %

— the basic dual feasible solution is:

m =0, =0, m3=0, =0, 77 =0,
2

s = —, Tg =

5 5

51
f val —
of value
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If we increase the value of w7, we can get a better dual solution. We have:

2+1 >0

- +-m

5 —2+17T7 58 9 ! T > =2
= — —_ _,—/ i
5 5 7r520 7 =
3 1 E

6 :5—5777 5 57T7— T <3

76>0

By increasing the value of 77 to 3, the value of g decreases to 0. Then we have that:

77 becomes a dual basic variable and accordingly x7 becomes a primal
non-basic variable.
mg becomes a dual non-basic variable and accordingly zg becomes a
primal basic variable.
We have:
2 1 1
x7:—g—5x5+g$6 = xg=2+x5+5x7
Substituting into the other equations of the primal simplex dictionary, we get:

x1:3—(2+m5+5x7):1—x5—5x7

18 1 1
T2 = & _5x5+5(2+$5+59«“7):4+$7
23 1 4
1’3:*5 —5.%5—5(24-(1754-5567):3—1’5—4x7
11 2 22
T4= —5x5+€(2+x5+5x7):11+4x5+22$7
51 2 3
z:g—gms—5(2+$5+5$7):9—$5_3$7

Accordingly, we now have the following updated primal simplex dictionary:

T, = 1 - T5 — 5 x7
To = 4 + T7
r3 = 3 — x5 — 4 x7
gy = 11 + 4 x5 + 22 x7
e = 2 + x5 + 5 x7
g = 9 — T5 — 3 x7

where B = {1,2,3,4,6} and N' = {5,7} and

— the basic primal optimal solution is:

T1=1, Ta=4, T3=3, T4=11, Tg=2,

T5 =0, Tr=0 of value 9
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— the basic dual optimal solution is:

F1=0, 7a=0, 7#3=0, 74 =0, 7g=0,

75 =1, w7 =3 of value 9
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Figure 7.47: Node 5: feasible region of LP5 (red), with the branching constraint xo > 4

(dashed), and its optimal solution (blue).
An optimal solution &(LP5) is:
Fi=1, Gy—4

the optimal value is:
z(LP5) =9

The LP5 problem is feasible and we have
|z(LP5)] <LB since 9<9

The optimal solution &(LP5) is integer, but its value does not improve the lower bound
LB, which remains 9.
Accordingly, the branching node is pruned by integrality.

At the end of the second iteration, branching on zs from Node 2 has generated the
down-branching node, Node 4, and the up-branching node, Node 5. Both nodes are pruned
by integrality. The corresponding branch-and-bound tree is:
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Node 2

max x1 + 2x9
—X1 — T2 S —2
41 — 229 < 7

xr1 + dxe <21
r1 <3
z1,x2 2 0
- - 18
1 =3, T2= =
cp) = | % |
g
LB = -0
|
Node 4 T2 <3 Node 5 T2 2 4
max xi1 + 2x9 max i+ 2x9
-z — 23 < -2 —ry — 23 < -2
dxy — 229 <7 4xy — 229 <7
T, + dbxy < 21 1+ 5xo < 21
1 <3 1 <3
2 <3 T2 >4
x1,22 20 z1,22 20
T1=3, T2=3 T1=1, =4
z(LP4) =9 z(LP5s) =9
LB=9 LB=9
pruned by integrality pruned by integrality

Due to the current lower bound LB and upper bound UB, we have:
9 < z(ILP) < 9

p Termination

Since the list L is empty, the lower bound LB is equal to the upper bound UB and the ILP
problem is solved to optimality.

The optimal value is z(ILP) = 9 (the value of the lower bound LB) and an optimal solution
Z(ILP) is 1 = 3, %2 = 3 (the incumbent solution Z(ILP)).

The final branch-and-bound tree of this second execution is:
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Node 1
|z(LPy)] = 10
LB = —
|
1 <3 r1 >4
Node 2 Node 3
|2(LP2)] = 10 pruned by in-
LB = - feasibility
|
x9 <3 zg 24
Node 4 Node 5
z(LP4) = 9 z(LPs) = 9
LB =9 LB =9
pruned by pruned by
integrality integrality

The reasons why the branching nodes are pruned are the following.

e Node 1 has a fractional optimal solution with |z(LP;)| = 10: it is branched on
xIq.

e Node 2 has a fractional optimal solution with |z(LP3)] = 10: it is branched on
Z9.

e Node 3 is pruned by infeasibility: the LP3 problem has no feasible solution.

e Node 4 is pruned by integrality: &(LP4) = (3,3) is integer, with value 9, which
becomes the incumbent solution.

e Node 5 is pruned by integrality: &(LPs5) = (1,4) is integer, with value 9, which
does not improve the lower bound LB = 9.

The optimal value is z(ILP) = 9 and the branch-and-bound algorithm returns the
optimal solution (ILP) = (3,3). The optimal solution is not unique: also (1,4) has
value 9. With the rules stated in the question, the algorithm finds (3, 3).

The two executions return two different optimal solutions, (1,4) and (3,3), with the
same optimal value 9.

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 280


https://github.com/fabiofurini/integer-linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Integer Linear Programming

Exercise 7.11 — Branch-and-bound algorithm (P23)

Consider the following ILP problem in canonical maximization form with n = 2
integer variables and m = 3 constraints:

max 1 4+ 4 x9
3zrg + 8ax2 < 24
—I < -1
—To < —1
1, T2 € Z>o
The constraints z1 > 1 and 29 > 1 are written in canonical form as —z1 < —1 and

—XI2 < —1.

and an optimal simplex dictionary of its LP relaxation in standard form:

T = 1 + T4
21 1 3
i) = § — g I3 — g Ty
13 1 3
Trs = g - g xr3 — g Ty
23 1 1
z = 5 - 5 r3 — 9 Ty
N J

Questions
1. Execute the branch-and-bound algorithm using;:

the smallest-index rule as branching-variable selection strategy;

(a
(b
(c
(d

the LIFO rule as branching-node selection strategy;

solve first the down-branching node and then the up-branching node;

N O~ ~—

set the lower bound LB to —oo (no heuristic algorithm is executed).

Solve the LP problems of the branching nodes using the dual simplex algorithm. In the
dual simplex algorithm, the leaving variable is the basic variable with negative value
and smallest index, and ties in the ratio test are broken by the smallest index. Show
graphically the optimal solution of the LP problems associated with the branching
nodes.

2. Determine and comment the branch-and-bound tree, showing the reason why each
branching node is pruned.
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e Initialization

max r1 + 4 2o

Z1, x2,

and its optimal simplex dictionary:

r = 1
21
X9 = §
13
Iy = §
23
P =g

3xry + 8x9 +

3

zs3,

N = 0ol = 00| —

T3

T3

T3

Let us consider the LP; problem in standard form:

T4

T4,

N[~ Colw ool w

Lq

T4

T4

Lq

Ts5

Ts5

1. Execution of the branch-and-bound algorithm to solve the ILP problem.

z2

N

1

An optimal solution (LPy) is:

=1, To=—

Figure 7.48: Node 1: feasible region of LP; (red), feasible points of the ILP problem (black)
and optimal solution of LP; (blue) with the objective function line through it.
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the optimal value is:

23
Z(LPl) = E

The optimal solution Z(LP;) is fractional and the LP; problem is feasible, so the LP;
problem is inserted in the problem list L and the lower bound LB is set to —oo.
Due to the current lower bound LB and upper bound UB, we have:

—00 < 2(ILP) < V;J

——
=11

p Iteration 1

The LP; problem is extracted and deleted from the problem list L.

The branching variable is xo. The branching constraints are:

21 21
Ty < {SJ and x5 > {8J +1
——
=9 =3

Two LPy and LP3 problems are created with these branching constraints.

(a) Solution of the LPy problem

Let us consider the LPy problem in standard form:

max 1 + 4 x9
3x1 + 8z + a3 = 24
=81 + x4 = -1
—I2 + x5 = -1
To + x5 = 2
1, T2, 3, Z4, Ts, Te = 0

For the branching constraint we have:
To + 6 =2 = Tg=2— X9

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get

B 21 1 3 U S SR
Te = x3 Lq Te = 3 8553 8$4

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:
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(581: 1 i T4
21 1 3
Tro9 = § —§x3—§x4
13 1 3
o= g T g% T g
5 1 3
$6:_§+§$3+§«T4
23 1 1
[ 2 T 3 T 3% - gm

where B = {1,2,5,6} and N = {3,4} and

— the basic primal non-feasible solution is:

21 _ 13 _ )
_— R = — R = —=
8 ) 5 8 ) 6 87

T =1, T9=
3 =0, T4 =0 of value 5
— the basic dual feasible solution is:

11 =0, m=0, 75=0, 7 =0,

1 2
74 = — of value =)

M= g 2

If we increase the value of mg, we can get a better dual solution. We have:

1 1 0
1 1 2 g"6=
2 8 30
1 3 1_§ >0 4
T4 :i—gﬂ'(} 2 87T6— 6 Sg
T4>0
4

By increasing the value of mg to min {4, 3} =3 the value of w4 decreases

to 0. Then we have that:

g becomes a dual basic variable and accordingly xg becomes a primal
non-basic variable.

w4 becomes a dual non-basic variable and accordingly x4 becomes a
primal basic variable.

We have:

5+1 +3 N 5 1 +8
Tg=—=+-x3+=-2x Tag==—=-x3+ -2z
6 3 3 3 3 4 4 3 3 3 3 6

Substituting into the other equations of the primal simplex dictionary, we

get:

(51, 8 8 1 .8
T = ——-I3+-T6|=c—cx3+ -2
! 3 3737376) T3 3T 376
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21 1 do Lo LB g
2= g g T gl\lg g Ty T
x—g—lx—§ §—}m —|—§x =1l-z
T8 8% g\3 3BTz~ 6
ooz 1L Lo 8 o _dE 1 4
T2 237 9\3 3MTg) T3 37 376

Accordingly, we now have the following updated primal simplex dictionary:

( 8 1 i 8
r = 3 3 T3 3 L6
i) = 2 — Te
5 1 o 8
Ty = = —- -z -z
4 3 3 73 3 6
T5 = 1 — T
32 1 4
z = e~ = - T — — X
3 373 370
where B = {1,2,4,5} and N = {3,6} and
— the basic primal optimal solution is:
x 8 To = z g Zs =1
1 37 2 — 4 4 37 5 — 1,

— the basic dual optimal solution is:

77[-1207 7}2:07 77‘-4:07 ﬁ5:O7

4
, 7?625 of value 3

Wl

Ty =

(@]

=

[N}
wloo |—

S

ot

[«
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Figure 7.49: Node 2: feasible region of LPy (red), with the branching constraint xo < 2
(dashed), and its optimal solution (blue).
An optimal solution &(LP3) is:

the optimal value is:

The LPs problem is feasible and we have

2
|z(LP2)] > LB since FJ > —00
=10

The optimal solution &(LP2) is fractional, accordingly, the LPs problem is inserted in
the problem list L.

Solution of the LP3 problem

Let us consider the LP3 problem in standard form:

max r1 + 4 x9
3z + 8z 4+ a3 = 24
—x + x4 = -1
—X9 + x5 = -1
T2 — Te = 3
1, g, 3, Z4, Ts, T = 0

For the branching constraint we have:
To — xg =3 = x5=-3+ 2

Using the equations of the optimal simplex dictionary we can express this branching con-
straint as a function of the non-basic variables. Substituting, we get

= e = ——= = =By — = 384

211 3 3 1 3
8§ &8 ° 8

We then add this equation to the previous optimal simplex dictionary and we obtain the
following simplex dictionary:
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T1 = 1 + T4
21 1 3
Tg = — — — T3 — — &
2 3 g 3 g ™4
13 1 3
s = 3 g 78 g T4
3 1 3
x = == = - T — —
6 3 g 3 g 4
23 1 1
z = B B I3 B T4
where B = {1,2,5,6} and N' = {3,4} and
— the basic primal non-feasible solution is:
_ 1 7 21 13 _ 3
T = To=—, Tz=—, Tg=—=
1 ) 2 ] ) 5 ] ) 6 ]
T3=0, z4=0 of value —

— the basic dual feasible solution is:

m =0, ma=0, 75=0, 7 =0,

11
T4 = —
179

of value

If we increase the value of 7g, we can get a better dual solution. We have:

Y

1+1 >0
11 7 TgTe=
T3 = —+-=- | — e >
3 2 8 6 730
™ TR s tgm=t T >
[
742>0

Accordingly, we can increase the value of g without violating dual feasibility, which implies
that the dual problem is unbounded. As a result, the primal problem LPj3 is infeasible,

and the corresponding branching node is pruned by infeasibility.

At the end of the first iteration, branching on zo from Node 1 has generated the down-
branching node, Node 2, and the up-branching node, Node 3. Node 2 is inserted in the list
L, while Node 3 is pruned by infeasibility. The corresponding branch-and-bound tree is:
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Node 1

max x1 + 4x9
3r1 + 81 < 24

—r1 < -1
—r9 < —1
T1,X2 Z 0
1 =1, Za= %1

Node 2 Tz <2 Node 3 T3 >3

max x1 + 4xo
3z1 + 82 < 24
—r < —1
—x9 < —1
To < 2

1,72 > 0

max i + 4x9
3r1 + 82 < 24
—r1 < -1
—x9 < —1
To >3

Z1,T2 > 0

pruned by infeasibility

LB=-x

Due to the current lower bound LB and upper bound UB, we have:

32
—oo < zZ(ILP) < {3J
——
=10

» Iteration 2
The LPs problem is extracted and deleted from the problem list L.

The branching variable is 1. The branching constraints are:
8 8
T < L})J and xz1 > {SJ +1
=2 =3

The LP,4 problem is created with the first branching constraint (the second child is solved
only if needed).
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(a) Solution of the LP4 problem

Let us consider the LP4 problem in standard form:

max r1 + 4 xo
3z + 8 x0 + z3 = 24
=43 + x4 = -1
—X9 + x5 = -1
x9 + 6 = 2
T1 + =z = 2
1, Z2, 3, Zq, zs5, Z6, 7 > 0

For the branching constraint we have:
T+ 7 =2 = Ir=2-—1

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get
9 8 1 i 8 N 2 i 1 8
€T = — = = = 45 =X 7 = — % S5IL3 — 57
7 3 37T 36 7 3 T 3%~ 3%

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:

( 8 1 +8
X = - — - - T
1 3 3 3 3 6
o = 2 — Te
5 1 +8
X = - — - X - T
4 3 3 3 3 6
r5 = 1 — Te
2+1 8
By = == =23 — =X
7 3 3 3 3 6
32 1 4
z = e~ = - — — X
\ 3 3 3 "

where B = {1,2,4,5,7} and N' = {3,6} and
— the basic primal non-feasible solution is:
8 _ 5 2

:ga i2:27 ‘T4:§7 jf):]-u rr = —35

T3 =0, T =0 of value

Author:
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— the basic dual feasible solution is:

M =0, m9=0, my=0, 715=0, 17 =0,

_ 1 _ ¢ ale 32
7T3—3, 7T6—3 oI value 3

If we increase the value of w7, we can get a better dual solution. We have:

11 >0
== =
3 :1—171'7 3 37_ ™7 <1
3 3 m3>0
4 8 4.8 50 1
6 :§+§7T7 3+37T7— 7 275
76>0

By increasing the value of 77 to 1, the value of w3 decreases to 0. Then we
have that:

77 becomes a dual basic variable and accordingly x7 becomes a primal
non-basic variable.

w3 becomes a dual non-basic variable and accordingly zs becomes a
primal basic variable.

We have:
2 1 8
x7:—§—|—§$3—§$6 = :63:24-8%'6—1-3&77
Substituting into the other equations of the primal simplex dictionary, we
get:
8 1 8
1-1:§—§(2+8$6+3.’E7)+§3§6:2*x7
5 1 8
x4:§—§(2+81‘6+3x7)+§$6:1_x7
32 1 4
Z = E—§(2+8$6+3$7)_§x6:10_4$6_x7

Accordingly, we now have the following updated primal simplex dictionary:

T1 = 2 — T7
Ty = 2 - T
r3 = 2 4+ 8z + 3 x7
Ty = 1 — T7
T5 = 1 - T
z = 10 — 4 x4 -— T7

\

where B = {1,2,3,4,5} and N = {6,7} and
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— the basic primal optimal solution is:

F1=2, Fa=2, F3=2, Ga=1, F5=1,

T¢ =0, Zr=0 of value 10
— the basic dual optimal solution is:

7}1:07 77‘-2:07 77[-3207 7?4:07 ﬁ5:07

g =4, w7 =1 of value 10

w
T
|
|

-~
e
-
-~
~ =

'~
~aa
-
~ -

x2

O mfn .-

\_ i /

Figure 7.50: Node 4: feasible region of LP4 (red), with the branching constraint x; < 2

(dashed), and its optimal solution (blue).
An optimal solution (LPy) is:
=k =)

the optimal value is:
z(LP4) = 10

The LP4 problem is feasible and we have
|2(LP4)| > LB since 10 > —o0

The optimal solution &(LP4) is integer, accordingly, the lower bound LB becomes 10 and
the incumbent solution &(ILP) becomes z; = 2, z3 = 2.
Accordingly, the branching node is pruned by integrality.

At the end of the second iteration, branching on x; from Node 2 has generated the down-
branching node, Node 4. This node is pruned by integrality. The up-branching node is not
solved, since after Node 4 the lower bound satisfies

|2(LP3)| < LB.

This is the portion of the branch-and-bound tree showing the LP problems of the branching
nodes that are solved:
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Due to the current lower bound LB and upper bound UB, we have:

p Termination

Since the list L is empty, the lower bound LB is equal to the upper bound UB and the ILP

Node 2

max xi1 + 4xo
3r1 + 8xo < 24

—r < -1
—XI2 < —1
i) S 2
z1,22 >0
- 8
Ir1 = g, o = 2
32
cp) = | 2|
~——
=10
LB=-x
Node 4 Ty <2

max xi + 4o
3x1 4+ 8xo <24
—r1 < —1
—x9 < —1
To < 2
1 <2

x1,22 20

1 =2, To=2

z(LP4) = 10

LB =10

pruned by integrality

10 < z(ILP)

problem is solved to optimality.

The optimal value is z(ILP) = 10 (the value of the lower bound LB) and an optimal solution

< 10

Z(ILP) is 1 = 2, %2 = 2 (the incumbent solution Z(ILP)).

2. The final branch-and-bound tree is:
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Node 1

[2(LPy1)]

=11

i) < 2
Node 2

i) Z 3
Node 3

|2(LP3)| = 10

pruned by in-
feasibility

T <2
Node 4

z(LP4) = 10
LB = 10
pruned by
integrality

9.

1.

becomes the incumbent solution.

optimal solution Z(ILP) = (2,2).

The reasons why the branching nodes are pruned are the following.

e Node 1 has a fractional optimal solution with |z(LP;)| = 11: it is branched on

e Node 2 has a fractional optimal solution with |z(LP3)] = 10: it is branched on

e The up-branching node of Node 2 is not solved, and it is not drawn, since
|2(LP2)| = 10 < LB = 10 after its first child.

e Node 3 is pruned by infeasibility: the LP3 problem has no feasible solution.
e Node 4 is pruned by integrality: &(LP4) = (2,2) is integer, with value 10, which

The optimal value is z(ILP) = 10 and the branch-and-bound algorithm returns the
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Exercise 7.12 — Branch-and-bound algorithm (P24)

Consider the following ILP problem in canonical maximization form with n = 2
integer variables and m = 4 constraints:

max 4 x1 + 3 a9

7Tx1 + 3z < 24
—r1 + g < 3
—I < -1
-T2 < —2
1, T2 € Z>o
The constraints z1 > 1 and xo > 2 are written in canonical form as —z1 < —1 and

—XI2 < —2.

and an optimal simplex dictionary of its LP relaxation in standard form:

3 1 3

T = > 7 1o r3 -+ 10 T4
9 1 7

T2 = 5 E r3 - E Ty
1 1 3

s = 5 = 10 T3 + 10 T4
5 1 7

Te = 5 10 r3 — 10 T4
39 7 9

z = 2 T 10 r3 - 10 L4

. J

Questions
1. Execute the branch-and-bound algorithm using;:

(a) the largest-index rule as branching-variable selection strategy;
(

b
(c

(d) set the lower bound LB to —oo (no heuristic algorithm is executed).

)
) the LIFO rule as branching-node selection strategy;

) solve first the down-branching node and then the up-branching node;

)

Solve the LP problems of the branching nodes using the dual simplex algorithm. In the
dual simplex algorithm, the leaving variable is the basic variable with negative value
and smallest index, and ties in the ratio test are broken by the smallest index. Show

graphically the optimal solution of the LP problems associated with the branching
nodes.

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 294


https://github.com/fabiofurini/integer-linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Integer Linear Programming

.

2. Determine and comment the branch-and-bound tree, showing the reason why each

branching node is pruned.

J/

1. Execution of the branch-and-bound algorithm to solve the ILP problem.

e Initialization

Let us consider the LP; problem in standard form:

max 4 x1 + 3 x9

7Tx1 + 3 xz9 + x3

—xr1 + T2
1
— 29
r1, z2, z3,

and its optimal simplex dictionary:

( 3

'Tl = 5 —
- 9

i) = 5 —
_ 1

I5 = 5 —
_ )

T6 = 5 —
39

| 2= g =

T4

X4,

r3 -+

T3 —

r3 +

T3 —

Is5

Ts5,

T4

Zq

Zq

T4

Zq

T6

L6

24
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B ONO o
T

2

N o /

Figure 7.51: Node 1: feasible region of LP; (red), feasible points of the ILP problem (black)
and optimal solution of LP; (blue) with the objective function line through it.

An optimal solution &(LPq) is:

- 3 . 9
1 ==, Tog==
1=5 255
the optimal value is:
39
Z(LP]_) = ?

The optimal solution &(LP;) is fractional and the LP; problem is feasible, so the LP;
problem is inserted in the problem list L and the lower bound LB is set to —oo.
Due to the current lower bound LB and upper bound UB, we have:

—o0 < #ILP) < BgJ

——
=19

» Iteration 1
The LP; problem is extracted and deleted from the problem list L.

The branching variable is x9. The branching constraints are:

9 9
To < {QJ and x9 > {2J +1
—~~ —

—4 =5

Two LP9y and LP3 problems are created with these branching constraints.

(a) Solution of the LPy problem

Let us consider the LPy problem in standard form:
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max 4 x1 + 3 x9

T2y + 3 a2 + a3 = 24
=@ T T2 + x4 = 3
—x + x5 = -1
—T9 + 6 = =2

To + z7r = 4

z1, z2, z3, Z4, s, Z6, xzz > 0

For the branching constraint we have:
To+x7 =4 = x7=4—1x9

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get
4 9 1 7 N 1 i 1 i 7
r=4— (= — — 23— —=x Tr=—s+- T3+ T
! 2 10°° 10* T 27107 10t

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:

( 3 1 3

rr = 5 7 1o x3 + 10 T4
9 1 7

T2 = 2 10 r3 — 10 T4
1 1 3

5 = 5 T 10 r3 + 10 T4
) 1 7

e = 2 10 r3 — 10 Zq
1 1 7

7 = _5 + E 3 + TO Lyq
39 7 9

z = ? — ﬁ T3 — TO T4

where B = {1,2,5,6,7} and N' = {3,4} and

— the basic primal non-feasible solution is:
3 _ 9 _ r _ 5 1

Z3=0, Z4=0 of value %

— the basic dual feasible solution is:
7_1-1:07 7_1-2:()’ 77[.5207 7_1-6207 7_77:07
7T 9

10’ Ty = 10 of value

Ty =

Author:
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If we increase the value of 77, we can get a better dual solution. We have:

7 1 >0
= ==
71 10 10 = <7
My = — — — Ty —_— oy =
10 10 73>0
9 7 g_i >0 9
T =15 10™ 10 10 = oSz
w420

9 9
By increasing the value of 77 to min {7, 7} == the value of w4 decreases

to 0. Then we have that:

77 becomes a dual basic variable and accordingly x7 becomes a primal
non-basic variable.

w4 becomes a dual non-basic variable and accordingly x4 becomes a
primal basic variable.

We have:
1 1 7 5 1 10
x7:—§+E$3+Ew4 = x4:?—?x3+7x7
Substituting into the other equations of the primal simplex dictionary, we
get:
3 1 3 (5 1 10 12 1 3
x1:2m$3+m<77$3+7”):77”“““7””
9 1 7 (5 1 10
I TR m<7‘7”f3+7x7>—4‘w7
1 1 3 /5 1 10 5 1 3
SR IT) 3+m<7‘7x3+7”>—7‘7x3+7“
5 1 7 (5 1 10
x6_2_10$3_10<7_7$3+79”7):2_””7
39 7 9 /(5 1 10 132 4 9
Zzz‘m“‘m<7‘7$3+7”>:7‘7x3‘7$7

Accordingly, we now have the following updated primal simplex dictionary:

p 12 1 3
I = 7 — ? I3 + ? [ ird
To = 4 - X7
5 1 n 10
Ty = - — =2z —
4 7 7 3 7 7
5 1 o 3
5 = - — ==z -
5 - - I3 - 7
Tg = 2 — 7
132 4 9
z = — — — T — —
\ 7 7 77
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where B = {1,2,4,5,6} and N = {3,7} and

— the basic primal optimal solution is:

— the basic dual optimal solution is:

7?1:07 ~2:07 77[-4:()7 7?5:07 ~6
- 4 9 £ val 132
m3 = — mr = — Ol value —

3 7) 7 7 7
/
57
A |sedbeoscd
37
&
27
1 | ]
0
| I | |
0 1 12 3
7
\_ o /)

(dashed), and its optimal solution (blue).
An optimal solution &(LP3) is:

- 12
Ir1 = 7, To = 4
the optimal value is:
132
Z(LPQ) = 7
The LPs problem is feasible and we have
132
|z(LP2)| > LB since \‘7J > —00
——
=18

the problem list L.

Figure 7.52: Node 2: feasible region of LPs (red), with the branching constraint xo < 4

The optimal solution &(LP32) is fractional, accordingly, the LPs problem is inserted in
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Solution of the LP3 problem

Let us consider the LP3 problem in standard form:

max 4 x1 + 3 x9

T + 3x2 + 3 = 24
-z + x2 + x4 = 3
- + x5 = -1

—x9 + = -2
To - x7 = 5
x1, X2, x3, x4, Z5, Z6, xz =2 0

For the branching constraint we have:
To—T7=2DH = x7=-5+22

Using the equations of the optimal simplex dictionary we can express this branching con-
straint as a function of the non-basic variables. Substituting, we get

T7=-5+ g—ix—lx = w——l—ix—lx
7= 3 4 T= Ty T 0T o™

We then add this equation to the previous optimal simplex dictionary and we obtain the
following simplex dictionary:

( 3 1 3

Ty = 5 10 r3 + 10 Ty
9 1 7

T2 = 5 - 17) xr3 — E T4
1 1 3

Ty = 5 T 1o r3 + 10 T4
D 1 7

e = ) - TO r3 — E Ty
1 1 7

rr = 5 10 xr3 — 10 T4
39 7 9

L z = 5 — TO I3 — E T4

where B = {1,2,5,6,7} and N = {3,4} and

— the basic primal non-feasible solution is:

8 -9 . 1 _ 5 _ 1
_27 1‘5—2, $6_27 T7 = 5

39
T3=0, Z4=0 of value >
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— the basic dual feasible solution is:

7_'(1:07 7_'('2:07 7_'['5:0, 7_'('6:0’ 7_'('7:0,
T 9

3
—, Ty =— of value —
10 10

T3 =

If we increase the value of 77, we can get a better dual solution. We have:

7+1 >0
S 10" 10"~ o > 7
_ N >
5 710 10 220
9 7 9 7 9
-~ 4 —+—7mr=>0 > 2
™ T 0" 0 10"~ e

T42>0

Accordingly, we can increase the value of 7 without violating dual feasibility, which implies
that the dual problem is unbounded. As a result, the primal problem LPj3 is infeasible,
and the corresponding branching node is pruned by infeasibility.

At the end of the first iteration, branching on zo from Node 1 has generated the down-
branching node, Node 2, and the up-branching node, Node 3. Node 2 is inserted in the list
L, while Node 3 is pruned by infeasibility. The corresponding branch-and-bound tree is:
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Node 1
max 4x1 + 3zo
Tx1+ 3xe < 24
—z1 + 22 <3
—I] § —1
—XI2 S —2
x1,w2 >0
nod 59
1= 5 2255
39
e = | 3|
——
=19
LB =—-x
Node 2 T2 < 4 Node 3 T3 2> 5
max 4x1 + 3x9 max 4x; + 3x2
Tx1+ 3xo < 24 Tx1 + 3rs < 24
—x1+22 <3 —x14+ 12 <3
—z1 < —1 —z1 < —1
—p < —2 —xg < —2
xo < 4 T2 > 5
x1,22 20 z1,22 >0
2 . R
B 2 e pruned by infeasibility
7
132
|2(LP2)| = {7J
~—_——
=18
ILB=-

Due to the current lower bound LB and upper bound UB, we have:

—00 < z(ILP) < F?J

=18

» Iteration 2
The LPs problem is extracted and deleted from the problem list L.

The branching variable is x;. The branching constraints are:
12 12
T < {J and 1 > {7J +1

=1 =7
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Two LP4 and LP5 problems are created with these branching constraints.

(a) Solution of the LP4 problem

Let us consider the LP4 problem in standard form:

max 4 x1 4+ 3 x9

Txy + 3x2 + 3 = 24
—x1 + T2 + x4 = 3
—] + T3 = =l
—Z2 + 6 = -2

T2 + o7 = 4

T + xg = 1
1, x2, z3, T4, Z5, Z6, z7, zg > 0

For the branching constraint we have:
r1+zg=1 = zz=1—x:

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get

(21 3 . 5,1 3
xrR — — — — =X - T ry — —— —xX3 — =X
8 7 qoe e 8 e

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:

12 1 3
o= T 5 T3+ - a7
B = 4 — 7

5 1 +10
T4 = = —
4 - 73 7 7
s = EA lx + §x
5 = 7 73 7 7
e — 2 — I

_ 5,1 3
rg = - 7333 71’7

132 4 9
z = = — — X — —

7 7 73 77

where B = {1,2,4,5,6,8} and N’ = {3, 7} and
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— the basic primal non-feasible solution is:

5
xr1 = 77 T2 =42, T4 = 77
_ 5 _ 5 & 5
Ts = =, Tg= Tg = ——
5 77 6 ) 8 77
132
Z3=0, zy =0 of value —
— the basic dual feasible solution is:
m =0, m =0, my =0,
_5:07 7?6:()7 7_1—8:())
_ 4 9 £ val 2
== = — of value —
3 7 7 - valu

If we increase the value of 7g, we can get a better dual solution. We have:

11 >0
—— =
T3 _4 171'8 ;7 7,—’8_ T <4
— - _
7 e ras0 8 X
9 3 9 3
T o=—+=omg s tom=20 s >3
7T 7
w7 >0

By increasing the value of 7g to 4, the value of 73 decreases to 0. Then we
have that:

g becomes a dual basic variable and accordingly xg becomes a primal
non-basic variable.
w3 becomes a dual non-basic variable and accordingly x3 becomes a

primal basic variable.

We have:
5 1 3
ngz—?—‘—?fﬁg—?l’? = CL’3:5+3$7+7ZE8
Substituting into the other equations of the primal simplex dictionary, we
get:
12 1 3
1:1:7—?(5+3x7+7x8)+?x7:1—m8
5 1 10
zg=—-—=0B+3z7+7x3)+ — z7 =0+ 27 — 28
T T 7
5 1 3
.%‘5:§—?(5+3$7+7$8)+?$7:0—I8
132 4 9
z:7—?(5+3x7—|—7m8)—?x7:16—3@‘7—4308

Accordingly, we now have the following updated primal simplex dictionary:
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T, = 1 — s
o = 4 - T7

r3 = 5 + 3 x7 + 7 xg
zy = 0 + T7 — s
T5 = 0 — s
Tg = 2 — T7

z = 16 — 3 x7 — 4 xg

\
where B = {1,2,3,4,5,6} and N' = {7,8} and

— the basic primal optimal solution is:
T1=1, To=4, T3=2>7,
T4=0, T5=0, Tg=2,
T7=0, Zg=0 of value 16
— the basic dual optimal solution is:
=0, =0, 73 =0,
=0, =0, 7g=0,

=3, g =4 of value 16
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Figure 7.53: Node 4: feasible region of LP, (red), with the branching constraint z; < 1
(dashed), and its optimal solution (blue).
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An optimal solution (LPy) is:

the optimal value is:

z(LP4) = 16

The LP4 problem is feasible and we have
|2(LP4)] > LB since 16 > —o0

The optimal solution &(LP,) is integer, accordingly, the lower bound LB becomes 16 and
the incumbent solution Z(ILP) becomes 71 = 1, Zy = 4.
Accordingly, the branching node is pruned by integrality.

Solution of the LP5 problem

Let us consider the LP5 problem in standard form:

max 4 x; + 3 x9

Ty + 3x2 + a3 = 24
—x1 + T2 + T4 = 3
T + 5 = -1
—T9 + g = =2

) + x7 = 4

1 - T3 = 2
x1, T2, x3, Z4, zs, Z6, z7, zg = 0

For the branching constraint we have:
1 —x8 =2 = xg8=-—-2-+1T

Using the equations of the optimal simplex dictionary we can express this branching con-
straint as a function of the non-basic variables. Substituting, we get

= rg = ——— =3+ =x7

12 1 3 2 1 3
T T 7

We then add this equation to the previous optimal simplex dictionary and we obtain the
following simplex dictionary:
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12 1 o 3
rx$T = — - -z -z
1 7 7 3 7 7
i) = 4 — Ty
B 5 1 W 10
T4 = - 7 I3 - T
5 1 o 3
5 = - - -z -z
5 7 7 3 7 7
G 2 - o
2 1 3
Ts = —? — ? I3 + ? T
132 4 9
z = - 7 I3 7 Ty
where B = {1,2,4,5,6,8} and N' = {3,7} and
— the basic primal non-feasible solution is:
12 5
T =, Ty =4, T4 = o,
_ 5 9 & 2
Trs — — Tre = re — ——
5 77 6 ) 8 77

132
T3 =0, zyr=0 of value %

— the basic dual feasible solution is:
11 =0, ma=0, =0,
7?5:07 7Tr6:()7 7_1-8:07
4 9 £ val 132
— = — of value —
7 T R T

If we increase the value of mg, we can get a better dual solution. We have:

T3 —

4+1 >0

=+ =7

s —4—1-177 ; 7,—/8_ g > —4
= 4+ = _

3 77”8 730 8 =
9 3 9_3 S0

™7 :?_?FS 7 77T8— T8 SS

w7 >0

By increasing the value of g to 3, the value of w7 decreases to 0. Then we have that:

g becomes a dual basic variable and accordingly xg becomes a primal
non-basic variable.
77 becomes a dual non-basic variable and accordingly z7 becomes a
primal basic variable.
We have:
2 1 3 2 1 7

= = == 4 = L
77 7+ TT=g g Tt gy
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Substituting into the other equations of the primal simplex dictionary, we get:

121 0802 1 T N
M= —y¥Tyl\gT3g¥Tgi|=sTIs
i (241, T, ) 10 1 7
2= g TgtaT 38 3 3%aT 38
5 1 002 1 1 5,1, 10
Ty ——— =X = = = 75 = 45 = — — X — X
AT T T \3g T3 T3 T3 3T g8
51, 32 1 .
e TR RN T g T A
o (2.1, 41 7
= 3 3T 3gI ) =g 3T 8

132 4 9/72 1 7
— 24z L — 18 — pa —
<3—|—3£L‘3+3$8> 8 —x3—3xg

Accordingly, we now have the following updated primal simplex dictionary:

xry = 2 -+ xrs
10 1 7

Tro = 3 3 T3 3 xTrs
5 1 10

T4 = g ol g r3 + ? xg

Ty = 1 + xs
4 1 7

Te = § — g T3 — g xIs
_2 1T

Tr = 3 3 zs3 3 €rg

z = 18 - T3 — 3 xg

where B = {1,2,4,5,6,7} and N' = {3,8} and

— the basic primal optimal solution is:

—
(@]

Ty =

&
|
\.l\D
8
no

|

|

)

W =W
LIN ¢ en

T5=1, Tg=—=, T7r=
T3 =0, Zg=0 of value 18
— the basic dual optimal solution is:
m =0, =0, =0,

7?5:07 77[-6:07 7?7:07

w3 =1, g =3 of value 18
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Figure 7.54: Node 5: feasible region of LPj5 (red), with the branching constraint x; > 2
(dashed), and its optimal solution (blue).
An optimal solution &(LP5) is:

the optimal value is:

The LPs problem is feasible and we have
|z(LP5)] > LB since 18 > 16

The optimal solution &(LP5) is fractional, accordingly, the LP5 problem is inserted in
the problem list L.

At the end of the second iteration, branching on z; from Node 2 has generated the
down-branching node, Node 4, and the up-branching node, Node 5. Node 4 is pruned by
integrality, while Node 5 is inserted in the list L. The corresponding branch-and-bound
tree is:
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Node 2
max 4x1 + 3zo
Tr1+ 322 <24
—r1+ 22 <3
—r1 < -1
—Ty < —2
To < 4
z1,22 > 0
&y = g, To =4
2P = |
e
ILB=-0
|
Node 4 T =1 Node 5 Ty 22
max 4x1 + 3xo max 4xi + 3xo
Tr1+ 3z0 < 24 Tx1 + 3r9 < 24
—x1+x2 <3 —x14+ 22 <3
—r1 < —1 St =l
—x9 < —2 —xz2 < —2
r9 < 4 xo < 4
1 <1 1 > 2
z1,22 > 0 z1,22 > 0
T1=1, To=4 =2, @:E
2(LPy) = 16 3
LB = 16 z(LPs) =18
pruned by integrality LB = 16

Due to the current lower bound LB and upper bound UB, we have:
16 < z(ILP) < 18

» Iteration 3
The LP5 problem is extracted and deleted from the problem list L.

The branching variable is x9. The branching constraints are:

10 10
To < {SJ and o > {SJ +1

=3 =4
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Two LPg and LP7 problems are created with these branching constraints.

(a) Solution of the LPg problem

Let us consider the LPg problem in standard form:

max 4 x1 + 3 x9

Tx1 + 31z + w3 = 24
—r + T2 + 14 = 3
—x1 + x5 = -1
—T9 + xg = =2

To +  z7 = 4

Eal = g = 2
T + x9 = 3

Z1, x2, x3, T4, Zs5, T6, z7, x8, g = 0

For the branching constraint we have:

To+x9 =3 = 29=3—-1
Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get

3 10 1 7 N 1+1 +7
t9=3———-Zz3— -z Tg=—5+ w3+
9 3 3 3 3 8 9 3 3 3 3 8

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:

ry = 2 + s
10 1 7

X = = — — T — —x

2 3 3 3 3 8
5 n 1 n 10

x = - - X — X

4 3 3 3 3 8

5 = 1 -+ xs
4 1 7

Te = 3 3 x3 3 zs
2 1 7

X7 = g + g I3 + g I8
1 n 1 I 7

xg = —= -z -z

9 3 3 3 3 8

A — 18 — T3 — 3 xg

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 311


https://github.com/fabiofurini/integer-linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Integer Linear Programming

where B = {1,2,4,5,6,7,9} and N = {3,8} and

— the basic primal non-feasible solution is:

10 )

51:27 i‘2_?7 j4:§7 j5:17
_ 4 2 1
Tg=—, Tr==, Tg=—=

6 37 7 37 9 37

T3 =0, Zg=0 of value 18
— the basic dual feasible solution is:

m =0, m9=0, my=0, 75 =0,
ﬁ-ﬁzou 77[.720, 7?9:07

3 =1, wg=3 of value 18

If we increase the value of g, we can get a better dual solution. We have:

1
1—*7T9>0
1 iy
3 :1——7‘(‘9 4,—/ 9 S?)
3 73>0
7 3——m>0 d
T8 :3_§W9 37T9— 9 S?
78>0

9 9
By increasing the value of mg to min {3, 7} =0 the value of 7g decreases
to 0. Then we have that:

m9 becomes a dual basic variable and accordingly xg becomes a primal
non-basic variable.

mg becomes a dual non-basic variable and accordingly xg becomes a
primal basic variable.

We hayve:

SR U R SRR S SN
Tg=—g+ g+ ooy Ty =5 = = T3+ 5 Ty

Substituting into the other equations of the primal simplex dictionary, we

get:
o (11, 3, Yy 15 1 03
= 7 T RI ) Ty TR T

x*E—lx—z l—lx +§x =3-ux
2773 3 3\ 7T )T ?
—I—E l—lx—i- T —1—5—137 —i—Ex
3 3 3 3 7 7 3 9] — 3 9
8
7

3

7
RS SO U R
A 7 7T
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4 1 T(L o1 o3 N
Te=3 3T g\y 7Ty =209

2 e T (Lt 14
T = — - X - | = — X x = iy
T3 g Tg\y 7T 9

7 77 A A

Accordingly, we now have the following updated primal simplex dictionary:

1 1 3 123 4 9

B 15 1 o 3
= = - T3 7 L9
Tro = 3 — xT9

15 1 10
T + LA
s = § = 1 r3 + § a8

5 = 7 7 3 7 9
Tre — 1 - xT9
7 = 1 -+ X9

B 1 1 o 3
rg = - - I3 7 ZT9

123 4 9

\ z = 7 = I3 7 ZT9
where B = {1,2,4,5,6,7,8} and N = {3,9} and
— the basic primal optimal solution is:
- 15 3 & 15 8
xr1 = — r9o = Ty = — €Tre — —
1 7 ) 2 ) 4 7 ) 5 77
~ - - 1
‘T6:17 CC7—1, ‘/178_?7
23

3 =0, Zg=0 of value —

— the basic dual optimal solution is:

7?1:07 ~2:07 ~4:07 ~5207
~6:07 77[-7207 7?8:07

- 4 123

7r3—?, 79 = — of value —
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Figure 7.55: Node 6: feasible region of LPg (red), with the branching constraint xo < 3
(dashed), and its optimal solution (blue).
An optimal solution &(LPg) is:

- 15
oo = ez To =3
the optimal value is:
123
The LPg problem is feasible and we have
123
|2(LPg)| > LB since {7J > 16
——
=17

The optimal solution &(LPg) is fractional, accordingly, the LPg problem is inserted in
the problem list L.

Solution of the LP7 problem

Let us consider the LP7 problem in standard form:

max 4 x; + 3 a9

Txr1 + 3z + 13 = 24
—r; + ) + x4 = 3
=8| + x5 = -1
—2 + s = -2

X2 + xz7 = 4

T — xg = 2
X2 — g = 4

z1, z2, z3, Z4, x5, Z6, x7, zs, T9 > 0
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For the branching constraint we have:
To—Tg =4 = x9=—-4+ 2

Using the equations of the optimal simplex dictionary we can express this branching con-
straint as a function of the non-basic variables. Substituting, we get

A4 10 1 7 N 2 1 7
Tg = — —— ey 8 Tg=—7—=T3— =X
9 3 3 3 3 8 9 3 3 3 3 8

We then add this equation to the previous optimal simplex dictionary and we obtain the
following simplex dictionary:

ry = 2 + s
10 1 7

iRy = = = = g = = @

2 3 3 3 3 8
_ 5,1 L1

T4 = 3 3 T3 3 xTs

rs = 1 + s
4 1 7

Te = g — g I3 — g Ts
2 1 7

Ty = g -+ § I3 + g s
2 1 7

o9 = 3 3 T3 3 8

Z = 18 - T3 — 3 xs

where B = {1,2,4,5,6,7,9} and V' = {3,8} and

— the basic primal non-feasible solution is:

10 )
£1:27 i‘2_§7 1:4:5) z :17
_ 4 _ 2 _ 2
Tg=—, Tr=—, Tg=——
6 37 7 37 9 37

T3 =0, zg=0 of value 18
— the basic dual feasible solution is:

77[.120, 7_1-2207 7_1-4:07 77-5207
7?6:07 7?7207 7_1—9:O>

m3 =1, g =3 of value 18

If we increase the value of mg, we can get a better dual solution. We have:
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1
1+§77920
m3 =14+ —-mg N—— T = —3
77r320
7
s :3+§7T9 3+§7T920 9

———
78>0

Vv

o
7

Accordingly, we can increase the value of w9 without violating dual feasibility, which implies
that the dual problem is unbounded. As a result, the primal problem LP7 is infeasible,
and the corresponding branching node is pruned by infeasibility.

At the end of the third iteration, branching on zs from Node 5 has generated the
down-branching node, Node 6, and the up-branching node, Node 7. Node 6 is inserted in

the list L, while Node 7 is pruned by infeasibility. The corresponding branch-and-bound
tree is:
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Node 5
max 4x1 + 3zo
Tr1+ 322 <24
—x1+2x2 <3
—r1 < -1
—x9 < =2
To < 4
T > 2
T, 29 > 0
- 10
T =2, Tg= 3
z(LP5) = 18
LB =16 |
Node 6 T2 =3 Node 7 T2 2 4
max 4x1 + 3x9 max 4x; + 3xo
Tx1 + 3x0 < 24 Tx1 + 3z < 24
-1+ 220 <3 —x1+ 12 <3
-z < -1 -1 < —1
—xp < —2 —xg < —2
r9 < 4 r2 < 4
T > 2 T, 2> 2
x2 <3 z9 >4
z1,22 > 0 z1,22 > 0
5 = 1775’ Gy =3 pruned by infeasibility
=P = |
=
LB =16

Due to the current lower bound LB and upper bound UB, we have:

p Iteration 4

16 < z(ILP) < {

123
7

=17

The LPg problem is extracted and deleted from the problem list L.

Author: Fabio Furini

SAPIENZA

UNIVERSITA DI ROMA

317


https://github.com/fabiofurini/integer-linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Integer Linear Programming

The branching variable is x;. The branching constraints are:

15 15
T < {7J and x> {7J +1

=2 =3

The LPg problem is created with the first branching constraint (the second child is solved
only if needed).

(a) Solution of the LPg problem

Let us consider the LPg problem in standard form:

max 4 x7 + 3 3y

Tx1 + 3z + a3 = 24
=@ ar ) + @y = 3
- + x5 = -1
—Ty + 1z = -2

T2 +  z7 = 4

1 = xg = 2
T2 + T = 3

x1 + T = 2
z1, Tg, z3, T4, zs5, z6, z7, zs, zg, ro > 0

For the branching constraint we have:
1+ 210 =2 = T p=2-—21

Using the equations of the optimal simplex dictionary we can express this
branching constraint as a function of the non-basic variables. Substituting,
we get

15 1 3 1 1 3
0=2-(-—5%3+ 5Ty = T =553 ST

We then add this equation to the previous optimal simplex dictionary and
we obtain the following simplex dictionary:
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15 1 i 3
x = —= — -z =
1 7 7 3 7 9
Tro = 3 — T9
B 15 1 i 10
Try = z Z I3 - ZT9
8 1 i 3
Ty = - - -z =
5 7 7 3 7 9
R 1 - T9
7 = 1 2 T9
1 1 i 3
rg = - — -z =z
8 7 7 3 7 9
B 1 i 1 3
10 = 7 7 z3 7 Zg
123 4 9
S A B
where B = {1,2,4,5,6,7,8,10} and V' = {3,9} and
— the basic primal non-feasible solution is:
_ 15 3z 15  _ 8
xr1 = — r9o = Ty = — €Tre — —
1 7 ) 2 y 4 7 ) 5 77
1 1
6 =1, x7=1 = =——
Ze y L7 y I8 7 10 7
123
23 =0, T9g=0 of value =

— the basic dual feasible solution is:

m =0, m=0, my=0, 75 =0,
76 =0, m =0, 7g=0, 7o =0,

4 9 123

Ty = ?, g = ? of value 7

If we increase the value of g, we can get a better dual solution. We have:

4 1
4 1 ?_?71—1020
T3 =S — 570 —— T <4
T T 73>0
9 3
9 :?‘F?WIO ?—’—?ﬂ—lozo T = —3
S
w9 >0

By increasing the value of 71 to 4, the value of 73 decreases to 0. Then we
have that:

Author:

Fabio Furini
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10 becomes a dual basic variable and accordingly x1¢9 becomes a primal
non-basic variable.
w3 becomes a dual non-basic variable and accordingly zs becomes a
primal basic variable.
We have:
1 1
T =gt T35l S 13= 1+3z9+ Tx10

Substituting into the other equations of the primal simplex dictionary, we
get:

15 1 3
561:7*5(1+3$9+7$10)+?$922*3310
15 1 10
z4=— —=(14+3x9+Tx10) + = 29 =2+ T9 — 190
7 7 7
8 1 3
5652?—?(14-31:9—1-73310)4-?%9:1—$10
1 1 3
:CSZ?—?(1—1-3:69—1-73310)4-?1'9:O—xlo
123 4 9
Z=?—?(14—3.%'94-73210)—?%‘9217—3.%'9—43310

Accordingly, we now have the following updated primal simplex dictionary:

T = 2 — T10
To = 3 — Tg
x3 = 1 4+ 3x9 + 7 219
x4 = 2 + T9 — 10
s = 1 - Z10
Tg = 1 - Tg
Ty = 1 + Tg
rg = 0 — 10
z = 17 — 3 xz9 — 4 x19

where B = {1,2,3,4,5,6,7,8} and N = {9,10} and

— the basic primal optimal solution is:
~i'1:27 £2:37 573:17 i'4:27
Ts5=1, z¢g=1, T7r=1, zg=0,

Tg=0, Z10=0 of value 17

Author:

Fabio Furini

SAPIENZA

UNIVERSITA DI ROMA

320


https://github.com/fabiofurini/integer-linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Integer Linear Programming

— the basic dual optimal solution is:
7?[-1:07 7}2:07 7}3:07 7}4207
77[-5:07 7?6:07 77‘-7:07 ﬁ8:O7

T9g=3, mo=4 of value 17
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Figure 7.56: Node 8: feasible region of LPg (red), with the branching constraint x; < 2
(dashed), and its optimal solution (blue).
An optimal solution &(LPg) is:

T1=2, T2=3

the optimal value is:

z(LPg) = 17
The LPg problem is feasible and we have

|z(LPg)] > LB since 17> 16

The optimal solution (LPg) is integer, accordingly, the lower bound LB becomes 17 and
the incumbent solution &(ILP) becomes 1 = 2, Z9 = 3.
Accordingly, the branching node is pruned by integrality.

At the end of the fourth iteration, branching on z; from Node 6 has generated the down-
branching node, Node 8. This node is pruned by integrality. The up-branching node is not
solved, since after Node 8 the lower bound satisfies

|2(LPg)] < LB.

This is the portion of the branch-and-bound tree showing the LP problems of the branching
nodes that are solved:
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Due to the current lower bound LB and upper bound UB, we have:

p Termination

Since the list L is empty, the lower bound LB is equal to the upper bound UB and the ILP

Node 6

max 4x1 + 3x9
Tx1+ 3xe < 24
—r1+ 22 <3

—r1 < -1
—T9 < —2
To < 4
T > 2
To <3

z1,T2 > 0

Node 8 r1 <2

max 4x; + 3xo
71’1 + 31’2

w DN
=~

—x1 + T2

| |
(NI

8

N
(V2 VAN VAN AV VAN VAN VAN VANRN VAN
S N W N

€1, T2

T1=2, T2=13

z(LPg) =17

LB =17

pruned by integrality

17 < z(ILP)

problem is solved to optimality.

< 17

Author: Fabio Furini
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2. The final branch-and-bound tree is:

The optimal value is z(ILP) = 17 (the value of the lower bound LB) and an optimal solution
Z(ILP) is 71 = 2, %2 = 3 (the incumbent solution Z(ILP)).

9.

1.

becomes the incumbent solution.

Node 1
|z(LPy)] = 19
LB = —
|
x2 < 4 T2 > 5
Node 2 Node 3
|2(LPy)] = 18 pruned by in-
LB = - feasibility
|
1 <1 x> 2
Node 4 Node 5
z(LP4) = 16 z(LP5) = 18
LB = 16 LB = 16
pruned by |
integrality
To <3 T9 >4
Node 6 Node 7
|2(LPg)| = 17 pruned by in-
LB = 16 feasibility
I S 2
Node 8
Z(LPs) = 17
LB = 17
pruned by
integrality

The reasons why the branching nodes are pruned are the following.

e Node 1 has a fractional optimal solution with |z(LP;)] = 19: it is branched on
e Node 2 has a fractional optimal solution with |z(LP2)| = 18: it is branched on

e Node 3 is pruned by infeasibility: the LP3 problem has no feasible solution.
e Node 4 is pruned by integrality: &(LP4) = (1,4) is integer, with value 16, which

Author: Fabio Furini
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e Node 5 has a fractional optimal solution with z(LP5) = 18: it is branched on z.

e Node 6 has a fractional optimal solution with |2(LPg)| = 17: it is branched on
xI1.

e The up-branching node of Node 6 is not solved, and it is not drawn, since
|2(LPg)| = 17 < LB = 17 after its first child.

e Node 7 is pruned by infeasibility: the LP; problem has no feasible solution.

e Node 8 is pruned by integrality: (LPg) = (2, 3) is integer, with value 17, which
becomes the incumbent solution.

The optimal value is z(ILP) = 17 and the branch-and-bound algorithm returns the
optimal solution Z(ILP) = (2, 3).

7.2 Strong branching

Exercise 7.13 — Strong branching (P1)

( A
Consider the following ILP problem in canonical maximization form with n = 2
integer variables and m = 1 constraint:

max r1 + 8 x9

31 + 6 29 < 16

x1, To € ZZO

Questions
1. Solve graphically the LP relaxation LP; of the ILP problem.

2. Determine the branching variable with the strong branching branching-variable se-
lection strategy (in case of ties, choose the variable with the smallest index). Solve
graphically the LP problems of the branching nodes.

A J

e N

For a fractional variable x; of Z(LP1), the two branching nodes are LPy (with z; < |Z;])
and LP3 (with z; > [Z;| + 1), and

0{(xj) = 2(LP1) — 2(LP2),  &}(z;) = 2(LP1) — 2(LP3),

with § = 400 for an infeasible node. Strong branching selects the variable with the

largest score min{d{(z;), 6%(z;)}.

1. For the LP; problem, graphically we have:
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2

\ i %

Figure 7.57: Feasible region of LP; (red), integer points (black) and optimal solution of
LP; (blue) with the objective function line through it.
An optimal solution &(LP;) is:

1 =0, T2= 3

the optimal value is:

64
Z(LP]_) = ?

Only z9 is fractional: it is the only candidate branching variable, and strong branching
computes its score anyway.

. Strong branching. Graphically, we have:

(a) Branching on xo:
e With zo < 2, an optimal solution of LPy is

4 52
i‘l = g, jg =2 and Z(LPQ) = ?,

accordingly

e With x5 > 3, the LP3 problem is infeasible, accordingly
01 (x2) = +o00
For the variable x9 we have:

min {5?@2), 51‘(:1;2)} = min {4, 400} = 4.

Author: Fabio Furini

SAPIENZA

UNIVERSITA DI ROMA

325


https://github.com/fabiofurini/integer-linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Integer Linear Programming
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Figure 7.58: Branching on xg: feasible regions of LPy (2 < 2) and LP3 (x93 > 3) in red,
integer points (black) and optimal solutions (blue).

Therefore, strong branching selects 2, the only fractional variable, with score 4.
\ J

Exercise 7.14 — Strong branching (P2)

N

p
Consider the following ILP problem in canonical maximization form with n = 2

integer variables and m = 2 constraints:

max r1 + 3 X9
—4 x1 4+ 10 9 < 35
31 “+ Ty < 12
1, T2 € Z>o
N b,

Questions
1. Solve graphically the LP relaxation LP; of the ILP problem.

2. Determine the branching variable with the strong branching branching-variable se-
lection strategy (in case of ties, choose the variable with the smallest index). Solve
graphically the LP problems of the branching nodes.
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and LP3 (with z; > [Z;| + 1), and

8¢(x;) = 2(LP1) — 2(LPy),

largest score min{d%(x;), 6%(z;)}.

For a fractional variable x; of Z(LP1), the two branching nodes are LPy (with z; < |Z;])

07 (zj) = z(LPy1) — 2(LP3),

with 6 = 400 for an infeasible node. Strong branching selects the variable with the

N

1. For the LP; problem, graphically we have:

-~

B N[O o

2

o

—

[\
NG

1

N

LP; (blue) with the objective function line through it.
An optimal solution &(LPy) is:

the optimal value is:
Z(LPl) =16

2. Strong branching. Graphically, we have:

(a) Branching on z1:

Figure 7.59: Feasible region of LP; (red), integer points (black) and optimal solution of

e With z1 < 2, an optimal solution of LPy is

- - 43 149
T1 =2, Ig9= T and z(LPy) = 10
accordingly
149 11
d
@) =16-35 =15

Author: Fabio Furini

SAPIENZA

UNIVERSITA DI ROMA

327


https://github.com/fabiofurini/integer-linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

=

Integer Linear Programming

e With x; > 3, an optimal solution of LPj is
Z1=3, Z9=3 and z(LP3)=12,

accordingly
01 (z1) =16 — 12 = 4.

For the variable x; we have:

min {(5?(:1:1), 5”{(561)} = min {11 4} 11

10’
K

!
]
]
[]
]
]
]
(]
4
[]
]
]
]

[a\] -
)
2 @ ° ® -
1 @ ° ® -
0 °
[ ] [ ]
| 1 1 |
0 1 2 3 4

N i /

integer points (black) and optimal solutions (blue).

Branching on xs:
e With zo5 < 4, an optimal solution of LPy is
8 44
5{71 = g, iQ =4 and Z(LPQ) = ?,
accordingly

44 4

6¢ =16— — = —.

1(z2) 3 3

e With x5 > 5, the LP3 problem is infeasible, accordingly
01 (z2) = 400

For the variable x9 we have:

4 4
win {(a2). 3t(e0)} = min {3, +o0f =

Figure 7.60: Branching on x;: feasible regions of LPy (x; < 2) and LP3 (z; > 3) in red,
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Figure 7.61: Branching on zy: feasible regions of LPy (2 < 4) and LP3 (z2 > 5) in red,
integer points (black) and optimal solutions (blue).

Therefore, strong branching selects x5, since its score is the largest:

1 u
37 10
(& J
Exercise 7.15 — Strong branching (P3)
r N

Consider the following ILP problem in canonical maximization form with n = 2
integer variables and m = 2 constraints:

max 2 x1 + 4 a9

—-xr1  + Ty < 2
8x1 + 2z < 19
T, ro € Zzo
\ )

Questions
1. Solve graphically the LP relaxation LP; of the ILP problem.

2. Determine the branching variable with the strong branching branching-variable se-
lection strategy (in case of ties, choose the variable with the smallest index). Solve
graphically the LP problems of the branching nodes.
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Ve

and LP3 (with z; > [Z;| + 1), and

largest score min{d%(x;), 6%(z;)}.

For a fractional variable x; of Z(LP1), the two branching nodes are LPy (with z; < |Z;])

§3(x;) = 2(LP1) — 2(LP2),  6}(x;) = 2(LP1) — 2(LP3),

with 6 = 400 for an infeasible node. Strong branching selects the variable with the

N

1. For the LP; problem, graphically we have:

-

x2

N

LP; (blue) with the objective function line through it.

An optimal solution &(LP;) is:

s T
1_27 2_2

the optimal value is:
z(LPy) =17

2. Strong branching. Graphically, we have:

(a) Branching on z1:

e With z; < 1, an optimal solution of LP5 is

accordingly

Figure 7.62: Feasible region of LP; (red), integer points (black) and optimal solution of

fl = 1, .’i‘g =3 and Z(LPQ) = 14,

6¢(x) =17 - 14 =3.
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e With z1 > 2, an optimal solution of LPj3 is
- - 3
T1=2, I9= 3 and z(LP3) = 10,

accordingly
0f(z1) =17-10="T1.

For the variable x; we have:

min {5{1(@«1), 57;@1)} — min {3, 7} = 3.

s =)

z2
S S —
|

— -
N ==
w

\_ i /

Figure 7.63: Branching on x;: feasible regions of LPy (x; < 1) and LP3 (z1 > 2) in red,

integer points (black) and optimal solutions (blue).

Branching on x5:
e With x5 < 3, an optimal solution of LPy is
13 61
i‘l = g, i’Q =3 and Z(LPQ) = Z,
accordingly

61 7

8¢ (z0) =17 — — = -

1(22) 11

e With x5 > 4, the LP3 problem is infeasible, accordingly
6%(22) = +o0

For the variable x9 we have:

7 7
min {5f($2), (5%(:02)} = min {4, —l—oo} =7
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x2

\_ - %

Figure 7.64: Branching on zy: feasible regions of LPy (z2 < 3) and LP3 (z2 > 4) in red,
integer points (black) and optimal solutions (blue).

Therefore, strong branching selects x1, since its score is the largest:

7
3>1.

Exercise 7.16 — Strong branching (P4)

Consider the following ILP problem in canonical maximization form with n = 2
integer variables and m = 2 constraints:

max 5 x; + 3 x2

2z + Ty < 14
1 + 8 a2 < 32
T, X9 S Zzo
L y,

Questions
1. Solve graphically the LP relaxation LP; of the ILP problem.

2. Determine the branching variable with the strong branching branching-variable se-
lection strategy (in case of ties, choose the variable with the smallest index). Solve
graphically the LP problems of the branching nodes.
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N

-

For a fractional variable x; of Z(LP1), the two branching nodes are LPy (with z; < |Z;])
and LP3 (with z; > [Z;| + 1), and

§3(x;) = 2(LP1) — 2(LP2),  6}(x;) = 2(LP1) — 2(LP3),

with 6 = 400 for an infeasible node. Strong branching selects the variable with the

largest score min{d%(x;), 6%(z;)}.

1. For the LP; problem, graphically we have:

-

~

wls

z2
N

N

Figure 7.65: Feasible region of LP; (red), integer points (black) and optimal solution of
LP; (blue) with the objective function line through it.
An optimal solution (LP;) is:

- 16 10
r = 3, T2 = ?
the optimal value is:
2(LPy) = %

. Strong branching. Graphically, we have:

(a) Branching on zi:
e With z; < 5, an optimal solution of LPy is

27 281
1 =5, Ig= g and z(LPy) = =

accordingly o 981 37
i) =5 - % o

e With x; > 6, an optimal solution of LPj is

fl = 6, .’i‘g =2 and Z(LPg) = 36,
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accordingly
0f(z1) = — —36 =

For the variable x; we have:

min{éf(xl), 5%(351)} = min

(I
Y R
wl @
QI
at

O = o

\_ i J

Figure 7.66: Branching on x;: feasible regions of LPy (1 < 5) and LP3 (z1 > 6) in red,
integer points (black) and optimal solutions (blue).

Branching on xs:

e With x5 < 3, an optimal solution of LPy is

11 73
i'l = ?, i’z = 3 and Z(LPQ) = ?,

accordingly

110 73 1
1#2) === —5 =3

e With x5 > 4, an optimal solution of LPjg is
21 =0, Z3=4 and z(LP3)=12,

accordingly

For the variable x5 we have:

min {5 (z2), 6%(22) } = min {é 3} _ é
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Figure 7.67: Branching on xs: feasible regions of LPy (2 < 3) and LP3 (x3 > 4) in red,
integer points (black) and optimal solutions (blue).

Therefore, strong branching selects 1, since its score is the largest:

Exercise 7.17 — Strong branching (P5)

Consider the following ILP problem in canonical maximization form with n = 2
integer variables and m = 2 constraints:

max 2 x1 + 3 X9

61 + 21 29 < 77
8 r1 + 3 x99 < 36
X1, 0 € ZZO
§ J

Questions
1. Solve graphically the LP relaxation LP; of the ILP problem.

2. Determine the branching variable with the strong branching branching-variable se-
lection strategy (in case of ties, choose the variable with the smallest index). Solve
graphically the LP problems of the branching nodes.
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For a fractional variable x; of Z(LP1), the two branching nodes are LPy (with z; < |Z;])
and LP3 (with z; > [Z;| + 1), and

§3(x;) = 2(LP1) — 2(LP2),  6}(x;) = 2(LP1) — 2(LP3),

with 6 = 400 for an infeasible node. Strong branching selects the variable with the

largest score min{d%(x;), 6%(z;)}.

1. For the LP; problem, graphically we have:

/

z2

&)

—

N

w
[

W~

o

\_ i /

Figure 7.68: Feasible region of LP; (red), integer points (black) and optimal solution of
LP; (blue) with the objective function line through it.
An optimal solution (LPy) is:

7 8
1=
175

5 To= 7

3
the optimal value is:

z(LPy) =15
2. Strong branching. Graphically, we have:

(a) Branching on zi:
e With z; < 3, an optimal solution of LP3 is

N - 59 101
1 =3, Tg9= o and z(LPy) = =

accordingly

101 4
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e With z1 > 4, an optimal solution of LPj3 is
4
T1=4, Iy= 3 and z(LP3) =12,
accordingly
01 (x1) =15 -12=3.
For the variable x; we have:
4

min {5 (1), 6%(21) } = min{‘;, 3} -

ol

[en]
=
[N}
O -
NG S
ot

\_ i /

Figure 7.69: Branching on z;: feasible regions of LPy (z; < 3) and LP3 (z; > 4) in red,
integer points (black) and optimal solutions (blue).

o

Branching on x»:

e With x5 < 2, an optimal solution of LPy is
- 15 27

T = Ve Zo =2 and z(LP3)= 5
accordingly
27 3
0 (ze) =15 — — = —.
1(z2) 9 9
e With x5 > 3, an optimal solution of LPj3 is
7 41
il = g, :ig =3 and Z(LPg) = 3,
accordingly
41 4
o7 =15—- — = .
1'(22) 3 3

For the variable x5 we have:

: u . (3 4 4
min {(5{[(332), i (xg)} = min {2, 3} =3
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Figure 7.70: Branching on xs: feasible regions of LPy (2 < 2) and LP3 (x3 > 3) in red,
integer points (black) and optimal solutions (blue).

Therefore, strong branching selects xs, since its score is the largest:

4 - 4
3° 7
- J
Exercise 7.18 — Strong branching (P6)
( N
Consider the following ILP problem in canonical maximization form with n = 2

integer variables and m = 2 constraints:

max r1 + xr9
421 + 15z < 70
12 2y + 322 < 52
1, T2 € Z>o
L J

Questions
1. Solve graphically the LP relaxation LP; of the ILP problem.

2. Determine the branching variable with the strong branching branching-variable se-
lection strategy (in case of ties, choose the variable with the smallest index). Solve
graphically the LP problems of the branching nodes.
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and LP3 (with z; > [Z;| + 1), and

8¢(x;) = 2(LP1) — 2(LPy),

largest score min{d%(x;), 6%(z;)}.

For a fractional variable x; of Z(LP1), the two branching nodes are LPy (with z; < |Z;])

07 (zj) = z(LPy1) — 2(LP3),

with 6 = 400 for an infeasible node. Strong branching selects the variable with the

N

1. For the LP; problem, graphically we have:

2

N

LP; (blue) with the objective function line through it.
An optimal solution &(LPq) is:

fe® D
'Tagn P a1
the optimal value is:
601
Z(LPl) = 8_4

2. Strong branching. Graphically, we have:

(a) Branching on z:

e With z; < 3, an optimal solution of LPj is

Figure 7.71: Feasible region of LP; (red), integer points (black) and optimal solution of

58 103
T1=3, #p =g and 2(LP2) =7,
accordingly 601 103 121
@) =37~ 5 = B0
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o

e With z1 > 4, an optimal solution of LPj3 is

4 16
.%1 = 4, i’Q = g and Z(LPg) = ?,
accordingly
" ~ 601 16 51
@) =g~ 3 o5

For the variable x; we have:

. . 121 51 121
win {3{(21), 8 (21) } = mm{m 28} = 10

. S

!
1
1
5*'2} 1 B
1
1
1
1
58 | 4 ! .
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Figure 7.72: Branching on z;: feasible regions of LPs (z; < 3) and LP3 (z; > 4) in red,

integer points (black) and optimal solutions (blue).

Branching on x»:
e With x5 < 3, an optimal solution of LPy is
43 79
T1 — — To — LP = —
T1=15, T2 3 and z(LP») o
accordingly
601 79 4
d Y=
M) =g =7
e With x5 > 4, an optimal solution of LPj3 is
5 13
i‘l = 5, jg = 4 and Z(LPg) = ?,
accordingly
601 13 55
U _ - T2 Y
M) =g~ 5 =&
For the variable x9 we have:
4 55 4
in { 69(x5), o }:' g
mm{ T(z2), 61(x2) mln{7, 84} -
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Figure 7.73: Branching on z: feasible regions of LPy (z2 < 3) and LP3 (z2 > 4) in red,

integer points (black) and optimal solutions (blue).

Therefore, strong branching selects x5, since its score is the largest:

4121
77 420°
(& J

Exercise 7.19 — Strong branching (P7)

r N
Consider the following ILP problem in canonical maximization form with n = 2
integer variables and m = 2 constraints:

max 3 xr1 -+ To
1 4+ 429 < 12
2z + To < 5
T, ro € Zzo
& J

Questions
1. Solve graphically the LP relaxation LP; of the ILP problem.

2. Determine the branching variable with the strong branching branching-variable se-
lection strategy (in case of ties, choose the variable with the smallest index). Solve
graphically the LP problems of the branching nodes.
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For a fractional variable x; of Z(LP1), the two branching nodes are LPy (with z; < |Z;])
and LP3 (with z; > [Z;| + 1), and

§3(x;) = 2(LP1) — 2(LP2),  6}(x;) = 2(LP1) — 2(LP3),

with 6 = 400 for an infeasible node. Strong branching selects the variable with the

largest score min{d%(x;), 6%(z;)}.

(& J

1. For the LP; problem, graphically we have:
/

z2

N

Figure 7.74: Feasible region of LP; (red), integer points (black) and optimal solution of
LP; (blue) with the objective function line through it.
An optimal solution (LPy) is:
B0 = g, T2 =0
the optimal value is:
15

Z(LPl) = 7

Only z; is fractional: it is the only candidate branching variable, and strong branching
computes its score anyway.

2. Strong branching. Graphically, we have:

(a) Branching on x;:

e With z1 < 2, an optimal solution of LPy is
T1=2, Z2=1 and z(LP2) =71,

accordingly
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e With z; > 3, the LP3 problem is infeasible, accordingly
01 (x1) = o0

For the variable x; we have:

min { (1), 8}(z1) } = min{l, +oo} _ L
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Figure 7.75: Branching on x;: feasible regions of LPy (1 < 2) and LP3 (z1 > 3) in red,
integer points (black) and optimal solutions (blue).

1
Therefore, strong branching selects x1, the only fractional variable, with score X

Exercise 7.20 — Strong branching (P8)

Consider the following ILP problem in canonical maximization form with n = 2
integer variables and m = 2 constraints:

max 1 + 2 x0

-1 + 2z < 2
r + T2 < 3
Ty, To € Zzo
& J

Questions

1. Solve graphically the LP relaxation LP; of the ILP problem.

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 343


https://github.com/fabiofurini/integer-linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Integer Linear Programming

2. Determine the branching variable with the strong branching branching-variable se-
lection strategy (in case of ties, choose the variable with the smallest index). Solve
graphically the LP problems of the branching nodes.

. J

For a fractional variable x; of Z(LP1), the two branching nodes are LPy (with z; < |Z;])
and LP3 (with z; > [Z;| 4+ 1), and

8%(x;) = 2(LP1) — 2(LP3),  6}(x;) = 2(LP1) — 2(LP3),

with § = 400 for an infeasible node. Strong branching selects the variable with the
largest score min{d¢(z;), 6%(z;)}.

- J

1. For the LP; problem, graphically we have:

-

z2

o
Wl -
no
3

N i /

Figure 7.76: Feasible region of LP; (red), integer points (black) and optimal solution of
LP; (blue) with the objective function line through it.

An optimal solution (LPy) is:
- 4 5
xTr1 = g, Tro = g
the optimal value is:

14

2. Strong branching. Graphically, we have:

(a) Branching on x;:

e With z; < 1, an optimal solution of LP3 is

3
f1=1, T=7 and z(LPy) =4,

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 344


https://github.com/fabiofurini/integer-linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Integer Linear Programming

o

accordingly

14 2

e With z1 > 2, an optimal solution of LPj3 is

i‘l = 2, 532 =1 and Z(LPg) = 4,

accordingly
u e, 2
1(@1) = 3 "7 3
For the variable x; we have:
2 2 2
. dl .
mln{él(ajl), (51‘@1)} = mln{g, 3(= 3
4 : : T
] ]
~~ ] ]
e 1 1
2 b : :
e 1 1
el !
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integer points (black) and optimal solutions (blue).
Branching on x5:

e With z5 < 1, an optimal solution of LP5 is
T1=2, Za2=1 and =z(LPy) =4,

accordingly

14 2

e With x5 > 2, the LP3 problem is infeasible, accordingly
01 (x2) = 400

For the variable x9 we have:

2 2
min {5‘11(9@), 6"1‘(:62)} = min {3, +oo} =3

Figure 7.77: Branching on x;: feasible regions of LPy (z; < 1) and LP3 (21 > 2) in red,
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Figure 7.78: Branching on x9: feasible regions of LPy (z2 < 1) and LP3 (z3 > 2) in red,

integer points (black) and optimal solutions (blue).

2
The two variables have the same score 3’ with the tie-breaking rule (smallest index), strong

branching selects x1.

Exercise 7.21 — Strong branching (P9)

( N\
Consider the following ILP problem in canonical maximization form with n = 2
integer variables and m = 2 constraints:

max 2 r; + X2
-r1 + T2 < 1
61 + 4x9 < 39
X1, To € ZZO
. /

Questions
1. Solve graphically the LP relaxation LP; of the ILP problem.

2. Determine the branching variable with the strong branching branching-variable se-
lection strategy (in case of ties, choose the variable with the smallest index). Solve
graphically the LP problems of the branching nodes.
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For a fractional variable x; of Z(LP1), the two branching nodes are LPy (with z; < |Z;])
and LP3 (with z; > [Z;| + 1), and

§3(x;) = 2(LP1) — 2(LP2),  6}(x;) = 2(LP1) — 2(LP3),

with 6 = 400 for an infeasible node. Strong branching selects the variable with the

largest score min{d%(x;), 6%(z;)}.

(& J

1. For the LP; problem, graphically we have:

-

2

N o J

Figure 7.79: Feasible region of LP; (red), integer points (black) and optimal solution of
LP; (blue) with the objective function line through it.
An optimal solution (LP;) is:

- 13 .
=g ah = 0
the optimal value is:
Z(LPl) =13

Only x; is fractional: it is the only candidate branching variable, and strong branching
computes its score anyway.

2. Strong branching. Graphically, we have:

(a) Branching on x;:
e With z; < 6, an optimal solution of LPj is

3 ol
i‘l = 6, 532 = Z and Z(LPQ) = Z,

accordingly

51 1
d = _— = —
01 (x1) =13 11
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e With z; > 7, the LP3 problem is infeasible, accordingly
01 (x1) = o0

For the variable x; we have:

1 1
min {6f(z1), 6 (21) } = min{4, +oo} -1

f T T % T 1 i\
1 1
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Figure 7.80: Branching on x;: feasible regions of LPy (1 < 6) and LP3 (z1 > 7) in red,
integer points (black) and optimal solutions (blue).

1
Therefore, strong branching selects x1, the only fractional variable, with score 0

(& J

Exercise 7.22 — Strong branching (P10)

' )
Consider the following ILP problem in canonical maximization form with n = 2

integer variables and m = 3 constraints:

max 5 ;1 + 2 x9

—r1 + 3 xp < 12
Ty 4+ 2 x99 < 12
31 — 2x9 < 8
1, T2 € Z>o
N\ b,

Questions

1. Solve graphically the LP relaxation LP; of the ILP problem.
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2. Determine the branching variable with the strong branching branching-variable se-
lection strategy (in case of ties, choose the variable with the smallest index). Solve
graphically the LP problems of the branching nodes.

. J

For a fractional variable x; of Z(LP1), the two branching nodes are LPy (with z; < |Z;])
and LP3 (with z; > [Z;| 4+ 1), and

6%(x;) = 2(LP1) — 2(LP2), 6} (x;) = 2(LP1) — 2(LP3),

with § = 400 for an infeasible node. Strong branching selects the variable with the

largest score min{d¢(z;), 6%(z;)}.

- J

1. For the LP; problem, graphically we have:

-
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Figure 7.81: Feasible region of LP; (red), integer points (black) and optimal solution of
LP; (blue) with the objective function line through it.
An optimal solution (LPy) is:

the optimal value is:

Only xo is fractional: it is the only candidate branching variable, and strong branching
computes its score anyway.

2. Strong branching. Graphically, we have:

(a) Branching on zs:
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e With x5 < 3, an optimal solution of LPy is

- 14 88
T = 3 Zo =3 and z(LP3)= 3
accordingly
88 8

e With x5 > 4, an optimal solution of LPj3 is
Z1 =4, Z3=4 and z(LP3)=28,

accordingly
01 (z2) =32 — 28 = 4.

For the variable x9 we have:

. .8 8
mln{éil(xQ), (5%(3:2)} = mln{g, 4} =3
/ I I I AT | T T \
5 -
4p- . .
3 b= . .
o™
8
2 @ o o
1 @ (] L
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l l l l L |
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3
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Figure 7.82: Branching on zj: feasible regions of LPs (z2 < 3) and LP3 (z2 > 4) in red,
integer points (black) and optimal solutions (blue).

8
Therefore, strong branching selects xa, the only fractional variable, with score 3
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Chapter 8

Branch-and-cut

Exercise 8.1 — Cut-and-branch (P1)

( A
Consider the following ILP problem in canonical maximization form with n = 2

integer variables and m = 1 constraint:
max r1 + 8xg

3r1 + 6x9 < 16

1, T2 € ZIx
and the following optimal simplex dictionary of its LP relaxation in standard form:

8 1 1
T2 = g — 5 il — 6 I3
z = o 3z — 4 3
3 3
N J

Questions

1. Execute the branch-and-bound algorithm using the smallest-index rule as branching-
variable selection strategy, the LIFO rule as branching-node selection strategy, the
down-branching node solved first, and LB = —oo at the start (no heuristic algorithm).
Give the branch-and-bound tree and the number of LP problems solved.

2. Execute one round of a cut-and-branch algorithm at the root node: generate the
Gomory fractional cut of the row with the largest fractional right-hand side (smallest
index of the basic variable in case of a tie, the objective-function row last), written in
the original variables and made primitive before its slack variable is added.

3. Re-optimize the LP problem of the root node with the cut, using the dual simplex
algorithm (leaving variable: the basic variable with negative value and smallest in-
dex; ties in the ratio test broken by the smallest index). Show the effect of the cut
graphically.

4. Execute the branch-and-bound algorithm on the strengthened problem, with the same
rules, and compare the number of LP problems solved with the first question.
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Solution

4
1. The LP; problem has the optimal solution (0, %) with z(LP;) = % The branch-and-

bound algorithm solves 4 LP problems:

Node 1
|z(LPy)] = 21
LB = —x
z2 <2 T2 >3
Node 2 Node 3
[2(LPg)| = 17 pruned by in-
LB = —x feasibility
I S 1
Node 4
2(LPy) = 17
LB = 17
pruned by
integrality

Node Parent Branching &(LP;) =z(LP;r) LB Outcome

1 - - (0, %) % —oo  branching on 9

2 1 T9 < 2 (%, 2) % —o0 branching on

3 1 To >3 - - —oo pruned by infeasibility
4 2 1 <1 (1,2) 17 17 pruned by integrality

The optimal solution is (ILP) = (1,2), with z(ILP) = 17.

2. The rows of the optimal dictionary with a fractional right-hand side are the candidates:

Row fractional part of the right-hand side

T2

W= wIN

z

The largest fractional part is %, in the row of x».

In equation form, the row of zo reads

l‘z—i—%l‘l—i—%l‘g:

§7
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and the Gomory fractional cut generated by this row is

G-L)an+G-ls) = = 515

1 1 2
=3 =% =3
that is,
1 +1 N
— X — X —.
2"t =3

Substituting the slack variables with their expressions in the original variables, the
cut becomes
To < 2.

The coefficients have greatest common divisor 1: the cut xo < 2 is primitive.

At the root node no branching constraint exists, so the cut is global. It cuts off (0, %):
0-0+1~§:§>2.

3. The cut zo < 2 is added with its slack variable x4 = 2 — x9 > 0. Expressing it with
the non-basic variables and adding it to the optimal dictionary we get a dictionary
that is dual feasible but not primal feasible:

8 1 1
T2 = §—§$1_6$3

2 1 1
$4:—§+§$1+6$3
5 = o 33?1—%353

3 3

If we increase the value of 74, we can get a better dual solution. We have:

1
1 3—571'420
T =3— 574 Ty <6
2 A wllzo
4 1 >0
73 25—671'4 3 67T4— Y4 SS
w3>0

By increasing the value of 74 to min {6,8} = 6, the value of 7; decreases to 0. Then
we have that:

74 becomes a dual basic variable and accordingly x4 becomes a primal non-basic
variable.

71 becomes a dual non-basic variable and accordingly x1 becomes a primal basic
variable.

We have:
2+1 +1 = i1 +2
Ta=——+—-2x —z T1=—-——-2I T
4 3 T %1t T3 1=37 3% 4
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Substituting into the other equations of the primal simplex dictionary, we get:

8§ 1/4 1 49 1 5
Ta==—=|=—z==x Ty | —=23=2—=2
2 3 2\ 3 3 3 4 6 3 4

4 1 4 52 1
= — — —_ — = 2 — = = — — — —
z 3 3 <3 3x3+ :E4> 3 xs 3 3%‘3 614

Accordingly, we now have the following updated primal simplex dictionary:

' 1 L + 2
rn = = - -z x
1 3 3 73 4
i) = 2 — Ty
52 1
g = 3 3 r3 — 6 x4
where B = {1,2} and N = {3,4} and
e the basic primal optimal solution is:
~ 4 - - 2
T1=—=, Tg=2, T3 =0, Z4=0 of value
3 3
e the basic dual optimal solution is:
1 52
m =0, 7 =0, 3 =—, 4 =6 of value

3

52
The new optimal solution of LP; is (%, 2), with z(LPy) = = and the upper bound

17. Graphically, we have:

K 1T ] T T T T\

w|oo
[

2 e

T2
\c\:
s
%
S

o
Wl |-
%)
o |-
W~
o
(=)

N i /
Figure 8.1: The root LP problem with the Gomory cut (green): the old optimal solution
(blue circle) is cut off, and the new optimal solution is blue, with its objective line (dashed).

4. Every node inherits the cut. The branch-and-bound algorithm now solves 2 LP prob-
lems:
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Node 1
|z(LPy)] = 17
LB = —x

I S 1
Node 2

z(LPy) = 17
LB = 17
pruned by
integrality

Node Parent Branching &(LP;) =z(LP;) LB Outcome

e
2 1 1 <1 (1,2) 17 17 pruned by integrality

,2) 2 —o0o  branching on x;

Branch-and-bound: 4 LP problems; cut-and-branch with one Gomory cut: 2
LP problems. The cut lowers the root bound and reduces the tree. Both find
z(ILP) = (1,2), 2(ILP) = 17.
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Exercise 8.2 — Cut-and-branch (P23)

4 N\
Consider the following ILP problem in canonical maximization form with n = 2

integer variables and m = 3 constraints:
max r1 + 4dxo

31 4+ 8xo < 24
—I1 < -1
-T2 < —1
1, T2 € Z>p
The constraints 1 > 1 and xo > 1 are written in canonical form as —z1 < —1 and

—XI2 < —1.

and the following optimal simplex dictionary of its LP relaxation in standard form:

T = 1 + Ty
21 1 3
T g T g™ T g™
13 1 3
TS g T g T oW
23 1 1
T N B
. J

Questions

1. Execute the branch-and-bound algorithm using the smallest-index rule as branching-
variable selection strategy, the LIFO rule as branching-node selection strategy, the
down-branching node solved first, and LB = —oo at the start (no heuristic algorithm).
Give the branch-and-bound tree and the number of LP problems solved.

2. Execute one round of a cut-and-branch algorithm at the root node: generate the
Gomory fractional cut of the row with the largest fractional right-hand side (smallest
index of the basic variable in case of a tie, the objective-function row last), written in
the original variables and made primitive before its slack variable is added.

3. Re-optimize the LP problem of the root node with the cut, using the dual simplex
algorithm (leaving variable: the basic variable with negative value and smallest in-
dex; ties in the ratio test broken by the smallest index). Show the effect of the cut
graphically.

4. Execute the branch-and-bound algorithm on the strengthened problem, with the same
rules, and compare the number of LP problems solved with the first question.
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Solution

2
1. The LP; problem has the optimal solution (1, %) with z(LPy) = 73 The branch-

and-bound algorithm solves 4 LP problems:

Node 1
LB = —x
T2 < 2 T2 >3
Node 2 Node 3
[2(LP2)] = 10 pruned by in-
LB = - feasibility
X S 2
Node 4

LB = 10
pruned by
integrality

Node Parent Branching &(LP;) =z(LP;) LB Outcome

1 — — (1,3 e —oo  branching on x9

2 1 x2 <2 (%, 2) % —oo  branching on z;

3 1 T9 >3 = = —oo  pruned by infeasibility
4 2 1 <2 (2,2) 10 10 pruned by integrality

The optimal solution is (ILP) = (2,2), with z(ILP) = 10.

2. The rows of the optimal dictionary with a fractional right-hand side are the candidates:

Row fractional part of the right-hand side

5
) g
5
xIs5 3
1
& 2

The largest fractional part is g, in the row of xo.
In equation form, the row of zo reads

1 3 21
I2+§$3+§$4=§,
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and the Gomory fractional cut generated by this row is

(- lg)as+(@E-[8) = 2 3 -1%]
1 _3 5
-8 -8 -8
that is,
1 5
glatgmzyg

Substituting the slack variables with their expressions in the original variables, the
cut becomes
To < 2.

The coefficients have greatest common divisor 1: the cut xo < 2 is primitive.

At the root node no branching constraint exists, so the cut is global. It cuts off
(1,4):0-1+1-F =2 >2

3. The cut zo < 2 is added with its slack variable xg = 2 — x9 > 0. Expressing it with
the non-basic variables and adding it to the optimal dictionary we get a dictionary
that is dual feasible but not primal feasible:

T = 1 + T4
21 1 3

i) = g — g I3 — g Ty
13 1 3

Ty = g - g xr3 — g T4
) 1 3

T = —g + g xr3 + g T4
23 1 1

= 5 T ogm - G

If we increase the value of mg, we can get a better dual solution. We have:

11 >0
= = =1
3 :1—171’6 &,6__/ 6 §4
2 8 73>0
1 3 1.3 -0 4
T4 :§—§7T6 2 87r6— 6 Sg
T4 >0

4 4
By increasing the value of g to min {4, 3} =3 the value of 74 decreases to 0. Then

we have that:

g becomes a dual basic variable and accordingly xg becomes a primal non-basic
variable.

74 becomes a dual non-basic variable and accordingly x4 becomes a primal basic
variable.
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We have:
5+1 +3 N 5 1 +8
Tg=——+ -z —z T4=———21I -
6 g Tg¥atgs 4= 3~ 33+ 3%

Substituting into the other equations of the primal simplex dictionary, we get:

5 1 8 8 1 8
r1=14+=-—=-x3+ = x¢ :§—*$3+§x6

3 3 3 3
21 1 3(5 1 8
:UQ:8—8353—8(3—3903—1—3366):2—356
13 1 3(5 1 8
x5—8—8x3—8<3—3$3+3x6):1—x6
23 1 1/5 1 8 32 1 4
Z:2‘2”‘/‘3—2(3‘3”33*3”06):3‘3”03‘3‘””6

Accordingly, we now have the following updated primal simplex dictionary:

8 1 o 8
rn = - - -z -
1 3 3 3 6
To = 2 — T
T4 = § — 1 r3 + § x
4 = 3 3 T3 3 6
Iy = 1 — T6
32 1 4
{ z = ? — — I3 — § L6
where B = {1,2,4,5} and N = {3,6} and
e the basic primal optimal solution is:
. 8 - 5 - -
1 3’ To=2, T4 3’ Ts =1, T3 =0, ¢ =0 of value
e the basic dual optimal solution is:
- - - - . 1 4
=0, To=0, T, =0, 75 =0, Ty = 3’ g = 3 of value

The new optimal solution of LPy is (§,

10. Graphically, we have:

2
2), with z(LP;) = % and the upper bound
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xr2
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wlo |—
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-

Figure 8.2: The root LP problem with the Gomory cut (green): the old optimal solution
(blue circle) is cut off, and the new optimal solution is blue, with its objective line (dashed).

4. Every node inherits the cut. The branch-and-bound algorithm now solves 2 LP prob-

lems:

Node 1
[2(LPy)] = 10
LB = —x
X1 S 2
Node 2
2(LPy) = 10
LB = 10
pruned by
integrality
Node Parent Branching &(LP;) z(LP;) LB Outcome
1 - — (8,2) 32 —oo  branching on z;
2 1 r1 <2 (2,2) 10 10 pruned by integrality
Branch-and-bound: 4 LP problems; cut-and-branch with one Gomory cut: 2

LP problems. The cut lowers the root bound and reduces the tree. Both find

#(ILP) = (2,2), 2(ILP) = 10.
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Exercise 8.3 — Cut-and-branch (P24)

Consider the following ILP problem in canonical maximization form with n = 2

integer variables and m = 4 constraints:
max 4x1 + 3x9

Tx1 + 3z < 24
-1 +  x2 < 3
—I < —1
-T2 < -2
Z1, T2 € Zxo
The constraints z1 > 1 and xo > 2 are written in canonical form as —z1 < —1 and

—XT9 S —2.
and the following optimal simplex dictionary of its LP relaxation in standard form:

( 3 1 3
T = 5 T 10 r3 + 10 T4
9 1 7
Ty = 5 - E r3 — E T4
1 1 3
Tr5 = 5 TO r3 + E T4
) 1 7
Te = 2 10 r3 - 10 Tq
. 39 7 9
(T 2 T 0" T 1™
. J

Questions

1. Execute the branch-and-bound algorithm using the smallest-index rule as branching-
variable selection strategy, the LIFO rule as branching-node selection strategy, the
down-branching node solved first, and LB = —oo at the start (no heuristic algorithm).
Give the branch-and-bound tree and the number of LP problems solved.

2. Execute one round of a cut-and-branch algorithm at the root node: generate the
Gomory fractional cut of the row with the largest fractional right-hand side (smallest
index of the basic variable in case of a tie, the objective-function row last), written in
the original variables and made primitive before its slack variable is added.

3. Re-optimize the LP problem of the root node with the cut, using the dual simplex
algorithm (leaving variable: the basic variable with negative value and smallest in-
dex; ties in the ratio test broken by the smallest index). Show the effect of the cut
graphically.

4. Execute the branch-and-bound algorithm on the strengthened problem, with the same
rules, and compare the number of LP problems solved with the first question.
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1. The LPy problem has the optimal solution (3, 3) with 2(LP;) = 5 The branch-

and-bound algorithm solves 6 LP problems:

39

Node 1
|z(LPy)] = 19
LB = —x
1 <1 1 > 2
Node 2 Node 3
Z(LP2> = 16 Z(LPg) = 18
LB = 16 LB 16
pruned by
integrality T <3 To >4
Node 4 Node 5
|z(LP4)] = 17 pruned by in-
LB = 16 feasibility
X S 2
Node 6
z(LPg) = 17
LB = 17
pruned by
integrality
Node Parent Branching «(LP;) z(LP;r) LB Outcome

1 — _
2 1 1 <1
3 1 T >
4 3 Ty <
5 3 xo >4
6 4 1 <2

(
(

—o00 branching on x
16 pruned by integrality
16 branching on 9
16 branching on z;
16 pruned by infeasibility
17 pruned by integrality

The optimal solution is (ILP) = (2, 3), with z(ILP) = 17.

2. The rows of the optimal dictionary with a fractional right-hand side are the candidates:
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Row fractional part of the right-hand side

1 1
xI9 %
Z5 %
L6 %
2 >

The largest fractional part is %, in the row of x7.
In equation form, the row of z; reads
3
x1+%x3—%x4: >

and the Gomory fractional cut generated by this row is

(15— L)) 73+ (=15 — [—16)) =4 > 3 - [3],
~ ———
_1 _T _1
— 10 — 10 -2
that is,
1 7 > 1
T0$3+E$4 = 5

Substituting the slack variables with their expressions in the original variables, the
cut becomes
i) S 4.

The coeflicients have greatest common divisor 1: the cut z9 < 4 is primitive.
At the root node no branching constraint exists, so the cut is global. It cuts off

(3,9:0-3+1-2=9>4

3. The cut z9 < 4 is added with its slack variable 7 = 4 — x9 > 0. Expressing it with
the non-basic variables and adding it to the optimal dictionary we get a dictionary
that is dual feasible but not primal feasible:

3 1 3

2 —— 5 T 1o r3 + 10 T4
9 1 7

T2 = 9 E r3 — TO Ty
1 1 3

5 = 2 T 10 r3 + 10 T4
b) 1 7

Te = 2 T 10 r3 — 10 T4
1 1 7

r7r = 5 + 10 r3 + 10 T4
39 7 9

z = ? — E I3 — E T4
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If we increase the value of 77, we can get a better dual solution. We have:

7 1 >0

— — —F
SRR A 10 10 = r <7
_f 1 O 10 <

3 10 10 7 m3>0
9 T 2 L >0 Y
™ =15 10™ 10 107° ™Sz

742>0

9 9
By increasing the value of 77 to min {7, 7} = the value of 74 decreases to 0. Then

we have that:

77 becomes a dual basic variable and accordingly x7 becomes a primal non-basic
variable.

74 becomes a dual non-basic variable and accordingly x4 becomes a primal basic

variable.
We have:
1 1 7 5 1 10
x7:—§+1—0x3+mx4 = x4:?—7$3+79§7
Substituting into the other equations of the primal simplex dictionary, we get:
3 1 3 (5 1 10 12 1 3
9”1:2‘1():”3*10(7‘73””7”):7‘79”3*73’7
9 1 7T (5 1 10
:L‘2—2—10$3—10<7—7$3+7$7>—4_$7
1 1 3 (5 1 10 5 1
SRR T 10(7‘7“ 7$7>—7‘7~’”3+7”
5 1 7T (5 1 10
=510 3‘1<7‘7x3+7f”‘7>:2‘“
39 7 9 (5 1 10 132 4 9
:g‘m%‘m(f?“*?”):7‘7“’3‘7*”“7

Accordingly, we now have the following updated primal simplex dictionary:

12 1 o 3
rn = — - = -
1 - 7$3 T7
To = 4 - X

) 1 +1O
Ty = - - -z —
4 7 7 I3 7 o

5 1 o 3
By = - - -z =z
5 - - 3 7 o
g = 2 — Ty

132 4 9
[ 2 = &% T o3® - g
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where B = {1,2,4,5,6} and N' = {3, 7} and

e the basic primal optimal solution is:

12 ) 5)
j].:i 572:47 574:7a 575:75 57622’

7’ 7 7

e the basic dual optimal solution is:

F1=0, 7a=0, 74=0, 75 =0, 7 =0,

132
The new optimal solution of LPy is (32, 4), with z(LP;) = ~— and the upper bound

18. Graphically, we have:

132

T3 =0, 27 =0 of value -
- 4 132
T3 = - 77 = =  of value —

f A T T
.
5]([= S -
9 | ‘\ |
2
ro =4
4
5%
7
| v
3 X
g »
Ao =
9 2
i
|
I
1 -
8
|
0
Ll I
0 1 312 3
27

Figure 8.3: The root LP problem with the Gomory cut

(blue circle) is cut off, and the new optimal solution is blue, with its objective line (dashed).

4. Every node inherits the cut. The branch-and-bound algorithm now solves 6 LP prob-

lems:

(green): the old optimal solution
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Node 1
[2(LP)] = 18
LB = -0
1 <1 x> 2
Node 2 Node 3
Z(LPy) = 16 2(LP3) = 18
LB = 16 LB 16
pruned by
integrality To < 3 To >4
Node 4 Node 5
[2(LPy)] = 17 pruned by in-
LB = 16 feasibility
I S 2
Node 6
#(LPg) = 17
LB = 17
pruned by
integrality
Node Parent Branching &(LP;) 2z(LP;) LB Outcome
1 — - (32,4) 132 —oo  branching on z;
2 1 1 <1 (1,4) 16 16 pruned by integrality
3 1 xp > 2 (2, %) 18 16  branching on 9
4 3 x2<3 (£,3) 123 16  branching on z;
5 3 T9 >4 = = 16 pruned by infeasibility
6 4 xp <2 (2,3) 17 17 pruned by integrality
Branch-and-bound: 6 LP problems; cut-and-branch with one Gomory cut: 6 LP
problems. The cut lowers the root bound but does not reduce the tree: the quality
of the cut matters. Both find Z(ILP) = (2,3), z(ILP) = 17.
. J
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Exercise 8.4 — Global and local cuts

e

integer variables and m = 2 constraints:

I = 3
2
xT9 = 5 —
.37
I3 = 5 +
M
| F T 3 -

Wl Ol O]

max 2x1 + 3z

Sr1 + To
3r1 4+ 9o
1, o)

Lq

T4

T4

Consider the following ILP problem in canonical maximization form with n = 2

IN

<

€

The branch-and-bound algorithm (the smallest-index rule as branching-variable selec-
tion strategy, the LIFO rule as branching-node selection strategy, the down-branching
node solved first, and LB = —oo at the start (no heuristic algorithm)) branches at
the root on 1. Node 2 is the down-branching node, with the branching constraint
x1 < 3 and its slack variable x5 = 3 — x1. The optimal dictionary of LPs is:

N

22
35
ZZO

Ts

Questions

variable is added.

-

1. Generate at Node 2 the Gomory fractional cut of the row with the largest fractional
right-hand side (smallest index of the basic variable in case of a tie, the objective-
function row last), written in the original variables and made primitive before its slack

2. From its derivation, is the cut a global cut or a local cut of Node 27

3. Check by enumeration whether the cut is satisfied by the integer feasible solutions of
Node 2 and by all the integer feasible solutions of the ILP problem.

4. What would happen if the cut were stored in the global pool and used at every node?

J

44
1. An optimal solution of LP is (3, 2), with z(LPy) = 3 The candidate rows are:
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Row fractional part of the right-hand side

8
T2 9
1
I3 9
2
z 3

The largest fractional part is %, in the row of zs.
In equation form, the row of zo reads

1 1 26
$2+§$4_§x5:7

and the Gomory fractional cut generated by this row is

a— e ti—=—1==l= = 5 -5
~—_———— —_——
1 =5 8
-9 -3 -9
that is,
o 8
gt T3t =9

Substituting the slack variables with their expressions in the original variables, the
cut becomes
T, + x9 < 5.

The coefficients have greatest common divisor 1: the cut 1 + x9 < 5 is primitive.
2. The row used contains the slack variable x5 of the branching constraint z; < 3 with

the non-zero coefficient % in the cut: its derivation uses the branching constraint, so
the algorithm treats it as a local cut of Node 2, valid only in the subtree of Node 2.

3. The feasible solutions of Node 2 are the 15 points of F' with z; < 3: all satisfy
x1 4+ x2 < 5 (the largest value of x; + 9 among them is 5). Among all the 18 feasible
solutions, instead, (4,2) violates the cut. Graphically, we have:

Z;
4 ¢
26 |4
9
g 2f
]
[ ]
[ ]
[ ]
1 ¢ (]
]
]
]
]
0 ° ® ¢ o
- \
| | 1 | |
0 1 2 3 4 5
\_ ! %
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Figure 8.4: The LP relaxation (red), the branching constraint x; = 3 (dashed), the cut
x1 + x2 = 5 (green), the optimal solution of LPs (blue) and the feasible solutions that
violate the cut (red squares).

The cut is locally valid at Node 2 but not globally valid.

4. The point (4,2) is the unique optimal solution of the ILP problem, with value 14.
With the cut in the global pool it would be removed also from Node 3 (z1 > 4), and
the algorithm would return (2, 3), of value 13.

The Gomory cut x1 + 2 < 5 of Node 2 is local: it must stay in the subtree
of Node 2. Used globally it would cut off the optimal solution (4,2) and the
algorithm would return a solution of value 13 instead of 14.

(& J

Exercise 8.5 — Rounds of cuts (P5)

' )
Consider the following ILP problem in canonical maximization form with n = 2

integer variables and m = 2 constraints:
max 2x1 + 3o

61 + 2lxy < 77

8x1 + 3ryg < 36

1, T2 € Zxo
and the following optimal simplex dictionary of its LP relaxation in standard form:

( 7 1 7
no= 3 + 50 r3 - 50 T4
8 4 1
Ty = g — 75 xr3 -+ % T4
z = 15 - i T3 — i T4
25 25
. J

Questions

1. Generate the first Gomory cut of the root node: the Gomory fractional cut of the row
with the largest fractional right-hand side (smallest index of the basic variable in case
of a tie, the objective-function row last), written in the original variables and made
primitive before its slack variable is added.

2. A cut-and-branch algorithm executes R rounds of Gomory cuts at the root (one
cut per round, with the same rule), and then the branch-and-bound algorithm
with the smallest-index rule as branching-variable selection strategy, the LIFO rule
as branching-node selection strategy, the down-branching node solved first, and
LB = —o0o at the start (no heuristic algorithm). The table below reports, for each
R, the last cut added, the root LP problem and the number of LP problems solved.
Verify the line R = 1 and comment on the table.
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Rounds last cut added Z(LP1) =z(LP;) UB at the root LP problems solved
0 - (2,9) 15 15 11
1 221 423<9 (2,%2) Il 14 8
2 z1+a2<5 (240 M 13 3
3 31 4+10a2 <36 (2,3) 13 13 1

3. How many rounds are needed to solve the problem at the root node? Which cuts

would you add in practice?

A J

1. The candidate rows are:

Row fractional part of the right-hand side

z1

SV T

T2

The largest fractional part is %, in the row of xo.
In equation form, the row of xs reads
8
xz—i—%ws— %374= 3’

and the Gomory fractional cut generated by this row is

~"~ ~~ H/_/
4 R 2
- 75 —25 -3
that is,
4 24 2
— X — X =5
752 9574 = 3

Substituting the slack variables with their expressions in the original variables, the
cut becomes
8x1 + 4z < 38.

Dividing by the greatest common divisor g = 4 of the coefficients and rounding down
the right-hand side we get the primitive cut

2x1 +x2 < 9.

2. The cut 221 + 29 < 9 is added with its slack variable x5 = 9 — 227 — 29 > O.
Expressing it with the non-basic variables and adding it to the optimal dictionary we
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get a dictionary that is dual feasible but not primal feasible:

7 1 7

x|y = 5—1-5*363—%1'4
8 4 1

To = g—%x3+2—5x4
2 1 6

x5=—§+7—5$3+?5$4
3 4

|z = 15—%303—2—5964

If we increase the value of 75, we can get a better dual solution. We have:

S 0
3 1 95 75 0=
-2 _ = T <9
T ow ’
4 6 >0 2
T4 =oe T oS 95 25 0= T <3
742>0

2 2
By increasing the value of 75 to min {9, 3} =3 the value of 74 decreases to 0. Then

we have that:

75 becomes a dual basic variable and accordingly x5 becomes a primal non-basic
variable.

74 becomes a dual non-basic variable and accordingly x4 becomes a primal basic
variable.

We have:
1 6 25 1 25

T, 1 Gz L L 7
M=o T5™ 50l T8 T ™) T 9 T3 12
8 4 1 /25 1 % \_2% 1 1
2T T o5\ T 18T ) T 9 T 18 TS
3 4(2 1 % 131 1 2
z=15——a3— — |- <23+ x5 |=——-23— -2

25 3 95\ 9 18" 6 ? 9 93 37"

Accordingly, we now have the following updated primal simplex dictionary:
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( 28 1 7

1 = 9 + 36 3 = 19 5
25 1 1

To = 5 = TS xr3 + 6 Ts5
25 1 25

T4 = ? — E r3 + E Ts
131 1 2

A — o 9 r3 - 3 5

where B = {1,2,4} and N = {3,5} and

e the basic primal optimal solution is:

28 25 25 s 131
Xr1 = — =

:1;423, Z3=0, Z5 =0 of value 5

e the basic dual optimal solution is:

1 2 131
7?1:0, 7?2:0, 77('4:0, 7~r3:§, 7~T5Z§ of value ?
. . . 28 25 131
The root LP problem with the cut has the optimal solution (%, %) and 2(LP;) = =

as in the line R = 1. The number of LP problems decreases from 11 to 8, 3 and 1:
each round lowers z(LP;) a little, and the tree shrinks.

3. After 3 rounds the optimal solution of the root LP problem is integer and the tree
reduces to the root node. The first round alone barely changes the bound; in practice
a cut-and-branch algorithm stops cutting when the decrease of z(LP1) becomes small
(tailing off), since each round makes every node LP problem larger.

With 0, 1,2, 3 rounds of Gomory cuts the algorithm solves 11,8, 3,1 LP problems:
on P5 the cuts pay off, and 3 rounds solve the problem at the root, z(ILP) = 13.
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