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Models and bounds
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Chapter 1

Integer linear programming

Exercise 1.1 — Integer linear programming (P7)

Consider the following input data of an ILP problem with n = 2 variables and m = 2
12

b pr—
5

1. Write the ILP problem in canonical maximization form.

constraints:

Questions

2. Draw the feasible region of the ILP problem and list all its feasible solutions.

3. Find an optimal solution graphically, and check it by complete enumeration.

N\ J

1. The ILP problem in canonical maximization form with n = 2 non-negative integer
variables and m = 2 less-than-or-equal-to linear constraints reads as follows:

max 3x1 + T2

1 + 4dxy < 12
21 + Ty < 5
X1, xro € ZZO

2. Both constraints have non-negative coefficients, so every feasible solution satisfies

z1 < [3] = 2 (constraint 2). For each value of z; the constraints give the integer

values of x9:
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x1 bounds on xy feasible points
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The feasible region F' is made of the 9 black points of the figure, the integer points of
the polyhedron P (red):

-

x2

\ o )
Figure 1.1: Feasible region of the ILP problem: the integer points (black) inside the poly-

hedron of the constraints (red). The optimal solution (2, 1) is blue, with the objective line
3z + x2 = 7 (dashed).

3. The gradient of the objective function is V f = (3,1). Moving the level line 3 z1+x9 =
z in the direction of Vf, the last point of F' reached is (2,1), on the dashed line
3x1 + xo = 7 of the figure; no other point of F lies on this line.

Complete enumeration of the 9 feasible solutions confirms it (the optimum in bold):

I i) z I i) zZ | X1 T2 z

The ILP problem has the unique optimal solution &(ILP) = (2,1), with optimal
value z(ILP) = 7.

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini


https://github.com/fabiofurini/integer-linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Integer Linear Programming

Exercise 1.2 — Canonical maximization form (P13)
( N
Consider the following ILP problem with n = 2 integer variables:
min 1 + 39
1 + 230 > 6
—x1 + 4dx0 > 6
2 T - 2 €T S 3
Ty, To € ZZO
(N J

Questions
1. Write the ILP problem in canonical maximization form, and give its data ¢, A and b.
2. Draw the feasible region. Is it a finite set?

3. Explain why the ILP problem has an optimal solution, and find it graphically.

- J

1. The minimization of z1+3 x2 is the maximization of —x1 —3 zo, with min{x;+3 22} =
—max{—z1 — 3x2}. Each constraint > is multiplied by —1:

T1+2x92>26 < —x1 — 219 < —6, —x1+429 > 6 < 11 — 429 < —6.

The ILP problem in canonical maximization form (problem P13 of the catalogue) is

max -—x7 — 39
—I — 2 T2 S —6
T — 4 i) S —6
2 T — 2 i) S 3
1, T2 € Zxo
with data
-1 -2 —6
-1
-3
2 =2 3

2. The polyhedron of the constraints is drawn in red inside the box 0 < z1, 29 < 5; it
continues upwards without limit.
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z2

N

Figure 1.2: Feasible region of P13 inside the box (red), its integer points (black) and the
optimal solution (2,2) (blue), with the objective line —z; — 3 x2 = —8 (dashed).

The feasible region is not finite: for every integer k& > 3 the point (0, k) satisfies
—2k < —6, —4k < —6 and —2k < 3, so it belongs to F.

3. All the costs of the maximization problem are negative and x1,z9 > 0, 80 —x1 —3 x9 <
0 on F': the objective function is bounded from above. The feasible point (0,3) has
value —9, and only the finitely many points with z; + 322 < 9 can do better: an
optimal solution exists.

The gradient is Vf = (—1,—3): the level line moves towards the origin. The last
point of F' reached is (2,2), on the dashed line —zq7 — 329 = —8. The row x2 = 1
contains no feasible point, because 1 +2 > 6 requires 1 > 4 and —x1+4 > 6 requires
T S —2.

The ILP problem has the unique optimal solution Z(ILP) = (2, 2), with optimal
value z(ILP) = —8 in canonical maximization form, that is, a minimum value
21 + 3z = 8 of the original problem.

. J

Exercise 1.3 — Complete enumeration (P43)

( N\
Consider the following input data of an ILP problem with n = 3 variables and m = 2
constraints:

1
1 0 2 2
01 2 2
7
- J
Questions

1. Write the ILP problem in canonical maximization form.
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Integer Linear Programming

2. Derive an upper bound on each variable from the constraints, and list all the feasible
solutions.

3. Find an optimal solution by complete enumeration. Is it unique?

AN J

1. The ILP problem in canonical maximization form with n = 3 non-negative integer
variables and m = 2 less-than-or-equal-to linear constraints reads as follows:

max x1 + 2x9 + Tux3

1 + 2z3 < 2
To + 2x3 < 2
x1, Z2, x3 € Z>o

2. All the coefficients are non-negative, so each variable is at most the right-hand side
divided by its coefficient, rounded down:

21 <|2/1] =2, w2 <|2/1] =2,  z3 <min{|2/2],]2/2]} = 1.

e If z3 = 1, the constraints become x; < 0 and z2 < 0: the only point is (0,0,1).

e If 3 = 0, the constraints become x; < 2 and xy < 2: the 9 points (z1,z2,0)
with x1, 29 € {0, 1, 2}.

The feasible region has 10 points.

3. The values of the objective function x; + 2 x5 + 723 are (the optimum in bold):

r1 T2 X3 Z | X1 X2 I3 z

0o 0 o0 O0}j1 2 0 5
o 1 0 2|2 0 0 2
0O 2 0 472 1 0 4
1 0 0 1,2 2 0 6
1 1 0 3,0 O 1 7

The best point with z3 = 0 is (2,2,0), of value 6: it is worse than (0,0, 1), of value 7.

Complete enumeration gives the unique optimal solution Z(ILP) = (0,0, 1), with
optimal value z(ILP) = 7.
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Exercise 1.4 — Possible outcomes: an infeasible ILP problem
s N
Consider the following ILP problem in canonical maximization form with n = 2
integer variables and m = 4 constraints:
max r1 + 2x9
2x 1 — 2 T2 S 1
—2x1 4+ 2x9 < 1
—2x 1 — 2 xI9 S —1
2217 4+ 2xz9 < 3
X1, ro € ZZO
. J

Questions

1. Draw the polyhedron P of the constraints, and decide whether the LP problem with
the same data (with x1,z2 > 0 instead of x1, 29 € Z>¢) is feasible.

2. Decide the outcome of the ILP problem.

3. Find an optimal solution of the LP problem with the same data.

AN J

1. The four constraints are —% <zx1—29 < % and % <z1+a9 < %: the polyhedron P

1 1 1
is the square with vertices (0, 5), (5,0), (=, 1), (1, 5)
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Figure 1.3: The polyhedron P (red) contains no integer point: the four integer points

nearest to it (black) are outside. The optimal solution (3,1) of the LP problem is blue,
with the objective line x1 + 229 = g (dashed).
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The point (%, %) satisfies all the constraints, so the LP problem is feasible.
2. e From the first two constraints, an integer point has x; — x5 € Z and |z — 5| < 1,
hence 1 = zs.

e With z1 = 9 the last two constraints read 1 < 47 < 3, that is }l <z <
integer value of x; satisfies them.

=~

. no

The feasible region F' = PNZ? is empty: the ILP problem is infeasible, although
the LP problem with the same data is feasible.

3. The polyhedron P is bounded and non-empty, so the LP problem has an optimal
vertex. The values of 1 + 229 at the four vertices are

1 )
(Oaé)Hla (%70)'_>§7 (%al)'_)ga (1a%)'_>2

so the optimal solution is Z(LP) = (3, 1), with z(LP) = 2 (see the figure).

Exercise 1.5 — Possible outcomes: an unbounded feasible region

Consider the constraints

-1 + x2 < 2
Ty — 2x9 < 2
xq, To € ZZO

and the three ILP problems in canonical maximization form with these constraints
and the objective functions

(a) max x1 + o9, (b) max —2z1 + x9, (¢) max z1 — 3.

Questions
1. Draw the feasible region. Is it a finite set?

2. Decide the outcome of each of the three ILP problems (a), (b) and (c), and give an
optimal solution when it exists.

A J/

1. The feasible region is not finite: for every k € Z>( the point (2k, k) satisfies —2k+k =
—k <2and 2k —2k=0<2.
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Figure 1.4: Feasible region inside the box 0 < ;1 < 6, 0 < x5 < 4 (red), its integer points
(black), the points (2k, k) (blue circles), and the optimal solutions (0,2) of (b) and (2,0) of
(c) (blue) with their objective lines (dashed).

2. e (a) The points (2k, k) are feasible with value 3k, which grows without limit: the
ILP problem (a) is unbounded.

e (b) For every feasible point, —2z1 + x9 = (—z1 + x2) — 21 < 2 — 27 < 2. The
value 2 requires 1 = 0 and —x; + 29 = 2, that is, the point (0,2), which is
feasible: the unique optimal solution is (0,2), with optimal value 2.

e (c) For every feasible point, z1 — 32y = (x1 — 2w2) — 292 < 2 — 9 < 2. The
value 2 requires 9 = 0 and z7 — 229 = 2, that is, the point (2,0): the unique
optimal solution is (2,0), with optimal value 2.

With the same unbounded feasible region, problem (a) is unbounded, while
problems (b) and (c) have an optimal solution: (0,2) and (2,0), both of value
2.
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Chapter 2

Primal and dual bounds

Exercise 2.1 — Primal and dual bounds (P5)

( A
Consider the following ILP problem in canonical maximization form with n = 2

integer variables and m = 2 constraints:
max 2x1 + 3 X9

61 + 2lxy < 77
8xr1 + 3ryg < 36
X1, ro € ZZO
N y,

Questions

1. Apply the one-variable heuristic and the two-step heuristic, in both orders of the
variables, and give the best primal bound LB.

2. Solve the LP relaxation graphically and give the dual bound UB it provides.

3. Compute the optimality gap. Is the best heuristic solution certified optimal?

A J

1. The one-variable heuristic sets a single variable to its maximum value, with the
other variables equal to 0. The two-step heuristic sets first one variable to its
maximum value, and then the other one to its maximum value with the residual
right-hand sides.

e Only 7 (z2 =0): 71 = min{| %], 3]} = 4,502 = (4,0) and LB = 2:4+3.0 = 8.
]

6
e Only 25 (z1 = 0): Zo = min{[} |, [12]} = 3,s0 & = (0,3) and LB = 2-0+3-3 =
9.

o z; first: 71 = min{| %], 5]} = 4, leaving the residual right-hand sides 53 and

4. Then Zp = min{| 52|, [3]} =1, s0 & = (4,1) and LB = 11.
o 1z first: Zp = min{| Y], 12|} = 3, leaving the residual right-hand sides 14 and
27. Then Z; = min{| %], | %]} =2, so & = (2,3) and LB = 13.
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Heuristic Order z; 72 LB
one-variable 1z, 4 0
one-variable o 0 3
two-step xy first 4 1 11
two-step xo first 2 3 13

The best primal bound is LB = 13, given by & = (2, 3).

2. Graphically, we have:

-~

2

o

—

N

w
I~ |-

W~

o

N i J
Figure 2.1: Feasible region of the LP relaxation (red), integer points (black) and optimal
solution of the LP relaxation (blue), with the objective line through it (dashed).

The optimal vertex is the intersection of the lines of constraints 1 and 2:

{6x1+21x2 = ' 7 8
— xr1 = = To = —

8x1 4 319 = 36 2’ 3
The optimal value is z(LP) = 2- I + 3 8 = 15. The data are integer, so the dual

bound is
z(ILP) < z(LP) =15
3. With LB = 13 and UB = 15 the optimality gap is
UB-LB 15-13 2
= =—~=154
ILB| 13 13 i
The gap is not zero: the bounds give only 13 < z(ILP) < 15, and & = (2, 3) is not
certified optimal.

LB = 13 from the two-step heuristic, UB = 15 from the LP relaxation, optimality
2
gap —. Complete enumeration shows that z(ILP) = 13: the heuristic solution

(2,3) is optimal, but the two bounds do not prove it.
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Integer Linear Programming

Exercise 2.2 — Rounding and certificates (P4)

Consider the following ILP problem in canonical maximization form with n = 2
integer variables and m = 2 constraints:
max 5xr; + 3z

2x1 + To < 14
x1 + 8z < 32
X1, ro € ZZO
L J

Questions
1. Solve the LP relaxation graphically and give the dual bound UB.

2. Round the optimal solution of the LP relaxation in the four possible ways (each
component down or up). Which rounded points are feasible? Give the best primal
bound LB obtained by rounding.

3. Compute the optimality gap.

4. Show that the point (6,2) is feasible and certify that it is an optimal solution.

- J

1. Graphically, we have:

2

- o J
Figure 2.2: Feasible region of the LP relaxation (red), integer points (black) and optimal
solution of the LP relaxation (blue), with the objective line through it (dashed).

The optimal vertex is the intersection of the lines of constraints 1 and 2:

T =, Tp= o

221+ 29 =14 16 10
—
T, + 8xo = 32 3 3
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110
The optimal value is z(LP) =5 - ? +3- 1—3? =3 The data are integer, so

2(ILP) < [2(LP)| = F;OJ = 36

10
3 ?), and its rounding to the nearest
integer point is (5,3). The four rounded points are:

2. The optimal solution of the LP relaxation is (

Rounded point feasible  violated constraint  value

yes - 34
no 1-54+8-4=37> 32 =
no 2:64+1-3=15>14 =
no 2-6+1-4=16> 14 =

Only (5, 3) is feasible, so rounding gives LB =5-5+3-3 = 34.
3. With LB = 34 and UB = 36 the optimality gap is

UB-LB 36—34 1
= =—~59
ILB| 34 17 7

4. The point (6, 2) satisfies the constraints, 2-6+1-2 =14 <14, 1:-6+8-2 =22 < 32,
and its value is 5- 6+ 3 -2 = 36. Hence LB = 36 = UB: the optimality gap is zero.

The feasible solution (6,2) has value 36 = |z(LP)]: it is certified optimal,
z(ILP) = 36. Rounding the LP solution gives only (5, 3), of value 34.

- J

Exercise 2.3 — Rounding fails

( A
Consider the following ILP problem in canonical maximization form with n = 2
integer variables and m = 2 constraints:

max 4x; + Txo

61 + 10xy < 30
—6z1 + 3z < 4
x1, ro € Zzo
\ J

Questions
1. Solve the LP relaxation graphically and give the dual bound UB.

2. Round the optimal solution of the LP relaxation in the four possible ways. Is the
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AN

rounding down feasible? Is the rounding to the nearest integer point feasible? Give
the best primal bound obtained by rounding.

3. Find an optimal solution of the ILP problem graphically, and compare it with the

solution of the LP relaxation.

J/

1. Graphically, we have:

-

2

.

1

Figure 2.3: Feasible region of the LP relaxation (red), its integer points (black), the optimal
solution of the LP relaxation (blue) with the objective line through it (dashed), and the
optimal ILP solution (5,0) (blue circle).

The optimal vertex is the intersection of the lines of constraints 1 and 2:

621+ 10z = 30 25 34
1= —, To9= —
—61) + 32y =4 "T39 T3
- 25 34 _ 814 .
with 2(LP) =42 +7- 93 = 39 ~ 20.87. The data are integer, so
14
+(ILP) < |2(LP)] = {83_9J _ 20
25 34
2. The four roundings of (-, —) ~ (0.64,2.62) are:
3913
Rounded point feasible violated constraint value
(0,2) no —-6-0+3-2=6>14 -
(0,3) no —-6-0+3-3=9>14 -
(1,2) yes - 18
(1,3) no 6-1+10-3=36>30 -

Author: Fabio Furini
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Integer Linear Programming

The rounding down (0,2) and the rounding to the nearest point (1,3) are both in-
feasible. The only feasible rounding is (1,2), with LB = 18.

3. The gradient of the objective function is V f = (4,7). The integer points near the LP
optimum lie under the steep line of constraint 2, and the last point of F' reached by
the level line is (5,0), on the line 4 21 + 722 = 20. Its value 20 equals UB = 20, so it
is certified optimal.

The optimal ILP solution &(ILP) = (5,0), with z(ILP) = 20, is far from &(LP) ~
(0.64,2.62): no rounding finds it, while the bound |z(LP)]| = 20 is exact.

. J

Exercise 2.4 — Dual bounds (P2)

( A
Consider the following ILP problem in canonical maximization form with n = 2
integer variables and m = 2 constraints:

max r1 + 3x9
-4z + 10z < 35
3x1 + Ty < 12
x1, ro € ZZO
59
The optimal solution of its LP relaxation is (LP) = (5, 5), with z(LP) = 16.
- J

Questions

1. Multiply the constraints by the multipliers (71, m2) of the table below. Which multi-
pliers are valid, and which upper bound on z(ILP) does each valid choice give?

0.3, (31, G50, (13)

wIiN

)

i

2. Write the dual problem D(LP) of the LP relaxation, and verify that 7« = (%, 4)is

an optimal dual solution.

3. Derive upper bounds on the variables from the constraints. Do they improve the
bound of the LP relaxation?

(& J

1. With multipliers w1, w9 > 0 the sum of the constraints is

(—471'1 +37T2):I71 + (107’1’1 +7T2)$2 < 357 + 1279,

and it gives an upper bound when the coefficients are at least the costs: —4m+3 w9 >
1 and 107 + 79 > 3.
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2. The dual problem D(LP) is

(m1,m2) coefficients of z1, zo valid multipliers upper bound 35w + 127

(0,3) 9,3 yes 36
(3,1) 1,6 yes 2
(3,0) -83 no: —% <1 -
(13) 1, % yes B

The best of these bounds is %, given by (1, 2). The multipliers (35, 0) are not valid:

the first constraint has a negative coefficient of .

min 35w + 12m

—4m + 3my > 1
10m + T > 3
T, Ty € RZO

The point (7, 1) is feasible, since —4-++ +3-11 =1>1and 10-+ +1- 2 =3 >3,

and its value is 35 - -t + 12+ 11 = 16 = 2(LP). By weak duality no dual feasible
solution has a smaller value, so it is optimal.

. Only constraint 2, 3z; + x2 < 12, has non-negative coefficients; constraint 1 has a
negative coeflficient and gives no bound. From constraint 2:

z < |12/3] =4, @y < [12/1] =12

The optimal LP solution (3, J) satisfies both bounds, so it is not cut off and z(LP) =
16 does not change.

The best multipliers 7w = (li?, 1) give the bound 16 = z(LP), which the variable
upper bounds do not improve: z(ILP) < 16 (in fact z(ILP) = 14).

Author: Fabio Furini
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Exercise 2.5 — Bounds with three variables (P46)

( A
Consider the following ILP problem in canonical maximization form with n = 3
integer variables and m = 3 constraints:

max bdxy + 6z + 10z3
921 4+ 229 + 223 < 11
2¢7 + 6z9 + 6r3 < 16
4xy + 2x9 + Txg < 10
x1, T2, r3 € Z>o
- : 499
The optimal solution of its LP relaxation is &(LP) = (%, %, %), with z(LP) = oI
- J

Questions
1. Give the dual bound UB provided by the LP relaxation.

2. Round down the optimal solution of the LP relaxation. Is the rounded point feasible,
and which primal bound does it give?

3. Apply the two-step heuristic (extended to three steps) with the variables in order of
decreasing cost, x3, xa2, T1.

4. Compute the optimality gap with the best primal bound.

- J

1. The data are integer, so

2(ILP) < [2(LP)| = {%J =19

2. Rounding down gives (0, 1,0), which is feasible: 9-04+2-14+2-0=2<11, 2:-0+6-
1+46-0=6 <16, 4-0+2-14+7-0=2 < 10. Its value gives LB = 5-04+6-1+10-0 = 6,
far from the upper bound.

3. Each variable, in the order 3, x2, x1, takes its maximum value with the residual
right-hand sides:

(2) Z3 = min{| 5],
(b) T2 = min{|3],
(¢) z1 = min{|g],

The heuristic solution is & = (0,1,1), with LB=5-0+6-1+10-1 = 16.

581, [2]} = 1; the residual right-hand sides become 9, 10, 3.
3

1; the residual right-hand sides become 7, 4, 1.
= 0; the residual right-hand sides become 7, 4, 1.

4. With LB = 16 and UB = 19 the optimality gap is

UB-LB 19-16 3
= = — ~ 18.8
LB TR T

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 18


https://github.com/fabiofurini/integer-linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Integer Linear Programming

16 < z(ILP) < 19. Complete enumeration shows that the heuristic solution
3
(0,1,1) is optimal, z(ILP) = 16, but the gap 16 does not certify it.
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Part 11

Strengthening the formulation
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Chapter 3

Ideal formulations

Exercise 3.1 — Convex hull and ideal formulation (P8)

Consider the following ILP problem in canonical maximization form with n = 2
integer variables and m = 2 constraints:
max r1 + 2x9

—r; + 2z < 2
1 + oz < 3
X1, xro9 € ZZO
g J

Questions

1. List the feasible solutions and compute the convex hull conv(F') of the feasible region.
Classify the feasible solutions as vertices, boundary points or interior points of the
hull.

2. Describe conv(F') with linear inequalities and write the corresponding ideal formula-
tion.

3. Solve the LP relaxation of the given formulation and the LP problem over the ideal
formulation, and compare the two upper bounds.

- J

1. For xo = 0 the constraints give x1 < 3, for o = 1 they give 1 < 2, and for xo = 2
they require 1 > 2 and x1 < 1. The feasible region has the 7 points

(0,0), (1,0), (2,0), (3,0), (0,1), (1,1), (2,1).

Graphically, we have:
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Figure 3.1: The polyhedron of the formulation (red) and the convex hull of the integer
points (green): vertices of the hull as black squares, the other integer points as black dots.

The convex hull conv(F') is the quadrilateral with

e the 4 vertices (0,0), (3,0), (0,1), (2,1);
e 3 points on the boundary, (1,0), (2,0), (1,1);

e 10 point in the interior.

2. The edges of the hull lie on the lines
T + 29 = 3, To =1,

together with the axes z1 = 0 and xo = 0. The ideal formulation is therefore

max x1 + 2x9

1 + m < 3
i) S 1
x7, o > 0

Its integer points are the same 7 points of F', and its polyhedron has only integer

vertices.

3. For the given formulation the optimal vertex is the intersection of the lines of con-

straints 1 and 2:

—x1+2x9 =2 _4 _5
l‘1+$2:3 3 3

14
with z(LP) = = and the bound |z(LP)| = 4. Over the ideal formulation the optimal

vertex is the integer point (2, 1), with value 4.
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The LP problem over the ideal formulation gives z = 4 = z(ILP) at the integer

vertex (2,1); the given formulation gives only the bound z(LP) = 3 rounded

down to 4.

Exercise 3.2 — Ideal formulation (P3)

Consider the following ILP problem in canonical maximization form with n = 2

integer variables and m = 2 constraints:
max 2x7 + 4xo

-z + xz2 < 2
8xr1 4+ 2x9 < 19
X1, i) € ZZO
S J

Questions

1. Compute the convex hull conv(F) of the feasible region and classify the feasible solu-
tions as vertices, boundary points or interior points.

2. Write an ideal formulation of the ILP problem.

3. The optimal solution of the LP relaxation of the given formulation is (LP) = (3, I).
Show that it does not belong to conv(F'), and conclude that the given formulation is
not ideal.

4. Compare the upper bounds of the two formulations.

- J

1. The feasible region has 9 points. Graphically, we have:

-

w WIS N

Z2
)
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Figure 3.2: The polyhedron of the given formulation (red), the convex hull of the integer
points (green) with its vertices (black squares), and the optimal solution of the LP relaxation

(blue), outside the hull.

The convex hull conv(F') is a polygon with

e the 5 vertices (0,0), (2,0), (2,1), (0,2), (1,3);
e 2 points on the boundary, (1,0), (0,1);
e 2 points in the interior, (1, 1), (1,2).
2. The edges of the hull lie on the lines 1 = 2, 2z + 29 =5, —x1 + 22 = 2 and on the

axes. The ideal formulation is

max 2x1 + 4xo

T < 2
2x1 + To < 5
—x1 + 2 <2

T, o > 0

3. The point (%, %) violates the inequality 2 x1 + 22 < 5 of the hull: 2- % +1- % = % > 5.
Every point of conv(F') satisfies this inequality, so Z(LP) ¢ conv(F') and conv(F) C P:

the given formulation is not ideal.

4. The given formulation gives z(LP) = 17, hence z(ILP) < 17. The ideal formulation
has the optimal vertex (1,3), with value 14.

The ideal formulation gives the exact value z(ILP) = 14, attained at the integer
vertex (1,3); the given formulation gives the weaker bound 17.
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Exercise 3.3 — Comparing formulations (P23)

Consider the ILP problem in canonical maximization form
max 1 + 4xo

3z1 + 8wz < 24
—x1 < -1
-9 < -1

1, T2 € Z>o

and the two polyhedra (both with x1,z9 > 0)

PA:{3.%'1+8$2§24, T > 1, $221},
PB:{x1+3LIZ‘2§8, x1§57 $121, 517221}

Questions
1. Show that P4 and Pp are two formulations of the same ILP problem.
2. Compute the vertices of P4 and Pp, and decide which formulation is stronger.
3. Compare the upper bounds given by the LP relaxations of the two formulations.

4. Is Pp an ideal formulation?

- J

1. In both polyhedra z; > 1 and x2 > 1. In P4, x5 = 1 gives 3x; < 16, that is 21 < 5,
and xo = 2 gives £1 < 2; x9 > 3 is impossible. In Pg, z9 = 1 gives 1 < 5, and xo = 2
gives x1 < 2; x9 > 3 is impossible. Both contain exactly the 7 integer points

L1, &1, 61, &1, 61, (1,2), (22),
so PANZ*=PpNZ>=F.
2. The vertices are
Pa: (L1, (LZ), (1),  Ps: (L,1), (1], (5,1).

Every vertex of Pp satisfies the constraints of P4, so P C P4 (both are convex).
The vertex (1, %) of P4 violates 1 +3x2 <8 (1-1+3- %1 = % > 8), s0 Pg C Py:
Pp is stronger.

Graphically, we have:
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z2

\_ i %
Figure 3.3: The formulation P4 (red), the formulation Pp (blue, dashed) and the convex
hull of the integer points (green), with its vertices (black squares).

23 31
3. The LP relaxations give & = (1, %1) with z = 5 over Py, and & = (1, %) with z = 3

over Pp. The rounded bounds are 11 and 10. The feasible point (2,2) has value 10,
so Pp certifies that it is optimal, while P4 leaves a gap.

4. No: the vertex (1, I) of Pg is fractional. The convex hull has the vertices (1,1), (5,1),
(2,2), (1,2) and the edges on x9 > 1, 1 + 329 < 8, 292 <2, 21 > 1.

31
Pp C Py4: the formulation Pp is stronger and its bound ng = 10 certifies
z(ILP) = 10, but it is not ideal.

- J

Exercise 3.4 — Recognizing an ideal formulation

( A

Consider the three polyhedra (all with x1,z9 > 0)

Po={x1+22<3, 21 <2},
PD:{$1+4$2§12, 2x1+x2§5},
Pp={x1+22<3, 221+ 22 <5}

N J

Questions

1. Show that Po, Pp and Pg contain the same integer points, so they are formulations
of the same ILP problems.

2. Compute the vertices of the three polyhedra. Which formulation is ideal? Order the
formulations from the strongest to the weakest.

3. With the objective function x1 + 5 xs, the LP problem over Pp has an integer optimal
solution. Does this prove that Pp is ideal? Use the objective function x1 + x2 to
answer.
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1. An integer point of any of the three polyhedra has x; <2 (x; <2 in Pg, 221 <5 in
Pp and Pg). For z1 = 0,1, 2 the largest integer value of x5 is

Po: 3—x21=3, 2, 1,
Pp: min{|(12 —z1)/4], 5—2x1} =3, 2, 1,
Pr: min{3 -z, 5—2x1} =3, 2, 1.

The three formulations have the same 9 integer points

(0,0), (0,1), (0,2), (0,3), (1,0), (1,1), (1,2), (2,0), (2,1).

2. The vertices are
Fc - (0,0), ( ) )’ (270)7 (271)

0,3
PD : (O7O)a (07 3)7 (%a %)a (%70)
PE: (070)5 (073)7 (27 )7 (gao)
Only Pc has all its vertices integer: Po = conv(F') is the ideal formulation. Every
vertex of Po belongs to Pr and every vertex of Pr belongs to Pp, so

A~ =

conv(F)=Po C Py C Pp,

=

and the order from the strongest to the weakest formulation is Po, Pgr, Pp. Graphi-
cally, we have:

- o] N
. <
s‘ X
[ r 5‘%\ |
N
7 g 1
. S
.~
-
S
.
2 - 3 -
.
*.
[
8 S
.
*.
1 S -
Y
.
-
-
‘(
0
L | |
0 8 2 3
7
N o J

Figure 3.4: The formulations Pp (red), Pg (blue, dashed) and Pc (green), the 9 integer
points (black), and the optimal solution (2, 1) of the LP problem over Pp with the objective
x1 + x2 (blue), with its objective line (dashed).

3. With 27 + 529 the optimal vertex of Pp is (0,3), of value 15: it is integer. With

27
21 + x9, instead, the optimal vertex of Pp is (%, %), of value = while the best

integer point has value 3.
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An integer LP optimum for one objective function does not prove that a formu-

lation is ideal: Pp has the fractional vertex (%, 1—79), optimal for x1 + x5. Only Po

gives an integer optimal vertex for every objective function.

Exercise 3.5 — An ideal formulation in three dimensions (P43)

Consider the following ILP problem in canonical maximization form with n = 3
integer variables and m = 2 constraints:
max x1 + 2x9 + Tux3

€ + 2x3 < 2
ro + 223 < 2
x1, x2, T3 € Z>o
N\ J

Questions
1. Compute all the vertices of the polyhedron P of the LP relaxation.

2. Is the formulation ideal? What does this imply for the LP relaxation with any objec-
tive function?

3. Solve the LP relaxation with the given objective function and give z(ILP).

- J

1. A vertex of P C R3 is a feasible point where 3 linearly independent constraints (among
the 2 constraints and the 3 non-negativity constraints) hold with equality. Solving all
the 3 x 3 systems and keeping the feasible solutions gives the vertices

(0,0,0), (0,0,1), (0,2,0), (2,0,0), (2,2,0).

For example, 1 = 0, z1 + 223 = 2 and 29 + 223 = 2 give (0,0, 1). The systems that
are inconsistent, or whose solution violates a constraint, give no vertex.

2. All the vertices are integer and belong to F'. The polyhedron P is bounded, so it is the
convex hull of its vertices: P = conv(vertices) C conv(F') C P, hence P = conv(F)
and the formulation is ideal. For every objective function the LP relaxation has an
integer optimal vertex, for example:

Objective function optimal vertex optimal value

r1+ 239 + 713 (0,0,1) 7
1+ x0 + 323 (2,2,0) 4
311+ 270+ 923 (2,2,0) 10
1+ T2 + x3 (2,2,0) 4
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and complete enumeration gives the same values.

3. The values of x1 + 2 x5 + 7 x3 at the five vertices are 0, 7, 4, 2, 6: the optimal vertex
is (0,0,1), with value 7.

The formulation is ideal: the optimal vertex (0,0, 1) of the LP relaxation is integer,
and z(LP) = z(ILP) = 7.
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Chapter 4

Valid inequalities

Exercise 4.1 — A valid inequality by rounding (P2)

Consider the following ILP problem in canonical maximization form with n = 2
integer variables and m = 2 constraints:

max r1 4+ 3x9
—4x; 4+ 10z < 35
3z + T2 < 12
1, T2 € Z>o
The optimal solution of its LP relaxation is &(LP) = (g, %), with z(LP) = 16.
N y

Questions

3

T %), show that o < 4 is a valid inequality.

1. Using the multipliers (
2. Is the inequality tight? Does it cut off the optimal solution of the LP relaxation?

3. Add the inequality to the formulation and compute the new upper bound.

1. Multiplying the constraints by the non-negative multipliers (;’71, %) and summing,
2 (421 + 1022 < 35) + & - (3z1 + 22 < 12), we get
9
X9 < 5

Since z; > 0 and the coefficients 0 > 0, 1 > 1 are at least those of 2, every feasible
solution satisfies xo < xg < %. The left-hand side is an integer, so

9

2. The feasible solutions (2,4) satisfy x9 = 4, so the inequality is tight. It cuts off
&(LP) = (5,9),since0-3+1-2=3>4.

is a valid inequality.
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3. Graphically, we have:
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Figure 4.1: The LP relaxation with the valid inequality x9 < 4 (green): the optimal solution

(3,9) of the original LP relaxation (blue circle) is cut off, and the new optimal solution is

blue, with its objective line (dashed).

Formulation &(LP) z(LP) upper bound

original (5,9) 16 16
withzo <4 (8,4) % 14

x9 < 4 is valid and tight, it cuts off £(LP), and the upper bound improves from
16 to 14 (the optimal value is z(ILP) = 14).

Exercise 4.2 — Valid or not valid (P4)

( N
Consider the following ILP problem in canonical maximization form with n = 2
integer variables and m = 2 constraints:

max dxr; + 3xo

2x1 + Ty < 14
1 4+ 8x < 32
X, ro € ZZO

110

The optimal solution of its LP relaxation is &(LP) = (12, &), with z(LP) = —.

3
N\ J

Questions
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N\

. Is 1 4+ 29 < 7 a valid inequality?

. Show that 1 +xo < 8 is a valid inequality, using the multipliers (%, 1—15) Does it cut

. Add z1 4+ 2 < 8 to the formulation and solve the new LP relaxation. What can you

off the optimal solution of the LP relaxation?

conclude?

J

1. No. The point (6,2) is feasible, 2-6+1-2 = 14 < 14,

. Multiplying the constraints by the non-negative multipliers (%, iz) and summing,

3. Graphically, we have:

1-64+8-2=22<32, and it
violates the inequality: 6 + 2 = 8 > 7; the same holds for the feasible point (5,3). A
valid inequality must be satisfied by all the feasible solutions.
1
L (221 4+ 32 < 14) + & - (21 4+ 822 < 32), we get
2
r1+ a2 < 3

Since x; > 0 and the coefficients 1 > 1, 1 > 1 are at least those of x1 + 2, every
feasible solution satisfies x1 + 22 < 21 + 22 < ?. The left-hand side is an integer, so

26
1+ x93 < {— =38
3
is a valid inequality. It cuts off &(LP) = (£, %0), since 1- 28 41 13—0 = 23—6 > 8.

N

Figure 4.2: The LP relaxation with the valid inequality 21 + 22 < 8 (green): the old optimal
solution (blue circle) is cut off and the new optimal solution (6,2) (blue) is integer.

Formulation z(LP) z(LP) upper bound
original (3,10 1o 36
with 21 + 22 <8  (6,2) 36 36
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The new LP relaxation has the integer optimal solution (6,2): it is an optimal
ILP solution, z(ILP) = 36, and the inequality 27 + x2 < 7, which removes it, is
not valid.

Exercise 4.3 — Rounding and tightening (P5)

Consider the following ILP problem in canonical maximization form with n = 2

integer variables and m = 2 constraints:
max 2x1 + 3 X9

61 + 2lxy < 77
8xr1 + 3ryg < 36
X1, To € ZZO
The optimal solution of its LP relaxation is (LP) = (%, %), with z(LP) = 15.
. J

Questions

1. Multiply both constraints by %, sum them, and derive a valid inequality 2x1+3x2 < 8
by rounding. Does it cut off the optimal solution of the LP relaxation?

2. Make the inequality tight with Step 1 of the algorithm of the chapter: decrease (8
until a feasible integer point lies on the line 2x1 + 322 = 3.

3. Add the tight inequality to the formulation. What is the new upper bound?

A J

1. Multiplying the constraints by the non-negative multipliers (%, %) and summing, % .
(621 +212y < 77) + 1 - (821 + 322 < 36), we get

24 113
2x1 + 71‘2 < 7

Since x; > 0 and the coefficients 2 > 2, % > 3 are at least those of 2x1 4+ 3 x2, every
feasible solution satisfies 221 + 320 < 221 + % To < % The left-hand side is an
integer, so

113

is a valid inequality. It does not cut off #(LP) = (I, %), since 2 +3'§ =15 < 16.
The inequality is valid but useless for the bound.

2. For two variables the integer points of the line 22y + 3z = [ with 21,29 > 0 are
finitely many, and we check each of them against the constraints.

e 5 = 16. The integer points of 2x; + 3x2 = 16 with x > 0: (2,4) violates
constraint 1 (6-2+21-4 =96 > 77); (5,2) violates constraint 2 (8 -5+ 3-2 =
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46 > 36); (8,0) violates constraint 2 (8 -8 +3-0 = 64 > 36). Hence no feasible
point: set g = 15.

e 3 = 15. The integer points of 2x; + 3z = 15 with = > 0: (0,5) violates
constraint 1 (6-0+21-5 =105 > 77); (3, 3) violates constraint 1 (6-3+21-3 =
81 > 77); (6,1) violates constraint 2 (8 -6+ 3 -1 =51 > 36). Hence no feasible
point: set g = 14.

e 3 = 14. The integer points of 2x; + 3z = 14 with = > 0: (1,4) violates
constraint 1 (6 -1421-4 =90 > 77); (4,2) violates constraint 2 (8 -4+3-2 =
38 > 36); (7,0) violates constraint 2 (8 -7+ 3 -0 = 56 > 36). Hence no feasible
point: set g = 13.

e 3 = 13. The integer points of 221 +3 x9 = 13 with > 0: (2, 3) is feasible; (5,1)
violates constraint 2 (8 -5+ 3 -1 =43 > 36). Hence a feasible point exists: the
inequality is tight. STOP.

The tight valid inequality is 221 + 322 < 13. It cuts off Z(LP) = (£, ), since
2-7+3-8=15> 13

3. The tight inequality has the same coefficients as the objective function, so the new

LP relaxation has optimal value z(LP) = 13, attained for example at (2, 19).
Formulation Z(LP) 2(LP) upper bound
original (3,8) 15 15
with 221 + 32, <13 (%,0) 13 13

The rounding gives 2 z1 + 3 z2 < 16, which does not cut off the LP optimum; the
tight version 2x1 + 329 < 13 gives UB = 13, equal to the value of the feasible
point (2,3): z(ILP) = 13 is certified.

- J
Exercise 4.4 — Reaching the convex hull by rounding (P1)
( N\
Consider the following ILP problem in canonical maximization form with n = 2

integer variables and m = 1 constraint:
max r1 + 82

3x; + 6zy < 16
Ty, ro € Zzo

64
The optimal solution of its LP relaxation is &(LP) = (0, §), with z(LP) = 3

- v

Questions

1. Derive a valid inequality zo < (1 with the multiplier %, and a valid inequality z; +
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219 < P2 with the multiplier %

2. Compute the upper bound given by the LP relaxation after adding each inequality
alone, and after adding both.

3. Show that the formulation with both inequalities is ideal.

. J
1. e Multiplying the constraints by the non-negative multipliers (%) and summing,

3. (321 + 62y < 16), we get

oo

1
— <
296‘1+362_

3
> 1 are at least those of zo, every
The left-hand side is an integer, so

Since x; > 0 and the coefficients % >0, 1
feasible solution satisfies x9 < %xl + a9 < %.

8

e Multiplying the constraints by the non-negative multipliers (%) and summing,
% - (3x1 + 6129 < 16), we get

is a valid inequality.

16
1+ 2z < 3

Since x; > 0 and the coefficients 1 > 1, 2 > 2 are at least those of x1 + 22,
every feasible solution satisfies 1 +2x9 < x1 + 229 < %. The left-hand side is
an integer, so

1
1+ 2x9 < {—6J =5
3
is a valid inequality.

2. Graphically, we have:

-

2

N

Figure 4.3: The LP relaxation (light red) with the valid inequalities zo < 2 and z1+2xz2 < 5
(green): the new polyhedron (red) has the integer optimal vertex (1,2) (blue); the old

optimal solution is the blue circle.
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Formulation z(LP) 2z(LP) upper bound
original 3% & 21
with zp < 2 (3,20 22 17
with 21 +222, <5 (0,3) 20 20
with both (1,2) 17 17

Each inequality alone cuts off £(LP) but leaves a fractional optimum; together they
give the integer optimum (1, 2).

3. The polyhedron with both inequalities has the vertices (0,0), (0,2), (1,2), (5,0), all
integer: it is the convex hull of the feasible solutions, so the formulation is ideal.

With zo < 2 and 21 + 222 < 5, both obtained by rounding, the LP relaxation
gives z(LP) = 17 = z(ILP) at the integer vertex (1,2).

Exercise 4.5 — Rounding with three variables (P42)

Consider the following ILP problem in canonical maximization form with n = 3
integer variables and m = 3 constraints:

max 3x; + 2x2 + 4x3
I To + 2z3 < 4
211 + 3x3 < 5
2x1 + To + 3z3 < 7
1, 9, x3 € Z>o
The optimal solution of its LP relaxation is &(LP) = (5, 2,0), with 2(LP) = %
N b,
Questions

1. Multiply the second constraint by %, round down its coefficients and its right-hand
side, and show that the result is a valid inequality.

2. Does it cut off the optimal solution of the LP relaxation?

3. Add the inequality to the formulation. The new LP relaxation has the optimal solution
(2,2,0): what can you conclude?
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3 5
1. The second constraint multiplied by % is z; + 3 r3 < 3 Rounding down the coeffi-

cients gives x1 + x3, whose coefficients are not larger. Multiplying the constraints by

the non-negative multipliers (0, 5,0) and summing, % - (2z1 + 323 < 5), we get

x—l—gaz <5
1 5 3_2-

Since z; > 0 and the coefficients 1 > 1, 0 > 0, % > 1 are at least those of x1 + x3,
every feasible solution satisfies x1 + x3 < x1 + %ZC?, < % The left-hand side is an
integer, so

5
r1+ax3< || =2
2
is a valid inequality.

2. It cuts off #(LP) = (3,2,0),since1-3+0-3+1.0=3>2.

3. The new LP relaxation has the integer optimal solution (2,2,0), with value 10. By
the proposition on the LP relaxation, it is an optimal ILP solution.

21
The valid inequality x1 + z3 < 2 lowers the upper bound from [?J = 10 to 10
and gives the optimal solution (2,2,0), z(ILP) = 10.
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Chapter 5

Cover inequalities

5.1 Cover separation

Exercise 5.1 — Cover inequalities (P1)

Consider a binary problem with one constraint 0T < b, with positive integer coefficients
a; and right-hand side b = 8, on the binary variables indexed by the set .# = {1,2,3,4} of
n = 4 variables with the following objective coefficients and constraint coefficients:

i1 2 3 4

¢j |40 42 25 12
aj | 4 7 5 3

The associated LP is:
max 40x1 + 4220 + 25xz3 + 1224

subject to  4x; + Txyg —+ 5r3 + 3rg < 8
T < 1
xIo < 1
T3 < 1
Ty < 1
X1, €2, s, Ty 2 0
An optimal solution & of LP and its value are:
- .4 -
=1, o= 7 B3 = 0, 24=0 and z(LP) = 64.

Questions
1. List all the cover inequalities and identify the minimal covers.

2. For the point &, write the separation problem ILPcgp and its complementary problem
ILPZp.

3. Apply the greedy heuristic to ILP%SP and, if possible, find a violated cover inequality.
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4. Check whether the greedy solution is optimal.

e a
A subset of indices C' C . with ) jec @5 > b is a cover, and the linear inequality
>z <|C] -1
jeC

is the cover inequality associated with C. Given a point &, a cover inequality violated
by & exists if and only if z(ILPcgp) < 1, where

(ILPCSP) min{Z(l—fj)Zji ZaijZb—l- 1, ZjE{O,l} VjEf}
jeES jES
_ J

Separation of the cover inequalities violated by Z.

e Cover inequalities
The covers are the subsets of indices whose total coefficient exceeds b = 8:

C Yjecaj |C| Cover inequality Minimal
{1,2} 11 2 z1+22<1 yes
{1,3} 9 2 z+a3<1 yes
{2,3} 12 2 a294+23<1 yes
{2,4} 10 2 ao+xy <1 yes

{1,2,3} 16 3 z1+xo+a3<2 no
{1,2,4} 14 3 x1+txo+ws <2 no
{1,3,4} 12 3 w1t+a3t+aa <2 no
{2,3,4} 15 3 axota3taza<2 no
{1,2,3,4} 19 4 x1+ao+xz3+24<3 no

There are 9 covers, of which 4 are minimal. The cover inequalities of the non-minimal
covers are implied by those of the minimal covers and by the bounds z; < 1.

e Separation problem
The costs gj = 1 — T, are g = (O, %, 1, 1), and the separation problem ILPcgp is:
min %22 + z3 + 24
subject to 4z + Tz + bzg + 3z4 > 9

{0,1}

With y; = 1 — z;, the constant term and the right-hand side of the complementary

m

21, 22, 23, 24

problem are

17
n—zgzj:7, > a;j—(b+1)=19-9=10,
jES jES
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and the complementary problem ILPZp is:

max %?/2 + Y3 +  wn
subject to 4y1 + Ty + bys + 3ya < 10

Y1, Y2, Y3, Ya S {07 1}

with 2(ILPgsp) = & — 2(ILP%gp).

e Greedy heuristic
The indices are scanned by non-increasing ratio ¢;/a;, starting from the residual
right-hand side 10:

J ¢ a;j gj/aj Decision Residual
4 1 3 % g =1 7
3 ; 5 33 g =1 2
2 7 T 4 =0 2
1 0 4 0 ¢=09=0 2

The greedy solution is y = (0,0,1,1), with value 2. The corresponding cover is
C={jes: g, =0}={1,2}, of total coefficient 11 > 8 and cost ¥ —2 =2 < 1.
Hence the cover inequality

x1+22<1

- = 4 _ 4
is violated by : 1+ = —1==.

e Optimality check
Indices with ¢; = 0 do not change the value of a solution. The non-empty subsets of
the indices {2,3,4} with ¢; > 0 that satisfy the constraint with right-hand side 10
are: {2} (value 2), {3} (value 1), {4} (value 1), {2,4} (value X), {3,4} (value 2).

Hence z(ILPggp) = 2, the greedy solution is optimal, 2(ILPcgp) = 2 < 1, and the
4

maximum violation of a cover inequality is .

Exercise 5.2 — Cover inequalities (P2)

Consider a binary problem with one constraint Ty < b, with positive integer coefficients
a; and right-hand side b = 15, on the binary variables indexed by the set . = {1,2,3,4}
of n = 4 variables with the following objective coefficients and constraint coefficients:

i1 2 3 4

¢ |24 17 12 6
aj [10 8 6 5

The associated LP is:
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max 24x; + 17x9 + 1223 4+ 6xy4

subject to 10xz1 + 8x2 + 6x3 + bxy < 15

il S 1

€T S 1

T3 < 1

Ty S 1

X1, 2, I3, Ty Z 0

An optimal solution & of LP and its value are:

5 277

fl = 1, T = 5}3 = 0, :E4 =0 and Z(LP) = ?

§7
Questions
1. List all the cover inequalities and identify the minimal covers.

2. For the point &, write the separation problem ILPcgp and its complementary problem
ILPZ¢p.

3. Apply the greedy heuristic to ILP%SP and, if possible, find a violated cover inequality.

4. Check whether the greedy solution is optimal.

s N
A subset of indices C' C . with ) jec @ > b is a cover, and the linear inequality
da<|ol-1
jeC

is the cover inequality associated with C. Given a point &, a cover inequality violated
by & exists if and only if z(ILPcgp) < 1, where

(WPesp)  min{ D" (1-&)2: D a5 2b+1, 5 €{0,1}Vje s},
jeS jes

AN J

Separation of the cover inequalities violated by .

e Cover inequalities
The covers are the subsets of indices whose total coefficient exceeds b = 15:
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C Zjec a; |C| Cover inequality Minimal
{1,2} 18 2 z+x2<1 yes
{1,3} 16 2 z1+x3<1 yes

{1,2,3} 24 3 x1+xo+w3<2 no
{1’2’4} 23 3 T14+xa+x4<2 no
{1,3,4} 21 3 xitaztazs<2 no
{2’ 3, 4} 19 3 o+ x3+ws <2 yes
{1,2,3,4} 29 4 wi+artazt+za<3 no

There are 7 covers, of which 3 are minimal. The cover inequalities of the non-minimal
covers are implied by those of the minimal covers and by the bounds z; < 1.

e Separation problem

The costs gj =1 — Z; are ¢ = (O, %, 1, 1), and the separation problem ILPcgp is:

min % z9  + z3  + 24
subject to 1023 4+ 822 + 623 + 5Hzg > 16
21, 22, Z3, z4 € {07 1}

With y; = 1 — z;, the constant term and the right-hand side of the complementary
problem are

19
n—ij:§, Zaj—(b+l):29—l6:13,
JjeES JjES

and the complementary problem ILPZ%qp is:

max %?JQ + Y3 + Y
subject to 10y; + 8y2 + 6ys + Sya < 13

Y1, Y2, Y3, Ya S {07 1}
with 2(ILPcgp) = ¥ — 2(ILPZgp).

e Greedy heuristic
The indices are scanned by non-increasing ratio g;/a;, starting from the residual
right-hand side 13:

J ¢ aj gj/a; Decision Residual
4 1 5 % g =1 8
3 ?1’ 6 33 ¥y =1 2
2§ 8 g ¥=0 2
1 0 10 0 ¢ =0,9y=0 2
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The greedy solution is y = (0,0,1,1), with value 2. The corresponding cover is
C={jes:y;=0}={1,2}, of total coefficient 18 > 15 and cost & —2 =3 < 1.
Hence the cover inequality

1+ 29 <1

is violated by &: 1+ 5 — 1= 2.

e Optimality check
Indices with ¢; = 0 do not change the value of a solution. The non-empty subsets of
the indices {2,3,4} with ¢; > 0 that satisfy the constraint with right-hand side 13
are: {2} (value 2), {3} (value 1), {4} (value 1), {2,4} (value &), {3,4} (value 2).

Hence z(ILP¢gp) = 2, the greedy solution is optimal, z(ILPcgp) = 2 < 1, and the
5

maximum violation of a cover inequality is g.

Exercise 5.3 — Cover inequalities (P3)

Consider a binary problem with one constraint Ty < b, with positive integer coefficients
a; and right-hand side b = 12, on the binary variables indexed by the set % = {1,2,3,4}
of n = 4 variables with the following objective coefficients and constraint coefficients:

i1 2 3 4

¢; |38 14 44 19
aj | 5 2 10 6

The associated LP is:
max 38x1 + 14xo + 44xz3 + 1924
subject to 5x1 —+ 2x9 + 10x3 + 6ry < 12

1 < 1
T2 S 1

T3 < 1

Ty < 1

1, 2, 3, rg > 0

An optimal solution & of LP and its value are:

I1=1, 9 =1, I3= T4=0 and z(LP) = 74.

Questions
1. List all the cover inequalities and identify the minimal covers.

2. For the point &, write the separation problem ILPcgp and its complementary problem
ILPZ¢p.

3. Apply the greedy heuristic to ILP%SP and, if possible, find a violated cover inequality.

4. Check whether the greedy solution is optimal.
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e N
A subset of indices C' C . with jec @j > bis a cover, and the linear inequality
d <ot
jel

is the cover inequality associated with C. Given a point &, a cover inequality violated
by & exists if and only if z(ILPcgp) < 1, where

(WPesp)  min{ Y (1-8)2: D a2 2b+1, z {01} Vje s}
jes jes

\ J

- J

Separation of the cover inequalities violated by .

e Cover inequalities
The covers are the subsets of indices whose total coefficient exceeds b = 12:

C Y jecaj |C| Cover inequality Minimal
{1,3} 15 2 r1+23<1 yes
{3,4} 16 2 w3+x4 <1 yes

{1,2,3} 17 3 21 +taota3<?2 no
{1,2,4} 13 3 w1+xotay <2 yes
{1,3,4} 21 3 zit+a3+axs<2 no
{2,3,4} 18 3 xataz+as<2 no
{1,2,3,4} 23 4 z1+ao+23+724<3 no

There are 7 covers, of which 3 are minimal. The cover inequalities of the non-minimal
covers are implied by those of the minimal covers and by the bounds z; < 1.

e Separation problem

1

The costs gj = 1 — T, are ¢ = (0, 0y 50 1), and the separation problem ILPqgp is:

min % z3 + 24
subject to 5z + 229 + 1023 + 62z > 13
21, 22, 23, zg € {0,1}

With y; = 1 — z;, the constant term and the right-hand side of the complementary
problem are

n—j;a}j:;, j;aj—(bﬂ):%—ls:lo,
and the complementary problem ILPQCSP is:
max 3Y + W
subject to H5y; + 2y + 10y3 + 6ya < 10
Y1, Y2, Y3, ya € {0,1}
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with 2(ILPcsp) = 3 — 2(ILPZgp).

e Greedy heuristic

The indices are scanned by non-increasing ratio ¢;/aj, starting from the residual
right-hand side 10:

J 4 a; gqj/aj Decision Residual
1 —

4 1 6 Logi=1 4

3 32 10 5 =0 4

1 0 5 0 ¢=07=0 4

2 0 2 0 ¢ =07 =0 4

The greedy solution is y = (0,0,0,1), with value 1. The corresponding cover is
C={jes: y;=0}=1{1,23}, of total coefficient 17 > 12 and cost 3 —1=1 < 1.
Hence the cover inequality

r1+z2+x3 <2

is violated by &: 1+1+%72:%.

e Optimality check
Indices with ¢; = 0 do not change the value of a solution. The non-empty subsets of
the indices {3,4} with ¢; > 0 that satisfy the constraint with right-hand side 10 are:
{3} (value 1), {4} (value 1). Hence z(ILP¢gp) = 1, the greedy solution is optimal,
2(ILPcgp) = % < 1, and the maximum violation of a cover inequality is %
The cover C' is not minimal: removing an index with q; = 0 gives the minimal cover
{1,3}, with the same cost 3. Its cover inequality z1 + 23 < 1 has the same violation
% and is stronger.

Exercise 5.4 — Cover inequalities (P4)

Consider a binary problem with one constraint Ty < b, with positive integer coefficients
a; and right-hand side b = 11, on the binary variables indexed by the set . = {1,2,3,4}
of n = 4 variables with the following objective coefficients and constraint coefficients:

i1 2 3 4

¢; |34 40 31 12
aj| 5 9 9 5

The associated LP is:
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max 34x; + 4020 + 3lzz + 1224
subject to  5xz1 4+ 9x2 + 9x3 + bHzy < 11

T < 1
9 < 1
T3 < 1
g < 1
T1, T2, 3, e > 0
An optimal solution & of LP and its value are:
2 182

fl = 1, T = 5}3 = 0, :E4 =0 and Z(LP) = —.

57
Questions
1. List all the cover inequalities and identify the minimal covers.

2. For the point &, write the separation problem ILPcgp and its complementary problem
ILPZ¢p.

3. Apply the greedy heuristic to ILP%SP and, if possible, find a violated cover inequality.

4. Check whether the greedy solution is optimal.

s N
A subset of indices C' C . with ) jec @ > b is a cover, and the linear inequality
da<|ol-1
jeC

is the cover inequality associated with C. Given a point &, a cover inequality violated
by & exists if and only if z(ILPcgp) < 1, where

(WPesp)  min{ D" (1-&)2: D a5 2b+1, 5 €{0,1}Vje s},
jeS jes

AN J

Separation of the cover inequalities violated by .

e Cover inequalities
The covers are the subsets of indices whose total coefficient exceeds b = 11:
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C Zjec a; |C| Cover inequality Minimal
{1,2} 14 2 z14+22<1 yes
{1,3} 14 2 z+x3<1 yes
12,3} 18 2 zo+ax3<1 yes
{2,4} 14 2 zot+ax4<1 yes
{3,4} 14 2 z3+z4<1 yes

{1,2,3} 23 3 o1t axota3<2 no
{1,2,4} 19 3 zi+aatag<2 0
{1,3,4} 19 3 zi+aztag<2 0
{2,3,4} 23 3 zotaz3tay <2 no
{1,2,3,4} 28 4 i +ao+a3+x4<3 no

There are 10 covers, of which 5 are minimal. The cover inequalities of the non-minimal
covers are implied by those of the minimal covers and by the bounds z; < 1.

e Separation problem
The costs g = 1 — T, are ¢ = (O, %, 1, 1), and the separation problem ILPcgp is:
min % 2o + 23 + 24

subject to 5z 4+ 929 4+ 9z3 + 5Hzg > 12
{0,1}

With y; = 1 — z;, the constant term and the right-hand side of the complementary

m

21, 22, 23, z4

problem are
- 7
n—g Zj =3 E a; —(b+1)=28—-12=16,

jes jES
and the complementary problem ILP%SP is:
max % Y2+ Y3+ U
subject to 5y; 4+ 9y2 + 9y3 + dys < 16
Y1, Y2, Y3, ya € {0,1}

with z(ILPgsp) = I — 2(ILP%gp).

e Greedy heuristic
The indices are scanned by non-increasing ratio ¢;/aj, starting from the residual
right-hand side 16:

J ¢ a;j gj/aj Decision Residual
1 _

4 1 5 ? y=1 11

3 } 9 1§ Wy =1 2

2 3 9 g5 %=0 2

1 0 5 0 ¢=0,9,=0 2
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The greedy solution is y = (0,0,1,1), with value 2. The corresponding cover is
C={jes:y; =0} ={1,2}, of total coefficient 14 > 11 and cost # —2 = § < 1.
Hence the cover inequality

1+ 29 <1

is violated by &: 1+ 2 — 1 = 2.

e Optimality check
Indices with ¢g; = 0 do not change the value of a solution. The non-empty subsets
of the indices {2,3,4} with ¢; > 0 that satisfy the constraint with right-hand side
16 are: {2} (value %), {3} (value 1), {4} (value 1), {2,4} (value 3), {3,4} (value 2).
Hence z(ILP¢gp) = 2, the greedy solution is optimal, z(ILPcgp) = 1 < 1, and the

maximum violation of a cover inequality is %

. J
Exercise 5.5 — Cover inequalities (P5)

Consider a binary problem with one constraint Ty < b, with positive integer coefficients
a; and right-hand side b = 12, on the binary variables indexed by the set % = {1,2,3,4}
of n = 4 variables with the following objective coefficients and constraint coefficients:

i1 2 3 4

¢ |41 40 24 11
aj| 3 5 5 5

The associated LP is:
max 4lx; 4+ 40z + 24x3 + 1lzy
subject to  3x1 + S5ryg + Srz3 —+ S5ry < 12

1 < 1
T2 S 1

T3 < 1

Ty < 1

1, 2, 3, rg > 0

An optimal solution & of LP and its value are:

4 1
=5 24=0 and z(LP) = ﬂ

Questions
1. List all the cover inequalities and identify the minimal covers.

2. For the point &, write the separation problem ILPcgp and its complementary problem
ILPZ¢p.

3. Apply the greedy heuristic to ILP%SP and, if possible, find a violated cover inequality.

4. Check whether the greedy solution is optimal.
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-

- N

A subset of indices C' C . with jec @j > bis a cover, and the linear inequality
d <ot
jel

is the cover inequality associated with C. Given a point &, a cover inequality violated
by & exists if and only if z(ILPcgp) < 1, where

(WPesp)  min{ Y (1-8)2: D a2 2b+1, z {01} Vje s}
jes jes

\ J

J

Separation of the cover inequalities violated by .

e Cover inequalities
The covers are the subsets of indices whose total coeflicient exceeds b = 12:

C > jecai |C| Cover inequality Minimal
{1,2,3} 13 3 z14+xa+23<2 yes
{1’2?4} 13 3 w1 +xo+14<2 yes
{1’3’4} 13 3 T1+x3+1ws <2 yes
{2’3’4} 15 3 Tot+a3+x4<2 yes

{1,2,3,4} 18 4 z4+ao+ax3+24<3 no

There are 5 covers, of which 4 are minimal. The cover inequalities of the non-minimal
covers are implied by those of the minimal covers and by the bounds z; < 1.

e Separation problem

The costs gj = 1 — T, are ¢ = (O, 0, %, 1), and the separation problem ILPcgp is:

min %23 -+ 24
subject to 3z; + b5z 4+ bHzg + bz > 13

{0,1}

With y; = 1 — z;, the constant term and the right-hand side of the complementary
problem are

m

21, 22, 23, z4

. 6
n—zxj:5, Zaj—(b+1):18—13=5,
je€S jeS
and the complementary problem ILPZgp is:

max % Y3 + Y4
subject to 3y;1 4+ 5y2 + bSys + dys < b
Y1, Y2, Y3, ya € {0,1}

Author: Fabio Furini
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-

with z(ILPcsp) = & — 2(ILPZgp).

e Greedy heuristic

The indices are scanned by non-increasing ratio ¢;/aj, starting from the residual
right-hand side 5:

J ¢ aj gj/a; Decision Residual
1 .

415 ;om=l 0

35 5 5 #=0 0

1 0 3 0 ¢;=0,9=0 0

2 0 5 0 ¢ =07 =0 0

The greedy solution is y = (0,0,0,1), with value 1. The corresponding cover is
C={jes:y; =0} ={1,2,3}, of total coefficient 13 > 12 and cost $ —1 =1 < 1.
Hence the cover inequality

T1+xo+ 23 <2
. o ~. 4 _4
is violated by @: 1 +1+ % —2= ;.

e Optimality check
Indices with ¢; = 0 do not change the value of a solution. The non-empty subsets of
the indices {3,4} with ¢; > 0 that satisfy the constraint with right-hand side 5 are:
{3} (value 1), {4} (value 1). Hence z(ILP&gp) = 1, the greedy solution is optimal,

2(ILPcgp) = % < 1, and the maximum violation of a cover inequality is %.

5.2 Cover separation in three dimensions

Exercise 5.6 — Cover inequalities in 3D (P1)

Consider a binary problem with one constraint 0T < b, with positive integer coefficients
a; and right-hand side b = 8, on the binary variables indexed by the set .# = {1,2,3} of
n = 3 variables with the following objective coefficients and constraint coeflicients:

il 123
¢ |12 4 2
a; | 5 4 3

The associated LP is:
max 122y + 4z + 2z3

subject to 5z 4+ 4x9 + 3x3 < 8
T < 1

T9 < 1

r3 < 1

x1, x2, zg > 0

Author: Fabio Furini
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and the following points of its feasible region:

—
Q
S~—
I}
Il
—

—
S
SN—
N
—
Wl o= =
Wl = R
wi— = O

—~
9}
N—
ISl
|
—~
S—" ~—r

Questions For each point:
1. write the separation problem ILPcgp and its complementary problem ILP%SP;
2. apply the greedy heuristic to ILP%SP and, if possible, find a violated cover inequality;
3. check whether the greedy solution is optimal;

4. draw the LP relaxation together with the violated cover inequality, if any.

s N
A subset of indices C' C .# with jec @j > bis a cover, and the linear inequality
Z :L’j S ’C | —1
jeC

is the cover inequality associated with C. Given a point &, a cover inequality violated
by & exists if and only if z(ILPcgp) < 1, where

(ILPcsp) min{ S (1-F)z: Y ajz2b+1, 5 e{0,1} Ve J}.
jES jES

- J

AN J

Separation of the cover inequalities violated by the three points.

e Cover inequalities
All three points belong to the LP relaxation; the left-hand sides are

3 1 1 1 1
4.— = =44 = =44 .- =4 <8.
5+4-7+0=8 5. -+4+3=8 5. o +4.5+3-5=4<8
The covers are the subsets of indices whose total coefficient exceeds b = 8:

C > jec @ |C| Cover inequality ~Minimal

{1,2} 9 2 z1+x<1 yes
{1,2,3} 12 3 x1+xz9+23<2 no

In all three cases, the right-hand side of the complementary problem is Zje s aj —
b+1)=12-9=3.

e Case (a): &= (1,32,0)
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a) Separation problem
The costs ¢j = 1 — Z; are ¢ = (0, %, 1). The separation problem ILPcgp (left)
and, with y; = 1 — z;, the complementary problem ILP%SP (right) are:

min izg + 23
subject to 52y + 422 + 323 > 9
21, 29, z3 € {0,1}
max iyg + Y3
subject to 5y, + 4ys + 3y3 < 3
Y1, Yo, ys € {0,1}

with z(ILPcsp) = n — Y. 5 & — 2(ILP%gp) = § — 2(ILPZgp).
b) Greedy heuristic

The indices are scanned by non-increasing ratio g;/a;, starting from the residual
right-hand side 3:

J ¢ aj gj/a; Decision Residual
1 _

30103 § og=l 0

1 0 5 0 ¢;=0,=0 0

The greedy solution is y = (0,0,1), with value 1. The corresponding cover is
C={je s y; =0} ={1,2}, of total coefficient 9 > 8 and cost 2 —1 =1 < 1.
Hence the cover inequality

1 +x2 <1

is violated by x: 1+ % —1= %.

c) Optimality check
Indices with ¢; = 0 do not change the value of a solution. The non-empty subsets
of the indices {2,3} with ¢; > 0 that satisfy the constraint with right-hand side
3 are: {3} (value 1). Hence z(ILPigp) = 1, the greedy solution is optimal,

z(ILPcgp) = i < 1, and the maximum violation of a cover inequality is %.

z3

Case (a): the LP relaxation and the cover inequality 1 + x2 < 1.

e Case (b): = ($,1,1)
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a) Separation problem
The costs ¢j = 1 — Z; are ¢ = (%, 0, 0). The separation problem ILPcgp (left)
and, with y; = 1 — z;, the complementary problem ILP%SP (right) are:

om &
min = 21

9
{0,1}

subject to 5z; + 429 + 323

IV

m

21, 22, z3
max 3y
subject to 5y1 + 4y2 + 3ys 3
1, Y2, ys € {0,1}
with z(ILPcsp) = n — Y. » & — 2(ILP%gp) = £ — 2(ILPEgp).
b) Greedy heuristic

The indices are scanned by non-increasing ratio g;/a;, starting from the residual
right-hand side 3:

IN

J ¢ aj gj/a; Decision Residual
4 4 =

1 5 5 5 §=0 3

2 0 4 0 ¢=0,9,=0 3

3 0 3 0 ¢=0,9,=0 3

The greedy solution is gy = (0,0,0), with value 0. The corresponding cover
is C ={je sy =0} = {123} of total coefficient 12 > 8 and cost
% —0= % < 1. Hence the cover inequality

r1+z2+x3 <2

is violated by &: %+1+172:%.
c) Optimality check
No index with g; > 0 satisfies the constraint with right-hand side 3 alone, hence
every feasible solution of ILPZgp has value 0. Hence z(ILPZgp) = 0, the greedy
solution is optimal, z(ILPcgp) = % < 1, and the maximum violation of a cover
inequality is %
The cover C' is not minimal: removing an index with ¢; = 0 gives the minimal
cover {1,2}, with the same cost %. Its cover inequality 1 +x2 < 1 has the same

violation % and is stronger.

T3
o=

oo
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Case (b): the LP relaxation and the cover inequality z1 + 22 + 23 < 2.

e Case (c): ¢ = (%7%%)

a) Separation problem
The costs gj =1 — T, are ¢ = (%, %, %) The separation problem ILPcgp (left)
and, with y; = 1 — z;, the complementary problem ILP%¢p (right) are:

2

) 2
min 321 + 3 22 + 3 %3

subject to 521 + 429 + 323

v

9
{0,1}

m

21, 22, 23
max §y1 + %yz + %ys
subject to 5y; + 4y + 3yz3 < 3
Y1, Y2, ys € {0,1}
with z(ILPcsp) = n — Y ¢ » & — 2(ILP%gp) = 2 — 2(ILPZgp).
b) Greedy heuristic

The indices are scanned by non-increasing ratio g;/a;, starting from the residual
right-hand side 3:

J 4j a;j gj/a; Decision Residual
2 2 -
1 5 5 T =0 0

The greedy solution is § = (0,0,1), with value 2. The corresponding cover is
C={je7:g;=0}={1,2}, WithcostQ—%:
not violated by .

% > 1: its cover inequality is

c) Optimality check
Indices with g; = 0 do not change the value of a solution. The non-empty subsets
of the indices {1,2,3} with ¢; > 0 that satisfy the constraint with right-hand
side 3 are: {3} (value 2). Hence z(ILP%gp) = %, the greedy solution is optimal,
and z(ILPcgp) = % > 1: no cover inequality is violated by .

-

xr3
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Exercise 5.7 — Cover inequalities in 3D (P2)

Consider a binary problem with one constraint 0T < b, with positive integer coefficients
a; and right-hand side b = 11, on the binary variables indexed by the set .# = {1,2,3} of
n = 3 variables with the following objective coefficients and constraint coefficients:

i1 23
¢ |20 11 4
aj | 2 39

The associated LP is:
max 20x; 4+ 1lzy + 4dz3
subject to  2x7 + 3xa + 9x3 < 11

I S 1
xI9 S 1
T3 < 1
Zy, €2, r3 > 0
and the following points of its feasible region:
(CL) T = (1717 %) )
(b) @=(0,2,1),
(0 &=(3373)

Questions For each point:
1. write the separation problem ILPcsp and its complementary problem ILP%SP;
2. apply the greedy heuristic to ILPQCSP and, if possible, find a violated cover inequality;
3. check whether the greedy solution is optimal;

4. draw the LP relaxation together with the violated cover inequality, if any.

e N

A subset of indices C' C .# with > jec @ > b is a cover, and the linear inequality
d a<iol-1
jec

is the cover inequality associated with C. Given a point &, a cover inequality violated
by & exists if and only if z(ILPcsp) < 1, where

(WPesp)  min{ D" (1-&)2: D ajz2b+1, 5 €{0,1}Vje s}
a4 JjES
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Separation of the cover inequalities violated by the three points.

e Cover inequalities
All three points belong to the LP relaxation; the left-hand sides are

2 2 1 1 1 14
2 = =11 249=11 2.2 43.-49.-=—<11.
+34+9- 3 043-S 49=11, gt3 39 5=75<

The covers are the subsets of indices whose total coefficient exceeds b = 11:

C > jec@j |C| Cover inequality ~Minimal

{2,3} 12 2 x9+23<1 yes
{1,2,3} 14 3 z14+x3+23<2 no

In all three cases, the right-hand side of the complementary problem is Zje s a; —
b+1)=14-12=2.

e Case (a): & = (1,1,3)

a) Separation problem
The costs ¢j = 1 — Z; are ¢ = (0, 0, %) The separation problem ILPcgp (left)
and, with y; = 1 — 2;, the complementary problem ILPZgp (right) are:

. 1
min 523

12
{0,1}

subject to 227 + 329 + 923

v

21, 22, z3

m

max % Y3
subject to 2y; + 3y2 + 9yz < 2
Y1, Y2, ys € {0,1}
with 2(ILPcsp) =n — > ey T — 2(ILP%gp) = % — z(ILPZgp)-
b) Greedy heuristic

The indices are scanned by non-increasing ratio g;/a;, starting from the residual
right-hand side 2:

IN

J ¢ a;j gj/aj Decision Residual
1 1 -

3 3 9 35 =0 2

1 0 2 0 ¢=0,9=0 2

2 0 3 0 ¢;=0,9=0 2

The greedy solution is y = (0,0,0), with value 0. The corresponding cover
isC={je sy =0} =1{123} of total coefficient 14 > 11 and cost
% —0= % < 1. Hence the cover inequality

1+ a2+ 23 <2

is violated by x: 1—1—1—1—%—2:%.
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e Case (b): = (O,%,l)

c) Optimality check
No index with g; > 0 satisfies the constraint with right-hand side 2 alone, hence
every feasible solution of ILP%SP has value 0. Hence z(ILP%SP) = 0, the greedy

solution is optimal, z(ILPcgp) = % < 1, and the maximum violation of a cover

2
— 3.
The cover C' is not minimal: removing an index with ¢g; = 0 gives the minimal

inequality is

cover {2,3}, with the same cost % Its cover inequality z2 + z3 < 1 has the same
violation % and is stronger.

3

N - /

Case (a): the LP relaxation and the cover inequality x1 + o + x3 < 2.

a) Separation problem
The costs ¢j = 1 — Z; are ¢ = (1, %, 0). The separation problem ILPcgp (left)
and, with y; = 1 — z;, the complementary problem ILP%SP (right) are:
min 27 + %22
subject to 227 + 325 + 923 > 12

{0,1}

m

21, 22, Z3
max Y3 + %yg
subject to 2y; + 3y2 + 9ys < 2
Y1, Y2, ys € {0,1}
with z(ILPcsp) = n — Y ;¢ » & — 2(ILP%gp) = 5 — 2(ILPEgp).
b) Greedy heuristic

The indices are scanned by non-increasing ratio ¢;/a;, starting from the residual
right-hand side 2:

J ¢ a;j gj/aj Decision Residual
1 1 2 3 yi=1 0
2 5 3 g =0 0
3.0 9 0 ¢ =07 =0 0

Author: Fabio Furini
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The greedy solution is y = (1,0,0), with value 1. The corresponding cover
isC =1{je sy =0} ={23} of total coefficient 12 > 11 and cost

% —-1= % < 1. Hence the cover inequality

T2 +x3 <1

is violated by @: % +1—-1= %

c) Optimality check
Indices with ¢; = 0 do not change the value of a solution. The non-empty subsets
of the indices {1,2} with ¢; > 0 that satisfy the constraint with right-hand side
2 are: {1} (value 1). Hence z(ILP%qp) = 1, the greedy solution is optimal,

z(ILPcgp) = % < 1, and the maximum violation of a cover inequality is %

4 . )

3

oo

N - /

Case (b): the LP relaxation and the cover inequality xs + z3 < 1.

wlo

e Case (c): & = (%lpls)

a) Separation problem
The costs gj = 1 — & are ¢ = (%, %, %) The separation problem ILPcgp (left)
and, with y; = 1 — z;, the complementary problem ILP%SP (right) are:

) 2 2
min 3 2y aF 3 %2 ap 523

12
{0,1}

subject to 221 + 322 + 923

Y

m

21, 22, z3
2 2 2
max sy + 3% + 3Y3

subject to 2y1 + 3y2 + 9ys 2

{0,1}
with z(ILPcsp) = n — Y ¢ » &5 — 2(ILPggp) = 2 — 2(ILPEgp).
b) Greedy heuristic

IA

m

Y1, Y2, Y3

The indices are scanned by non-increasing ratio ¢;/a;, starting from the residual
right-hand side 2:
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J ¢ a;j gqj/aj Decision Residual
2 L &

2 g 3 2@ gj =0 0

3 53 9 3 4=0 0

The greedy solution is g = (1,0,0), with value . The corresponding cover is
C={jes:g5,=0}={2,3}, Withcost2—§:
not violated by @.

% > 1: its cover inequality is

c) Optimality check
Indices with ¢; = 0 do not change the value of a solution. The non-empty subsets
of the indices {1,2,3} with ¢; > 0 that satisfy the constraint with right-hand
side 2 are: {1} (value Z). Hence z(ILPggp) = 2, the greedy solution is optimal,
and z(ILPcgp) = % > 1: no cover inequality is violated by &.

wi

xr3
ol

oo

Case (c): the LP relaxation; no cover inequality is violated by the point.

Exercise 5.8 — Cover inequalities in 3D (P3)

Consider a binary problem with one constraint ;@@ < b, with positive integer coefficients
a; and right-hand side b = 9, on the binary variables indexed by the set .# = {1,2,3} of
n = 3 variables with the following objective coefficients and constraint coefficients:

il 1 23
cj |16 19 8
aj | 5 6 7

The associated LP is:
max 16x; + 19292 + 8z3

subject to  5x; + 6axy + Txzz < 9
T < 1

x9 < 1

r3 < 1

x1, x2, g > 0
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and the following points of its feasible region:

—
S
S~—
I}
Il
—

—
S
SN—
N
—
wi—= O —
Wl Wl Wi
wi— = O

—~
e}
N—
ISl
|
—~
S—" ~—r

Questions For each point:

1. write the separation problem ILPcgp and its complementary problem ILP%SP;

\]

. apply the greedy heuristic to ILP2CSP and, if possible, find a violated cover inequality;
3. check whether the greedy solution is optimal;

4. draw the LP relaxation together with the violated cover inequality, if any.

s N
A subset of indices C' C .# with jec @j > bis a cover, and the linear inequality
Z :L’j S ’C | —1
jeC

is the cover inequality associated with C. Given a point &, a cover inequality violated
by & exists if and only if z(ILPcgp) < 1, where

(ILPcsp) min{ S (1-F)z: Y ajz2b+1, 5 e{0,1} Ve J}.
jES jES

- J

AN J

Separation of the cover inequalities violated by the three points.

e Cover inequalities
All three points belong to the LP relaxation; the left-hand sides are

2 1 1
5+6-24+0=9, 046--+7=9, 5--+46-

1
- —6<09.
3 3 3 3+7 6<9

1
3

The covers are the subsets of indices whose total coefficient exceeds b = 9:

C >jecaj |C| Cover inequality ~Minimal

{1,2} 11 2 z1+22<1 yes
{1,3} 12 2 z1+2x3<1 yes
{2,3} 13 2 x9+a23<1 yes
{1,2,3} 18 3 x1+z2+23<2 no

In all three cases, the right-hand side of the complementary problem is Zje s aj —
(b+1)=18—-10=28.
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e Case (a): & = (1,%,0)

a) Separation problem

The costs gj = 1 — ; are g = (0 1

)5 1). The separation problem ILPcgp (left)
and, with y; = 1 — z;, the complementary problem ILP%¢p (right) are:

min %22 + 23
subject to 521 + 629 + Tz3 > 10
21, 22, z3 € {0,1}
max U2+ U
subject to 5y, + 6y + Tys < 8
Y1, Y2, ys € {0,1}

with z(ILPcsp) = n — Y. » & — 2(ILP%gp) = 5 — 2(ILPZgp).
b) Greedy heuristic

The indices are scanned by non-increasing ratio g;/a;, starting from the residual
right-hand side 8:

J g aj gj/a; Decision Residual
1 .

3017 og=l 1

2.3 6 5 =0 L

1 0 5 0 ¢;=0,9=0 1

The greedy solution is y = (0,0,1), with value 1. The corresponding cover is
C={je s :y; =0} ={1,2}, of total coefficient 11 > 9 and cost 3 —1 = < 1.
Hence the cover inequality

1 +x2 <1
is violated by @&: 1 + % —1= %
c) Optimality check
Indices with ¢; = 0 do not change the value of a solution. The non-empty subsets
of the indices {2,3} with ¢; > 0 that satisfy the constraint with right-hand side
8 are: {2} (value %), {3} (value 1). Hence z(ILPZgp) = 1, the greedy solution is
optimal, z(ILPcgp) = % < 1, and the maximum violation of a cover inequality

e 2
IS§.

-

T3
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Case (a): the LP relaxation and the cover inequality 27 + zo < 1.

e Case (b): z=(0,3%,1)

a) Separation problem

The costs ¢gj = 1 — & are ¢ = (1, %, 0). The separation problem ILPcgp (left)

and, with y; = 1 — z;, the complementary problem ILP%¢p (right) are:

min 27 + %Zg

subject to 521 + 629 + Tz 10

{0,1}

Y

m

215 22, z3
max Y1 + 3y
subject to 5y1 + 6y2 + Tys 8
1, Y2, ys € {0,1}
with z(ILPcsp) = n — Y » & — 2(ILP%gp) = 3 — 2(ILPEgp).
b) Greedy heuristic

IN

The indices are scanned by non-increasing ratio g;/a;, starting from the residual
right-hand side 8:

J ¢ a;j gj/aj Decision Residual
1 1 5 T pi=1 3
2 3 6 5 =0 3
3 0 7 0 ¢=0,9=0 3

The greedy solution is y = (1,0,0), with value 1. The corresponding cover is
C={je s :y; =0} ={2,3}, of total coefficient 13 > 9 and cost 5 —1 =2 < 1.
Hence the cover inequality

To +x3 <1
is violated by : %—Fl—l: %

c) Optimality check
Indices with ¢g; = 0 do not change the value of a solution. The non-empty subsets
of the indices {1,2} with ¢; > 0 that satisfy the constraint with right-hand side
8 are: {1} (value 1), {2} (value 2). Hence z(ILPZgp) = 1, the greedy solution is
optimal, z(ILPcgp) = % < 1, and the maximum violation of a cover inequality
is %
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i

Case (b): the LP relaxation and the cover inequality xs + 23 < 1.

e Case (c): = (3,3,3)

a) Separation problem

The costs ¢j =1 — Z; are ¢ = (%, %, %) The separation problem ILPcgp (left)

and, with y; = 1 — z;, the complementary problem ILP%¢p (right) are:

s 02 2 2
min 321 -+ 3 %2 + 323

subject to 521 + 620 + Tz 10

{0,1}

Y

m

21, 22, z3
max %?h + %y2 + %y?,
subject to 5y; + 6y2 + Tys; < 8
Y1, Y2, ys € {0,1}
with z(ILPcsp) = n — Y s &5 — 2(ILP%gp) = 2 — 2(ILPZgp).
b) Greedy heuristic

The indices are scanned by non-increasing ratio g;j/a;, starting from the residual
right-hand side 8:

J ¢ a;j gj/aj Decision Residual
2 2 =

2 g 6 2§ y; =0 3

3 3 7T 5 %=0 3

The greedy solution is y = (1,0,0), with value % e eomespending e
C={jes 7 =0}={23} WithcostQ—%:
not violated by .

% > 1: its cover inequality is

c) Optimality check
Indices with ¢; = 0 do not change the value of a solution. The non-empty subsets
of the indices {1,2,3} with ¢; > 0 that satisfy the constraint with right-hand
side 8 are: {1} (value %), {2} (value %), {3} (value 2). Hence 2(ILP%gp) = %,
the greedy solution is optimal, and z(ILPcgp) = % > 1: no cover inequality is
violated by .
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~

3
w= e

oo

Case (c): the LP relaxation; no cover inequality is violated by the point.

Exercise 5.9 — Cover inequalities in 3D (P4)

Consider a binary problem with one constraint 0T < b, with positive integer coefficients
a; and right-hand side b = 5, on the binary variables indexed by the set .# = {1,2,3} of
n = 3 variables with the following objective coefficients and constraint coefficients:

il 1 23
cj |14 17 8
aj | 2 5 5

The associated LP is:
max 14z + 1729 + 83

subject to 2x7 + bxe + Hzz < 5
T < 1

T2 < 1

3 < 1

X1, x2, xz =2 0

and the following points of its feasible region:

Questions For each point:
1. write the separation problem ILPcgp and its complementary problem ILP%SP;
2. apply the greedy heuristic to ILP%SP and, if possible, find a violated cover inequality;
3. check whether the greedy solution is optimal;

4. draw the LP relaxation together with the violated cover inequality, if any.
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-

Ve

A subset of indices C' C . with jec @j > bis a cover, and the linear inequality

d <ot
jel

is the cover inequality associated with C. Given a point &, a cover inequality violated
by & exists if and only if z(ILPcgp) < 1, where

(WPesp)  min{ Y (1-8)2: D a2 2b+1, z {01} Vje s}
jes jes

\ J

J

Separation of the cover inequalities violated by the three points.

e Cover inequalities
All three points belong to the LP relaxation; the left-hand sides are

3 3 1 1 1
+5 5+O 9, +04+5 5 9, 3+5 3+5 3 <5
The covers are the subsets of indices whose total coefficient exceeds b = 5:

C > jec @ |C| Cover inequality ~Minimal

{1,2} 7 2 x1+a9<1 yes
{1,3} 7T 2 r+4ax3<1 yes
{2,3} 10 2 ro4ax3<1 yes
{1,2,3} 12 3 z14+x3+23<2 no

In all three cases, the right-hand side of the complementary problem is Zje g a; —
(b+1)=12—-6 =6.

e Case (a): & = (1,2,0)
a) Separation problem
2

The costs ¢j = 1 — Z; are ¢ = (0, 2 1). The separation problem ILPcgp (left)
and, with y; = 1 — z;, the complementary problem ILPZ¢p (right) are:

min %22 +  z3
subject to 227 + 5zo + bzz3 > 6
21, 29, zg € {0,1}
max %yz + Y3
subject to 2y; + bys + Hyz3 < 6
Y1, Yo, ys € {0,1}

with 2(ILPosp) = n — e » #j — 2(ILPEgp) = £ — 2(ILPEgp).
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b) Greedy heuristic
The indices are scanned by non-increasing ratio ¢;/a;, starting from the residual
right-hand side 6:

J ¢ a;j gj/aj Decision Residual
3 % 5 2% y; =1 1
2 5 5 g5 ¥=0 1
10 2 0 ¢=0,7=0 1

The greedy solution is y = (0,0, 1), with value 1. The corresponding cover is
C={je s :y; =0} ={1,2}, of total coefficient 7 > 5 and cost £ —1 =2 < 1.
Hence the cover inequality
1 +x2 <1
is violated by @: 1 + % —-1= %
¢) Optimality check

Indices with ¢g; = 0 do not change the value of a solution. The non-empty subsets
of the indices {2, 3} with ¢; > 0 that satisfy the constraint with right-hand side

6 are: {2} (value 2), {3} (value 1). Hence z(ILPZgp) = 1, the greedy solution is

optimal, z(ILPcgp) = % < 1, and the maximum violation of a cover inequality
3

1S 5

Case (a): the LP relaxation and the cover inequality 1 + x2 < 1.

e Case (b): = (1,0,2)

a) Separation problem
The costs ¢j = 1 — Z; are ¢ = (0, 1, %) The separation problem ILPcgp (left)
and, with y; = 1 — z;, the complementary problem ILP%¢p (right) are:
2

min Z2 + £23
subject to 221 + 52z + Hz3 > 6
21, Z2, z3 € {0,1}
max Y2 + %y:;
subject to 2971 + 5ys + 5y3 < 6
Y, Y2, ys € {0,1}
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with z(ILPcsp) = n — Y ;¢ » & — 2(ILP%gp) = £ — 2(ILPEgp).
b) Greedy heuristic

The indices are scanned by non-increasing ratio g;/a;, starting from the residual
right-hand side 6:

J @ a;j gj/aj Decision Residual
1 .

2 ; 5 25 gi =1 1

35 5 5 #=0 1

1 0 2 0 ¢=0,9,=0 1

The greedy solution is y = (0,1,0), with value 1. The corresponding cover is
C={je 7 :y; =0} ={1,3}, of total coefficient 7 > 5 and cost %— 1=2<1.
Hence the cover inequality

1 +2r3 <1

is violated by @: 1 + % —1= %

c) Optimality check
Indices with ¢; = 0 do not change the value of a solution. The non-empty subsets
of the indices {2,3} with ¢; > 0 that satisfy the constraint with right-hand side
6 are: {2} (value 1), {3} (value 2). Hence z(ILPggp) = 1, the greedy solution is

optimal, z(ILPcgp) = % < 1, and the maximum violation of a cover inequality
3

1S 5

~

Case (b): the LP relaxation and the cover inequality x; + z3 < 1.

e Case (c): & = (%lpls)

a) Separation problem
The costs gj = 1 — & are ¢ = (%, %, %) The separation problem ILPcgp (left)
and, with y; = 1 — z;, the complementary problem ILP%SP (right) are:

min %zl + %22 + %23
subject to 221 + 522 + 5z3 > 6

z1, 22, z3 € {0,1}
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max %y1 + %yz + %y3

subject to 2y1 + 5y> + Hyz < 6
Y1, Y2, ys € {0,1}
with z(ILPcsp) = n — Y o &5 — 2(ILPZgp) = 2 — 2(ILPZgp).
b) Greedy heuristic

The indices are scanned by non-increasing ratio ¢;/a;, starting from the residual
right-hand side 6:

J ¢ a;j gqj/aj Decision Residual
1 % 2 2% g =1 4
3 53 5 3 #=0 4

The greedy solution is y = (1,0,0), with value % The corresponding cover is
not violated by &.

% > 1: its cover inequality is

c) Optimality check
Indices with ¢; = 0 do not change the value of a solution. The non-empty subsets
of the indices {1,2,3} with ¢; > 0 that satisfy the constraint with right-hand
side 6 are: {1} (value %), {2} (value 2), {3} (value 2). Hence z(ILPggp) = 2,
the greedy solution is optimal, and z(ILPcgp) = % > 1: no cover inequality is
violated by .

f

x3

Case (c): the LP relaxation; no cover inequality is violated by the point.

Exercise 5.10 — Cover inequalities in 3D (P5)

Consider a binary problem with one constraint 0T < b, with positive integer coefficients
a; and right-hand side b = 10, on the binary variables indexed by the set .# = {1,2,3} of
n = 3 variables with the following objective coefficients and constraint coefficients:

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 68


https://github.com/fabiofurini/integer-linear-programming
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Integer Linear Programming

il 1 23
¢ |13 10 3
aj | 5 4 6

The associated LP is:
max 13x1 + 10x2 + 33
subject to  Hx; + 4daxe + 6xz3 < 10

I S 1
) < 1
T3 S 1
T, T2, xz3 > 0
and the following points of its feasible region:
S 1
(a) T = (1717 6) )
= 4
(b) &= (%,01),
- 111
(€ &=(3373)

Questions For each point:
1. write the separation problem ILPcgp and its complementary problem ILP%SP;
2. apply the greedy heuristic to ILP%SP and, if possible, find a violated cover inequality;
3. check whether the greedy solution is optimal;

4. draw the LP relaxation together with the violated cover inequality, if any.

- N

A subset of indices C' C .# with > jec @j > bis a cover, and the linear inequality
d <ot
jel

is the cover inequality associated with C. Given a point &, a cover inequality violated
by & exists if and only if z(ILPcgp) < 1, where

(WPesp)  min{ S (1-&)2: D a5 >b+1, 5 €{0,1}Vje s}
i=s4 yi=s4

- J

Separation of the cover inequalities violated by the three points.

e Cover inequalities
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All three points belong to the LP relaxation; the left-hand sides are

1 4 1 1 1
5+4+6--=10 5. —-+0+6=10 5. —4+4.—-+6-=-=5<10.
+4 4 5 , 5 + 0+ , 3 + 3 + 3 <
The covers are the subsets of indices whose total coefficient exceeds b = 10:

C >jec @ |C| Cover inequality ~Minimal

{1,3} 11 2 x1+x3<1 yes
{1,2,3} 15 3 1+ xzo4+23<2 no

In all three cases, the right-hand side of the complementary problem is jes Gj —
(b+1)=15—-11=4.

e Case (a): &= (1,1,%)

a) Separation problem
The costs ¢gj = 1 — & are ¢ = (0, 0, %) The separation problem ILPcgp (left)
and, with y; = 1 — z;, the complementary problem ILP%SP (right) are:

5

min 8 %3
subject to 521 + 429 + 623 > 11
21, 29, z3 € {0,1}
max %yg
subject to 5y; + 4yz + 6y3 < 4
Y1, Y2, ys € {0,1}

with 2(ILPcsp) = n — Y e s & — 2(ILPggp) = 3 — 2(ILPEgp).
b) Greedy heuristic

The indices are scanned by non-increasing ratio g;/a;, starting from the residual
right-hand side 4:

J ¢ a;j gj/aj Decision Residual
5 5 .

35 6 3 #=0 4

1 0 5 0 ¢=0,9=0 4

2 0 4 0 ¢=0,9=0 4

The greedy solution is g = (0,0,0), with value 0. The corresponding cover
is C={jes:y =0} =1{123} of total coefficient 15 > 10 and cost
% —-0= % < 1. Hence the cover inequality

1+ 22+ 23 <2
is violated by @: 1—|—1—|—%—2:%.

c) Optimality check
No index with g; > 0 satisfies the constraint with right-hand side 4 alone, hence
every feasible solution of ILP%SP has value 0. Hence Z(ILP%SP) = 0, the greedy

Author: Fabio Furini
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solution is optimal, z(ILPcgp) = % < 1, and the maximum violation of a cover
inequality is %.

The cover C' is not minimal: removing an index with q; = 0 gives the minimal
cover {1,3}, with the same cost % Its cover inequality x; + x3 < 1 has the same

violation % and is stronger.

-~

= S -

x3

oo ok

Case (a): the LP relaxation and the cover inequality z1 + z2 + 23 < 2.

e Case (b): 2= (3,0,1)

a) Separation problem
The costs ¢j = 1 — Z; are ¢ = (%, 1, 0). The separation problem ILPcgp (left)
and, with y; = 1 — z;, the complementary problem ILP%¢p (right) are:

min %zl + 29

subject to 521 + 429 + 623 11

{0,1}

Y

m

21, 22, z3
max %yl + Y2
subject to 5y; + 4y2 + 6ys 4
Y1, Yo, ys € {0,1}
with z(ILPcsp) = n — Y. o & — 2(ILPggp) = & — 2(ILPZgp).
b) Greedy heuristic

The indices are scanned by non-increasing ratio ¢;/a;, starting from the residual
right-hand side 4:

IN

J ¢ a;j gj/aj Decision Residual
1 —

2 } 4 11 y=1 0

15 5 5 §=0 0

3 0 6 0 ¢=0,9=0 0

The greedy solution is gy = (0,1,0), with value 1. The corresponding cover
is C =1{je sy = 0= {13} of total coefficient 11 > 10 and cost

g —1= % < 1. Hence the cover inequality

1 +x3 <1
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is violated by @: £ +1—1= 2.

c) Optimality check
Indices with ¢; = 0 do not change the value of a solution. The non-empty subsets
of the indices {1,2} with ¢; > 0 that satisfy the constraint with right-hand side
4 are: {2} (value 1). Hence z(ILPZgqp) = 1, the greedy solution is optimal,
z(ILPcgp) = % < 1, and the maximum violation of a cover inequality is %.

4 N

i

x3

o O

= )

Case (b): the LP relaxation and the cover inequality x; + 23 < 1.

¢ Case (@) &= (1 1.1)

a) Separation problem
The costs gj = 1 — T, are ¢ = (%, %, %) The separation problem ILPcgp (left)
and, with y; = 1 — z;, the complementary problem ILP%SP (right) are:

) 2 2
min 321 + 3 %2 + 323

11
{0,1}

subject to 52y + 425 + 623

Y

m

21, 22, z3
2 2 2
max sy + 3% + 3Y3

subject to 5y1 + 4ys + 6ys 4

{0, 1}
with 2(ILPcsp) = n — Y c » #j — 2(ILPZgp) = 2 — 2(ILPZgp).
b) Greedy heuristic

The indices are scanned by non-increasing ratio g;/a;, starting from the residual
right-hand side 4:

IA

m

Y1, Y2, Y3

J ¢ a;j gqj/aj Decision Residual
2 i =
1 g 5 1—? y; =0 0

The greedy solution is y = (0, 1,0), with value % The corresponding cover is
C={je sy =0}={1,3}, with cost 2 — 2 =
not violated by .

% > 1: its cover inequality is
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c) Optimality check
Indices with ¢; = 0 do not change the value of a solution. The non-empty subsets
of the indices {1,2,3} with g; > 0 that satisfy the constraint with right-hand
side 4 are: {2} (value %). Hence z(ILP%gp) = %, the greedy solution is optimal,
and z(ILPcgp) = % > 1: no cover inequality is violated by Z.

K

x3

oo ok wkr

Case (c): the LP relaxation; no cover inequality is violated by the point.

5.3 Closure and separation

Exercise 5.11 — Cover closure by separation (P1)

Consider a binary problem with one constraint 0T < b, with positive integer coefficients
a; and right-hand side b = 9, on the binary variables indexed by the set . = {1,2,3,4} of
n = 4 variables with the following objective coefficients and constraint coefficients:

The associated LP is:
max 22x1 + 33x2 + 9x3 + 1314

subject to  bx; + 922 + 3x3 + 6ry < 9
T < 1

T2 < 1

T3 < 1

g < 1

x1, x2, x3, xg 2> 0

An optimal solution & of LP and its value are:
T1=1, T9= Z3=0, T4=0 and z(LP) = 5

Questions
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1. Starting from &, separate the cover inequalities by solving the complementary problem
ILP%SP to optimality. Add the maximally violated cover inequality to the LP, solve it
again, and repeat until no cover inequality is violated. If ILP%SP has several optimal
solutions, choose the one that selects the largest number of variables.

2. What is the optimal value over the cover closure? Is the final solution integer?

The cover closure is the polyhedron obtained by adding to LP all the cover inequalities
> jccj <|C|—1,C € C. Given a point &, let §i,...,Jn be an optimal solution of the
complementary problem

(IP%sp)  max{ > (1-a;)y: Y ay <D aj—(b+1), g€ {0,1}Vje s}
jes jES jes

Ifn—3 s, — 2(ILP%gp) < 1, the cover C = {j € .# : §j; = 0} is associated with
the cover inequality maximally violated by &; otherwise, no cover inequality is violated
by .
. J
(. J/

Separation of the cover inequalities with the complementary problem; in all the iterations,
the right-hand side of ILPggp is Y- ;c s a; — (b+1) =23 — 10 = 13.

e Iteration 1
The optimal solution of LP is & = ( , 9,O O) with value z(LP) = TO.

The costs are ¢ = (0 1 1) the constant term is n — Zjey’ zZ; = 23 and the

AR
complementary problem is:

max 8 Y2+ Y3+ U
subject to b5y1 + 9y2 + 3ys + 6yg < 13
Y1, Y2, Y3, Ya S {07 1}

The maximal subsets of indices that satisfy the constraint with right-hand side 13
are: {1,3} (value 1), {1,4} (value 1), {2,3} (value 1), {3,4} (value 2). An optimal
solution of ILPZgp is 1 =0, G2 =0, §3 = 1, §4 = 1, with value z(ILP%gp) = 2:

- 23 5
JES
Accordingly, C' = {j € .# : §j; = 0} = {1,2} and the cover inequality
1 +x9 <1

is maximally violated by &: 1+ 2 g— 1=

e Iteration 2
Adding the cover inequality x1 + z2 < 1, we obtain the following LP, denoted LPj:
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max 22z
subject to 5z
1

Z7

x1,

13
11
mentary problem is:

The costs are g = (

max % Y1
subject to 5y
Y1,

jes

o Iteration 3

max 22z

subject to 5z

z1

z1

X1,

An optimal solution of LP; is & = (

0, 1), the constant term is n — Zjeﬂ Z; = 2, and the comple-

+ %yQ + Ya
+ 9y2

The maximal subsets of indices that satisfy the constraint with right-hand side 13
are: {1,3} (value 1), {1,4} (value £), {2,3} (value 2), {3,4} (value 1). An optimal
solution of ILPZgp is 1 = 1, 2 =0, §3 =0, §a = 1, with value z(ILPggp) = 5

n—Z:ﬁj—z(ILP%SP):2—Z:f<1.

Accordingly, C' = {j € .# : §j; = 0} = {2,3} and the cover inequality

is maximally violated by : i +1-1= i.

Adding the cover inequality z9 + x3 < 1, we obtain the following LP, denoted LPs:

+ 3322 + 9z3 + 1314
+ 9x2 + 3x3 + 6ry < 9
+ T2 < 1
< 1
9 < 1
T3 < 1
Ty < 1
z2, x3, g =2 0
3.1,1,0), with value z(LP;) = 13,

+ 3y3 + 6ys < 13

{0,1}

Y2, Y3, Y4 €

5

5 3
4

o +x3 <1

+ 33x2 + 923 + 13z4
+ 929 + 3x3 + 6ry, < 9
+ T2 < 1
T2 + T3 < 1
< 1
T2 < 1
T3 < 1
Ty < 1
z2, z3, g =2 0
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An optimal solution of LPy is &

complementary problem is:

The maximal subsets of indices

solution of ILPZgp is 71 = 0, 7

JjES

is maximally violated by @: 1 +

Iteration 4

max 22z
subject to 5z

Lo

Ea

I

Z1,

An optimal solution of LPj3 i

The costs are ¢ = (%,g,%,

complementary problem is:

ST
7)

%Z/l =
+

max
subject to 5y

Y1,

The costs are ¢ = (0,1,0,%), the constant term is n — Ejef z; =

max Yo + 2y
subject to H5y; 4+ 9y2 + 3ys + 6ys < 13
Y1, Y2, Y3, ya € {0,1}

are: {1,3} (value 0), {1,4} (value 2), {2,3} (value 1), {3,4} (value

n— Y & — 2(ILP¢gp) =

Accordingly, C = {j € .# : §jj = 0} = {1,4} and the cover inequality

Adding the cover inequality x1 + 4 < 1, we obtain the following LP, denoted LPj5:

= (1,0,1, ¢), with value z(LPy) %,
11

%> and the

that satisfy the constraint with right-hand side 13
5

6
=1, y3 =1, g4 = 0, with value z(ILP%SP) =1:

). An optimal

)
——1==-<1
6 6

1 +x4 <1

14 _1
l-1=1

+ 33z2 + 93 + 13124
+ 9x2 + 3x3 + 6ry < 9
+ T2 < 1
T2 4+ 3 < 1
P Ty < 1
< 1
T2 < 1
T3 < 1
Ty < 1
x2, x3, xgy =2 0
= (g, %, g, %), with value z(LP3) = %
the constant term is n — > . ,&; = 2, and the
Sy + 33+ Sw
9y + 3y3 + 6y < 13
Y2, Y3, ys € {0,1}
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The maximal subsets of indices that satisfy the constraint with right-hand side 13
are: {1,3} (value 2), {1,4} (value 1), {2,3} (value 1), {3,4} (value 1). The optimal
value of ILPZgp is z(ILPZgp) = 1:

n—Y & —2(ILP4gp) =2—-1=1>1.
JES

e )

No cover inequality is violated by & = (g, %, g, %) the separation stops after 3

cover inequalities. The optimal value over the cover closure is

232 110
— < 2(LP) = —,

2(LP°) = 2(LP3) = .

and z is fractional: the cover closure does not coincide with the convex hull of

the integer solutions.
(& J

Exercise 5.12 — Cover closure by separation (P2)

Consider a binary problem with one constraint » Ty < b, with positive integer coefficients
a; and right-hand side b = 17, on the binary variables indexed by the set . = {1,2,3,4}
of n = 4 variables with the following objective coefficients and constraint coefficients:

i1 2 3 4

¢ |29 20 27 21
aj | 5 10 10 8

The associated LP is:
max 29x1 + 2920 + 27xz3 4+ 2lay4
subject to 5z 4+ 10xe2 + 10x3 + 8zy < 17

T < 1
) < 1
T3 < 1
Ty S 1
1, L2, 3, rg > 0
An optimal solution & of LP and its value are:
1 317

51:1, i’2:1, 533:5, .f4:0 and Z(LP):?.

Questions

1. Starting from &, separate the cover inequalities by solving the complementary problem
ILP%SP to optimality. Add the maximally violated cover inequality to the LP, solve it
again, and repeat until no cover inequality is violated. If ILP%SP has several optimal
solutions, choose the one that selects the largest number of variables.
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2. What is the optimal value over the cover closure? Is the final solution integer?

The cover closure is the polyhedron obtained by adding to LP all the cover inequalities
Zjec zj <|C|—1,C eC. Given a point &, let 1, ..., ¥n be an optimal solution of the
complementary problem

(IWP3sp)  max{ Y (1-a;)y: Y ey < Y a;—(b+1), g € {0,1} ¥j € £},
JjES jes jes

Ifn—> i, % — 2(ILP%gp) < 1, the cover C = {j € .# : §j; = 0} is associated with
the cover inequality maximally violated by &; otherwise, no cover inequality is violated
by .

(. J
A J

Separation of the cover inequalities with the complementary problem; in all the iterations,
the right-hand side of ILPZgp is Y, , a; — (b+1) = 33 — 18 = 15.

e Iteration 1

The optimal solution of LP is & = (1,1, 1,0), with value z(LP) = 21,

The costs are ¢ = (0 0,4 z5 ), the constant term is n — Zje] z; = %, and the comple-
mentary problem is:

max sys
subject to 5y; + 10y2 + 10ys + 8ys < 15
Y1, Y2, Y3, Ya € {03 1}

The maximal subsets of indices that satisfy the constraint with right-hand side 15
are: {1,2} (value 0), {1,3} (value 1), {1,4} (value 1). An optimal solution of ILPggp
st =1, 92=0, y3=0, 74 =1, W1th value 2(ILP4qp) = 1:

9
JES

Accordingly, C' = {j € .# : §j; = 0} = {2,3} and the cover inequality
z2+z3 <1
is maximally violated by @: 1 + % —1= %

e Iteration 2
Adding the cover inequality z9 + x3 < 1, we obtain the following LP, denoted LP;:
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max 29x; + 2929 + 27Tx3 + 2lxy

subject to 5z + 10x2 + 10x3 + 8ry < 17
x2 + z3 < 1

T < 1

T2 < 1

T3 < 1

Ty < 1

x1, &2, x3, xg =2 0

An optimal solution of LP; is & = (1,1,0, %), with value z(LP;y) = %.
The costs are g = (0, 0,1, %), the constant term is n — Zjef z; = %, and the comple-
mentary problem is:
max Y3 + %y4
subject to b5y; + 10y + 10ys + 8ygs < 15
Y1, Y2, Y3, Ya S {07 1}
The maximal subsets of indices that satisfy the constraint with right-hand side 15

are: {1,2} (value 0), {1,3} (value 1), {1,4} (value 3). An optimal solution of ILPg¢p
isgi=1, §2=0, 3 =1, 4 =0, with value 2(ILPggp) = 1:

- 7 3
n—chj—z(ILP%SP):Z—1:1 <1
jES
Accordingly, C = {j € .# : y; = 0} = {2,4} and the cover inequality
ro+x4 <1

is maximally violated by &: 1 + % —-1= %.

Iteration 3
Adding the cover inequality zo + x4 < 1, we obtain the following LP, denoted LP5:

max 29x1 + 29x9 + 27xz3 + 2lay4

subject to 5x; 4+ 10x2 + 10x3 + 8S8zy < 17
To + T3 < 1
x2 I+ zg <1

T < 1
x9 < 1

T3 < 1

ry < 1

z1, z2, z3, zy =2 0
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An optimal solution of LPs is & = (1, %, i, i), with value z(LP3) = 2%.
The costs are q = (0,%,%,%), the constant term is n — Zjeﬂ Z; = g, and the
complementary problem is:

max iy2 + %y:% + %y4

subject to b5y; + 10y + 10ys + 8ys < 15

Y1, Y2, Y3, Ya S {07 1}

The maximal subsets of indices that satisfy the constraint with right-hand side 15
are: {1,2} (value 1), {1,3} (value 2), {1,4} (value 3). The optimal value of ILPggp
is 2(ILPZgp) = 3:

7 3
n—Z:i‘j—z(ILP%SP):Z—Zzlzl.
jeI
No cover inequality is violated by & = (1, %, i, %): the separation stops after 2

cover inequalities. The optimal value over the cover closure is

251 1
(LPY) = 2(LPy) = % < +(LP) = %
and x is fractional: the cover closure does not coincide with the convex hull of

the integer solutions.

Exercise 5.13 — Cover closure by separation (P3)

Consider a binary problem with one constraint Ty < b, with positive integer coefficients
a; and right-hand side b = 15, on the binary variables indexed by the set . = {1,2,3,4}
of n = 4 variables with the following objective coefficients and constraint coefficients:

il 12 3 4
cj |30 8 9 6
aj | 5 2 9 9

The associated LP is:
max 30x1 4+ 8xy 4+ 9x3 + 6x4
subject to  5x; + 222 4+ 9x3 + 9xz4 < 15

I S 1
x9 < 1

T3 < 1

Tz < 1

I, xTo, xrs3, T4 > 0
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An optimal solution & of LP and its value are:

xr1 = 1, SEQ = ]_, f3 = — ;f'4 =0 and Z(LP) = 46.

Questions

1. Starting from &, separate the cover inequalities by solving the complementary problem
ILP%SP to optimality. Add the maximally violated cover inequality to the LP, solve it
again, and repeat until no cover inequality is violated. If ILP%SP has several optimal
solutions, choose the one that selects the largest number of variables.

2. What is the optimal value over the cover closure? Is the final solution integer?

The cover closure is the polyhedron obtained by adding to LP all the cover inequalities
> jccj <|C|—1,C € C. Given a point &, let §i,...,Jn be an optimal solution of the
complementary problem

(ILP2gp) max{z I-F)y: S ajy <> aj—(b+1), ij{O,l}VjEf}.

jes jES jES

Ifn—>3 s, — 2(ILP%gp) < 1, the cover C = {j € .# : §j; = 0} is associated with
the cover inequality maximally violated by @&; otherwise, no cover inequality is violated
by .

. J

- J

Separation of the cover inequalities with the complementary problem; in all the iterations,
the right-hand side of ILPZgp is djes @ —(b+1)=25-16=09.

e Iteration 1

The optimal solution of LP is & = (1, 1,8 5 ), with value z(LP) = 46.

The costs are ¢ = (0 0,1 oL ) the constant term is n — Zjef z; = 10" and the
complementary problem is:

max SUs + W
subject to by1 + 2y + 9ys + 9y < 9
Y1, Y2, Y3, yes € {0,1}

The maximal subsets of indices that satisfy the constraint with right-hand side 9
are: {3} (value %), {4} (value 1), {1,2} (value 0). An optimal solution of ILPggp is
1 =0, J2 =0, §3 =0, §s = 1, with value z(ILP%¢p) = 1:

- 10 1
jES
Accordingly, C = {j € .# : §j; = 0} = {1,2,3} and the cover inequality

1+ a2+ 23 <2
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Nelo}

is maximally violated by @: 1+ 1+ % —2=

e Iteration 2
Adding the cover inequality 1 + z2 + x3 < 2, we obtain the following LP, denoted
LP1:

max 30xzy + 8xz9 + 923 + 624

subject to 5z 4+ 2x2 + 923 + 9xz4 < 15
1 + T2 + 3 < 2
T < 1
T2 < 1
T3 < 1
ry < 1
z1, Z2, x3, ry =2 0

An optimal solution of LP; is & = (1, 1,0, %), with value z(LP;) = %.

The costs are ¢ = (0,0,1,%), the constant term is n — Zje] z; = %, and the
complementary problem is:
max Y3 + %y4

subject to by1 + 2y + 9y3 + 9w < 9
Y1, Y2, Y3, Ya S {07 1}

The maximal subsets of indices that satisfy the constraint with right-hand side 9
are: {3} (value 1), {4} (value §), {1,2} (value 0). An optimal solution of ILP%gp is
G1 =0, J2 =0, §3 =1, gy = 0, with value z(ILP%¢p) = 1:

10 1

— Y & — z(IlPip)=——1=-<1.
n Z% z(ILP¢gp) 9 9<
JES

Accordingly, C' = {j € 7 :9; =0} ={1,2,4} and the cover inequality

1+ a2+ x4 <2

©loo

is maximally violated by &: 1+ 1 + % —2=

e Iteration 3
Adding the cover inequality z1 + z9 + x4 < 2, we obtain the following LP, denoted
LPQZ
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max 30xzy + 8z + 923 + 624
subject to 5z 4+ 22 + 923 + 9x4 < 15
rn + x> + T3 < 2
ry + T2 + za < 2
T < 1
T2 < 1
T3 < 1
g < 1
1, T2, 3, g > 0
An optimal solution of LPy is & = (1,1, %, 1), with value z(LP;) = .
The costs are ¢ = (0,%,%,%), the constant term is n — Ejef Z; = %, and the
complementary problem is:
max 52 + 33 + U

subject to by1 4+ 2y + Y9y3 + 9ys < 9
Y1, Y2, Y3, Ya S {07 1}

The maximal subsets of indices that satisfy the constraint with right-hand side 9

are: {3} (value 1), {4} (value 1), {1,2} (value 1). The optimal value of ILPgp is

2(ILPEgp) = 3

=1>1.

[\CR V]

L Z Zj — 2(ILPggp) =
JES

No cover inequality is violated by & = (1, %, %, %) the separation stops after 2

cover inequalities. The optimal value over the cover closure is
cov 83
z(LP) = 2(LP3) = 5 < z(LP) = 46,

and x is fractional: the cover closure does not coincide with the convex hull of
the integer solutions.

(& J

Exercise 5.14 — Cover closure by separation (P4)

Consider a binary problem with one constraint » 0T < b, with positive integer coefficients
a; and right-hand side b = 9, on the binary variables indexed by the set % = {1,2,3,4} of
n = 4 variables with the following objective coefficients and constraint coefficients:

i1 o2 3 4

¢; |31 13 5 9
aj | 8 6 3 8

The associated LP is:
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max 3lx; + 13xz9 + bxzz3 4+ 9xy4

subject to 8x1 4+ 6x2 + 3z3 4+ 8xy < 9

I S 1

T2 S 1

T3 < 1

Ty S 1

X1, €2, xs3, T4 Z 0

An optimal solution & of LP and its value are:

1 199
Iil = 1, .i'g = 6, fi’g = 0, fi4 =0 and Z(LP) = ?

Questions

1. Starting from &, separate the cover inequalities by solving the complementary problem
ILP%SP to optimality. Add the maximally violated cover inequality to the LP, solve it
again, and repeat until no cover inequality is violated. If ILP%SP has several optimal
solutions, choose the one that selects the largest number of variables.

2. What is the optimal value over the cover closure? Is the final solution integer?

e N
The cover closure is the polyhedron obtained by adding to LP all the cover inequalities

Zjec zj <|C|—1, C €C. Given a point &, let g1, ...,Jn be an optimal solution of the
complementary problem

(ILPZgp) max{ S -3y Y ajy <> aj—(b+1), g€ {0,1} Vi € f}.
Jjes JES JjES

Ifn—> i % — 2(ILP%gp) < 1, the cover C = {j € .# : §j; = 0} is associated with
the cover inequality maximally violated by &; otherwise, no cover inequality is violated
by .

- /

Separation of the cover inequalities with the complementary problem; in all the iterations,
the right-hand side of ILPggp is Y- ;¢ , a; — (b+1) = 25 — 10 = 15.

e Iteration 1

0,0), with value z(LP) = 139.

The optimal solution of LP is & = ( =

' 6
The costs are ¢ = (0, 20l 1) the constant term is n — Zje] T; = %, and the
complementary problem is:
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max % Y2 + ys + Y4
subject to 8y1 + 6y2 + 3y3 + 8ys < 15
1, Y2, Y3, ye € {0,1}

The maximal subsets of indices that satisfy the constraint with right hand side 15
are: {1,2} (value 2), {1,3} (value 1), {2,3} (value &), {2,4} (value &), {3,4} (value
2). An optimal solutlon of ILPCSP st =0, 92 =0, g3 =1, g4 = 1, with value
AL o)) = 22 v s
n—jez;w]—zILPcsp) 5 - 2=5<L

Accordingly, C = {j € .7 : y; = 0} = {1, 2} and the cover inequality
x1+22 <1

is maximally violated by &: 1 + % —-1= %.

Iteration 2

Adding the cover inequality z1 + x2 < 1, we obtain the following LP, denoted LPy:

max 3lx; 4+ 13z 4+ S5x3 + 94

subject to 8x; + 6o + 3x3 + 8xzy < 9
r1 + T2 < 1

T < 1

T9 < 1

T3 < 1

zy < 1

z1, T2, z3, g = 0

An optimal solution of LPq is & = (1 0, :1,),0) with value z(LPq) = %.

The costs are ¢ = (0, 1,2 et ) the constant term is n — deﬂ ;= % and the comple-
mentary problem is:

max 2 + 3y +  w
subject to 8y; + 6y2 + 3ys + 8y < 15

Y1, Y2, Ys, Ya € {O? 1}

The maximal subsets of indices that satisfy the constraint with right-hand side 15

are: {1,2} (value 1), {1,3} (Value 2), {2,3} (value 3), {2,4} (value 2), {3,4} (value

%) An optimal solution of ILPCSP isyr =0, o =1, y3 =0, y4 = 1, with value

ZER S =10

Author: Fabio Furini

8 2
n— Y & —2(ILP4gp) = - —2=1> < 1.
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Accordingly, C = {j € .# : y; = 0} = {1, 3} and the cover inequality
1 +x3 <1
is maximally violated by x: 1+ % —-1= %

Iteration 3
Adding the cover inequality x1 + xz3 < 1, we obtain the following LP, denoted LPs:

max 3lzy + 13z2 + bHz3 + 924

subject to  8x; + 6o + 3x3 + 8S8xzy < 9
1 + T < 1

x1 I3 < 1

1 < 1

T2 < 1

T3 < 1

g < 1

x1, x2, x3, zg > 0

An optimal solution of LPy is & = (1,0,0, §), with value z(LPy) = 237

The costs are q = (0,1,1,%), the constant term is n — Zjejjj = %, and the
complementary problem is:
max 2 +  y3 + %y4

subject to 8y; + 6y2 + 3ys + 8ya < 15
Y1, y2; Y3, Ya S {07 1}

The maximal subsets of indices that satisfy the constraint with right-hand side 15
are: {1,2} (value 1), {1,3} (value 1), {2,3} (value 2), {2,4} (value 1), {3,4} (value
%). An optimal solution of ILPQCSP isg1 =0, go =1, g3 =1, yg = 0, with value
ANILE e ) = 2%
n— Y & — z(ILPZ ):§_2:Z<1
jES
Accordingly, C = {j € .# : y; = 0} = {1,4} and the cover inequality
r1+24 <1

is maximally violated by @&: 1 + % — 1= %.

Iteration 4
Adding the cover inequality x1 + x4 < 1, we obtain the following LP, denoted LPs:

Author: Fabio Furini
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max 3lzy + 13z2 + bHz3 + 924

subject to 8x; + 6o + 323 + 8xzy < 9
1 + T < 1

x1 +  x3 < 1

T1 + x4 < 1

T < 1

T9 < 1

T3 < 1

ry < 1

T1, T2, 3, g > 0

An optimal solution of LP3 is & = (1,0,0,0), with value z(LP3) = 31.

The costs are ¢ = (0,1,1, 1), the constant term is n — >
mentary problem is:

jes Tj =3, and the comple-
max Y2+ Y3+ U
subject to 8y1 4+ 6y2 + 3yz + 8y < 15

y1, Y2, ys, ya € {0,1}
The maximal subsets of indices that satisfy the constraint with right-hand side 15

are: {1,2} (value 1), {1,3} (value 1), {2,3} (value 2), {2,4} (value 2), {3,4} (value
2). The optimal value of ILPZp is z(ILP%gp) = 2:

n—Y & —2(ILP4gp) =3-2=1>1.
JjES

4 \

No cover inequality is violated by £ = (1,0,0,0): the separation stops after 3
cover inequalities. The optimal value over the cover closure is

1
2(LP®Y) = 2(LP3) = 31 < 2(LP) — %

and & is integer, hence it is also optimal for the binary problem.

. J

Exercise 5.15 — Cover closure by separation (P5)

Consider a binary problem with one constraint » 0T < b, with positive integer coefficients
a; and right-hand side b = 12, on the binary variables indexed by the set . = {1,2,3,4}
of n = 4 variables with the following objective coefficients and constraint coefficients:

i1 2 3 4

cj |38 16 14 4
aj 7 4 7 6
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AN

The associated LP is:

max 38x; + 16x2 +
subject to  Txy + 4xo +
€1
Z2
Z1, €2,
An optimal solution & of LP and its value are:
- - - 1 .
.%‘1—1, .2172—1, .%'3—?, :I}4:0

Questions

1. Starting from @, separate the cover inequalities by solving the complementary problem
ILPZgp to optimality. Add the maximally violated cover inequality to the LP, solve it
again, and repeat until no cover inequality is violated. If ILP%SP has several optimal
solutions, choose the one that selects the largest number of variables.

2. What is the optimal value over the cover closure? Is the final solution integer?

14 T3

71’3

T3

€3,

and

+ 4z
+ 6xzy < 12
< 1
< 1
< 1
Ty < 1
zy > 0
z(LP) = 56.

complementary problem

max{z 1—:63

jeS

(ILPgp)
jES

by .

The cover closure is the polyhedron obtained by adding to LP all the cover inequalities
> jecj <|C|—1,C €C. Given a point &, let §i, ...

it Y a4y <> aj—(b+1), yje{o,1}vg'ef}.

i=s4

2(ILP%4¢p) < 1, the cover C' = {j € .# : §j; = 0} is associated with
the cover inequality maximally violated by &; otherwise, no cover inequality is violated

, Un be an optimal solution of the

N\

J/

the right-hand side of ILP%qp is 3 jes Q5 —

e Iteration 1

The optimal solution of LP is & = (1, 1,4 =

Separation of the cover inequalities with the complementary problem; in all the iterations,
(b+1)=24—-13=11.

0), with value z(LP) = 56.

The costs are ¢ = (0 0,9 = ) the constant term is n — Zje] z; = 13 and the
complementary problem is:
SAPIENZA
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max Sys + W
subject to Ty1 + 4y + Tys + 6ys < 11
Y1, Y2, Y3, ye € {0,1}

The maximal subsets of indices that satisfy the constraint with right-hand side 11
are: {1,2} (value 0), {2,3} (value &), {2,4} (value 1). An optimal solution of ILPggp
isg1 =0, Jo =1, §3 =0, gy = 1, with value 2(ILP¢p) = 1:

JjES

Accordingly, C = {j € .# : y; = 0} = {1, 3} and the cover inequality
1 +x3 <1
is maximally violated by x: 1+ % == %

Iteration 2
Adding the cover inequality x1 + 3 < 1, we obtain the following LP, denoted LPj:

max 38x; 4+ 16z + 1dx3 + 4duxy

subject to  Txy + 4xo + Txs + 6xq4 < 12
x1 + T3 < 1
T < 1
9 < 1
T3 < 1
gy < 1
x1, Z2, z3, g = 0

An optimal solution of LPq is & = (1, 1,0, %), with value z(LPq) = %.

The costs are ¢ = (0,0,17 %), the constant term is n — >

complementary problem is:

jeﬂij = %, and the
max ys + g
subject to Ty1 + 4y + Ty3 + 6ys < 11
Y1, Y2, Y3, ys € {0,1}

The maximal subsets of indices that satisfy the constraint with right-hand side 11
are: {1,2} (value 0), {2, 3} (value 1), {2,4} (value 2). An optimal solution of ILPggp
isg1=0, o =1, 3 =1, §is = 0, with value z(ILPZgp) = 1:
11 5
— i — 2z(ILP%gp) = — —1== < 1.
w Z Zj — z(ILP¢gp) 6 6 <
jES
Accordingly, C' = {j € .# : §j; = 0} = {1,4} and the cover inequality
T t+x4 <1

is maximally violated by x: 1+ % == %.

Author: Fabio Furini
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e Iteration 3
Adding the cover inequality x1 + x4 < 1, we obtain the following LP, denoted LPs:

max 38x; + 16xe0 + 1ldz3 + 4dxy4

subject to 7Tz + 4dxe + Txz + 6x4 < 12
T + T3 < 1
T3 + x4 < 1
T < 1
9 < 1
T3 < 1
ry < 1
Ty, T3, s, xqgy > 0

An optimal solution of LPs is & = (1,1,0,0), with value z(LP3) = 54.

The costs are ¢ = (0,0,1, 1), the constant term is n — Zjeﬂ Z; = 2, and the comple-
mentary problem is:

max ys + Y4

subject to Ty1 + 4y + Ty3 + 6ys < 11
Y1, Y2, Y3, ya € {0,1}
The maximal subsets of indices that satisfy the constraint with right-hand side 11

are: {1,2} (value 0), {2,3} (value 1), {2,4} (value 1). The optimal value of ILPZ%qp
i) AR )] = il

n—Y & —2(ILPgp) =2—-1=1>1.
jES

4 N\

No cover inequality is violated by £ = (1,1,0,0): the separation stops after 2
cover inequalities. The optimal value over the cover closure is

2(LP®) = 2(LP3) = 54 < z(LP) = 56,

and & is integer, hence it is also optimal for the binary problem.

(. J/
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