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Introduction: Convex and concave optimization problems

» In this section we define convex and concave optimization
problems: problems with a convex feasible region and an
objective function that is convex or concave over it.

» These problems are important because, as we will see, their
local optima are also optimal solutions.

> We use the convex sets and the convex and concave functions
of the previous chapters, and the optimization problems of the
chapter «Optimization problemss.
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Convex and concave optimization problems

Definition 1: convex and concave optimization problems

Given an optimization problem with a convex feasible region,

» if the objective function is convex over the feasible region,
then the problem is called a convex optimization
problem;

» if the objective function is concave over the feasible
region, then the problem is called a concave
optimization problem.
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The figures of this chapter

» In the figures of this chapter, as in the chapter «Optimization
problemsy:

» the graph of the objective function over the feasible region is
red;

» the feasible region is the red part of the x-axis;
» the optimal solutions are blue.

» In the next slide: a convex minimization problem and a
concave maximization problem, with the feasible region
[a, b] C R.
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Convex minimization and concave maximization

/ Convex minimization Concave maximization\
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The feasible region is convex

» The definitions of convex and concave function of the chapter
«Convex and concave functions» require a convex domain: if
the objective function is convex or concave over the feasible
region, then the feasible region is a convex set.

» The feasible region is often described by a finite number of
constraints:

F={xeR":gi(x)<0,ie{l,2,...,m}}
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Feasible regions defined by convex functions

> If every function g; is convex, then F is a convex set, by the
property of the sets defined by convex functions of the chapter
«Convex and concave functionsy.

» For instance, the interval
[a,b] ={x€R:a—x<0, x—b<0}

is defined by two linear, hence convex, functions.
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Summary

Convex and concave optimization problems:
» The feasible region is a convex set.

» The objective function is convex (convex problem) or
concave (concave problem) over the feasible region.

Convex feasible regions:
> A feasible region F = {x € R": gij(x) <0, i€ {1,2,...,m} }
with all functions g; convex is a convex set.

» Example: the interval [a, b], defined by two linear functions.

Author: Fabio Furini Convex Optimization 10 / 64 % S\‘/\‘l‘)”\\j/j\


https://fabiofurini.github.io/
https://fabiofurini.github.io/convex-optimization/

Local optima of convex
and concave problems
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Introduction: Local optima of convex and concave problems

> In this section we prove the main property of convex
minimization problems: every point of local minimum is a
point of minimum.

» The same property holds for the points of local maximum of
concave maximization problems.

» This property is very useful: to find an optimal solution, it is
enough to find a point of local optimum, which is checked
only in a neighborhood of the point.
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Every point of minimum is also a point of local minimum.

The following proposition states that, in a convex
minimization problem, the converse also holds.

Author: Fabio Furini Convex Optimization 13 / 64 % W’” \]/j\


https://fabiofurini.github.io/
https://fabiofurini.github.io/convex-optimization/

Local minima of convex minimization problems

Proposition 1: local minima of convex minimization prob-

lems

In a convex minimization problem, with objective function f
convex over the convex feasible region F, if a point x € F is a
point of local minimum of f in F, then it is a point of minimum
of f in F, that is, an optimal solution.
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The idea of the proof

» We compare f(x) with the value f(x) at an arbitrary point
xeF.

» Since F is convex, the segment that joins X to x is contained
in F.

» The points of the segment close enough to x are in the
neighborhood of x, where X is a point of minimum.

» The convexity of f along the segment then gives f(x) < f(x).
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Proof

If x € F is a point of local minimum, then there exists a spherical
neighborhood N(x,d) with 6 > 0 such that:

f(x) <f(x), VxeN(kx,0)NF
For every x € F \ {x}, since F is convex, all points of the form
X=Ax+(1-X)x

with A € (0, 1] also belong to F.

Moreover, for A sufficiently small, we have x € N(x,d) N F, and

therefore:
f(x) < f(%)
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Proof (continued)
Since f is convex, it also holds that:
f(X) < Af(x)+(1—A)f(x)
Combining the two inequalities, we obtain:
f(x) < Af(x)+(1—A)f(x)
(8
A(X) < Af(x)

\
f(x) < f(x) (since A € (0,1])

Hence,
f(x)<f(x), VxeF

and x is a point of minimum.
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The idea of the proof in R?

» In R?, the idea of the proof is given by the picture in the next
slide, with:
» three points x(1), x® x(3) in F;

)

> three points XM, 83 £®) in N(x,8) N F.

)

» Each point %) lies on the segment that joins x to the
corresponding x().
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The idea of the proof in R?
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Local minimum and minimum

» In a convex minimization problem we have shown that:
point of local minimum = point of minimum

» The implication also holds in the other direction, because a
point of minimum satisfies the defining condition at every
point of F, and therefore in particular at every point of a
neighborhood.

» The two notions are equivalent.
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For concave maximization problems we obtain the same
property, applying the proposition to the convex function —f.
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Local maxima of concave maximization problems

Corollary 1: local maxima of concave maximization prob-

lems

In a concave maximization problem, with objective function f
concave over the convex feasible region F, a point x € F is a
point of local maximum of f in F if and only if it is a point of
maximum of f in F, that is, an optimal solution.
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Proof

If f is concave over F, then —f is convex over F, and X is a point
of local maximum of f if and only if it is a point of local minimum
of —f.

By the previous proposition, it is a point of minimum of —f in F,
that is, a point of maximum of f in F, since

max{f(x) subject to x € F} = —min{—f(x) subject to x € F}

0J
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Local optima are optimal solutions

» In a convex minimization problem, every point of local
minimum is also a point of minimum: every point of local
minimum in the feasible region is an optimal solution.

» In a concave maximization problem, every point of local
maximum is also a point of maximum: every point of local
maximum in the feasible region is an optimal solution.
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Summary

Convex minimization problems:
» Point of local minimum <= point of minimum.

» Proof: the segment from x to any x € F is in F, its points
close to X are in the neighborhood, and f is convex along it.

Concave maximization problems:
» Point of local maximum <= point of maximum.

» Proof: —f is convex, and a maximum of f is a minimum of
—f.
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Examples of convex and
concave optimization
problems
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Introduction: Examples of convex and concave optimization
problems

> In this section we solve four problems: two with a quadratic
and two with a cubic objective function.

» The examples show how to recognize a convex (concave)
problem and how to use the local optima to find an optimal
solution.

» The cubic examples show that the same objective function can
give a convex problem or a concave problem, depending on the
feasible region.
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How we solve the examples

» We first check that the feasible region is a convex set and that
the objective function is convex (or concave) over it, with the
definition of the chapter «Convex and concave functionsy.

» Then we find a point of local minimum (or maximum),
comparing the value of the objective function at a candidate
point with its values at the feasible points of a neighborhood.

» By the proposition and the corollary of the previous section,
this point is an optimal solution.
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The candidate point

» The candidate point is the point where the derivative of the
objective function vanishes.

» The derivative only suggests the candidate: the local

optimality is checked directly with the definition of the chapter
«Optimization problemss.
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Example: a convex minimization problem (1/6)

Consider the following objective function and feasible region:

f:R-R, fix—(x—2)>+1 and F=[0,5]

The associated optimization problem in minimization form is:

min{(x—2)2+1 subject to O§x§5}
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Example: a convex minimization problem (2/6)

/) N

10 +

\J

Author: Fabio Furini Convex Optimization 31/ 64 % %\» AP


https://fabiofurini.github.io/
https://fabiofurini.github.io/convex-optimization/

Example: a convex minimization problem (3/6)

Feasible region. The feasible region F = [0, 5] is an interval,
hence a convex set.

Objective function. For every pair of points p, w € F and every
A € [0,1], we have:

FOp+(L—Aw) = (Ap+ (1 - Mw—2)" +1
= (Mp—2)+ (1 - A)(w—2))°+ 1+ (1-))
(since A\ +(1—X)=1)

<AMP=2P24+(1=-Nw—=22+X1+(1-))

(since (Aa+ (1 —A)b)® < Aa® + (1 — A\)b%,

chapter «Convex and concave functions»)
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Example: a convex minimization problem (4/6)

FAp+(1—N)w) =
Mp—2P2+(1-Nw—=22+X+(1-1))
=A(p=2+1) + (1= \)((w—2)*+1)
= M(p) + (1 - N)f(w)
Therefore,

FOp+ (1= X)w) < Af(p) + (1 — A)f(w)

The objective function is convex over the convex feasible region F,
and the problem is a convex minimization problem.
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Example: a convex minimization problem (5/6)

Point of local minimum. The derivative
flix)=2x—4=2(x—-2)

vanishes at x = 2. In the neighborhood N((2),1) = (1,3), all
points are feasible and

f(x)=(x—2)2+1>1=7(2),
vx € N((2),1) n F =(1,3).

The point x = 2 is a point of local minimum.
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Example: a convex minimization problem (6/6)

Optimal solution. By the proposition «local minima of convex
minimization problemsy, the point x = 2 is also a point of
minimum, and the optimal solution and the optimal value are:

%(P)=() and z(P)=f(2)=1.
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Example: a concave maximization problem (1/6)

Consider the following objective function and feasible region:

fR-R, fix—s—(x—3)?+10 and F=10,5]

The associated optimization problem in maximization form is:

max{ — (x—3)2+ 10 subject to 0§X§5}
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Example: a concave maximization problem (2/6)

/) I
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Example: a concave maximization problem (3/6)

Feasible region. The feasible region F = [0, 5] is an interval,
hence a convex set.

Objective function. For every pair of points p, w € F and every
A € [0,1], we have:

fF(rp+ (1 — \w)
——(A(p=3)+ (1= A)(w—3))>+A10+(1— )10
(since A+ (1—-X)=1)
> -Ap—32—(1-N)(w-3)2+X110+(1—-))10

(since (Aa—+ (1 —A)b)* < Aa® + (1 — A)B,

and —1 reverses the inequality)
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Example: a concave maximization problem (4/6)

F(Ap+ (1= XA)w)

>-Ap—32—(1-XA)(w-3)2+A110+(1—-))10

=A(=(p—3)?+10) + (L — A)( — (w —3)* + 10)

— M(p) + (L= N)F(w)

Therefore,

FOp+ (1= X)w) > Af(p) + (1 — A)f(w)

The objective function is concave over the convex feasible region F,
and the problem is a concave maximization problem.
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Example: a concave maximization problem (5/6)

Point of local maximum. The derivative
fl(x) = —2x+6=—-2(x—23)

vanishes at x = 3. In the neighborhood N((3),1) = (2,4), all
points are feasible and

f(x) = —(x — 3)>+10 < 10 = £(3),
Vx € N((3),1) N F =(2,4).

The point x = 3 is a point of local maximum.
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Example: a concave maximization problem (6/6)

Optimal solution. By the corollary «local maxima of concave
maximization problemsy, the point x = 3 is also a point of
maximum, and the optimal solution and the optimal value are:

%(P)=(3) and  z(P)=f(3) = 10.
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In the last two examples, the objective function is the same
cubic polynomial, with two different feasible regions.
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A cubic objective function (1/2)

» The objective function of the last two examples is
f R—R, f:xr249x—6x>+x3
=(x—2P3-3(x—2)+4

» |t is neither convex nor concave in R:
» with p =0, w:2and)\:%we have

f(1)=6>3=1f(0)+1f(2)
> withp:2,w:4and)\:%wehave

f(3)=2<5=3f(2)+3f(4)
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A cubic objective function (2/2)

» It is convex over [2,4] and concave over [0, 2].
» The definition of convex (concave) optimization problem only
concerns the values of the objective function over the feasible

region.

> To prove it, we use the inequality of the following observation.
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An inequality for cubes

For every A € [0,1] and every a, b € R, we have

Aa®+ (1= M)b° — (ha+ (1= M\)b)°
=A1-N)(a—b((1+N)a+(2—A)b)
and, therefore,
(Aa+ (1 =Nb)> < AP+ (1 —Nbp>  ifab>0,

Aa+ (1 -Nb)’ > AP+ (1-Nb>  ifab<0.
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Proof

Let u=1— X\ sothat 1 —X2=(1-A)(1+A)=pu(l+)) and
1 — u? = A(1 + p). Expanding the cube, we have:

Aa® + ub® — (Aa+ pb)’

= MN1—-X)a> + u(1 — p?) b = 3X2ua’b — 3\p? ab?
= A ((L+A)a® + (1 + p) b — 3 a°b — 3p ab?)

= A (a® —2ab+ b?) (1 + ) a+ (1+p)b)

(since (1+p) —2(1+X)=-3X\
and (14+X) —2(1+ p) = —3u)

=A1-N)(a—b*((1+N)a+(2—A)b)
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Proof (continued)

We have obtained
Aa®+ (1= M)b° — (ha+ (1= M)b)°
=AM1-N)(a=b?((1+N)a+(2—A)b)

Since A(1 —A)(a—b)2>0,1+A>0and2—\ >0, the
right-hand side is:

» nonnegative if a, b > 0;

» nonpositive if a, b < 0.
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Example: convex minimization with a cubic function (1/7)

Consider the following objective function and feasible region:

fR-R, fix—=2+9x—6x>+x> and F=[24]

The associated optimization problem in minimization form is:

min{2+9x—6x2—i-x3 subject to 2§x§4}

In the figure, the graph of the objective function outside the
feasible region is dashed.
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Example: convex minimization with a cubic function (2/7)
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Example: convex minimization with a cubic function (3/7)

Feasible region. The feasible region F = [2,4] is an interval,
hence a convex set.

Objective function. For every pair of points p, w € F and every
A€ 0,1], witha=p—2>0and b=w —2 >0, we have:

F(p+ (1= A)w)
= (Ap+ (1= Nw -2 —3Np+(1-Nw—2)+4
(since f(x) = (x —2)% —3(x — 2) + 4)
— (Ma+(1=2)b)>=3Na+(1—A)b) + 14+ (1—1)4

(since Ap+ (1 — A)w —2 = Xa+ (1 —\)b,
and A+ (1—-X)=1)
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Example: convex minimization with a cubic function (4/7)

F(Ap+ (1 — A\)w)

— (Aa+(1=2)b)>—3Aa+(1—A)b) + A4+ (1— )4

<A+ (1-N)P=3Na+(1—A)b) + A4+ (1—N)4

(by the previous observation, since a > 0 and b > 0)
=A(a*—3a+4)+(1-\)(b—3b+4)
= AM(p)+ (1 = N)f(w)

(since f(p) = a® —3a+4 and f(w) = b> —3b+4)
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Example: convex minimization with a cubic function (5/7)

Therefore,

f(Ap+ (1= Xw) < Af(p) + (1= N)f(w)

The objective function is convex over the convex feasible region F,
and the problem is a convex minimization problem.
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Example: convex minimization with a cubic function (6/7)

Point of local minimum. The derivative
f'(x) =9 —12x +3x*> =3 (x — 1) (x — 3)

vanishes at x = 1 and at x = 3, and only x = 3 is feasible.

For every x € R we have f(x) —2 = x (x — 3). In the
neighborhood N((3),1) = (2,4), all points are feasible and
positive, and then

f(x)=2+x(x—3)%>2=f(3),
Vx € N((3),1) N F = (2,4).

The point x = 3 is a point of local minimum.
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Example: convex minimization with a cubic function (7/7)

Optimal solution. By the proposition «local minima of convex
minimization problemsy, the point x = 3 is also a point of
minimum, and the optimal solution and the optimal value are:

%(P)=(3) and  z(P)=f(3)=2.
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Example: concave maximization with a cubic function (1/7)

Consider the same objective function with a different feasible
region:

f:R-R, fix—2+9x—6x>+x> and F=][0,2].

The associated optimization problem in maximization form is:

max{2+9x—6x2+x3 subject to O§x§2}

In the figure, the graph of the objective function outside the
feasible region is dashed.
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Example: concave maximization with a cubic function (2/7)

Author: Fabio Furini
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Example: concave maximization with a cubic function (3/7)

Feasible region. The feasible region F = [0,2] is an interval,
hence a convex set.

Objective function. For every pair of points p, w € F and every
A€ 0,1], witha=p—2<0and b=w —2 <0, we have:

F(p+ (1= A)w)
= (Ap+ (1= Nw -2 —3Np+(1-Nw—2)+4
(since f(x) = (x —2)% —3(x — 2) + 4)
— (Ma+(1=2)b)>=3Na+(1—A)b) + 14+ (1—1)4

(since Ap+ (1 — A)w —2 = Xa+ (1 —\)b,
and A+ (1—-X)=1)
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Example: concave maximization with a cubic function (4/7)

F(Ap+ (1 — A\)w)

— (Aa+(1=2)b)>—3Aa+(1—A)b) + A4+ (1— )4

> A+ (1-N)b* —3(Na+ (1 —A)b) + A4+ (1—N)4

(by the previous observation, since a < 0 and b < 0)
=A(a*—3a+4)+(1-\)(b—3b+4)
= AM(p)+ (1 = N)f(w)

(since f(p) = a® —3a+4 and f(w) = b> —3b+4)
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Example: concave maximization with a cubic function (5/7)

Therefore,

f(Ap+ (1= Xw) > Af(p) + (1 — N)f(w)

The objective function is concave over the convex feasible region F,
and the problem is a concave maximization problem.

Author: Fabio Furini Convex Optimization 59 / 64 % S\N P23


https://fabiofurini.github.io/
https://fabiofurini.github.io/convex-optimization/

Example: concave maximization with a cubic function (6/7)

Point of local maximum. The derivative
f'(x)=3(x—1)(x—3)

vanishes at x =1 and at x = 3, and only x = 1 is feasible.

For every x € R we have 6 — f(x) = (x — 1)2(4 — x). In the
neighborhood N((1),1) = (0,2), all points are feasible and smaller
than 4, and then

f(x)=6—(x—1)2(4—x) <6=Ff(1),
Vx e N((1),1) N F =(0,2).

The point x = 1 is a point of local maximum.
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Example: concave maximization with a cubic function (7/7)

Optimal solution. By the corollary «local maxima of concave
maximization problems», the point x = 1 is also a point of
maximum, and the optimal solution and the optimal value are:

%(P)=(1) and  z(P)=f(1)=6.
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Summary

Solving a convex (concave) problem:

» Check that the feasible region is convex and that the objective
function is convex (concave) over it, with the definition.

» Find a candidate point where the derivative vanishes, and
check with the definition that it is a point of local minimum
(maximum).

» The point of local optimum is an optimal solution.
The feasible region matters:

» 2+ 9x — 6x2 + x3 is convex over [2,4] and concave over [0, 2],
but neither convex nor concave in R.
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Summary (1/2)

Convex and concave optimization problems:

» Convex feasible region, objective function convex (convex
problem) or concave (concave problem) over it.

» Feasible regions defined by convex functions gj(x) < 0 are
convex sets.

Local optima:

» Convex minimization: point of local minimum <= point of
minimum.

» Concave maximization: point of local maximum <= point of
maximum.
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Summary (2/2)

Examples:

» Two quadratic problems: (x —2)? + 1 minimized and
—(x — 3)2 + 10 maximized over [0, 5].

» Two cubic problems: 2 4+ 9x — 6x2 + x3 minimized over [2, 4]
(convex) and maximized over [0, 2] (concave).

Method:

» Convexity (concavity) with the definition, a point of local
optimum with the definition, and then the optimal solution by
the proposition or the corollary.
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