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Introduction: Quadratic functions

» In this section we define the quadratic functions: functions
of several variables built from a square matrix Q, written
compactly as x’'Q x.

> After the linear functions, they are the simplest functions of
several variables, and they appear in many optimization
problems.

» We will see that the matrix @ can always be assumed
symmetric: this choice simplifies the gradient, the Hessian
and the study of convexity in the next sections.
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Author: Fabio Furini

Quadratic function (1/2)

Definition 1: quadratic function

Given a square symmetric matrix
qi1 912 ... (Qin
g1 g2 ... Q2p c RN
dnl 49n2 --- Qnn
Q
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Quadratic function (2/2)

Definition 1: quadratic function

the associated (scalar) function

X1
f:R" >R, 1. I—)ZZqUX,XJ
i=1 j=1
Xn
N , x'Q x
X

is called a quadratic function.
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The definition asks for a symmetric matrix.

s this a restriction? We now see that every square matrix
can be replaced by a symmetric one, without changing the
function.
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Symmetric matrix (1/2)

» If the square matrix of a quadratic function is not symmetric,
it can be made symmetric by replacing each off-diagonal pair
with its average:

qij + qji
2 )

qyj qj/*W, Vije{l,2,...,n}, i<
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Symmetric matrix (2/2)

This is valid because for every i,j € {1,2,...,n} with i < j, we
have:

Qij XiXj + qji XjXi = qjj XiXj + qji X;Xj
= (qi + gji) xixj
:%WU+QHXKF%aqU+%OM&

—%;%M@+%;%@M

Therefore, the quadratic functions defined by Q and 3(Q + Q') are
equivalent, since they yield the same value for every x € R".
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No loss of generality

Without loss of generality, we can assume that the matrix @
of a quadratic function is symmetric.
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Example: equivalent matrices (1/2)

Consider the following non-symmetric 3 x 3 matrix:

2 -4 0
2 2 6
0 -8 2

An equivalent quadratic function is obtained by using the following
symmetric matrix:

2 2

2 2 -1 0
2+(2—4) 2 —82+6 = | -1 2 -1
0 782+6 2 0 -1 2
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Example: equivalent matrices (2/2)

Indeed, both matrices define the same function:

X1

f X = 2x12 —4dx1x0 + 2x0x1 + 2x22 + 6xox3 — 8x3x0 + 2x§
X3

= 2x12 — X1Xp — Xox1 + 2X22 — XoX3 — X3Xo + 2x32

= 2x12 + 2x22 + 2x§ — 2Xx1Xp — 2X2X3

Author: Fabio Furini Convex Optimization



https://fabiofurini.github.io/
https://fabiofurini.github.io/convex-optimization/

Summary

Quadratic function:

> Given a square matrix Q € R"™*":
f(x) =011 >y gixixi = X' Q x

Symmetric matrix:
> Q and 3(Q + Q') define the same quadratic function
> Without loss of generality, Q is symmetric
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Gradient, Hessian and
level sets
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Introduction: Gradient, Hessian and level sets

» In this section we compute the gradient and the Hessian of a
quadratic function: they have a very simple form, 2 Q x and

2Q.

» Then we study the level sets, the sets of points where the
function is constant, and their shapes (ellipses, hyperbolas,
pairs of lines).

» With examples in two variables we draw level sets, gradients
and graphs: they help to see how a quadratic function behaves.
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Gradient (1/2)

Observation 1: gradient of a quadratic function

The gradient (vector of partial derivatives) of a quadratic func-
tion Is:
of (x)
B > (ay + )X
of
orix) >im1(a2) + gj2)xj
Vi(x) = _ =
%ﬁ’n‘) Z_?:l(qnj + qjn)X;
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Gradient (2/2)

Observation 1: gradient of a quadratic function

Vi(x) =

>oi-i(qi + gin)x; 23771 qujx;

> im1(q2) + qj2)x; 2371 @2i%

> i1(qnj + qin)x 2321 AnjX;
26X
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Proof

For every k € {1,2,...,n}, only the terms of the double sum with
i = k or j = k contain the variable x:

» the terms qi; x,X; contribute gy; x; to the derivative;
» the terms gjc x;xx contribute gjx x;;

> the term g x,%, with i = j = k, contributes 2 gy xx, once in
each sum.

Therefore:

8Xk Z qkj Xj + Z ik Xi
n n
= (g +qi) 5 =2 a5 X
j=1 j=1

where the last equality holds since the matrix @ is symmetric
(gjk = qi)- O
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Hessian (1/2)

Author:

Observation 2: Hessian of a quadratic function

The Hessian (matrix of second-order partial derivatives) of a
quadratic function is:
0%f(x)  9*f(x) 8%f(x)
3X1§ 0x10x2 T 0x10xn
9f(x)  8%f(x) 82f(x)
5 Ox20x1 8><22 o Ox20Xn
Vof(x) =
Pf(x) 9%f(x) 9%f(x)
OxnOx1  OxpOxa = ° Ox?
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Hessian (2/2)

Observation 2: Hessian of a quadratic function

gii qi2 ... Qin
V2f(x) _ 5 dqi2 g2 ... Q2p
din 4q2n ... dnn

2Q
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Proof

By the previous observation, for every k € {1,2,...,n} we have

Of (x) n
OXy =2 JZ:; Vg %

whose derivative with respect to xp, is 2 qin, for every
he{l,2,...,n}. O
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Gradient and Hessian describe how the function changes.

We now look at the opposite question:
where does the function not change?
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Level sets

Definition 2: level sets of a quadratic function

The level sets of a quadratic function (the sets of points in
which the function is constant) are:

{XGR”: x Qx=k }, Vk eR
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Shapes of the level sets (1/2)

Depending on the matrix @, the nonempty level sets can be:

> ellipsoids (ellipses in R?);
» hyperboloids (hyperbolas in R?);

» when some directions do not change the value of the function,
cylinders (pairs of parallel lines in R?).
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Shapes of the level sets (2/2)

For k = 0 there are also degenerate cases:

> the single point 0 in place of an ellipsoid;

> two lines crossing at the origin in R? (a cone in R") in place of
a hyperboloid;

> a single line through the origin in R? (a linear subspace in R")
in place of a cylinder.

The graph of the quadratic functions of the following examples is a
paraboloid.
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Gradient, Hessian and level sets

» For a quadratic function with symmetric matrix Q, the
gradient is Vf(x) = 2 Q x and the Hessian is the constant
matrix V2f(x) =2 Q.

> At every point where the gradient is nonzero, the gradient is
perpendicular to the level set through that point.
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We now see these ideas on two quadratic functions
of two variables, the identity matrix and a general matrix:

level sets, gradients and graphs.
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Example: level sets, identity matrix (1/3)

With Q = (1 0>, the associated quadratic function is:

01

10
f:R? SR, f:(i;)»—>(xl x2) (0 1> <2>:X12+X22
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Example: level sets, identity matrix (2/3)
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Example: level sets, identity matrix (3/3)

The figure shows:

» Blue circle: level set x? + x2 = 1 (radius 1)
> Orange circle: level set x? + x3 = 4 (radius 2)

> Green circle: level set x? + x2 = 8 (radius /8)
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Example: level sets, general matrix (1/3)

2
-1

. 2 (X 2 -1 X1
R SR, f.<X2>H(X1 X2)(_1 2) (X2>

:2x12— X1 Xp — x2X1+2x22

With Q = ( _21> the associated quadratic function is:

=2x2—2x xp+2 x5
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Example: level sets, general matrix (2/3)
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Example: level sets, general matrix (3/3)

The figure shows:

> Blue ellipse: level set 2 x2 —2 x3 xp +2 x5 =2

» Orange ellipse: level set 2 x2 —2x; xo +2 x5 = 8
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Example: gradients, identity matrix (1/4)

10

With Q = (0 1

), the gradient of the quadratic function is:

v ((2)) - (32)
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Example: gradients, identity matrix (2/4)

Author: Fabio Furini

-

X2

T~
: B Re N Y 1
) N . 1 )
< L] €y 3 I
<€ 0 T ]
. |‘ . Ry -
A ~ - ’ ’

Convex Optimization



https://fabiofurini.github.io/
https://fabiofurini.github.io/convex-optimization/

Example: gradients, identity matrix (3/4)
The figure shows:

> Blue vectors (gradients with norm 2 on level set x? + x5 = 1):
()= () #((5)- (%)
()G ()=
» Orange vectors (gradients with norm 4 on level set
x2 + x2 = 4):
()= () = (%)= (%)
(@)-6) ()=
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Example: gradients, identity matrix (4/4)

> Green vectors (gradients with norm 4/2 on level set
X2 + x5 =8):

((3)=6) ()=
()= () 7 ((5)- ()

Each gradient is perpendicular to the level set through its point.
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Example: gradients, general matrix (1/3)

—1 . . L
), the gradient of the quadratic function is:

Vf X1 _ 4-X1—2X2
X2 —2x1+4x
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Example: gradients, general matrix (2/3)

Author: Fabio Furini

-~
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Example: gradients, general matrix (3/3)

The figure shows:
» Blue ellipse: level set 2 X12 —2x1 X +2 x22 =2

> Blue vectors (gradients on the level set with norm 21/2 at
diagonal points and norm 2+/5 at axis points):

(())=G) ((2)-)
()= (%) ()= (5):
() =) = ((5)-C)

Also in this case, each gradient is perpendicular to the level set
through its point.
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Example: graph, identity matrix

With Q = <(1J (1)> we have f <(§1)> = x2 + x3. lts graph is:
2

-
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Example: graph, general matrix

2

With Q = <_ , we have

-1
1 2
X1 _ 2 2 .
f(( ))—2x1—2x1x2+2x2. Its graph is:

e B
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Summary (1/2)

Gradient and Hessian:
> Gradient: Vf(x) =2Q x
» Hessian: V2f(x) =2 @, a constant matrix

Level sets:
> {x e R": x'Qx = k}, for every k € R
» Ellipsoids, hyperboloids or cylinders

» For k = 0: degenerate cases (a point, a cone, a linear
subspace)
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Summary (2/2)

Examples in two variables:

» |dentity matrix: the level sets are circles

2 -1 .
> Q= <_1 5 ): the level sets are ellipses

» The gradient is perpendicular to the level set through its point
» The graphs are paraboloids
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Convexity of quadratic
functions
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Introduction: Convexity of quadratic functions

» In this section we answer the question: when is a quadratic
function convex?

» The answer depends only on the matrix Q: the function is
convex if and only if @ is positive semidefinite.

» We prove both implications from the definition of convex
function, and we see an example of a convex and of a
non-convex quadratic function.
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Positive semidefinite matrix

Definition 3: positive semidefinite matrix

A square symmetric matrix Q € R"*" js positive semidefinite
if:
xX'Q x>0, Vx € R"
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We now show that this property of the matrix
is exactly what makes the quadratic function convex.

First: positive semidefinite = convex.
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PSD matrix implies convex function

Proposition 1

For every square matrix Q, if Q is positive semidefinite then
the associated quadratic function is convex in its domain.

> The proof starts from f(Ap+ (1 — A) w) and arrives at
Af(p)+ (1 — ) f(w) in a single chain.

» The key step: the difference between the two sides is
A1=A)(p—w)Q(p—w).
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Proof

If the matrix Q is positive semidefinite, for every pair of points
p,w € R" and every \ € [0, 1], we have:

FAp+(1— ) w)
—Ap+(1-N)w) QUAp+(1-A)w)

=XpQp+(1-2)*wQw
FAL=-XN)PRwW+A(1-N)wQp
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Proof (continued)

=ApQp+(1-N)wQw
~A1-XN)(PQp+wWQw—-pQw—wQp)
(since A2 =X—X(1—))and
(1-=X2=(1-XN)—=-A(1-N)
=ApRQp+(1-N)wQw
“A(1=-N(P-w)Q(p—w)
<APQRp+(1-N)wQw

(since @ is positive semidefinite and A (1 — \) > 0)

— A f(p)+ (1 A) F(w)
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Proof (continued)

Therefore,
f()\p+(1—)\) w) <AF(p)+ (1= A) f(w)

By nature, the domain R" is a convex set. Accordingly, the
function is convex in its domain. O]
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Sufficient and necessary condition

» We have shown that:
Q positive semidefinite = convex quadratic function

so " @ positive semidefinite” is a sufficient condition for
“convex quadratic function” and “convex quadratic function” is
a necessary condition for “Q positive semidefinite”.

» The implication works also in the other direction, as stated by
the following proposition.
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Convex function implies PSD matrix

Proposition 2

For every quadratic function, if the function is convex in its do-
main then the associated square matrix Q is positive semidefi-
nite.

» The proof starts from the inequality of the definition of convex
function, expands its left-hand side and simplifies.

» What remainsis (p — w)' Q (p — w) > 0, for every p and w.
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Proof

If the quadratic function is convex, for every pair of column vectors
p,w € R" and every scalar A € (0,1), we have:

Ap+1-Nw) QAp+(1-))w)
<APQPp+(1-N)wWQw
where the left-hand side is:
Ap+(1-N)w) Q(Ap+(1-X)w)
=N pPRp+(1-N)’wQw
+AA-NPRQw+A(1-X)w'Qp

Author: Fabio Furini Convex Optimization 55 / 80 % S\‘/\‘l‘)”\\j/j\


https://fabiofurini.github.io/
https://fabiofurini.github.io/convex-optimization/

Proof (continued)

This implies, rearranging and simplifying, that:
A1=-NpPRQp+A(1-NwQw
“A1=-N)PRAw-A1-)wWQp=>0
which, since A (1 — \) > 0, implies:

PRp+wQw—-pQw-wQ@p>0
=(p—w)'Q (p—w)
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Proof (continued)

Every vector x € R" can be written as x = p — w (for instance,
with p = x and w = 0).

Therefore, x’Q x > 0 for every x € R”, and the square matrix Q is
positive semidefinite. O
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Necessary and sufficient condition (1/2)

» We have shown that:
convex quadratic function = Q positive semidefinite

so “convex quadratic function” is a sufficient condition for
“ @ positive semidefinite” and “ @ positive semidefinite” is a
necessary condition for “convex quadratic function”.
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Necessary and sufficient condition (2/2)

» So we finally have:
Q positive semidefinite <= convex quadratic function

so @ positive semidefinite” is a necessary and sufficient
condition for “convex quadratic function” and vice versa.
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Convexity of a quadratic function

For every square matrix Q, the associated quadratic function is
convex in its domain if and only if Q is positive semidefinite.
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Two remarks (1/2)

> With @ equal to the identity matrix, the quadratic function is
f(x) = x'x = ||x|}3

the squared Euclidean norm, whose convexity is proved in the
chapter «Convex and concave functions» directly from the
definition.

» The identity matrix is positive semidefinite, since
Xx=x2+x3 4+ +x2>0

in agreement with the corollary.
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Two remarks (2/2)

» When x’Q x can be written as a sum of squares of linear
functions, as in the following example, the matrix @ is positive
semidefinite.

» The convexity can also be proved directly from the definition,
with the inequality

(Aa+ (1= A)b)> < Aa® + (1 — A)b

of the chapter «Convex and concave functions».
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Example: a convex quadratic function (1/3)

With Q = (_1 5

2 _1>, for every x € R? we have:

XQx=2x}-2x1%+2x3=x2+x3+(x1 —x2)*> >0

Therefore, the matrix @ is positive semidefinite and, by the
corollary, the quadratic function of the previous examples is convex
in its domain.
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Example: a convex quadratic function (2/3)

The same conclusion follows from the definition: for every pair of
points p, w € R? and every X € [0, 1], we have:

fOp+ (1 —\w)
= (A1 + (1= Nw) + (Ap2 + (1= Nwn)?
+ (Mp1 = p2) + (1 = A (w1 — w2))”
<AL+ (L= Nwi+Ap5 + (11— A\)w3

+A(p1 = p2)? + (1= A) (w1 — wy)?

(by the inequality of the chapter

«Convex and concave functions», three times)
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Example: a convex quadratic function (3/3)

= A(p: + 3 + (P — P2)?)

+(1- )\)(le + W22 + (wy — W2)2)

— M(p) + (1 N)f(w)

Therefore,
f(Ap+ (1= XN)w) < Af(p) + (1 — N)f(w)

By nature, the domain R? is a convex set. Accordingly, the function
is convex in its domain.
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Example: a quadratic function that is not convex (1/2)

1

With Q = (0

_01>, the quadratic function is

()5

and its nonempty level sets with k # 0 are hyperbolas. The matrix
Q is not positive semidefinite, since:

0 0 °) (%)= 1<o
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Example: a quadratic function that is not convex (2/2)

By the corollary, the function is not convex in its domain. Indeed,

with )
0 0
() we(%)

the inequality of the definition of convex function does not hold:

(ire) ()
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Summary

Positive semidefinite matrix:
» x'Qx >0 for every x € R"

Convexity of quadratic functions:
> Q@ positive semidefinite <= the quadratic function is convex
» Both implications are proved from the definition of convex
function
» Sum of squares of linear functions: Q is positive semidefinite

> x? — x3 is not convex: @ is not positive semidefinite
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Quadratic functions with
a linear part
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Introduction: Quadratic functions with a linear part

» In optimization problems the objective is often a quadratic
function plus a linear function and a constant.

> In this section we compute the gradient and the Hessian of
these functions.

» We show that the linear part does not change convexity: the
function is still convex if and only if Q is positive semidefinite.
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Quadratic function with a linear part

In optimization problems we often find functions that are the sum
of a quadratic function, a linear function and a constant: given a
square symmetric matrix @ € R"", a vector ¢ € R” and a scalar

deR,
g: R" >R, g x—xXQx+c'x+d

_ZZqUx,X,JchJXJer

i=1 j=1
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Gradient and Hessian

Since the derivative of ¢’x + d with respect to xj is ¢, the
gradient and the Hessian are:

Veg(x)=2Qx +c, Vig(x)=2Q

The Hessian does not depend on the linear part: it is the same as
for x'Q x.
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The linear part is convex and concave

» The function h(x) = ¢’x + d is convex (and concave) in its
domain, since the definition holds with equality.

> The proof starts from h(Ap + (1 — A\)w) and arrives at
Ah(p) + (1 — X\)h(w) using only equalities.
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Proof

For every pair of points p, w € R" and every A € [0, 1], we have:
h(Ap+ (1 — \w)
=cd(p+(1-Nw)+d
=Ap+(1-N)cw+Ad+(1-N\)d
(since A\ +(1—)\) =1)
— Mh(p) + (1 — \)h(w)

Therefore, both inequalities of the definitions of convex and

concave function hold with equality. By nature, the domain R” is a
convex set. Accordingly, the function h is convex and concave in its
domain. O]
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Convexity of g

» Since the sum of convex functions is convex (chapter «Convex
and concave functionsy» ), if the matrix Q is positive
semidefinite, the function g is convex in its domain.

» Conversely, if g is convex, the quadratic function
xX'Qx=g(x)+ (- c'x—d)

is convex, as the sum of two convex functions, and the matrix
Q is positive semidefinite by the corollary.
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The linear part does not change convexity

A quadratic function x’Q x is convex in its domain if and only
if the matrix @ is positive semidefinite.

Adding a linear function and a constant does not change its
convexity.
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Summary

Quadratic function with a linear part:
> g(x) =xX'Qx+c'x+d
> Vg(x) =2Qx+c and V2g(x)=2Q

Convexity:
» c’x + d is convex and concave

> g is convex if and only if Q is positive semidefinite
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Key messages
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Summary (1/2)

1. Quadratic functions:
> f(x) = x'Q x, with Q symmetric without loss of generality

2. Gradient, Hessian and level sets:
> Vf(x) =2Qx and V?f(x)=2Q
» Level sets: ellipsoids, hyperboloids, cylinders (and degenerate
cases for k = 0)

» The gradient is perpendicular to the level sets
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Summary (2/2)

3. Convexity:

» The quadratic function is convex <= @ is positive
semidefinite

4. Linear part:

» x'Qx + c’x + d is convex <= Q is positive semidefinite
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