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Chapter 1

Convex sets

1.1 Convex combination

Definition 1.1: convex combination

Given two points

b1 w1
D2 w2
|l eR” and | eR”
n Wn
~—— ~——
v w

their convex combination with a scalar A € [0, 1] is the point
Ap1 + (1= XNwy
Ap2 + (1 = )\)wz

Apn + (1= Nwy,

Ap+(1-Nw

e The convex combinations for all values A € [0, 1] are the points on the segment connecting
the two points p and w. In R?, the blue segment of the following figure:
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Example 1.1: convex combination

2 5
Let us consider the points <5> and <2> in R2. Their convex combination with A = & is

3

the point:
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Definition 1.2: convex combination of m points

Given m points
1 2
0o i
1 2 m
P21 ere P2l err P2 err
) P p™
N—— N——
p(l) p(2) p(m)
their convex combination with scalars Ai, Ao, ..., Ay > 0 satisfying
m
o=t
k=1
is the point
)\1 pgl) + )\2 p?) + -+ )\m pgm)
M + X2 4 - 4 A S
M) + A pP 4 Al
m
St
k=1
- J
e The convex combinations for all valid scalars A1, Aa,..., A, > 0 are the points in the

convex hull of the m points.

e In R? with m = 3 points, the convex hull is the set of all the points inside (and on
the boundary of) the triangle connecting the three points: the blue filled region of the
following figure, where the blue point is the convex combination with A\; = %, Ao = % and

1.
)\3:6.
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Example 1.2: convex combination of 3 points

5

1
Let us consider the three points <1>, (3

3
) and <5> in R2. Their convex combination

with A\ = Ay = A3 = % is the point:

(

1+ 4.5 +
1+ 4.3+

W= W=
W= =

Wl ol
ot w
~
Il
-~
w w
~_
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a N

T2

1.2 Convex sets

Definition 1.3: convex set

A set A C R" is convex if

Vp,we A and VA€ [0,1] wehave Ap+(1-NweA
—_——

convex combination

A subset of the n-dimensional space is convex if for any of its two points, any convex
combination of the two points belongs to the subset. In other words, if all points on the
segment that joins any two points of the subset belong to the subset.

e In R? (the 2-dimensional space), an example of a convex set and an example of a non-
convex set are given by the following picture, first with curved boundaries:
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a N

T2 z2

> T1 y T1

Convex set Non-convex set

N /

e The same with straight-edged sets: on the left a convex polygon, on the right a non-convex

one.

4 )

x2

> T1 > T1

Convex set Non-convex set

N /

1.3 Examples of convex sets

Observation 1.4

For every vector ¢ € R™ and every scalar r € R+, the set
{xeR": |lx—c|1 <7}

1S convex.

4 )
It is the set of points in R™ whose sum of absolute deviations from c¢ is at most 7. In R?

this is a diamond (a square rotated by 45°), and in R? it is a regular octahedron.
- J

Proof. For every pair of points p, w in the set and every A € [0, 1], we have:
AP+ (1 = Nw —cfly = |]A(p — ¢) + (1 = A)(w — ¢)[lr

< [[Alp = o)l + 11 = A)(w = ¢)|h
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(by the triangle inequality)
= [Alllp —clli +[1 = Al lw —ellx

(by the absolute homogeneity)
=Alp—clli+ (1 =A) [lw—cf

(since A\ >0, 1 =X >0)
<Ar+(1—=Nr

(since |[p —¢||1 <7 and |Jw—¢|; <)
=r

Therefore, Ap + (1 — A\)w belongs to the set, and the set is convex. O

Example 1.3: diamond in R?

3
For example, in R?, with r = 3 and ¢ = <3> , we have the following convex set:

{ <:c1> cR?: |x1—3|+|$2—3|§3}
)

The points of this set are all those lying inside (and on) the diamond (rotated square)

3
centered at (3), with vertices at (g), (g), (g), (2), shown as the red shaded region

in the figure below.

4 )

X9 37 |
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Observation 1.5

For every vector ¢ € R™ and every scalar r € Ry, the set

{xeR":||x—cla <7}

1S convex.

4 N\
It is the set of points in R™ contained in the closed ball of radius r centered at ¢. In R?
this is a disk, and in R? it is a solid ball.

\ J

Proof. For every pair of points p, w in the set and every A € [0, 1], we have:
[Ap + (1 = Nw —¢fl2 = [[A(p —¢) + (1 = A)(w — ¢)||2
< [[Alp = o)ll2 + [I(1 = A)(w — c)|2
(by the triangle inequality)
=[Alllp—ecll2 + 1 = Al lw — ¢l
(by the absolute homogeneity)
=Allp—clla+ (1 =A) [w—c2
(since A >0, 1 —A>0)
<Ar+(1=Nr
(since ||p —¢|l2 <7 and [|[w —¢|2 <)
=

Therefore, Ap + (1 — A)w belongs to the set, and the set is convex. O
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Example 1.4: closed ball in R?

3
For example, in R?, with r = 3 and ¢ = (3) , we have the following convex set:

{ (ml) eR?: \/(x1—3)2+(a:2—3)2§3}
T

The points of this set are all those lying inside (and on the boundary of) the disk of radius 3

3
centered at (3), shown as the red shaded region in the figure below.

‘ N

6| .
i) 3 ° .
0
| |
0 3 6
I
. J

Observation 1.6

For every vector ¢ € R™ and every scalar r € R+, the set
{xzeR": ||x—clloc <7}

1S convex.

( A
It is the set of points in R” whose maximum absolute deviation from ¢ is at most r. In R?

this is an axis-aligned square of side 2r centered at ¢, and in R3 it is a cube.
- J

Proof. For every pair of points p, w in the set and every A € [0, 1], we have:

AP+ (1 = Mw —¢floc = Mp—¢) + (1 = M) (w - )|
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< Al = O)lloo + (1 = A)(w =€) |00

(by the triangle inequality)
= Al lp = elloc + 1 = Al [lw — €l

(by the absolute homogeneity)
=Ap—clloo + (1= A) [lw— ¢l

(since A\ >0, 1 =X >0)
<Ar+(1-=Nr

(since ||p — ¢ljoc < 7 and ||lw — ¢|loc < 7)
=r

Therefore, Ap + (1 — X\)w belongs to the set, and the set is convex. O

Example 1.5: square in R?

3
For example, in R?, with r = 3 and ¢ = (3) , we have the following convex set:

{ <w1> € R*: max {|z; — 3|, [zo — 3|} <3 }
T2

The points of this set are all those lying inside (and on) the axis-aligned square of side 6

centered at (2), with vertices at (8), (g), (2), ((6))’ shown as the red shaded region

in the figure below.
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a x x N
6, |
T2 3L — .
0
| |
0 3 6
x1
_ J

1.4 Properties of convex sets

Observation 1.7

For every m convex sets A; C R™ with ¢ € {1,2,...,m}, the set

1S convex.
-

( N\

It is the set of points in R™ that belong to all the sets A, Ao, ..., A,, at the same time.

.

7

Proof. For every pair of points p,w € [, A; and every A € [0, 1], we have:

m
pwe(|Ai=pcAandwed;, Vie{l2..,m}
i=1

(by definition of intersection)
= Ap+(1-MNweAd;, Vie{l,2 ... m}
(since each A; is convex)
:>)\p—|—(1—)\)w€ ﬂAi
i=1
(by definition of intersection)

Therefore, A\p+ (1 — X\) w € (), A;, and the set is convex. O
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e In R? (the 2-dimensional space), examples of intersection of three convex sets A1, Ay and
As are given by the following pictures, first with three ellipses:

-

N

-

\
X2 x2
Ay A2
-
Ay
Az As
> Tl > T1
/
e The same with three convex quadrilaterals (straight edges, like the polyhedra of linear
programming, which are all convex):
\
X2 x2
As
As
[anans .
Ay
As
Az
> T1 > L1
/

Author: Fabio Furini
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Chapter 2

Functions of several variables

2.1 Functions of several variables

Definition 2.1: function of several real variables

The function:
1
T2

f:DCR" =R, f: : — f(x)

In
——
x
is called a (scalar) function of n real variables and D C R" is its domain.

& J

e A function, commonly denoted f, of n real variables takes as input a vector of n real
numbers, commonly represented by the (column) variable vector @, and produces a real
number, the value of the function, commonly denoted f(x).

e Vectors are written in bold and are column vectors; the transpose of a vector x is the row
vector &’ = (xl Ty ... xn)

Example 2.1: a function of three variables

Consider the function:
1
fRE=R, f:|a »—>z1332+:n§
3
2
At the point | —1 | the value of the function is:
3
2
fll-1])=2(-1)+32=-—2+9=7
3
g J
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2.2 Gradient, Hessian and level sets

Definition 2.2: gradient

Given f : D C R® — R, the gradient Vf(x) of f at x is the (column) vector of
first-order partial derivatives:

( A
The gradient V f(x) (if it is nonzero) gives the direction of steepest ascent (maximum

directional derivative among unit directions), while —V f () gives the direction of steepest

descent.
. _J

Definition 2.3: Hessian

Given a function f : D C R® — R, the Hessian V2f(x) of f at « is the matrix of
second-order partial derivatives:

Pf(x)  9f(=) 9 f ()

690% Ox10x9 "' Ox10Tn
Pf(x)  f(x) 9 f ()
0x2071 Bxg Tt Ozedxn,
Vif(x) =
P f(x)  f(x) > f(z)
Oxndxry  Oxndra =~ °° ox2
. J

e The entry in row ¢ and column j of the Hessian is obtained by differentiating aga(;) with
respect to x;.

e If the second-order partial derivatives of f are continuous (as for all the functions of these

. o Pf(x) _ 9°f(=) ian i
notes), the order of differentiation does not matter, Dws0z; = w0, and the Hessian is a

symmetric matrix.

The Hessian V2 f(z) describes the local curvature of f around x, that is, how the gradient
changes when moving away from .
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Definition 2.4: level set

Given a function f: D C R™ — R and a constant k € R, the level set L(k) of f at level
k is:

Lk):={zeD: flx)=k}

-
|\

e N
A level set L(k) is the set of points where the function has a constant value k. The gradient

V f(x) (if nonzero) is perpendicular to the level set passing through @ and points toward
increasing values of f.

.

Example 2.2: gradient, Hessian and level sets of a quadratic function

Consider the quadratic function:

.

f:RESR, f: <i1> = (1 —2)2 + (22— 2)2 +1
2
e The gradient of the function is:
(@) - () - (2
T2 of 2(1‘2 — 2)
Oxo

For example:

— at the point (g), we have

e The Hessian of the function is:

02 f 02 f
V2f T Tx% 0x10x9 2 0
w)) | _r @ | \o 2
Ox20x1 O3

Note that the Hessian is constant (it does not depend on the point).

e The level sets of the function are:

L(k):{ <I1>6R2: (x1—2)2+($2—2)2+1:k‘}, Vk e R

2
which are circles centered at ( 2) with radius vk — 1 for k > 1; the level set L(1) is

2
the single point ( 2) and the level sets with £ < 1 are empty.

Vs
.
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Example 2.3: graph, level sets and gradients of a quadratic function

For the function of the previous example, this is the graph in the domain [—4,4] x [—4, 4];
its lowest point is at (;), where f = 1, and its highest point is at (_j), where f = 173:

.

/

\

J

The following figure shows the level sets L(2) (circle of radius 1, in blue) and L(17) (circle
of radius 4, in orange), and the two gradients of the previous example (in red), drawn from

the points (g) and (g) of the level set L(2):

-

N

[ - —
=" -..~
f‘ ~§
L4 ~
L4 -~
4 .’ '
L4
1 |
, )
’ [}
] O QO 1
' @ , '
x2 27' ! —_—
] ] 7
1 “ . :
. .
. Suw '
q )
LY
[y
N ,
- L4
~ L4
N L 4
§~ "
| i T - |
—9 L | | \
X1

/

The gradient vectors are perpendicular to the level sets and point in the direction of maxi-

mum increase of the function (away from the center).

Author: Fabio Furini
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2.3 Examples of functions that are not quadratic

e For a quadratic function the Hessian is constant (chapter «Quadratic functions»). In
general, the Hessian depends on the point, as in the following two examples.

Example 2.4: gradient and Hessian of a cubic function

Consider the function:

F:RZ SR, f: (il)l—mﬁxg
2

e The gradient and the Hessian of the function are:
21129 2z 21
w(@)-0%7) (G)-
T2 3 2 2z1 0
. 1
e At the point (2>, we have:

w(()-(2)-0)- ()

3

(-G )-0) (G- )

o)

e At the point ( ), we have:

The Hessian changes from point to point and, as expected, it is symmetric at every point.

J

.

Example 2.5: gradient, Hessian and a level set of an exponential function

Consider the function:
f:R2—>]R, f: (x1> |—>ex1+x%

T2

e The gradient and the Hessian of the function are:
et et 0
(G)-(a) T(E)-
L2 219 L2 0 2

e The level set L(2) is the curve e® + 22 = 2, that is, 1 = In(2 — 22) for |za| < V2. Tt

contains the points (?) and (1%2), since € + 12 = 2 and ™2 + 02 = 2. At these

SAPIENZA
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(()=6) (7)-6)
“r()=62) ()= 2

The following figure shows the level set L(2) (in blue) and the two gradient vectors (in red):

f | | | \

points:

and

3 }— —
2
Hi) s
$ >
’
'l
-2 | | | I I I
-3 -2 -1 1 2 3
71

N /

=%

The tangent direction of the level set at <(1)) is < 1

> (the derivative of z1 = In(2 — x2)

with respect to xs is

—2x

2—x

a ()

>:

—242=0

2, equal to —2 at 9 = 1), and indeed:
2

so the gradient is perpendicular to the level set also when the level set is not a circle.
(& J

The gradient V f(x) is the column vector of first-order partial derivatives: it points in the
direction of steepest ascent and is perpendicular to the level set through @. The Hessian
V2 f(x) is the (symmetric) matrix of second-order partial derivatives and describes the local
curvature of f.
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Chapter 3

Convex and concave functions

3.1 Convex functions

Definition 3.1: convex function

A function f: D CR"™ — R is convex in its domain D if:

Vp,w € D and YA€ [0,1] wehave f(Ap+(1—-X)w) < Xf(p)+(1—-X) f(w)
(3.1)
and the domain D of the function f is a convex set.

( A
A function is convex in its domain if, for any two points in its convex domain, the value at
any convex combination of the two points is smaller than or equal to the convex combination

of the values at those two points.
- J

e If D = [a,b] C R (an interval which is by nature a convex set), the graph of a convex
function is given by the following picture:

4 N

f(x)
e
AF(P) + (1= A) fw) fommmm e e |
1Y RGP 1) [ S ——— S |
F) - ‘ | |
. . . x
a p Ap+(1—Nw w

o /
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3.2 Concave functions

Definition 3.2: concave function

A function f: D CR"™ — R is concave in its domain D if:

Vp,w €D and VA€ [0,1] wehave f(Ap+(1-XNw) > Af(p)+(1—-A) f(w)
(3.2)
and the domain D of the function f is a convex set.

4 N\
A function is concave in its domain if, for any two points in its convex domain, the value at

any convex combination of the two points is greater than or equal to the convex combination

of the values at those two points.
. J

e If D = [a,b] C R (an interval which is by nature a convex set), the graph of a concave
function is given by the following picture:

4 I

f(p) |
FOp+(1=Nw) |

Af(p)+ (1 =A) f(w) |

f(w)
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3.3 Examples of convex and concave functions

e In this chapter we also consider nonlinear functions. The convexity of a function is always
proved by checking the definition: for arbitrary points p, w of the domain and an arbitrary
A € [0,1], we verify the inequality of the definition. For the quadratic functions of the
first examples, we use the following inequality.

Observation 3.3

For every a,b € R and every A € [0, 1], we have

(Aa+ (1= 2)b)° < Aa® + (1 — B2 (3.3)

Proof. For every a,b € R and every X € [0, 1], we have:
(Aa+ (1= A)b)* = A%a? + 2X(1 — A)ab + (1 — X)%?
=Xa®+ (1= N)b? = A1 = A)a® + 2701 — N)ab — A\(1 — \)b?
= Xa? + (1 = N)b% = X1 — \)(a® — 2ab + V?)

=Xa? + (1= Nb% = A1 = N)(a — b)?

>0

<Xa®4 (1= A)b* (since A\>0, 1 —X>0and (a —b)? > 0)

Example 3.1: a convex quadratic function

Consider the following function:

2

z
R—R : —
[RSR, fiom T

Njot
I
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For every pair of points p, w € R and every A € [0, 1], we have:

(Ap+ (1 = Nw)?

S|

Fp+ (1= Nw) =

< ()\p2 +(1- )\)w2) (by inequality (3.3))

S|

S|
(S

g
o

=A

+1-X 15

= Af(p) + (1 = A)f(w)

1

s}

Therefore,
FOp+ 1 =Nw) <Af(p) + (1 =N f(w)

By nature, the domain R is a convex set. Accordingly, the function is convex in its domain.
(& J

Example 3.2: a translated convex quadratic function

Consider the following function:

f:R—R, f:a:v—>i(:v—10)2

10
e 2
10
f@) | l
5‘ 1‘0 1‘5 26
N ’ Y,

For every pair of points p,w € R and every X € [0,1], we have:

FOP+ (1= Nw) = %()\p + (1= Nw —10)?
- %(A(p —10) + (1 - N(w—10))® (since A+ (1 — A) = 1)
< % (Mp =102 + (1~ N)w—10)  (by inequality (3.3))
=)\(p—1010)2 +(1—A)w
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=Af(p) + (1 = A)f(w)

Therefore,
FOp+ (1= Nw) < Af(p) + (1 =) f(w)

By nature, the domain R is a convex set. Accordingly, the function is convex in its domain.
1\ J

Example 3.3: a linear function of two variables

Consider the following function:

f:R? >R, f:(zl)Hxl-l—azg—l
2

N

For every pair of points p = (p1) ,W = (w1> € R? and every A € [0, 1], we have:
b2

fOp+ (1 =Nw) = (Ap1+ (1= Nwi1) + (Ap2 + (1 — Nwz) — 1
= A(p1 +p2) + (1 = M) (w1 +wz) = A= (1 - A)
(since A+ (1—X) =1)
=Ap1+p2—1)+ (1 =) (w1 +ws —1)

=Af(p) + (1 =N f(w)

Therefore,
FAp+ (1= XNw) < Af(p) + (1= N) f(w)

(with equality). By nature, the domain R? is a convex set. Accordingly, the function
is convex in its domain. Since the equality holds, also the inequality with > holds: the
function is also concave in its domain.
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Example 3.4: a convex quadratic function of two variables

Consider the following function:

FiR2 SR, f:(il)»—mv%—i-x%—Q
2

N

w1

For every pair of points p = (p1) , W = (
b2 w2

) € R? and every ) € [0, 1], we have:

FOP+ 1= Nw) = Opr + (1= Nw1)” + (Ap2 + (1 = Nwa)* =9
< Apt+ (1= Nwi + Ap3 + (1 — Mwj — 9
(by inequality (3.3), twice)
= A(pi +13 —9)+ (1 = \)(wf +wj —9)
(since A\ + (1 —X)=1)
= Af(p) + (1= A)f(w)

Therefore,
FOp+ (1= Nw) <Af(p)+ (1 - N) f(w)

By nature, the domain R? is a convex set. Accordingly, the function is convex in its domain.
. J

e The following two examples are functions of one variable whose graph is made of two
segments.
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Example 3.5: the absolute value is a convex function

Consider the function f : R — R, f(z) = |z|. For every pair of points p,w € R and every
A € [0,1], we have:

FOp+ (1 =Nw) =|Ap+ (1 - Nw|
< |Ap| + (1 = N)w| (by the triangle inequality)
= A |p| + 11 = Al |lw| (by the absolute homogeneity)

=Ap|+(1—=X) |w| (since A>0and1l—X>0)

— M)+ (1= N f(w)

Therefore,
SO+ (1= Nw) <Af(p) + (1= A)f(w)

By nature, the domain R is a convex set. Accordingly, the function is convex in its domain.

For example, with p = —2, w =3 and A = % we obtain Ap+ (1 — A w = % and

1 1 1 1 1 1 )
(3)=3 <3 H(D+3/@=52453=5

In the figure, the segment joining (p, f(p)) and (w, f(w)) (violet) lies above the graph of f
(blue).

- ™
3 | |
2 | |
f(z)
\ ’ Y,
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Example 3.6: the minimum of two linear functions is a concave function

Consider the function f : [-2,4] —» R, f(z) = min{z+2, 4— %x }. For every pair of points
p,w € [—2,4] and every A € [0, 1], we have:

FOp+ (1= Nw) :min{)\p+(1—)\)w+2, 4—§(Ap+(1—A)w)}

:min{)\(p+2)+(1—)\)(w+2), Ad—1p)+(1-NA- %w)}

(since A+ (1 —X)=1)

> min { Af(p) + (1= N)f(w), Af(p) + (1 = Nf(w) }

(since f(p) <p+2, f(p) <4—3p, flw) <w+2,
fw) <4—1w, A>0and 1 — X >0)

= Af(p) + (1 = A)f(w)
Therefore,
Fw+ (1 =Xw) > Af(p) + (1= N f(w)
The domain [—2,4] is an interval, hence a convex set. Accordingly, the function is concave
in its domain.
The two lines meet at x = %, where f(%) = 1—3?. For example, with p = —1, w = 4 and

4
3
A =% we obtain Ap+ (1 - A)w =3 and

3 . (7 13 13 1 1 1 1 3
£(5) =min{3 Th=T 2 gD+ I =5 14525

In the figure, the segment joining (p, f(p)) and (w, f(w)) (violet) lies below the graph of f
(blue).

4 N
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3.4 Convex functions defined by norms

Definition 3.4: norm

A norm on R” is a function || - || : R™ — R such that, for every p,w € R"™ and every
aeR:

e |lp|l >0, and ||p|| = 0 if and only if p = 0 (positivity);

e |lap|| = |o| ||p| (absolute homogeneity);

e [[p+ w| < |p| + ||w| (triangle inequality).

Definition 3.5: the norms 1, 2, ¢ and oo

For every & € R™:

n
= Z |1 (norm 1, or Manhattan norm)
j=1

lz|l2 = (norm 2, or Euclidean norm)

n 1
xllq = (Z ‘$j|q) ,og>1 (norm q)
j=1

|Z||oo = max |z (norm oo, or maximum norm)
j= n

At

The norms 1 and 2 are the norm ¢ with ¢ =1 and ¢ = 2, and ||z||oc = limy—oo ||2]|4.

Example 3.7: the four norms of a vector

For x = <_34> we have:

llls = 18]+ -4 = 7, ]2 = /3% + (—4)* = 5,

1
lzlls = (13]° + [-4%)% = Vo1, [&]loo = max{[3], |4} = 4.

The function
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.

is convex in its domain.

Proof. For every pair of points p, w € R™ and every A € [0, 1], we have:
0+ (1= Nw) = [+ (1 = Nuw]
< ||Apll2 + [[(1 = Nwl]2 (by the triangle inequality)
= Al llpll2 + |1 = Al [Jw]]2  (by the absolute homogeneity)
=Aplla+ (1 —=X) ||lw|2 (since A\>0and 1—X\>0)
— () + (1= N f(w)

Therefore,

fOp+ (1 —Nw) <Af(p) + (1 -\ f(w)

By nature, the domain R™ is a convex set. Accordingly, the function is convex in its
domain. O

Observation 3.7: convexity of every norm

For every norm || - || on R™ (in particular || - [|1, || - [|2, || - [[g with ¢ > 1, and || - ||s), the
function

f:R" > R, frx— |

is convex in its domain.

Proof. For every pair of points p,w € R™ and every A € [0, 1], we have:
70+ (1= Aw) = [Ap + (1= Nw|
< ]Ap| + (1 = A)w]|| (by the triangle inequality)
= |\l [lpl]]| + 11 = Al |Jw|| (by the absolute homogeneity)
=A|p[|+ (1 =) ||lw|] (sinceA>0and1—X>0)
— () + (1~ N)f(w)

Therefore,
FOp+ (1 =Nw) <Af(p) + (1 - A)f(w)

By nature, the domain R" is a convex set. Accordingly, the function is convex in its
domain. ]

Author: Fabio Furini
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Corollary 3.8

For every pair of points p, w € R" and every A € [0, 1], we have

A + (1 = Nwllz < Alpll2 + (1 = A) [[wll (3.4)

Example 3.8: the distance from a point

2
Let us consider the vector ¢ = ( 2) and the function:

reor 1 (0)-G) -G

+1
2

6v2+1
2V/10+ 1|

() ., |

1k

N

For every pair of points p, w € R? and every A € [0, 1], we have:
FOp+ (1 - Nw) =|dp+(1-Nw-—¢|,+1
=[[Ap—c)+ (1 - N (w—c)|[,+1 (since A+ (1 —X)=1)
<Ap—cla2+ (1 =X)|lw—¢c|2+1 (by inequality (3.4))
—A(lp = el + 1) + (1 = ) (lw - ell2 + 1)

=Af(P)+ (1 =N f(w)

Therefore,
FAp+ (1= XNw) < Af(p) + (1= \) f(w)

By nature, the domain R? is a convex set. Accordingly, the function is convex in its domain.
\ J
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Observation 3.9: convexity of the squared Euclidean norm

The function

f:R" >R, f:ac»—>|]:1:H%

is convex in its domain.

Proof. For every pair of points p, w € R" and every A € [0, 1], we have:
O+ (1= Nw) = [Ap + (1 - Nwlf3
/
=(Ap+(1-Nw) Ap+(1-Nw)
= X2[Ipll3 + (1 = X)?[Jwlf3 +2X(1 = A) (p' w)
< NP3 + (1= X [wll3 + 2A(1 = A) [Ipll2 wll2
(by the Cauchy—Schwarz inequality)

< Npll3 + (1 = 2)?[lwl3 + A = VPl + A1 = Alwli3

(since 2ab < a® + b? for all a,b € R,
with a = ||p||2 and b = ||w]|2)

= (M + 21 =) I3 + (1 = N)? + A1 = X)) w3
= Alpl3 + (1 = Mwl3

=Af(P) + (1 =) f(w)

Therefore,
FOp+ (1= Nw) <Af(p) + (1 - A)f(w)

By nature, the domain R"™ is a convex set. Accordingly, the function is convex in its
domain. O

e The next proof is more direct and does not require the use of the Cauchy—Schwarz in-
equality and the inequality 2ab < a? + b® for every a,b € R.

Proof. For every pair of points p,w € R™ and every A € [0, 1], we have:
FOp+ (1= Nw) = (Ap+ (1 -Nw) (A + (1 - Nw)
= Nlpl3 + (1 = M)?[|lwll3 +2X(1 = A) (p'w)

= N[5 + (1 = A)?||wll3
+ A1 =N (Il + wli3 = llp — wl3)

(since [lp — w]3 = [Ip]3 + |w]3 — 2p"w)
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= (P21 =N)[pl3 + (1 =27+ 21 = X)) [wli3
A1 =N)p—wl3

= Alplz + (1 = Mwlz = A1 = N]p - wl3
< Alpll3 + (1 =N fwl3  (since A1 = A)llp — w]3 > 0)
=Af(p) + (1 =N f(w)

Therefore,
Fp+ (1= Nw) < Af(p) + (1= A) f(w)

By nature, the domain R" is a convex set. Accordingly, the function is convex in its

domain. OJ

Corollary 3.10

For every pair of points p,w € R™ and every A € [0, 1], we have

I2p + (1 = Nwl < Aplz + (1 =) wl3 (3.5)

Example 3.9: the squared distance from a point

2
Let us consider the vector ¢ = ( 2) and the function:

()= ()

2

+1

X9 9

f:R2—>R, f<x1>r—>’
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For every pair of points p,w € R? and every A € [0, 1], we have:
FOP+(1—Nw) = [Ap+(1—Nw—¢|; +1
= M-+ (1 - Nw—c)|5+1 (since A+ (1—-A)=1)
<Alp—c3+ (1 =N |w—¢|3d+1 (by inequality (3.5))
= A(llp —€ll3 + 1) + (1 = M) (|lw — efl3 + 1)

=Af(p) + (1 =N f(w)

Therefore,
FOp+ (1 =Nw) <Af(p) + (1= N)f(w)

By nature, the domain R? is a convex set. Accordingly, the function is convex in its domain.
. J

3.5 Properties of convex and concave functions

Observation 3.11

A function f: D C R™ — R is convex in D if and only if the function — f is concave in
D.

Proof. Let f be convex in D. For every pair of points p,w € D and every A € [0, 1], we
have:

=N+ (1= Nw) = —f(p+ (1 - Nw)
> —(M(p) + (1 = N f(w))
(since f is convex, and —1 reverses the inequality)
= A=)+ 1 =) (=f)(w)

Therefore,
(=Hp+ (1 =Nw) > A(=f)(p) + (1 =) (=f)(w)

The domain D is a convex set, since f is convex in D. Accordingly, the function —f
is concave in its domain. The converse is proved in the same way, starting from the
inequality of the concave function — f and multiplying it by —1. O

Observation 3.12

Let f,g: D CR"™ — R be convex in D and let o, 5 > 0. Then the function o f + S g is
convex in D. The same holds for concave functions.
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Proof. For every pair of points p,w € D and every A € [0, 1], we have:
(af +Bg)(Ap+ (1 = Nw) = af(Ap+ (1 — Nw) + Bg(Ap+ (1 — Nw)

a(Mf(p) + (1= N f(w)) + B(Ag(p) + (1 — N)g(w))

(since f and g are convex, and a > 0, 5 > 0)

IN

Aaf(p) + B9(p)) + (1 = A)(af (w) + Bg(w))
= Xaf +B9)(p) + (1= X) (af + Bg)(w)

Therefore,
(af +B89)(Ap + (1 = Nw) < A(af + Bg)(p) + (1 = A) (af + Bg)(w)

The domain D is a convex set, since f is convex in D. Accordingly, the function af + Bg
is convex in its domain. For concave functions the same argument holds with >. O

e The point-wise maximum of convex functions is itself a convex function: this allows us to
combine multiple convex functions into a single one while preserving convexity.

Observation 3.13

For every m functions f; : D; C R™ — R convex in their domains, with ¢ € {1,2,...,m},
the function

f:ﬁDiQR"—)R, a:r—>max{fi(:1:):i€{1,2,...,m}}
i=1

is convex in its domain. Similarly, the minimum of m concave functions is concave in its
domain.

Proof. For every pair of points p,w € (-, D; and every X € [0, 1], we have:
fAp+ (1= Nw) =max {fi(Ap+ (1 - Nw) :i € {1,2,...,m}}
— (0P + (1 = Nw)
(for an index k € {1,2,...,m} attaining the maximum)

< Afr(p)+ (1 =N fr(w) (since fi is convex)

<Amax{fi(p) :i€{1,2,...,m}}
+ (1 =X max {f;(w):i € {1,2,...,m}}

(since A\ >0 and 1 —\ > 0)
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Therefore,
FOp+ (1= Nw) <Af(p) + (1 =N f(w)

The domain ()2, D; is a convex set, since it is the intersection of convex sets. Accord-
ingly, the function f is convex in its domain. The statement for the minimum of concave
functions follows by applying this one to —fi, ..., —fm. O

e The absolute value |z| = max{z, —z} of Example 3.5 is the maximum of the two functions
x and —z, which are convex (and concave), since the definition holds with equality:
—(Ap+ (1 = Nw) = A(=p) + (1 = A)(—w). The function of Example 3.6 is the minimum
of the two functions z + 2 and 4 — %:c, which are concave for the same reason: ()\p +(1-
Mw)+2 = Ap+2)+(1-A)(w+2) and 4— 1 (Ap+(1=Nw) = A(4—3p) +(1-A) (4—2w).
By the previous observation, we find again that the two functions are convex and concave,
respectively.

Example 3.10: maximum of convex functions

Consider the following two convex functions (Examples 3.2 and 3.1):

1 1
fi:R—R, flzx»—>1—0(x—10)2 and f2:R—R, fg:xHE$2

According to the previous observation, the following function is convex in its domain:

. . Lo iz L o2
f:R—=R, f.x»—>max{ 10(3: 10)7, 1037}

In the figure, the graph of f is the solid blue line; the dashed parts of the two parabolas lie
below it.

4 N
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Observation 3.14

For every m functions f; : D; C R™ — R convex in their domains, with ¢ € {1,2,...,m},
the set
m
{.T, e Di: filz) <0, Vie {1,2,...,m}}
i=1
is convex.
& J

Proof. For every pair of points p and w in the set and every A € [0,1], the point
Ap + (1 — M)w belongs to (2, D;, since p,w € D; and each domain D; is convex,
and for every ¢ € {1,2,...,m} we have:

fidp+ (1 = Nw) < Afi(p) + (1 = N)fi(w) (since f; is convex)

< A0+ (1—A)0

(since fi(p) <0, fi(w) <0, A>0and 1 — X >0)

=0
Therefore,
fildp+ (1 = Nw) <0, Vie{1,2,...,m}
Accordingly, Ap 4+ (1 — A)w belongs to the set and the set is convex. O

Example 3.11: convex set from convex functions

Consider the following two convex functions (Examples 3.4 and 3.3):
. R2 (T 2 .2 . R2 (T
fi1:R* =R, f1< )i—)m1+x2—9 and fo:R* = R, fg( )»—)xl-l—xg—l
9 2
According to the previous observation, the following is a convex set:

{(ml)ERQ: m%—l—x%—QSO and :c1+:1;2—1§0}
T2

It is the disk of radius 3 centered at the origin (red circle) cut by the half-plane z1 +z9 <1
(red line), shaded in red.
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4 ‘ ‘ B

\ 2+ 22=9

[
. \
N\

7

N /

Example 3.12: convex set from convex functions

Consider the following two convex functions:

fi:R? SR, fl:(i;) > |z1|+|ze|-2  and  fr:RZ SR, fo: (2) > 21 +22— 1.

The function f; is convex because |z1| = max{zi, —z1} and |zs] = max{wzg, —x2} are
maxima of convex functions (as |z| = max{z, —z} above), and the sum of convex functions
is convex; fo is convex by Example 3.3. Also in this case, according to the same observation,
the following is a convex set:

{(il> e R?: ]w1|+|x2|—2§0 and 1‘1+IE2—1§0}.
2

It is the square with vertices (£2,0) and (0, £2) (dashed) cut by the half-plane z; +x2 <1
(red line): the quadrilateral with vertices (—2,0), (0,—2), (3,—3) and (—3,3) shaded in
red.

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 37


https://github.com/fabiofurini/convex-optimization
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Convex Optimization

~

Z2

x7

The points that satisfy a finite number of constraints f;(x) < 0 with convex functions f;
form a convex set. For instance, every half-space {x € R" : a’x < b}, with @ € R™ and
b € R, is a convex set of this kind, since the linear function a’x — b is convex; so is every
intersection of finitely many half-spaces, as the polyhedra of linear programming.
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Chapter 4

Quadratic functions

4.1 Quadratic functions

Definition 4.1: quadratic function

Given a square symmetric matrix
a1 q12 --- din
Q1 q22 --- Q2n c R*n
gnl 4n2 --- dQnn
Q
the associated (scalar) function
T
xz n n
f : R™ — R, f : . —> Z Zqij.%'i.%'j (41)
: i=1 j=1
Tn z'Qx
T
is called a quadratic function.
- J

e If the square matrix of a quadratic function is not symmetric, it can be made symmetric
by replacing each off-diagonal pair with its average:

Gij + Qi Qij + qji
0 i — — 5

qij Vi,je{l,2,...,n}, i<j
This is valid because for every 4,7 € {1,2,...,n} with i < j, we have:
Qij TiTj + Qi 05 = Q35 TiTj + qj; Tikj
= (gij + gji) wiw;
= %(%’j + (sz‘) TiTj + %(qij + qji) TiTj
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_ %j"‘q]'imx'_'_Qij'f'sz‘

g Ui g Wit

Therefore, the quadratic functions defined by @ and %(Q + Q') are equivalent, since they
yield the same value for every € R"”.

Without loss of generality, we can assume that the matrix @ of a quadratic function is
symmetric.

Example 4.1: equivalent matrices for quadratic functions

Consider the following non-symmetric 3 x 3 matrix:

2 -4 0
2 2 6
0 -8 2

2+(=4)
2 p 0 2 1 0
24-(—4) —846 | — _
2 —2+ 1 2 1
0 —82+6 9 0 -1 2

Indeed, both matrices define the same function:

x1
f To = Qw% —4x129 + 22071 + 23:% + 6xox3 — 8x3T9 + 256%

x3
=222 — zy29 — 2x2 — — 212
= 227 12 — X2T1 + 225 — X2X3 — T3X2 + 2X3
= 222 4 222 + 222 — 2mq129 — 201
- 1 2 3 142 243

. _J
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4.2 Gradient, Hessian and level sets

Observation 4.2: gradient of a quadratic function

The gradient (vector of partial derivatives) of a quadratic function is:

9f(z)

8(;9(;;) Z?:l((hj + gj2)x; 2 2?21 q2;T;
Vf(x)= ‘ = ' _
851:) > i=1(tnj + qjn)z; 23701 anjj
2Qx
- J

Proof. For every k € {1,2,...,n}, only the terms of the double sum withi =k or j = k
contain the variable zy: the terms qx; xxx; contribute gx; z; to the derivative and the
terms ¢ x;x) contribute g, x; (the term gy aji, with ¢ = j = k, contributes 2 qii v,
once in each sum). Therefore:

n

a:ik) = @z Y qkmi= Y (ah +GR) T =2 Gk T
j=1 i=1

J=1 J=1

where the last equality holds since the matrix Q is symmetric (g = qi;)- O

Observation 4.3: Hessian of a quadratic function

The Hessian (matrix of second-order partial derivatives) of a quadratic function is:
Pf(x)  0*f(=) 9 f ()
0z7 Ox10x2 0x10%n
Pf(x)  9*f(x) 9 f ()
9 Oxo0x1 8:2% 0x20Tn
Vif(e) =
Pf(@)  0*f(=) 9 f ()
0rn0r1 OxnOxo ox2
i1 q12 ... {Qin
qi2 q22 ... Qon
=) )
din 492n --- Qnn
2Q
" J
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Proof. By the previous observation, for every k € {1,2,...,n} we have 85;? =
2 Z?:1 qk;j Tj, whose derivative with respect to x, is 2 g, for every h € {1,2,...,n}. O

Definition 4.4: level sets of a quadratic function

The level sets of a quadratic function (the sets of points in which the function is con-
stant) are:

{wER”: rQx=k }, Vk € R

e Depending on the matrix @, the nonempty level sets can be ellipsoids (ellipses in R?),
hyperboloids (hyperbolas in R?) or, when some directions do not change the value of
the function, cylinders (pairs of parallel lines in R?). For k = 0 there are also degenerate
cases: the single point 0 in place of an ellipsoid, two lines crossing at the origin in R?
(a cone in R™) in place of a hyperboloid, and a single line through the origin in R? (a
linear subspace in R™) in place of a cylinder. The graph of the quadratic functions of the
following examples is a paraboloid.

For a quadratic function with symmetric matrix Q, the gradient is Vf(x) = 2Q = and
the Hessian is the constant matrix V2f(z) = 2Q. At every point where the gradient is
nonzero, the gradient is perpendicular to the level set through that point.

Example 4.2: level sets of quadratic functions

1 0
0 1

f:R2—>R, f<z;>l—>(a:1 :UQ) <(1] (1)> <2>=x%+x%

With Q = <

>, the associated quadratic function is:
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The figure shows:
e Blue circle: level set 22 + 23 = 1 (radius 1)
e Orange circle: level set 22 + 23 = 4 (radius 2)

e Creen circle: level set 22 + 22 = 8 (radius v/8)

Example 4.3: level sets of quadratic functions

2

With Q = (_1

_2 ), the associated quadratic function is:

f:RZSR, f: (2) = (21 x2) (_21 _21> (2)

:21‘%— Tl To — x2x1+21‘§

=222 21 20+ 222
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The figure shows:
e Blue ellipse: level set 2 22 — 2 x1 29 + 2 23 = 2

e Orange ellipse: level set 2 2% — 2 21 29 +2 23 =8

1
0), the gradient of the quadratic function is:

wing- (1 °
W (@)-(2)

Example 4.4: gradients of quadratic functions
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The figure shows:

o Blue vectors (gradients with norm 2 on level set @3 + 23 = 1):
w(()=G) o (4)=(%)
vi((©)=(): v ((5)) =)

e Orange vectors (gradients with norm 4 on level set 22 + 23 = 4):
w((@)-G) w((&)-C)
vi((5)=(5): v ((5) =)

o Green vectors (gradients with norm 4v/2 on level set o3 + 23 = 8):
vr((5)= ) v (%)= ()
w((G)-G) w((2)-C)

Each gradient is perpendicular to the level set through its point.

-
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Example 4.5: gradients of quadratic functions

.

2

With Q = <_1

2

() (57
2 —2x1+4x

—1
), the gradient of the quadratic function is:

4 N
74 ]
) \'" -':
9| / |
_4 | | | | 2 | 4 ]
—4 —2
X1
N J

The figure shows:

e Blue ellipse: level set 2 22 — 2 21 x5 +2 23 = 2

e Blue vectors (gradients on the level set with norm 2v/2 at diagonal points and norm

2/5 at axis points):

vr((2)=():
vr((5)= (%)
v ()= (3):

i
i
7 ((

Also in this case, each gradient is perpendicular to the level set through its point.

))=(5)
0))=(3)
%)= ()

Author: Fabio Furini
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Example 4.6: graphs of quadratic functions

10 )
With Q = 0 1)’ we have f ((x )> = 22 + x3. Its graph is:
2

/

Example 4.7: graphs of quadratic functions

2 -1 :c
Witth(_l 2),Wehavef(<w

1
2

)) =222 — 2 x1 79+ 2 22, Its graph is:

-

Author: Fabio Furini
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4.3 Convexity of quadratic functions

Definition 4.5: positive semidefinite matrix

A square symmetric matrix @ € R"*" is positive semidefinite if:

£'Q x>0, Vo € R”

Proposition 4.6

For every square matrix @, if Q is positive semidefinite then the associated quadratic
function is convex in its domain.

Proof. If the matrix @ is positive semidefinite, for every pair of points p,w € R™ and
every A € [0,1], we have:

fAPp+(1-)) w)
=Ap+(1-Nw) QAp+(1-\) w)
=X pPQp+(1-N)wQuw
+AL=NPQuw+A(1-N)wQp
=ApQp+(1-N)wQuw
-A(1-X) (PRP+vw'Qw—-p'Qw—-w'Qp)
(since A2 =X —=A(1—=XAand (1-X)?=(1-=X)—-X(1-X)
=APQp+(1-NwQuw-A(1-X) (p-w)Q (p—w)
<APQp+(1-2)wQuw
(since Q is positive semidefinite and A (1 — ) > 0)
=Af(p)+ (1 -2 fw)

Therefore,
FOP+A =X w) <X f(p)+(1-A) f(w)

By nature, the domain R™ is a convex set. Accordingly, the function is convex in its
domain. ]

e We have shown that:
Q) positive semidefinite — convex quadratic function

so “@Q positive semidefinite” is a sufficient condition for “convex quadratic function” and
“convex quadratic function” is a necessary condition for “@Q positive semidefinite”.
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e The implication works also in the other direction, as stated by the following proposition.

Proposition 4.7

For every quadratic function, if the function is convex in its domain then the associated
square matrix @ is positive semidefinite.

Proof. If the quadratic function is convex, for every pair of column vectors p,w € R"
and every scalar A € (0,1), we have:

Ap+(1-Nw) QAp+(1-Nw) <APQp+(1-))wQw
where the left-hand side is:
Ap+(1-Nw) Q@ Ap+(1-X) w)
=XpPQp+(1-2)?wWQuw+A(1-N)pPQuw+A(1-))wQp

This implies, rearranging and simplifying, that:
AA1-NPQp+A(1-)\)wQw
“A1-NPQuw-A1-N)wQp=>0

which, since A (1 — \) > 0, implies:

PRQpPp+w'Quw—-pQuw-wQp=>0
=(p—w)'Q (p—w)

Every vector € R™ can be written as * = p — w (for instance, with p = x and
w = 0). Therefore, 'Q x > 0 for every € R", and the square matrix Q is positive
semidefinite. O

e We have shown that:
convex quadratic function = @ positive semidefinite

so “‘convex quadratic function” is a sufficient condition for “Q positive semidefinite” and
“@Q positive semidefinite” is a necessary condition for “convex quadratic function”.

e So we finally have:
Q positive semidefinite <= convex quadratic function

so “Q positive semidefinite” is a necessary and sufficient condition for “convex quadratic
function” and vice versa.
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Corollary 4.8

For every square matrix @, the associated quadratic function is convex in its domain if
and only if @ is positive semidefinite.

e With @ equal to the identity matrix, the quadratic function is f(z) = ’x = ||z||3, the
squared Fuclidean norm, whose convexity is proved in the chapter «Convex and concave
functions» directly from the definition. The identity matrix is positive semidefinite, since
'z =22+ 23+ -+ 22 >0, in agreement with the corollary.

e When z'Q x can be written as a sum of squares of linear functions, as in the following
example, the matrix @Q is positive semidefinite, and the convexity can also be proved
directly from the definition, with the inequality (Aa+ (1 — )\)b)2 < Aa? 4 (1= M\)b? of the
chapter «Convex and concave functions».

Example 4.8: a convex quadratic function

-

2

With Q = (_1

-1
5 ), for every & € R? we have:

Qr=22>-2x120+225 =22 + 23+ (21 —22)2 >0

Therefore, the matrix @ is positive semidefinite and, by the corollary, the quadratic function
of the previous examples is convex in its domain.

The same conclusion follows from the definition: for every pair of points p,w € R? and
every A € [0, 1], we have:

FQp+ (1= Nw)
— (g1 + (1= M) + Opz + (1 — Mwa)?
+ (A(p1 = p2) + (1= A) (w1 — wy))
< Apd + (1= Awi + Aps + (1 — w3

+ Ap1 = p2)® + (1 = A)(wy — wo)?

(by the inequality of the chapter «Convex and concave functionsy,

three times)
= A(pT + 03 + (01 — p2)?)
+ (1= A) (wi + w3 + (w1 — ws)?)
=Af(p)+ (1 =) f(w)
Therefore,

fOp+ (1= Nw) <Af(p) + (1 -\ f(w)

By nature, the domain R? is a convex set. Accordingly, the function is convex in its domain.

J

Author: Fabio Furini
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Example 4.9: a quadratic function that is not convex

1 0
0 -1

With Q = ( ), the quadratic function is

/()42

and its nonempty level sets with k # 0 are hyperbolas. The matrix @ is not positive

semidefinite, since:
1 0 0
o 0t 2)(0)=n1<0

By the corollary, the function is not convex in its domain. Indeed, with

() ()

the inequality of the definition of convex function does not hold:
1 1 0 1 1
(ov o) =s((0)) =0 > 1=bsr+ s

4.4 Quadratic functions with a linear part

e In optimization problems we often find functions that are the sum of a quadratic function,
a linear function and a constant: given a square symmetric matrix Q € R"*", a vector
c € R" and a scalar d € R,

n n n
g: R" - R, g:asz'Qw+c’m+d:ZZqijxixj+cha:j+d
i=1 j=1 j=1

e Since the derivative of ¢’ + d with respect to xy, is ¢, the gradient and the Hessian are:

Vg(x) =2Qz + c, V2g(:13) =2Q

e The function h(x) = ¢’z + d is convex (and concave) in its domain, since the definition
holds with equality: for every pair of points p,w € R™ and every A € [0, 1], we have:

h(Ap+ (1 — Nw)
=cd(Ap+(1-Nw)+d
=Adp+ (1 =N cw+ A+ (1-N\)d
(since A+ (1 —A) = 1)
= A(p) + (1 = Mh(w)

Therefore, both inequalities of the definitions of convex and concave function hold with
equality. By nature, the domain R" is a convex set. Accordingly, the function h is convex
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and concave in its domain. Since the sum of convex functions is convex (chapter «Convex
and concave functions» ), if the matrix @ is positive semidefinite, the function g is convex
in its domain. Conversely, if g is convex, the quadratic function #'Q x = g(x)+ (—c’ a:—d)
is convex, as the sum of two convex functions, and the matrix @ is positive semidefinite
by the corollary.

A quadratic function £'Q x is convex in its domain if and only if the matrix Q is positive
semidefinite. Adding a linear function and a constant does not change its convexity.
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