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Chapter 5

Optimization problems

5.1 Problems in one variable

Exercise 5.1 — Optimization problem (E1)

Consider the following objective function and feasible region:

['R=R, froz—|z—1] and F={zeR:-1<zx<3}=[-13].

Questions
1. Write the associated optimization problems in minimization and maximization forms.
2. Draw the graph of the objective function over the feasible region.

3. Find all optimal solutions and the optimal value for both forms.

A J

1. The associated optimization problems in minimization and maximization forms are:

min{]x—l] subject to —1§m§3}

max{\x—1| subject to —1§x§3}

2. The graph of the objective function over the feasible region is red; the feasible region
is the red part of the z-axis and the optimal solutions are marked in blue. The graph
is made of two segments, which meet at the point (1,0).
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3. The feasible region is the interval F' = [—1,3]. The objective function is f(z) =1—=x
for x < 1 and f(z) =  — 1 for x > 1: it is not linear, its graph is made of two
segments.

e For the minimization form, since f(x) = |z — 1| > 0 = f(1) for every feasible
x, and |z — 1| = 0 only for z = 1, the unique optimal solution and the optimal
value are:

z(P)= (1) and z(P)=0.

e For the maximization form, for every feasible x we have —2 < x—1 < 2 and then
f(z) = |z —1| <2, with |x — 1| = 2 only for z = —1 and = = 3. The problem
has two optimal solutions and the optimal value is:

argmax { |z — 1| subjectto —1 <z <3} ={-1,3} and 2z(P)=2.

- J

Exercise 5.2 — Optimization problem (E2)

Consider the following objective function and feasible region:

fR=oR, from —a?+4z+1 and F={zeR:0<z<5}=]0,5].

Questions
1. Write the associated optimization problems in minimization and maximization forms.
2. Draw the graph of the objective function over the feasible region.

3. Find all optimal solutions and the optimal value for both forms.
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1. The associated optimization problems in minimization and maximization forms are:

min{ —2? 4+ 4x+1 subjectt00§x§5}

max{ — 2’ +4r+1 subjecttoOﬁ:ESS}

2. The graph of the objective function over the feasible region is red; the feasible region
is the red part of the z-axis and the optimal solutions are marked in blue. Since f
takes negative values, the z-axis is drawn at the bottom of the figure; the horizontal
grid line at height 0 is the line f(z) = 0.

4 N
f(z)

5,,
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3. Completing the square, the objective function can be written as
fx)= a2 +4z+1=5— (22 — 4z +4)=5— (z — 2)°.

e For the minimization form, for every feasible x we have —2 < x —2 < 3 and then
(r —2)2 <9, with (x — 2)2 = 9 only for = 5 (the other solution x = —1 is not
feasible). Therefore f(x) = 5 — (x — 2)? > —4 = f(5) and the unique optimal
solution and the optimal value are:

Z(P)=(5) and 2z(P)=—4.
e For the maximization form, since (z — 2)? > 0, we have f(z) =5 — (v — 2)? <

5 = f(2) for every feasible x, with equality only for x = 2. The unique optimal
solution and the optimal value are:

#(P)=(2) and z(P)=5.

The value at the other endpoint of the feasible region, f(0) = 1, is neither the mini-
mum nor the maximum.
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Exercise 5.3 — Optimization problem (E3)

Consider the following objective function and feasible region:

fRoR, fram|z—1+|z+1] and F={zxeR:-3<zx<2}=[-3,2]

Questions
1. Write the associated optimization problems in minimization and maximization forms.
2. Draw the graph of the objective function over the feasible region.

3. Find all optimal solutions and the optimal value for both forms.

- J

1. The associated optimization problems in minimization and maximization forms are:

min{|a:—1|+\a:+1| subject to —3§x§2}

max{]x—l]+|x+1] subject to —3§x§2}

2. The graph of the objective function over the feasible region is red; the feasible region
is the red part of the z-axis and the optimal solutions are marked in blue. Removing
the absolute values on each interval, the objective function is

—2r ifx< -1,
flz)y=1<¢2 if —1<z<1,
2z ifx>1,

and its graph is made of three segments.
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3. The feasible region is the interval F' = [-3,2].

e For the minimization form, by the triangle inequality,
fle)=1-z|+|z+1>|1-2)+(x+1)]=2 VzeR.

For —1 <z <1 we have f(z) = (1 —z) + (z + 1) = 2, while f(z) = —2z > 2
for x < —1 and f(x) = 2z > 2 for x > 1. The problem has infinitely many
optimal solutions (the blue segment) and the optimal value is:

argmin { |z — 1| + |z + 1| subject to —3 <z <2} =[-1,1] and z(P)=2.

e For the maximization form, we compare the three pieces: for —3 < z < —1 we
have f(x) = —2x < 6, with equality only for z = —3; for —1 < x < 1 we have
f(z) = 2; for 1 <z <2 we have f(x) = 2z < 4. The unique optimal solution
and the optimal value are:

Z(P)=(-3) and z(P)=6.

Exercise 5.4 — Optimization problem (E4)

Consider the following objective function and feasible region:

fiRoR, fixra®>—4x+5 and F={zeR:2>0}=]0,+0).

Questions

1. Write the associated optimization problems in minimization and maximization forms.
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2. Draw the graph of the objective function over the feasible region.

3. Find all optimal solutions and the optimal value for both forms, or explain why they
do not exist.

. J

1. The associated optimization problems in minimization and maximization forms are:

min{x2—4x+5 subjecttoa:ZO}

max{$2—4:v+5 subjectto:cZO}

2. The graph of the objective function over the feasible region is red; the feasible region
is the red part of the z-axis and the optimal solutions are marked in blue. The feasible
region is a half-line: the graph continues upward on the right of the figure.

~

f(x)
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3. Completing the square, the objective function can be written as
flx)=2? -4z +5=(x—2)2+1.

e For the minimization form, since (z — 2)? > 0, we have f(z) > 1 = f(2) for
every feasible z, with equality only for £ = 2. The unique optimal solution and
the optimal value are:

#(P)=(2) and 2z(P)=1.
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e For the maximization form, the objective function increases indefinitely: for
every value M > 0, the point x = M + 3 is feasible and

f(M+3)=(M+1)*+1> M.

Therefore no feasible solution can be optimal: the problem is unbounded and

Exercise 5.5 — Optimization problem (FE5)

Consider the following objective function and feasible region:

fRoR, fro—a?+1 and F={zcR:z>3, 2> <4}.

Questions
1. Write the associated optimization problems in minimization and maximization forms.
2. Draw on the z-axis the set of points that satisfy each constraint.
3. Find all optimal solutions and the optimal value for both forms, or explain why they

do not exist.

A J

1. The associated optimization problems in minimization and maximization forms are:

min{x2+1 subject to x > 3, $2§4}

max{w2+1 subject to x > 3, w2§4}

2. The constraint 22 < 4 is satisfied exactly by the points of the interval [—2, 2] (violet),
since 2 < 4 if and only if |z| < 2. The constraint x > 3 is satisfied by the points of
the half-line [3,+00) (orange). The two sets have no point in common.
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3. Every point with > 3 has 22 > 9 > 4, so it violates the second constraint: no point
satisfies both constraints and the feasible region is empty,

F={zeR:z>3}Nn[-2,2]=0.

Both the minimization and the maximization form are infeasible: they have no
feasible solution, hence no optimal solution, and z(P) is not defined. The objective
function plays no role: the same holds for every objective function with this feasible
region.

Exercise 5.6 — Optimization problem (E6)

Consider the following objective function and feasible region:

f:RoR, fror2?—22+2 and F={zeR:-1<z<1}=[-1,1).

Questions
1. Write the associated optimization problems in minimization and maximization forms.
2. Draw the graph of the objective function over the feasible region.
3. Find all optimal solutions and the optimal value for both forms, or explain why they

do not exist.

AN J

1. The associated optimization problems in minimization and maximization forms are:

min{x2—2x+2 subject to —1§:1:<1}

max{x2—2x+2 subject to —1§x<1}

2. The graph of the objective function over the feasible region is red; the feasible region
is the red part of the z-axis and the optimal solutions are marked in blue. The point
x = 1 does not belong to the feasible region (empty circles).
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3. Completing the square, the objective function can be written as
f@)=2-22+2=(z-1)+1

e For the minimization form, since x # 1 for every feasible x, we have f(x) =
(x —1)2+1 > 1; on the other hand, the values of f get as close to 1 as we want:
for example f (1 — %) =1+ % for every integer k£ > 1. The infimum of f over
F is 1, but no feasible solution is optimal: for every & € F, the point xTH is
feasible (it lies between = and 1) and

()= () = vice =

The problem has an unattainable infimum: there is no optimal solution and
z(P) is not defined.

e For the maximization form, for every feasible x we have —2 < x — 1 < 0 and
then (z — 1)? < 4, with equality only for # = —1. Therefore f(x) <5 = f(-1)
and the unique optimal solution and the optimal value are:

Z(P)=(-1) and z(P)=5.

Exercise 5.7 — Optimization problem (E7)

Consider the following objective function and feasible region:

f:R=R, froma®—32°-92+5 and F={zcR:-2<2<5}=[-2,5].
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Questions
1. Write the associated optimization problems in minimization and maximization forms.
2. Draw the graph of the objective function over the feasible region.
3. Find all optimal solutions and the optimal value for both forms.
4. Prove that x = —2 is a point of local minimum of f in F, but not a point of (global)

minimum.
\\ J

1. The associated optimization problems in minimization and maximization forms are:

min{:c3—3:c2—9:c+5 subject to —2§w§5}

max{x3—3x2—9x+5 subject to —2§§c§5}

2. The graph of the objective function over the feasible region is red; the feasible region
is the red part of the x-axis and the optimal solutions are marked in blue. The point of
local minimum that is not a point of global minimum is violet. Since f takes negative
values, the z-axis is drawn at the bottom of the figure.

~

N /

3. We compare f with the candidate optimal values using the following factorizations,
which can be checked by expanding the products:

f(x)+22 =23 322 — 92 + 27 = (z — 3)? (z + 3),
f(z)—10=2% 322 -9z - 5= (z+ 1)? (z - 5).
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e For the minimization form, for every feasible x we have x +3 > 1 > 0 and
(x —3)2 >0, s0 f(z)+22 >0, that is f(x) > —22 = f(3), with equality only
for x = 3. The unique optimal solution and the optimal value are:

Z(P)=(3) and z(P)=—22.

e For the maximization form, for every feasible  we have z—5 < 0 and (z+1)? > 0,
so f(x) — 10 < 0, that is f(x) < 10, with equality only for x = —1 and = = 5.
The problem has two optimal solutions and the optimal value is:

argmax { z° — 37> — 92 + 5 subject to —2 <z <5} = {-1, 5}

and

2(P) = 10.

4. We have f(—2) = —-8—-12+ 18+ 5 =3 and
fz)—3=23—-322 -9z +2=(z+2) (22 -5z +1).

In the spherical é-neighborhood N ((—2),1) we have N ((—2),1) N[-2,5] = [-2,—1).
For every x € [-2,—1) we have z+2 > 0 and, since 2 > 1 and —5x > 5, 2> —5x+1 >
7 > 0. Therefore

f(=2)=3 < f(x), Vz € N((-2),1) Nn[-2,5] = [-2,-1),

and x = —2 is a point of local minimum of f in F', with local minimum 3. It is not a
point of (global) minimum, since f(3) = —22 < 3 = f(—2): an optimization method
that only looks at the points close to £ = —2 would miss the optimal solution of the

minimization form.
(. J

Exercise 5.8 — Optimization problem (FE9)

Consider the following linear objective function and feasible region:

fR=R, frz—ao-—1 and F={zeR:0<z<3}=]0,3).

Questions
1. Write the associated optimization problems in minimization and maximization forms.
2. Draw the graph of the objective function over the feasible region.

3. Find all optimal solutions and the optimal value for both forms.
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Solution |

1. The associated optimization problems in minimization and maximization forms are:

min{x—l subjectt00§w<3}

max{w—l subjectt00§x<3}

2. The graph of the objective function over the feasible region is red; the feasible region
is the red part of the z-axis and the optimal solutions are marked in blue. The point
x = 3 does not belong to the feasible region: the empty circles mark the excluded
endpoint of the feasible region and of the graph.

‘ A
f(x)

N J

3. The feasible region is the interval F' = [0,3), which contains 0 but not 3, and the
linear function f is strictly increasing.

e For the minimization form, since for every feasible x we have z > 0 and then
f(z) =2 —1> —1= f(0), the unique optimal solution and the optimal value
are:

Z(P)=(0) and z(P)=-—1.

e For the maximization form, for every feasible x we have x < 3 and then f(x) =

x — 1 < 2; moreover, for every feasible x the point “”TH’ is feasible and

f(m_;?’):m;l >z —1= f(),

so no feasible point is optimal, while f(z) gets as close as we want to 2 when x

gets close to 3. The problem has an unattainable supremum: sup{ f(z) : z €
F'} = 2 is not attained, there is no optimal solution and

argmax {  — 1 subject to 0 <2 <3} =0 and z(P) is not defined.
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Exercise 5.9 — Optimization problem (£10)

Consider the following function:

f:[-1,4 - R, f:azm 2492 — 622+ 23

Questions

1. Prove, using the definition, that the point (3) is a point of local minimum of f in
[—1,4].

2. Prove, using the definition, that the point (1) is a point of local maximum of f in

(~1,4].

3. Find all the points of (global) minimum and maximum of f in [—1,4], that is, the
optimal solutions of the optimization problems min{ f(z) subject to —1 < x <4}
and max{ f(x) subject to —1<x <4}.

4. Draw the graph of the function.

A J

1. We have f(3) =2+27 —54+27 =2 and

f(z)—f(3) =23 - 622+ 9z =z (z — 3)2

We use the spherical §-neighborhood N ((3), 4), for which N ((3),1)n[-1,4] = (3, 2).
For every x in this interval we have z > 0 and (z — 3)? > 0, so f(z) — f(3) > 0
Therefore,

i®=2< fo), veen(®3)nl-14=(21),

and x = 3 is a point of local minimum of f in [—1, 4], with local minimum 2.

2. We have f(1) =2+9—-6+1=06 and

flx)—fQ)=2°-622+92—4=(z—4)(z— 1)

fW=62 f@,  wwen(3)nl14=(53):

and x = 1 is a point of local maximum of f in [—1, 4], with local maximum 6.
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3. We study the minimum and the maximum separately.

e Minimum. We have f(-1)=2—-9—-6 —1= —14 and

3 9 9 72 15
F(2)+14 = 23— 622+92+16 = (z+1) (22— T2+16) = (z+1) ((m - 5) + 4) :
For every = € [—1,4] we have x + 1 > 0, and the second factor is positive, so
f(z) > =14 = f(—1), with equality only for x = —1. The unique point of
minimum is * = —1 and the minimum is —14. The point of local minimum
x = 3 is not a point of (global) minimum, since f(—1) = —14 < 2 = f(3).

e Maximum. The factorization of the second question holds for every x: for every
x € [-1,4] we have x —4 < 0, so f(z) — 6 = (x — 4)(z — 1)? < 0, with equality
only for x = 1 and x = 4. The function has two points of maximum and the
maximum is 6:

argmax { f(z) subject to —1 <z <4} ={1, 4}.

The point of local maximum x = 1 is also a point of (global) maximum.

4. The graph of the function is red; the domain is the red part of the z-axis, the points
of (global) minimum and maximum are blue and the points of local minimum or
maximum that are not global are violet. Since f takes negative values, the z-axis is
drawn at the bottom of the figure.

—14 |
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Exercise 5.10 — Optimization problem (E11)

Consider the following function:

f:00,4 =R, f:z+— 54 54z — 225,

Questions

1. Prove, using the definition, that the point (3) is a point of local maximum of f in
[0,4].

2. Prove, using the definition, that the point (4) is a point of local minimum of f in

[0, 4].

3. Find all the points of (global) minimum and maximum of f in [0,4], that is, the
optimal solutions of the optimization problems min{ f(z) subject to 0 <z <4} and
max{ f(z) subject to 0 <z <4}.

4. Draw the graph of the function.

A J

1. We have f(3) =5+ 162 — 54 = 113 and

f(3) — f(x) = 223 — 54z + 108 = 2 (x — 3)% (z + 6).

We use the spherical §-neighborhood N ((3),1), for which N ((3),1) N[0,4] = (2,4)
For every z in this interval we have z + 6 > 0 and (x — 3)? > 0, so f(3) — f(z) >0
Therefore,

f(3) =113 > f(x), Vo € N((3),1) N[0,4] = (2,4),

and x = 3 is a point of local maximum of f in [0, 4], with local maximum 113.

2. We have f(4) =5+ 216 — 128 = 93 and
f(z) — f(4) = —22° + 54z — 88 = —2 (z — 4) («? + 4z — 11).

We use the spherical d-neighborhood N ((4), 3), for which N((4),3) N[0,4] = (%, 4].
For every x in this interval we have x — 4 < 0 and, since x > %,

211> 2 1u-11=259
4 4
so f(x) — f(4) = —2(x — 4) (#2 + 42 — 11) > 0. Therefore,

F4) =93 < f(z), VxeN((ZL),%)m[OA]: (54}

and x = 4 is a point of local minimum of f in [0, 4], with local minimum 93.
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3. We study the minimum and the maximum separately.

e Maximum. The factorization of the first question holds for every z: for every
x € [0,4] we have z+6 > 0, so f(3) — f(x) = 2(x — 3)?(z+6) > 0, with equality
only for z = 3. The unique point of maximum is £ = 3 and the maximum is 113:
the point of local maximum is also a point of (global) maximum.

e Minimum. We have f(0) =5 and
f(z) — 5 = bdx — 223 = 22 (27 — z2).

For every = € [0,4] we have x > 0 and 2% < 16 < 27, so f(z) > 5 = f(0), with
equality only for x = 0. The unique point of minimum is z = 0 and the minimum
is 5. The point of local minimum x = 4 is not a point of (global) minimum, since

f(0) =5 < 93 = f(4).

4. The graph of the function is red; the domain is the red part of the z-axis, the points
of (global) minimum and maximum are blue and the points of local minimum or
maximum that are not global are violet.

[ N
/(@)

113 +

93 +

Exercise 5.11 — Optimization problem (£12)

Consider the following function:

f:[-2,3] =R, f:z—1—12z — 3z% + 22>

Questions
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1. Prove, using the definition, that the point (—1) is a point of local maximum of f in
[_27 3] .

2. Prove, using the definition, that the point (2) is a point of local minimum of f in
[—2,3].

3. Find all the points of (global) minimum and maximum of f in [—2,3], that is, the
optimal solutions of the optimization problems min{ f(x) subject to —2 <z < 3}
and max{ f(z) subject to —2 <z <3}.

4. Draw the graph of the function.

& J

1. We have f(-1)=1+12—-3—-2=8 and

f@)—f(-1) =223 -322 - 122 — 7= (z+1)2 (22 - 7).

We use the spherical d-neighborhood N ((—1),1), for which N((-1),1) N [-2,3] =
(—=2,0). For every z in this interval we have 2z — 7 < 0 and (z + 1)2 > 0, so
f(z) — f(=1) < 0. Therefore,

f(=1)=8 > f(x), Vo € N((-1),1) n[-2,3] = (-2,0),

and x = —1 is a point of local maximum of f in [—2, 3|, with local maximum 8.

2. We have f(2) =1—-24—-12+ 16 = —19 and
f(z) — f(2) = 22° — 322 — 122+ 20 = (z — 2)® (22 + 5).

We use the spherical §-neighborhood N ((2),1), for which N'((2),1) N[-2,3] = (1, 3).
For every z in this interval we have 2z +5 > 0 and (x — 2)%2 > 0, so f(z) — f(2) > 0.
Therefore,

f@2)=-19 < f(z), VzeN((2),1)n[-23=(1,3),
and x = 2 is a point of local minimum of f in [—2, 3], with local minimum —19.
3. The two factorizations hold for every z, and every x € [—2, 3] satisfies 22 —7 < —1 < 0
and 2z +5 > 1> 0. Then, for every z € [-2, 3],
f)=8=(x+1)2Q2z—-7) <0 and f(x)+19=(z—2)*(2z+5) >0,

with equality only for x = —1 and only for z = 2, respectively. The unique point of
maximum is £ = —1, with maximum 8, and the unique point of minimum is z = 2,
with minimum —19: both points of the first two questions are global optima.
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4. The graph of the function is red; the domain is the red part of the x-axis, the points of
(global) minimum and maximum are blue. Since f takes negative values, the z-axis
is drawn at the bottom of the figure. At the endpoints we have f(—2) = —3 and
f(3) = —8: since f is increasing near both endpoints, x = —2 is a point of local
minimum and xz = 3 is a point of local maximum, which are not global, and they are

violet.

a N

Exercise 5.12 — Optimization problem (E13)

Consider the following function:

f:[-2,3] =R, f:z~3—222+2h

Questions

1. Prove, using the definition, that the point (—1) is a point of local minimum of f in

[~2,3].

2. Prove, using the definition, that the point (0) is a point of local maximum of f in

[~2,3].

3. Prove, using the definition, that the point (1) is a point of local minimum of f in

[—2,3].

4. Find all the points of (global) minimum and maximum of f in [—2,3], that is, the
optimal solutions of the optimization problems min{ f(z) subject to —2 <z <3}
and max{ f(z) subject to —2 <x <3}.

5. Draw the graph of the function in the interval [—2, 2].
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1. We have f(-1)=3—-2+1=2and

f@)—f(-1)=z*-222+1=(22-1)2>0, VzeR

In particular, for the spherical §-neighborhood N ((—1), %) we have

=2 < f@), VeeN(-1,3)n23=(-3-3),

and x = —1 is a point of local minimum of f in [—2, 3|, with local minimum 2.

2. We have f(0) = 3 and

f(@) — £(0) = z* — 222 = 22 (2% — 2).

We use the spherical §-neighborhood N ((0),3), for which N((0),1) n[-2,3] =
(—3.3). For every z in this interval we have 22 < 1 < 2, so f(z) — f(0) < 0
Therefore,

[0 =32 f@), VeeN(©).3)n23=(-53)

and x = 0 is a point of local maximum of f in [—2, 3], with local maximum 3.

3. We have f(1) = 2 and, as in the first question, f(x) — f(1) = (2% — 1)2 > 0 for every
x € R. In particular,

f=2 < f@, veen(W,3)n-23=(53):

and x = 1 is a point of local minimum of f in [—2, 3], with local minimum 2.

4. We study the minimum and the maximum separately.

e Minimum. For every = € [~2,3] we have f(x)—2 = (22—1)? > 0, with equality

only for x = —1 and x = 1. The function has two points of minimum and the
minimum is 2:

argmin { f(z) subject to —2 <z <3} ={-1,1}.
e Maximum. We have f(3) =3 — 18 4+ 81 = 66 and
66 — f(x) = 63 4+ 222 — 2% = (9 — %) (2 4+ 7).

For every z € [—2, 3] we have 22 < 9, so f(z) < 66 = f(3), with equality only for
x = 3 (the value x = —3 is not in the domain). The unique point of maximum
is x = 3 and the maximum is 66. The point of local maximum z = 0 is not a
point of (global) maximum, since f(0) =3 < 66 = f(3).
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5. The graph of the function in the interval [—2,2] is red and the interval [—2, 2], which
is a part of the domain, is the red part of the xz-axis; the points of (global) minimum
are blue and the point of local maximum that is not global is violet. The point of
maximum z = 3, with f(3) = 66, is outside the figure.

a N

Exercise 5.13 — Optimization problem (£14)

Consider the following function:

f:00,5] > R, f:a~2®— 92+ 24z — 10.

Questions

1. Prove, using the definition, that the point (2) is a point of local maximum of f in
[0,5].

2. Prove, using the definition, that the point (4) is a point of local minimum of f in
[0,5].

3. Find all the points of (global) minimum and maximum of f in [0,5], that is, the
optimal solutions of the optimization problems min{ f(z) subject to 0 <z <5} and
max{ f(z) subject to 0 <z <5 }.

4. Draw the graph of the function.
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1. We have f(2) =8 — 36+ 48 — 10 = 10 and

f(x) — f(2) =2° — 922 + 242 — 20 = (z — 2)% (z — 5).

We use the spherical §-neighborhood N((Q), 1), for which N((2), 1) n[0,5] = (1, 3).
For every x in this interval we have z — 5 < 0 and (x —2)2 > 0, so f(z) — f(2) < 0.
Therefore,

f(2)=10 > f(x), Vo € N((2),1) N [0,5] = (1,3),

and 2 = 2 is a point of local maximum of f in [0, 5], with local maximum 10.

2. We have f(4) = 64 — 144 + 96 — 10 = 6 and
f@) — f(4) = 2® — 927 + 242 — 16 = (z — 4)* (z — 1).

We use the spherical §-neighborhood N ((4),1), for which N((4),1) N [0,5] = (3,5).
For every x in this interval we have z — 1 > 0 and (x — 4)2 > 0, so f(z) — f(4) > 0.
Therefore,

f4)=6 < f(z), VzeN((4),1)n[0,5]=(3,5),

and x = 4 is a point of local minimum of f in [0, 5], with local minimum 6.

3. We study the minimum and the maximum separately.

e Maximum. The factorization of the first question holds for every x: for every
x € [0,5] we have z — 5 < 0, so f(z) — 10 = (z — 2)%(z — 5) < 0, with equality
only for x = 2 and x = 5. The function has two points of maximum and the
maximum is 10:

argmax { f(z) subject to 0 <z <5} = {2, 5}.

The point of local maximum x = 2 is also a point of (global) maximum.

e Minimum. We have f(0) = —10 and

2 1
f(:z:)+10—x3—9x2+24:1:—:v(:v2—9:v+24)—:1:<(x—z) —1—45>

For every x € [0,5] we have z > 0, and the second factor is positive, so f(z) >
—10 = f(0), with equality only for z = 0. The unique point of minimum is z = 0
and the minimum is —10. The point of local minimum z = 4 is not a point of
(global) minimum, since f(0) = —10 < 6 = f(4).

4. The graph of the function is red; the domain is the red part of the z-axis, the points
of (global) minimum and maximum are blue and the points of local minimum or
maximum that are not global are violet. Since f takes negative values, the z-axis is
drawn at the bottom of the figure.
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4 h

Exercise 5.14 — Optimization problem (E15)

Consider the following function:

f:[-1,3] = R, f:zw—22%—32% — 122+ 5.

Questions

1. Prove, using the definition, that the point (—1) is a point of local maximum of f in
[_L 3] .

2. Prove, using the definition, that the point (2) is a point of local minimum of f in

[—1,3].

3. Find all the points of (global) minimum and maximum of f in [—1,3], that is, the
optimal solutions of the optimization problems min{ f(z) subject to —1 <z < 3}
and max{ f(z) subject to —1 <z <3}.

4. Draw the graph of the function.

AN J

1. We have f(—-1) = —-2—-3+4+12+45=12 and

f@)—f(-1) =223 -322 — 122 — 7= (z +1)2 (22 — 7).

We use the spherical §-neighborhood N((—l), %) = ( — %, —%) The point x = —1
is the left endpoint of the domain, so only the points on its right are considered:

N((-1),3)N[-1,3] = [—1,—1). For every  in this interval we have 2z —7 < 0 and
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(x +1)2>0,s0 f(z) — f(—1) < 0. Therefore,

f(-1)=12 > f(z), Vaxe N((—l), %) N[-1,3] = [— 1,—%),

and = —1 is a point of local maximum of f in [—1, 3], with local maximum 12.

2. We have f(2) =16 —12 —24 +5 = —15 and
fx) — £(2) = 22% — 3¢® — 122 + 20 = (z — 2)% (2z + 5).

We use the spherical d-neighborhood N ((2), %), for which N ((2), %) N[-1,3] = %, %)
For every x in this interval we have 2z +5 > 0 and (z —2)2 > 0, so f(z) — f(2) >0
Therefore,
1 35
f@=-15 < f@), VeeN(®@,;)n[-13=(573).

and x = 2 is a point of local minimum of f in [—1, 3], with local minimum —15.

3. The two factorizations hold for every x, and every x € [—1, 3] satisfies 22 —7 < —1 < 0
and 2x +5 > 3 > 0. Then, for every x € [—1, 3],

fl)—12=(z+1)2Q2z-7)<0 and f(z)+15=(z—2)?(2z+5) >0,

with equality only for x = —1 and only for z = 2, respectively. The unique point of
maximum is x = —1, with maximum 12, and the unique point of minimum is z = 2,
with minimum —15: both points of the first two questions are global optima.

4. The graph of the function is red; the domain is the red part of the z-axis, the points
of (global) minimum and maximum are blue. Since f takes negative values, the z-axis
is drawn at the bottom of the figure. At the right endpoint we have f(3) = —4: since
f is increasing near x = 3, it is a point of local maximum which is not global, and it

is violet.
a I
f(x)
12 +
5 s
4|
—15 |
T
-1 0 1 2 3
_ J
(. J
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5.2 Problems in two variables

Exercise 5.15 — Optimization problem (E8)

Consider the following objective function of two variables and feasible region:

fRZSR, f: <x1> — (21 — x2)?
Z2
and
F={xzecR?*:0<2 <2, 0<23<2}=10,2] x[0,2].
Questions

1. Write the associated optimization problems in minimization and maximization forms.

2. Draw the feasible region and the level curves of the objective function with values 0,
1 and 4.

3. Find all optimal solutions and the optimal value for both forms.

AN J

1. The associated optimization problems in minimization and maximization forms are:

min{(a:l —x2)2 subject to 0 < z1 <2, 0 < a9 < 2}

max{ (x1 —:U2)2 subject to 0 < 17 <2, 0 < 29 < 2}

2. The feasible region is the red square. Since f(x) = c if and only if x1 — 29 = /¢
or x1 — xg = —4/c¢, the level curves are straight lines parallel to the line 21 = xo:
the level curve with value 0 is the line z1 = x5, the one with value 1 is made of the
two lines 1 — x9 = +1 (dashed), and the one with value 4 is made of the two lines
x1 —xo = +2, which touch the square only at its corners (2,0) and (0, 2). The optimal
solutions are blue.
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a N

T2

z1

3. The feasible region is the square F' = [0, 2] x [0, 2].

e For the minimization form, f(z) = (x1 — 22)? > 0 for every feasible x, with
equality exactly when z; = x2. The problem has infinitely many optimal
solutions (the blue diagonal of the square) and the optimal value is:

argmin { (z1 — 22) subject tox € F } = {(i) 0<t< 2} and z(P)=0.

e For the maximization form, for every feasible & we have 0 < 27 < 2 and —2 <
—x9 < 0,50 =2 < x1 — w9 <2 and f(x) < 4. The equality 1 — 22 = 2 holds
only for z1 = 2 and zo = 0, and 1 — x2 = —2 only for 1 = 0 and o = 2. The
problem has two optimal solutions and the optimal value is:

argmax { (21 — z2)* subject to x € F' } = { <(2)> : <g>} and z(P)=4.

Exercise 5.16 — Optimization problem (E16)

Consider the following function:

f:D—=R, f: <§1) — x1 + To, with D =1]-2,2] x [-2,2].
2

Questions
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-2
1. Prove, using the definition, that the point < 2) is the unique point of minimum of
fin D.

2
2. Prove, using the definition, that the point <2> is the unique point of maximum of f
in D.

3. Draw the graph of the function in the domain D.

A J

1. For every <x1> € D we have £1 > —2 and x5 > —2. Therefore,
€2

() e re ().

with equality only for 1 = z9 = —2. Accordingly,

1((3) = /(() *(@)er

-2
and ( 2) is the unique point of minimum of f in D, with minimum —4.

2. For every <m1> € D we have 11 < 2 and xo < 2. Therefore,

() -memeesme-o()

2
with equality only for z1 = 2o = 2, and ( 2) is the unique point of maximum of f in

D, with maximum 4.

3. The graph of the function is the surface over the domain D, which is the red square
drawn on the bottom plane; the points of the graph corresponding to the point of
minimum and to the point of maximum are blue, with a dashed segment that joins
them to the bottom plane.
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Exercise 5.17 — Optimization problem (E17)

Consider the following function:

I

f:D—HR,f:( )»—>(a:1—2)2+(x2—2)2+1, with D =[—4,4] x [—4,4].

T2

Questions

2
1. Prove, using the definition, that the point ( 2) is a point of local minimum of f in D.

2. Prove that (;) is also the unique point of (global) minimum of f in D, and find all

the points of maximum of f in D.

3. Draw the graph of the function in the domain D.

- J

2 2
1. We have f ( (2)) = 1. We use the spherical j-neighborhood N ( <2> ) 1): for every

(ml) in it,
2
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Therefore,

() <) G ex(()r)ne

and <§> is a point of local minimum of f in D, with local minimum 1.

2. We study the minimum and the maximum separately.

2
e Minimum. The inequality f(<$1)> - f(<2>> =(z1 -2+ (22—-2)2>0
)
holds for every (xl) € D, not only in the neighborhood, with equality only for
Z2

2
x1 = x5 = 2. The point <2> is the unique point of minimum of f in D and the

minimum is 1.

I
T2
so (z1—2)? < 36 and (z2—2)? < 36, with equality only for z1 = —4 and 2o = —4,
respectively. Therefore,

(@) memen=rer(()

—4
and < 4> is the unique point of maximum of f in D, with maximum 73.

e Maximum. For every ( > € Dwehave —6 <x1—2<2and —6 < x9—2 < 2,

3. The graph of the function is the surface over the domain D, which is the red square
drawn on the bottom plane; the points of the graph corresponding to the point of
minimum and to the point of maximum are blue, with a dashed segment that joins
them to the bottom plane.

- - ™
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Exercise 5.18 — Optimization problem (E18)

Consider the following function:

1
f:D—>IR,f:<m1>»—>x%+x%+2—10(x‘11+a:3), with D = [—4,4] x [—4,4].
Z2

Questions

1. Prove, using the definition, that the point (8) is a point of local minimum of f in D.

2. Prove that (8) is not a point of (global) minimum of f in D, and find all the points

of minimum of f in D, that is, the optimal solutions of the optimization problem
min{ f(x) subject to x € D }.

3. Draw the graph of the function in the domain D.

N\ /

1. We have f <(8>> = 2. We use the spherical d-neighborhood N ( <8> ,2): for every

x1\ . .
<1) in it we have 27 < 2% + 73 < 4 and 23 < 4, hence

€2
z2 4 3 z2 3
=L sil—— == g =2
10> 10 5>0 an 10>5>0,
and then
I . 0 2 _.T_% 2 _'%;% >
(@) -7(() = (-5) +2(1-5) 0
Therefore,

(@) <) ¢()en((5)2)nn

and <O> is a point of local minimum of f in D, with local minimum 2.

2. We write f as a sum of two functions of one variable:

t4

f((il)) =24 g(x1) +glaa), with  g(t) :t2—1—0.
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We have g(4) = 16—% _ _% and

48  —t*+102 +96 _ (16 —t*) (t* 4 6)

t .
9(t) + % 10 10

For every t € [—4,4] we have t? < 16, so g(t) > —%, with equality only for ¢t = —4

and t = 4. Therefore, for every (961) €D,
€2

f L1 22_§_§:_@,
T2 5 5 5

with equality only when both z; and x5 are equal to —4 or 4. The function has four

points of minimum, the corners of D, and the minimum is —%:

wemin 1) st 2} = { (22, (7). (4). ()}

The point of local minimum (8) is not a point of (global) minimum, since —% < 2.

3. The graph of the function is the surface over the domain D, which is the red square
drawn on the bottom plane; the points of the graph corresponding to the four points
of minimum are blue and the point corresponding to the point of local minimum that
is not global is violet, with a dashed segment that joins them to the bottom plane.

4 N
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Exercise 5.19 — Optimization problem (£19)

Consider the following function:

1
f:D—=R, f: <$1> 23 4 23 — §x%x%, with D =[-3,3] x [-3,3].
T2

Questions

1. Prove, using the definition, that the point (8) is a point of local minimum of f in D.

2. Prove that (8) is not a point of (global) minimum of f in D, and find all the points

of minimum of f in D, that is, the optimal solutions of the optimization problem
min{ f(x) subject to x € D }.

3. Draw the graph of the function in the domain D.

N\ /

1. We have f<(8>) = 0. We use the spherical -neighborhood N ( <8> , 1): for every

2
T\ . . % 1
< 1) in it we have 23 < 23 + 23 < 1, hence 1 — —22 > 2’ and then

A
() <AE) )G )

and (g) is a point of local minimum of f in D, with local minimum 0.

NN

1
2§$%+m%20.

Therefore,

2. We have f<<§>) = 9+9—% = —475 <0, so <8) is not a point of (global) minimum.

To find the points of minimum, we write
1 1 . 2 2
f :2—§uv, with u=x7—2 and v=ux5—2.

For every (xl)eDwehaveOSx%§9and0§x%§9,so—2§u§7and
Z2

—2 < v <7. Then:
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e if u >0 and v >0, we have uv < 7 -7 =49, with equality only for u = v =T,
e if u and v have opposite signs, we have uv < 0;

e if u <0 and v <0, we have uv = |u||v] <2-2=4.

In all cases uv < 49, so f(x) > 2— % = —%, with equality only for #2 = 23 = 9. The

function has four points of minimum, the corners of D, and the minimum is —%:

wemin {160 st oo 01 ={(=9), (7). (5). ()}

3. The graph of the function is the surface over the domain D, which is the red square
drawn on the bottom plane; the points of the graph corresponding to the four points
of minimum are blue and the point corresponding to the point of local minimum that
is not global is violet, with a dashed segment that joins them to the bottom plane.

-

Exercise 5.20 — Optimization problem (£20)

Consider the following function:

:D—>R, f: e > z? 4+ al — 28, with D =[-2,4] x [-2,4].
2 1 2 1

Questions

0
1. Prove, using the definition, that the point (0) is a point of local minimum of f in D.

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 33


https://github.com/fabiofurini/convex-optimization
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Convex Optimization

(&

. Prove that (8) is not a point of (global) minimum of f in D, and find all the points

. Draw the graph of the function in the domain D.

of minimum of f in D, that is, the optimal solutions of the optimization problem
min{ f(x) subject to x € D }.

J

1. We have f ( <8)) = 0. We use the spherical d-neighborhood N((0> ) %) for every

. We have f((gl)) =16—-64=—-48 <0, so <8> is not a point of (global) minimum.

. The graph of the function is the surface over the domain D, which is the red square

0

1\ ..
< 1) in it we have |21| < 1, hence 1 — 21 > 1, and then

f<<2>> _f<<8)> = (1~ o) + 2§ > cal+ad > 0.
(6) = (@) () en(() 3)r2

and <8) is a point of local minimum of f in D, with local minimum O.

Therefore,

Moreover,

P((5)) +48 = st at—o) +af = (4= ) (o 4 300 +12) 4.

where l’%+31'1+12 = (x1+%)2+% > 0. For every (i;

> € D we have 4 —x1 > 0, so

f(x) > —48, with equality only for z; = 4 and zo = 0. The point (3) is the unique

point of minimum of f in D and the minimum is —48.

drawn on the bottom plane; the point of the graph corresponding to the point of
minimum is blue and the point corresponding to the point of local minimum that is
not global is violet, with a dashed segment that joins them to the bottom plane.

Author: Fabio Furini
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~

Exercise 5.21 — Optimization problem (£21)

Consider the following function:

f:D—>R,f:<i1>r—>w%+w%+1—:r1x§, with D =[-1,5] x [-3,3].
2

Questions

1. Prove, using the definition, that the point (8) is a point of local minimum of f in D.

2. Prove that (8) is not a point of (global) minimum of f in D, and find all the points

of minimum of f in D, that is, the optimal solutions of the optimization problem
min{ f(x) subject to x € D }.

3. Draw the graph of the function in the domain D.

AN J

1. We have f ( (8)) = 1. We use the spherical §-neighborhood N ( (8) , %) for every

1\ ..
( 1) in it we have |71| < 1, hence 1 — 21 > 1, and then

Z2
a1 0 5 ) , 1,
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Therefore,

Q) = A v (Der(@)er

and (8) is a point of local minimum of f in D, with local minimum 1.

2. We have f<<g>) =254+94+1—-45=-10< 1, so (8) is not a point of (global)

minimum. To find the points of minimum, we check by expanding the products that

f((ii)) +% = (1 - g>2+(x1 — 1) (9 - ad).

For every <x1> € D we have 0 < 9 — sc% <9, and:
Z2
e if 1 > 1, both terms are nonnegative, so f(x) + % > 0, with equality only for
xlzgandx%:&
e if 71 <1, we have 71 — 1 < 0 and then (z; — 1)(9 — 23) > 9 (21 — 1), so
41 9\2 45
f(:n)—i—zz (w1—§> +9(w1—1):x%+z>0.

The function has two points of minimum and the minimum is —4741:

wemin {12 i 022} = {(3). (3)).

3. The graph of the function is the surface over the domain D, which is the red square
drawn on the bottom plane; the points of the graph corresponding to the two points
of minimum are blue and the point corresponding to the point of local minimum that
is not global is violet, with a dashed segment that joins them to the bottom plane.

a — N
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Exercise 5.22 — Optimization problem (£22)

Consider the following function:

f:D—=R, f: (”31) = (11 —2)? — (29— 2)% 4+ 5,  with D =[-4,4] x [-4,4].
T2

Questions

2
1. Prove, using the definition, that the point <2) is a point of local maximum of f in
D.

2
2. Prove that <2> is also the unique point of (global) maximum of f in D, and find all

the points of minimum of f in D.

3. Draw the graph of the function in the domain D.

- J

2 2
1. We have f < <2>> = 5. We use the spherical J-neighborhood N < <2> ) 1>: for every

<x1) in it,
€2

Therefore,

() = () G ev(()r)ne

2
and <2> is a point of local maximum of f in D, with local maximum 5.

2. We study the minimum and the maximum separately.

¢ Maximum. The inequality f<<2>> - f(@)) = —((21-2)2+(22—2)2) <0

I

holds for every ( ) € D, not only in the neighborhood, with equality only for

{5
. 2\ . . . . .
x1 = 292 = 2. The point o) 18 the unique point of maximum of f in D and the

maximum is 5.
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I

e Minimum. For every ( > € Dwehave —6<z1—2<2and —6<z9—2<2,

T2
so (11 —2)? < 36 and (w5—2)? < 36, with equality only for 21 = —4 and 79 = —4,
respectively. Therefore,

(()z-mwes=--o()

—4
and ( 4> is the unique point of minimum of f in D, with minimum —67.

3. The graph of the function is the surface over the domain D, which is the red square
drawn on the bottom plane; the points of the graph corresponding to the point of
maximum and to the point of minimum are blue, with a dashed segment that joins
them to the bottom plane.

-

Exercise 5.23 — Optimization problem (£23)

Consider the following function:
1
f:D—=R, f: <i1> > —x? — i 24 E(oc‘f +3),  with D =[-4,4] x [-4,4].
2
Questions

1. Prove, using the definition, that the point <8> is a point of local maximum of f in
D.
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2. Prove that (8) is not a point of (global) maximum of f in D, and find all the points

of maximum of f in D, that is, the optimal solutions of the optimization problem
max{ f(x) subject to x € D }.

3. Draw the graph of the function in the domain D.

(& J

1. We have f ( (8)) = 2. We use the spherical J-neighborhood N < (8) ) 1): for every

1\ ..
< 1) in it we have |z1| < 1 and |2g| < 1, hence 2} < 2% and x5 < 22, and then
)

f((x» <2 (@ +ad) + 1ol +98) =2 n(ad +a)) < 2=f(<g)>.

A ()

and (8) is a point of local maximum of f in D, with local maximum 2.

2. We write f as a sum of two functions of one variable:

4
T ) ) ;
=2- - th =2 -
() r-smsir, v o=t
We have g(4) =16 — % _ _4?8 and
48  —t'+1062+96 (16 — %) (> + 6
g(t)+ = = _ (@=#)+6)
5 10 10
For every t € [—4,4] we have > < 16, so g(t) > —%, with equality only for ¢ = —4

and t = 4. Therefore, for every <m1> e D,
T2

1 48 48 106
<94 42
(@) <2+ 545 -5

with equality only when both z; and x5 are equal to —4 or 4. The function has four

points of maximum, the corners of D, and the maximum is 12—6:

T N N )
106

The point of local maximum (8) is not a point of (global) maximum, since 2 < =°.
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3. The graph of the function is the surface over the domain D, which is the red square
drawn on the bottom plane; the points of the graph corresponding to the four points
of maximum are blue and the point corresponding to the point of local maximum that
is not global is violet, with a dashed segment that joins them to the bottom plane.

4 N

Exercise 5.24 — Optimization problem (£24)

Consider the following function:

1
f:D—=R, f: (9“) > —x? — 23+ ix%mg, with D =[—4,4] x [—4,4].
T2

Questions

0
1. Prove, using the definition, that the point (O) is a point of local maximum of f in
D.

2. Prove that <8> is not a point of (global) maximum of f in D, and find all the points

of maximum of f in D, that is, the optimal solutions of the optimization problem
max{ f(x) subject to € D }.

3. Draw the graph of the function in the domain D.

. J

1. We have f < (8)) = 0. We use the spherical d-neighborhood N < (8) ) 1): for every
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2
T 1
<x1> in it we have 23 < 2% + 23 < 1, hence 1 — ?2 > 5 and then
T2

() -1((0)) -t (1) <3 Lt <o
() = () ¥ @) er((o)1)nn

and <8> is a point of local maximum of f in D, with local maximum 0.

Therefore,

2. We have f((i)) = —16 — 16 + 128 = 96 > 0, so (8) is not a point of (global)
maximum. To find the points of maximum, we write

1
f(<x1>>_2uv—2, with u:x%—Q and @:mg—Q.

Z2

For every <x1> € D we have 0 < x% < 16 and 0 < x% <16, 80 —2 < u < 14 and
x2

—2 <o < 14. Then:
e ifu>0andwv >0, we have uv < 14-14 = 196, with equality only for u = v = 14;
e if v and v have opposite signs, we have uv < 0;
o if u<0andwv <0, wehave uv = |u| |v] <2-2=4.

In all cases uv < 196, so f(x) < 98 — 2 = 96, with equality only for 22 = 23 = 16.
The function has four points of maximum, the corners of D, and the maximum is 96:

wemas{ s stz €23 = {(=). (7)., (). ().

3. The graph of the function is the surface over the domain D, which is the red square
drawn on the bottom plane; the points of the graph corresponding to the four points
of maximum are blue and the point corresponding to the point of local maximum that
is not global is violet, with a dashed segment that joins them to the bottom plane.
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~

Exercise 5.25 — Optimization problem (£E25)

Consider the following function:

f:D—=R, f: <i1> — —12 —x2+23,  with D =[-3,3] x[-3,3].
2

Questions

1. Prove, using the definition, that the point ( O) is a point of local maximum of f in
D.

2. Prove that (8) is not a point of (global) maximum of f in D, and find all the points

of maximum of f in D, that is, the optimal solutions of the optimization problem
max{ f(x) subject to x € D }.

3. Draw the graph of the function in the domain D.

- J

1. We have f ( (8)) = 0. We use the spherical d-neighborhood N((()) ) %) for every

0

1\ . .
( ) in it we have |21 < 1, hence
T2

—_

=z 22 < |z1|2? < = 22,

[\
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and then

x1 0 1 1
f((m)) _f<(0)) = 12 —x3 415 < —x%—x%+§x% = —éx%—xg <0.

ercfore, f((g)) i f((il)) v(il) EN((S)%) nD,

and (g) is a point of local maximum of f in D, with local maximum 0.

2. We have f((i)) =-9+27=18 >0, so (8) is not a point of (global) maximum.

z1

) € D we have —x% <0 and
€2

Moreover, for every (

18 — (23 —23) = 3 —z1) (2% + 221+ 6) = (3 — z1) ((z1 + 1) +5) >0,

since 1 < 3. Therefore,

with equality only for 1 = 3 and 22 = 0. The point <3) is the unique point of

maximum of f in D and the maximum is 18.

3. The graph of the function is the surface over the domain D, which is the red square
drawn on the bottom plane; the point of the graph corresponding to the point of
maximum is blue and the point corresponding to the point of local maximum that is
not global is violet, with a dashed segment that joins them to the bottom plane.

s . D

£
7
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Exercise 5.26 — Optimization problem (£26)

Consider the following function:

f:D—=R, f: (9“) > —x? — 2 — 1+ xa3,  with D =[-3,3] x[-3,3].
Z2

Questions

1. Prove, using the definition, that the point <8) is a point of local maximum of f in
D.

2. Prove that (8) is not a point of (global) maximum of f in D, and find all the points

of maximum of f in D, that is, the optimal solutions of the optimization problem
max{ f(x) subject to x € D }.

3. Draw the graph of the function in the domain D.

- J

1. We have f((g)) = —1. We use the spherical j-neighborhood N<<8> ,%): for

1\ ..
every < > in it we have |z1| < %, hence
Z2

2125 < |z1] 23 < = 3,

and then

f((i;)) —f<<8>> =22 — 224122 < —x%—x%—l—%x% = —x%—%m% <0.
Therefore,
0 X1 il 0 1
(6) 2 AG) @) e(G)a)ne

and (8) is a point of local maximum of f in D, with local maximum —1.

2. We have f((g)) =-9-9-1+27=8> —1, so <8) is not a point of (global)

maximum. To find the points of maximum, we write

:—:17%—1—1—(:51—1)30%,
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and we observe that 0 < x% < 9 for every (il) € D:
2

e if 71 <1, we have (z1 —1)23 < 0,50 f(z) < —2?2 —1< 1< §;
9

e if 21 > 1, we have (21 — 1)z (w1 — 1), with equality only for 23 = 9, so
f(x) < —22 4921 — 10 = 8 — (21 — 3)(z1 — 6) < 8,
since z1 < 3 gives (x1 — 3)(z1 — 6) > 0, with equality only for z; = 3.

The function has two points of maximum and the maximum is 8:

s gz = O C))

3. The graph of the function is the surface over the domain D, which is the red square
drawn on the bottom plane; the points of the graph corresponding to the two points
of maximum are blue and the point corresponding to the point of local maximum that
is not global is violet, with a dashed segment that joins them to the bottom plane.

4 N
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Chapter 6

Convex and concave optimization problems

6.1 Problems in one variable

In the exercises of this chapter, convexity and concavity of the objective functions are proved
only with the definitions of the chapter «Convex and concave functionsy, using the inequality

(Aa+ (1—=Ab)* <Aa®+ (1 - A%, Va,beR, YA€ [0,1]

of the same chapter. The feasible regions are described by constraints g;(x) < 0: when every
function g; is convex, the feasible region is a convex set, by the property of the sets defined by
convex functions of the chapter «Convex and concave functions».

Exercise 6.1 — Convex and concave optimization problems (E1)

Consider the following optimization problem:
min{(x—3)2+1 subject to $2—4§0}

with objective function f: R — R, f:z > (z —3)? + 1 and feasible region ' = {x € R :
2?2 —4<0}.

Questions

1. Prove that the function g : R = R, ¢ : 2 — 22 — 4 is convex in its domain, deduce
that the feasible region is a convex set and describe it as an interval.

2. Prove that the objective function is convex in its domain, and deduce that the problem
is a convex minimization problem.

3. Draw the graph of the objective function over the feasible region.

4. Prove that the point x = 2 is a point of local minimum, and deduce the optimal
solution and the optimal value of the problem.
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1. To prove that the function g is convex in its domain, we observe that for every pair
of points p,w € R and every A € [0, 1], we have:

g(p+ (1= Nw) = Op+ (1= Nw)® = Ad—(1—2)4
(since A\ + (1 —=X)=1)

<AP4+ (1= Nw? —rd—(1-N)4
(since (Aa + (1 —A)b)* < Aa® + (1 = \)bp?)
=A@ =4+ (1 - (w” —-4)

=Ag(p) + (1= g(w)
Therefore,
g+ (1= Nw) < Ag(p) + (1 - A) g(w)
By nature, the domain R is a convex set. Accordingly, the function g is convex in its

domain.

The feasible region F' = {z € R: g(x) < 0} is defined by a constraint with a convex
function, so it is a convex set. Since 2 —4 = (z — 2)(z + 2) < 0 if and only if
—2 < z < 2, the feasible region is the interval F' = [—-2,2].

2. To prove that the objective function is convex in its domain, we observe that for every
pair of points p,w € R and every A € [0, 1], we have:

FOP+A=Nw) = Ap—=3)+ (1= N(w-3)>+A+(1-A)
(since A\ +(1—X)=1)

<Ap-324+1-Nw—-32+A+(1-))
(since (Aa+ (1 — )\)b)2 < a4 (1 - \)b?)
=M(P-32+1) + (1 =N ((w-3)"+1)

=M ()+ 1 -Af(w)
Therefore,
FOP+ (1= Nw) < Af(p) + (1= X)f(w)
By nature, the domain R is a convex set. Accordingly, the function is convex in its

domain, and in particular over the convex feasible region F': the problem is a convex
minimization problem.

3. We have f(—2) =26, f(0) =10, f(1) =5 and f(2) = 2. The graph of the objective
function over the feasible region is red, the feasible region is the red part of the z-axis
and the optimal solution of the last question is blue; the dashed part of the graph lies
outside the feasible region, and its lowest point x = 3 is not feasible.
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e N

4. In the neighborhood N ((2),1) = (1, 3), the feasible points are those of N ((2),1)NF =
(1,2]. For every such point we have —2 <  — 3 < —1, then (z — 3)? > 1 and

f@)=(@-32+1>2=f(2), VzeN(©2),1)nF=(1,2].

The point z = 2 is a point of local minimum. Since the problem is a convex minimiza-
tion problem, by the proposition «local minima of convex minimization problemsy» of
the chapter «Convex and concave optimization problemsy, the point x = 2 is also a
point of minimum. The optimal solution and the optimal value are:

#(P)=(2) and 2(P)=f(2)=2

The optimal solution lies on the boundary of the feasible region: the point x = 3,

where the objective function attains its smallest value 1 over R, is not feasible.
- J

Exercise 6.2 — Convex and concave optimization problems (E3)

Consider the following objective function and feasible region:

fiR=R, frox—3—(z—1)> and F={zeR:-1<z<4}=[-1,4],

and the associated optimization problems in minimization and maximization forms:
min{B—(:c—l)2 subject to —1 §x§4}

and

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 48


https://github.com/fabiofurini/convex-optimization
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Convex Optimization

max{S—(ac—l)2 subject to —1§x§4}

Questions

1. Prove that the objective function is concave in its domain and that it is not convex

over F', using the points p = —1, w = 3 and the scalar A = % Is the minimization

problem a convex minimization problem?
2. Draw the graph of the objective function over the feasible region.

3. Prove that x = —1 is a point of local minimum, but not a point of minimum. Find
the optimal solution and the optimal value of the minimization problem.

4. Explain why the previous question does not contradict the proposition «local minima
of convex minimization problems».

5. Prove that x = 1 is a point of local maximum, and deduce the optimal solution and
the optimal value of the maximization problem.

. /

1. To prove that the function is concave in its domain, we observe that for every pair of

points p,w € R and every A € [0, 1], we have:
FOP+A=Nw) =23+ (1=N3—-Ap—1)+ (1= (w-1))>

(since A+ (1= A) = 1)

>A3+(1-N3-Ap—1)2—(1—X)(w—1)2
(since (Aa + (1 — A)b)® < Aa® + (1 — A)B?,
and —1 reverses the inequality)

=AB-(-1)+1-NB~(w-1)?

=Af(p) + (1= A)f(w)

Therefore,
FOp+ 1 =Nw) = Af(p) + (1 = N f(w)

By nature, the domain R is a convex set. Accordingly, the function is concave in its
domain.

Withp=—-1, w=3 and A\ = %, both points belong to F', A\p+ (1 — A\)w =1 and

-(—1)+%~(—1):

DN | =

1 1
F1)=3 > —1= 2 f(-1)+ 5 [(3) =
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the inequality of the definition of convex function does not hold, and the objective
function is not convex over F'. The minimization problem is not a convex minimiza-
tion problem, although its feasible region is convex.

2. We have f(—1) = —1, f(1) = 3, f(3) = —1 and f(4) = —6. The graph of the
objective function over the feasible region is red and the feasible region is the red part
of the z-axis; the optimal solutions of the two problems are blue and the point of local
minimum that is not a point of minimum is violet.

a N
f(=)

1
[
—
T
DO

N /

3. In the neighborhood N((—l),l) = (—2,0), the feasible points are those of
N((=1),1) N F = [=1,0). For every such point we have —2 < z — 1 < —1, then
(r —1)> <4 and

flz)=3—(z—-1)2?>-1=f(-1), VzeN((-1),1)nF=[-1,0).

The point £ = —1 is a point of local minimum. It is not a point of minimum, since

4€eFand f(4) = —6 < —1 = f(-1).

For every x € F we have —2 < 2—1 <3, then (z—1)2 < 9and f(z) =3—(z—1)2 >
—6 = f(4), with equality only if z — 1 = 3, that is, x = 4 (the value z — 1 = -3 is
not feasible). The unique optimal solution and the optimal value of the minimization

problem are:
z(P) = (4) and  z(P)= —6.
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4. The proposition «local minima of convex minimization problems» of the chapter «Con-
vex and concave optimization problems» requires an objective function convex over
the feasible region. By the first question, the objective function is not convex over F"
the minimization problem is not a convex minimization problem, and one of its points
of local minimum is not a point of minimum. A method that only explores the points
close to x = —1 stops at the point of local minimum z = —1, with local minimum
f(—1) = —1, while the optimal value is —6.

5. In the neighborhood N ((1),1) = (0,2), all points are feasible and
flz)=3—(z—1*<3=f(1), VzeN((1),1)nF=/(0,2).

The point x = 1 is a point of local maximum. By the first question, the objective
function is concave over the convex feasible region F', and the maximization problem
is a concave maximization problem. By the corollary «local maxima of concave maxi-
mization problems» of the chapter «Convex and concave optimization problemsy, the
point = 1 is also a point of maximum, and the optimal solution and the optimal
value of the maximization problem are:

6.2 Problems in two variables
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Exercise 6.3 — Convex and concave optimization problems (E2)

(&

Consider the following optimization problem:
min{ (r1 — 2)2 + (g — 2)2 subject to x1 + a2 <2, 1 >0, x5 > O}

with objective function f: R? - R, f:x — (z1 — 2)? + (v2 — 2)? and feasible region F.

Questions

1. Prove that the feasible region is a convex set.

2. Prove that the objective function is convex in its domain, and deduce that the problem
is a convex minimization problem.

3. Describe the level sets of the objective function for £ = 2 and k = 8, and draw them
together with the feasible region.

1
4. Prove that = ( 1> is the unique optimal solution and compute the optimal value.

1
5. Does the problem have a point of local minimum different from < 1) ?

J

1. The feasible region is the set of the points that satisfy the three constraints
gl(ilf) =z +29—2Z0, gg(fl?) =—x1 <0, gg(df) = —x9 < 0.

Each function g¢; is linear, and it is convex, since the definition holds with equality:
for every pair of points p,w € R? and every A € [0, 1], we have

g (Ap+ 1 =Nw) =A(p1+p2—2)+ (1= A) (w1 +wz —2) = Ag1(p) + (1 = \) g1 (w),

and in the same way for go and g3. The feasible region is defined by constraints with

. o o . . . 0 2
convex functions, so it is a convex set: it is the triangle with vertices ( O> , < 0) and

<(2)>, intersection of three half-planes.

2. To prove that the objective function is convex in its domain, we observe that for every
pair of points p, w € R? and every A € [0, 1], we have:

FOP+ (1= Nw) = (A(p1 —2) + (1 = A)(w; —2))?
+ (Alp2 = 2) + (1 = N) (w2 — 2))°
(since A+ (1—X) =1)
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<A(p1 —2)% 4 (1= M) (w1 — 2)? + Mpa — 2)* + (1 = A)(w — 2)°
(since (Aa + (1 — A)b)° < Aa® + (1 — \)b?,
twice)

= A((p1 = 2)% + (p2 = 2)*) + (1 = A) (w1 — 2)* + (w2 — 2)°)

=Af(p)+ (1 =) f(w)
Therefore,
FAp+ (1= NMw) <Af(p) + (1 — N f(w)

By nature, the domain R? is a convex set. Accordingly, the function is convex in its
domain, and in particular over the convex feasible region F': the problem is a convex
minimization problem.

3. The level set for k is the set of the points with (21 — 2)? + (v9 — 2)? = k, that is, the
circle centered at (Z) with radius vk. For k = 2, the radius is v/2 and the circle

1
passes through <1>, since 1 + 1 = 2; for k = 8, the radius is 2v/2 and the circle

passes through (8), since 4 +4 = 8. In the figure, the feasible region is red, the level

set k = 2 is blue, the level set k = 8 is orange and the optimal solution of the next
question is blue: the circle k = 2 touches the feasible region only at this point.
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4. For every feasible point x, let a = 1 — 2 and b = x5 — 2. Since x1 + x2 < 2, we have
a+b=x1+x2—4< -2 and then (a +b)? > 4. Moreover, 2 (a® + b%) — (a +b)? =
(a — b)? > 0. Therefore:

f(w)_aersz(aJ;b)QZ;l—g—f(G)), Va € F,

and the point (i) is feasible, since 1 + 1 = 2. Equality holds only if a = b and

a+b= -2 thatis,a=b=—1and x = (1) The unique optimal solution and the

optimal value are:

i(P):G) and  2(P)=2.

5. No. The problem is a convex minimization problem: by the proposition «local minima
of convex minimization problems» of the chapter «Convex and concave optimization
problemsy, every point of local minimum is a point of minimum, that is, an optimal

solution, and the optimal solution is unique.
(& J

Exercise 6.4 — Convex and concave optimization problems (E4)

Consider the following optimization problem:
max{4w1 + 219 —:L'% —$% subject to x1 +2x9 <2, 1 >0, 9 > 0}

with objective function f : R? - R, f:x + 411 + 222 — 22 — 23 and feasible region F.

Questions

1. Complete the squares to write the objective function as f(z) = ¢ — (z1 — a1)? — (22 —
a)?, with ¢, a1, a0 € R.

2. Prove that the feasible region is a convex set and that the objective function is concave
in its domain. What kind of problem is it?

21

3. Describe the level sets of the objective function for k¥ = 2 and k = %, and draw them

together with the feasible region.

4. Prove that = <§§§> is the unique optimal solution and compute the optimal value.

5. Does the problem have a point of local maximum different from <§?g) ?
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1. Since 22 —4x1 = (r1 — 2)2 —4 and 23 — 225 = (z2 — 1)? — 1, we have:

f(z) = —(QU% —4x) — (fl«“% —2x3) =5— (z1 — 2)2 — (z9 — 1)?,
that is, ¢ = 5, a3 = 2 and as = 1. The objective function is at most 5, and equals 5

2
only at (1), which is not feasible, since 2+ 2-1=4 > 2.

2. The feasible region is the set of the points that satisfy the three constraints
g1($)=l‘1+2{l}2—2§0, gg(m) =K SO, gg($):—$2 <0.

Each function g; is linear, and it is convex, since the definition holds with equality:
for every pair of points p, w € R? and every A € [0, 1], we have

g1 (AP +(1=Nw) = A(p1+2p2—2)+(1-A) (w1 +2w2 —2) = Ag1(p) + (1= A) g1(w),
and in the same way for go and g3. The feasible region is defined by constraints with

. - - . . . 0 2
convex functions, so it is a convex set: it is the triangle with vertices ( O>’ ( ) and

o) |

To prove that the objective function is concave in its domain, we observe that for
every pair of points p, w € R? and every A € [0, 1], we have:

FOP+ (1= Nw) = A5+ (1—=A)5— (Ap1 —2) + (1 — A)(w; —2))?
— (Apz = 1) + (1 = \)(we — 1))
(since A+ (1—=X)=1)
> A5+ (1—2)5—A(p1 —2)° — (1 — A)(w —2)°
—Alp2 —1)? = (1 = M) (w2 — 1)?
(since (Aa + (1 — A)b)* < Aa® + (1 — \)b?, twice,
and —1 reverses the inequality)
=A(5—(p1—2)°—(p2—1)%)
+(1=2(5— (w1 —2)* = (wg — 1)?)
=Af(p)+ (1 =) f(w)

Therefore,
FOP+ (1= Nw) 2 Af(p) + (1 = \) f(w)
By nature, the domain R? is a convex set. Accordingly, the function is concave in its

domain, and in particular over the convex feasible region F': the problem is a concave
maximization problem.
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3. The level set for k < 5 is the set of the points with (x7 — 2)? + (v9 — 1)2 = 5 — k,
that is, the circle centered at (?) with radius +/5 — k. For k = 2, the radius is

V3; for k = %, the radius is % = % and the circle passes through <§§g), since
2 4

(5)2 + (5)2 = %. In the figure, the feasible region is red, the level set £k = 2 is orange,
the level set k = 2—51 is blue and the optimal solution of the next question is blue: the
circle k = % touches the feasible region only at this point, on the side z1 + 2 x5 = 2.

4 )

Z2

3,,

x1

- J

4. For every feasible point @, let @ = 71 —2 and b = x5 — 1, so that f(x) = 5— (a®+b?).
Since o1 + 212 < 2, we have a +2b = x1 + 212 — 4 < —2, and then (a + 2b)? > 4.
Moreover, 5 (a? 4+ b%) — (a +2b)? = 4a® — 4ab+ b> = (2a — b)? > 0. Therefore:

2
(a+20) Zg 4 21

a’+b2 > and f@)=5-(a®?+b?)<5—- =" Va € F.

5 B
Equality holds only if b = 2a and a + 2b = —2, that is, ba = —2, a = —%, b= —%

and x = (8/5>. This point is feasible, since % + % =%, % > 0and = >0, and

1/5
8/5 32 2 64 1 34 13 21
1/5 5 5 25 25 ) ) )

The unique optimal solution and the optimal value are:

#(P) = (f@ ad P =,

5. No. The problem is a concave maximization problem: by the corollary «local maxima
of concave maximization problems» of the chapter «Convex and concave optimization
problemsy, every point of local maximum is a point of maximum, that is, an optimal
solution, and the optimal solution is unique.
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Exercise 6.5 — Convex and concave optimization problems (E5)

Consider the objective function
f:RESR, frax— (z1—3)2+ (20 — 3)?
and the two optimization problems:
(P;) min { f(x) subject to 23 4+25-2<0 }
and
(P;) min { f(z) subject to 2?4235 —-2>0 }

with feasible regions F} and Fb, respectively.

Questions

1. Prove that the function g : R> = R, g : x + 22 + 22 — 2 is convex in its domain, and
deduce that F} is a convex set.

2 -2
2. Prove that Fj is not a convex set, using the points <0), < 0 ) and the scalar A = %

3. Prove that the objective function is convex in its domain. Which of the two problems
is a convex minimization problem?

4. Describe the level sets of the objective function for k = 8 and k = 18, and draw them
together with the feasible region Fi.

1
5. Prove that © = < 1> is the unique optimal solution of (P;) and compute the optimal

value.

AN J

1. To prove that the function g is convex in its domain, we observe that for every pair

of points p, w € R? and every \ € [0, 1], we have:
g+ (1= Nw) = (Ap1 + (1 — )\)w1)2 + (Ap2 + (1 — )\)wg)2 —A2—-(1-X)2
(since A+ (1 —=X)=1)
<ApT4+ (1= Nw? +2Ap3+ (1 —Nws —A2—(1— )2

(since (Aa+ (1 —A)b)* < Aa® + (1 — A)B?,

twice)
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=A(Pi+p5—2) + (1 — ) (wi +ws —2)

=Ag(p) + (1= A) g(w)
Therefore,
g(Ap+ (1= Nw) < Ag(p) + (1 - N) g(w)

By nature, the domain R? is a convex set. Accordingly, the function g is convex in
its domain. The feasible region F}; = {z € R? : g(x) < 0} is defined by a constraint
with a convex function, so it is a convex set: it is the disk centered at the origin with

radius /2.

2. The two points belong to F», since 22 +02 —2 =2 >0 and (-2)2+02 -2 =2 > 0.
With A\ = %, their convex combination is

1/2\ 1/-2 0
= = = with Pt -2 — -9
2(0>+2(0> (0), it 0°+0 <0,

and it does not belong to Fy. The set Fy (the points outside the open disk of radius
V/2) is not convex.

3. To prove that the objective function is convex in its domain, we observe that for every
pair of points p, w € R? and every A € [0, 1], we have:

FOP+ (1= Nw) = (A(pr — 3) + (1 - A) (w1 — 3))°
+ (A(p2 — 3) + (1 = A) (w2 — 3))*
(since A+ (1 —=X) =1)
<Ap1r =324+ (1 = N (wy —3)2+ Ap2 — 3)2 + (1 — \)(wq — 3)?
(since (Aa + (1 —A)b)* < Aa® + (1 — \)b?,
twice)
= A((p1 = 3)* + (P2 = 3)*) + (1 = M) ((w1 — 3)* + (w2 — 3)?)

=Af(P)+ (1 =) f(w)

Therefore,
Fp+ (1= NMw) <Af(p) + (1 — N f(w)

By nature, the domain R? is a convex set. Accordingly, the function is convex in its
domain. The problem (P)) is a convex minimization problem, since its feasible region
is convex and the objective function is convex over it. The problem (P») is not a
convex optimization problem, since its feasible region is not convex: the definition
requires a convex feasible region, whatever the objective function.
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4. The level set for k is the set of the points with (21 — 3)? + (x9 — 3)% = k, that is, the
circle centered at (2) with radius vk. For k = 8, the radius is 2v/2 and the circle

1
passes through <1>, since 4 +4 = 8; for k = 18, the radius is 3v/2 and the circle

passes through <8), since 9+ 9 = 18. In the figure, the feasible region [} is red, the

level set k = 8 is blue, the level set k = 18 is orange and the optimal solution of the
next question is blue: the circle k£ = 8 touches the disk F; only at this point.
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5. We write the objective function as

f(x) = 22—6214+94+22—629+9 = ¢—65+18, with q=x2412, s=uz4+20.
Since 2q — 82 = (z1 — 22)? > 0, we have ¢ > % For every © € F; we have ¢ < 2,
then s < 2¢ < 4 and s < 2. Therefore:

2 62
f(ar:):q—6s—|—18252—65+18:(8 26)

> (2_26>2 _8_f<<1)>, Va € F,

where the last inequality holds since 6 — s > 4 > 0. The point <1) is feasible, since

14+ 1—2 = 0. Equality holds only if x1 = 2 and s = 2, that is, * = <1> The

unique optimal solution and the optimal value of (P;) are:

i(PQ:G) gl AP =8
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By the proposition «local minima of convex minimization problems» of the chap-
ter «Convex and concave optimization problems», (P;) has no other point of local
minimum.
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