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Chapter 1

Convex sets

Exercise 1.1 — Convex sets (FE1)

Consider the following two points in R?:

SO

and the following three points in R?:
2 5 9
1 - (2 = d B — )
! (5) ! (3) B (0)

Questions

1. Compute the convex combinations of p and w with A = %, A=sand A\ =

Wi

1
2
2. Draw the points p and w, the three convex combinations and the set of all convex

combinations of p and w.

3. Determine which of the points g™, ¢/® and ¢(® are convex combinations of p and

w.

. J

1. For every A € [0, 1], the convex combination of p and w with the scalar X is the point:

1 7 A+T—TA 7—6)
A(4)“1_” (1) B (4>\—|—1—)\> B <1+3>\)'

Therefore, we have:
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2. The set of all convex combinations of p and w is the segment joining the two points
(red). The three convex combinations of the previous question are the blue points:
with A = % the point is closer to w, with A = % it is closer to p.

4 h
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5 |4
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q®@
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N /

3. A point ¢ € R? is a convex combination of p and w if and only if there exists A € [0, 1]

such that
7 —6A . q1
1+3x) \g/°
The first equation gives A = 7?1 ; then we check the second equation and the condition
A€ 0,1].
e For gV, the first equation gives A\ = % = % and the second equation holds:

1)
1+3- % = % Since % € [0, 1], the point gV is the convex combination of p and
w with A = 2.

e For (¥, the first equation gives \ = % = %, but 1+ 3- % = 2 # 3. The point
g is not even on the line through p and w: it is not a convex combination of
p and w.

e For ¢®, the first equation gives A\ = % = —% and the second equation holds:

143 ( — %) = 0. The point ¢® is on the line through p and w (dashed in the
figure), but —3 ¢ [0,1]: it is not a convex combination of p and w.
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Convex Optimization

Exercise 1.2 — Convex sets (E2)

Consider the following three points in R?:

1 7 3
1) — (2 — d (3) —

and the following two points in R?:
3 6

Questions

1. Compute the convex combination of p(), p@? and p® with \; = %, Ay = 7 and
A= 1.

2. Compute the convex combination of p), p@) and p® with A} = Ay = \3 = %
3. Show that ¢(!) is a convex combination of p(!), p® and p®), and find the scalars.
4. Show that ¢® is not a convex combination of p("), p and p®).

5. Draw the convex hull of p(), p@ and p® and all the points of the previous questions.

AN J

1. The convex combination with A\ = %, Ay = 7 and A3 = i (non-negative scalars with

sum 1) is the point:
+1(3>_<5+Z+i>_(3>
4 “\1,1,.3)]  \5 )"
4 \6 5t5+35 2

1(1 1(7
2l1) Tals
2. The convex combination with A\ = \g = A3 = % (non-negative scalars with sum 1) is
the point:
1(1\ 1(7\ 1/(3 et 3
§1+§2+§6:71+§+6: 3/

3. A point g € R? is a convex combination of the three points if and only if there exist
A1, A2, Az > 0 such that

A+X+A3 = 1
M+TX+3A = @
Al +2X+6A3 = q2
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Convex Optimization

Substituting Ay = 1 — Ay — A3 in the last two equations, we obtain the system

6Mda+2X3 = ¢1—1
Ao45Xs = go—1

whose determinant is 6 -5 — 2 - 1 = 28 # 0: the scalars are unique. For gV we have
qg1 —1=2and g0 — 1 =3, hence

2:5-2-3 1 6-3—2-1 4 1 4
_— == )\3:7:7 )\1:1—7—7:

Ap = 2
2= 28 7 28 7 77T

The three scalars are non-negative and their sum is 1, so ¢(!) is a convex combination
of the three points:

g1+17+§3_2”%“_3
7\1 7\2 76_&;24_4'

4. For ¢® we have ¢; —1 =5 and ¢o — 1 = 4, hence

5.-5—-2-4 17 6-4—5-1 19 17 19 2
A= ——F—— =5 A3 = =

= = — =1 = .
28 28’ 28 28’ 28 28 7

These are the only scalars with sum 1 that give ¢(2), and A\; < 0: the point ¢® is not
a convex combination of the three points.

5. The convex hull of the three points is the triangle with vertices p®, p@ and p®
(red). The points of the first two questions are blue, g¢(!) (inside the triangle) and
q@ (outside the triangle) are violet.

a N

T2

p®

z1
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Convex Optimization

Exercise 1.3 — Convex sets (E3)

Consider the following set:

Questions
1. Prove that F' is a convex set.
2. Find the vertices of F' and draw the set.

3. Compute the convex combination of ¢tV and ¢(® with the scalar A and verify that it
belongs to F'.

- J

1. Each of the four inequalities that define F' has the form aq x1 + as 29 < b, with

(a1,a2,b) € {(1,2,8), (3,1,9), (=1,0,0), (0,—1,0)}

(the last two are ;1 > 0 and x2 > 0). For every pair of points p,w € F and every
A € [0,1], for each of the four inequalities we have:

a ()\pl +(1- )\)wl) + as ()\pg +(1- )\)wg)
= A(a1p1 +a2p2) + (1 = A) (a1 wy + ag wa)
<Ab+(1—-XN)b

(since p,w € F, A\>0and 1 — )\ >0)
=b
Therefore, A\p + (1 — A\)w € F, and the set is convex.

The same computation shows that each of the four sets defined by one inequality (a
half-plane) is convex: F'is their intersection, which is convex since the intersection of
convex sets is convex (chapter «Convex sets» ).
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Convex Optimization

2. The vertices of F are the origin, the points where the lines 142 x2 = 8 and 3x1+z2 =

0 3
9 meet the axes inside F', namely <4> and <0>, and the intersection point of the
81-29
x1+2x9 =38 <x1> T1-23 (2)
e = =
3z14+ax =9 10-83 3

3
0
The set F' is the quadrilateral with vertices ( ) ( ) ( ) and (4) (red). The

figure also shows the segment joining ¢! and blue) and the convex combination
of the next question.

a N

Z2

two lines:

q®

3[1,’1 + xo = 9

x1

N /

3. The convex combination of ¢i) and ¢ with \ = % is the point:

$()+36)-0)

It belongs to F', as guaranteed by the first question:

4 14 4 22
242 -=—<8 3:24-==<9 2>0
Te3T s 33 =Y -

| W
v
o
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Convex Optimization

Exercise 1.4 — Convex sets (F4)

Consider the following symmetric matrix

and the following set:

2 2
F = :BER2: ZZqijmixjgl
i=1 j=1

' Qx

Questions

1. Show that ¢’ Qx = 2% + (z1 — 22)? + 23 for every = € R2.

1
> and ( 2 ) belong to F'.
4. Draw the set F.

A J

1. For every & € R? we have:

(5 5)0)

=(2x1 —x2)x1 + (—21 + 222) T2

2. Prove that F' is a convex set.

w

. Determine whether the points (

NI— N~
D[

= 2.%% —2x129 + 2:5%
— (m%—2x1x2+x%) + 23
= 3 4 (x1 — 2)° + 23
Therefore, for every & € R?, the number /=’ Q x is the Euclidean norm of a vector

of R3:
1

V' Qx = |ju(z)|

where u(x) = |2y — 20 | €R3.

29
€2
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The vector u(x) depends linearly on x: for every p,w € R? and every A € [0, 1], we
have u(Ap + (1 — M)w) = Au(p) + (1 — \) u(w).

2. For every pair of points p,w € F and every A € [0, 1], we have:

VOp+ (1= Nw) Q (Ap+ (1 - Aw)

= H)\u(p) +(1=X) u(w)”2
(by the first question)

< [Au)ly + |1 = X) u(w),
(by the triangle inequality)

= Al [lu(p)ll2 + 11 = Al [lu(w)ll2

(by the absolute homogeneity)

= Au(p)ll2 + (1 = A) [[u(w)|2
(since A\ >0 and 1 — X\ > 0)

=AVPQp+(1-))Vw Quw

(by the first question)

<A1+ (1-N)-1
(since p,w € F;, A\>0and 1 — )\ >0)

=1

Therefore, Ap 4+ (1 — A\)w € F, and the set is convex.
3. We have:
: 12+112—|—121<1:>'t"F
: > 5 5 -] =3 it is in

: 2 2 2 2 2 = ’
1 2 2 2

3 1 1 1 1 3

(f%) : <2> + <2 + 2) + <—2> = 2 >1 = itisnotin F.

(Since the square root is increasing, /&’ Qx < 1 if and only if ' Qx < 1.)

4. The boundary of F' is given by the points with

2.%'% —25[)13724—2{6% =1.
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We express xo as a function of x1. Writing the previous equation as

273 —2x129 + (221 — 1) =0,

with a =2, b= -2 and ¢ = 2% — 1 we have x5 = S e W7 hence:
2 _ 2 _
b ot V4t -8 (223 - 1) _2n8-12% _m+y2-3aF
4 4 2

These values exist if and only if

2 2
2—3ZE%20 <~ 11 € —\/7,\/7.
3 3

Some reference points of the boundary:

e if x5 =0, then 222 =1, 50 71 = :I:%; if 21 =0, then 222 = 1, s0 29 = :I:%;

o if 17 = & %, then 2 —33:% =0and 23 = 3 = i%; in the same way, if

To =+ %, then x1 = :I:%.

The set F' is the region inside (and on the boundary of) an ellipse whose axes are the
lines 9 = x1 and x5 = —z (red). The figure shows the reference points (black), the
point (%, %) that belongs to F' (blue) and the point (%, —%) that does not belong to

F (violet).

4 N

T2

N|=
I

z1

Author: Fabio Furini
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Convex Optimization

Exercise 1.5 — Convex sets (Eb)

Questions

AN

Consider the following sets:

1. Draw the sets A and B.

2. Show that A is not a convex set.

4. Show that B is not a convex set.

[es)
A
8
N
IN
—_
——

es}
A

&

IA

3. Prove that B; and Bs are convex sets.

4} and B = B; U Bs.

J/

1. The set A is the ring between the circle of radius 1 and the circle of radius 2 centered
at the origin (red, left). The set B is the L-shaped union of the rectangles B; and
By (red, right). The figures also show the segments used in the next questions (blue),
whose midpoint (violet) does not belong to the set.

Author: Fabio Furini
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a N

T2

x1

—
o

~
/

q®

z1

N J

2. To show that a set is not convex, it is enough to find two points of the set and one
scalar A\ € [0, 1] whose convex combination does not belong to the set. Take

) 3 @ 3 1
1 2 2 2

q\’ = , q\? = nd A= —.
<0> <0> * 2

Both points belong to A, since (& %)2 +02 = 2 € [1,4]. Their convex combination is

1 _% 1 % 0 2 2
2<0>+2<0 NE wi 0°+0 0<
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Convex Optimization

The convex combination does not belong to A: the set A is not convex.

3. Let k € {1,2}. The set By is defined by the bounds 0 < z; < u; and 0 < z9 < ug,
with (u1,u2) = (4,1) for By and (uj,u2) = (1,4) for Bs. For every pair of points
p,w € By and every A € [0, 1], for each coordinate i € {1,2} we have:

(since p;, w; € [0,u;], A >0and 1 — A >0)
= [07 ul]

Therefore, Ap + (1 — \)w € By, and the set By is convex.

1 4 1
q <4> € Bs, q <1> € B and A 5

Both points belong to B. Their convex combination is

0-46-0)

which does not belong to B; (since z3 = % > 1) nor to By (since x1 = % > 1), hence

4. Take

it does not belong to B: the set B is not convex.

The intersection of convex sets is always convex (chapter «Convex sets» ), while the

union of two convex sets, as B = B U By, may not be convex.
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Chapter 2

Functions of several variables

Exercise 2.1 — Functions of several variables (F1)

Consider the following real-valued function:

x1

f:R? SR, f<

) »—>$i{’+2x1x% —3x2
T2

Questions

1. Compute the value of the function at the points (1) and <_21>

2. Compute the gradient of the function and evaluate it at the two points.

3. Compute the Hessian of the function and evaluate it at the two points.

. /

1. Substituting the coordinates of the points:

f<G>):13+2.1-12—3.1=1+2—3:0

2. The partial derivatives are 653551”) =322 +2z2 and 6(535;”) = 4x129 — 3, so the gradient

75 <<il>> _ <3x%+2x§>
2 4.%'1.%'2—3

1S:
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At the two points:
1 _(3+2\ (5 -1\ (3+8\ (11
() -G5)-0) w((:)-(G5)- ()
3. Differentiating the two partial derivatives once more:

o)
T2 4y 4dx7

which is a symmetric matrix depending on the point. At the two points:

(-G = (G)-G )

- J

Exercise 2.2 — Functions of several variables (F2)

Consider the following real-valued function:

x1

f:R? >R, f<

> r—>:17‘11—233%x2+x%
Z2

Questions
1. Show that f(x) = (2% — z2)2.

2. Compute the gradient and the Hessian of the function.

1 1
3. Evaluate the gradient and the Hessian at the points < 1) and ( 0>.

4. Find all the points at which the gradient is the zero vector, and the value of the
function at these points.

N\ J

1. Expanding the square:

(23 — 29)? = 21 — 2afwy + 23 = f(x)
2. The partial derivatives are 852’) = 4:52% — 42129 and %f—g) = -9 w% + 2 29, SO:

Vf<($1))— 423 — 4139 B 471 (23 — x2)
x2)) —22% + 219 ; —2 (22 — 12)
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and

v <<w1>> (122 - 42 -4z
L2 —4 2 2

1
3. At the point <1) we have 27 — 29 = 0, and:

() -6)- (()-(5" %) -

At the point <(1)) we have 27 — 29 = 1, and:

7)) = () = () ()= (5 %)

4. The second component of the gradient is zero if and only if z5 = 2%, and in this case
also the first component 4z (¥2 — x3) is zero. Therefore, the gradient is the zero
vector at all the points of the parabola:

(for example <8), (1) and (_11> ), which is an infinite set of points. At all these
points the value of the function is f(x) = (22 — x2)? = 0: this parabola is the level
set L(0) of the function.

(& J

Exercise 2.3 — Functions of several variables (E3)

Consider the following real-valued function of three variables:

z1
f:R3 =R, f:|x »—>w%x3+x2x§—2x1x2+x3
T3
Questions
1 0
1. Compute the value of the function at the points [ 0 | and | 1
2 -1

2. Compute the gradient of the function and evaluate it at the two points.

3. Compute the Hessian of the function and evaluate it at the two points.
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1. Substituting the coordinates of the points:

1
flloll]=12240-22-2-1.0+2=240-0+2=14
2
f 1 =02 (1) +1-(-1)2-2-0- 1+ (-1)=0+1-0-1=0
-1

2. The three partial derivatives are:

Of (x) Of(x) Of (x)
s =2x123 — 2 T9, 02y :x§—2x1, 13 :x%+2x2x3+1
so the gradient is:
o1 2x103 — 2T9
Vf T9 = w§ — 21
3 23 +2xows + 1
At the two points:
1 4-0 4 0 0—2 -2
Vf 0 = 4—2 =121, Vf 1 = 1-0 =11
2 1+0+4+1 2 -1 0-2+1 -1

3. Differentiating each partial derivative with respect to x1, xo and xs:

x1 2333 —2 2331
Vil lae| | =] -2 0 23

3 221 23 229

which is a symmetric matrix depending on the point. At the two points:

1 4 -2 2 -2 =2 0
vifl (o]l ]=-2 o 4], V2 f 1 =l-2 0 -2
2 2 4 0 —1 0o -2 2
. J

Exercise 2.4 — Functions of several variables (E4)

Consider the following real-valued function:

x
f:R? SR, f:(é)l—)@—@’%
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Questions
1. Compute the gradient and the Hessian of the function.

2. Describe the level sets L(k) of the function for every k € R.

1
3. Evaluate the gradient at the point < 1) of the level set L(0) and at the point <(2)> of
the level set L(2).

4. Draw the level sets L(0) and L(2) and the two gradients of the previous question, and
verify that each gradient is perpendicular to the level set through its point.

1. The partial derivatives are aggf) = —2x; and agg(cf) =1, so:

—2 I -2 0
(C)-77) (@)= )
2 1 2 0 0
The Hessian is constant. The second component of the gradient is always 1, so the
gradient is never the zero vector.

2. For every k € R:

L(k:):{ (g)em{?: @-:g%:k}:{ (2)@1@2: $2:x§+k}

0
Every level set is a parabola with vertex ( k)’ obtained by translating the parabola

T9 = 27 vertically by k.

3. The point <D belongs to L(0) since 1 — 12 = 0, and the point <(2)> belongs to L(2)

since 2 — 02 = 2. The gradients are:
()= () w(G)-0)

4. We draw the two level sets with the gradients, and then we verify the perpendicularity
with the tangent directions.
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<2 . > (the derivative of 22 + k is 2z1):
1

The tangent direction of a level set xo = :L‘% + k at a point with first coordinate x; is

1 1

e at <1> the tangent direction is <2) and (—2 1) <2> =-242=0;
0 o (1

e at <2> the tangent direction is (0) and (0 1) <

1
=0.
)
Therefore, both gradients are perpendicular to the level set through their point, and
they point toward the level sets with larger values of k.

Convex Optimization
Graphical solution: the figure shows the level sets L(0) (in blue) and L(2) (in
orange) and the two gradients (in red), drawn from their points:

- I
Z2
' 5 -
1 AL 1
'Y 1
b 4 '
& T 1
' "
“ 3 i :
“ A '
Y "
T \ 'l
v 1 \',
1 |
.
\‘ "
: L P : 1
-2 -1 1 2
—1
\_

Author: Fabio Furini
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Chapter 3

Convex and concave functions

In the exercises of this chapter convexity and concavity are proved only with the definitions of
the chapter «Convex and concave functionsy, using the following two inequalities.

e N\

For every a,b € R and every A € [0, 1], we have:
(Aa+ (1 = N)b)? = X2a® + 2X\(1 — N)ab + (1 — X)?b?
= Xa®+ (1 = N)b? = A1 = N)a® + 2701 — N)ab — A\(1 — \)b?
=Xa? + (1 = \N)b? — A1 — N)(a® — 2ab + b?)
=X’ + (1= Nb? = A1 —N)(a—b)?

-~

>0

<Xa®4+ (1= A)b* (since A\>0, 1 —X>0and (a —b)? > 0)

. J

'd N\
For every u,v € R” and every a € R, the Euclidean norm |julls = v/u? +u3 + -+ +u2
satisfies:

|lu+vll2 < |lull2 + ||v]|2 (triangle inequality)

laullz = |af ||u|2 (absolute homogeneity)

(& J

Exercise 3.1 — Convex and concave functions (E1)

Consider the following real-valued functions:

fRoR, f:z—a®—4z+5 and g:R—>R, g:zr —2?+4z—5

and the following two points of R and scalar:

Questions

SAPIENZA
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Convex Optimization

1. Prove that the function f is convex in its domain.

2. Compute both sides of the inequality of the definition of convex function for f with
the given p, w and .

3. Draw the graph of f, the points (p, f(p)) and (w, f(w)) and the segment joining
them.

4. Prove that the function g is concave in its domain.

AN J

1. For every x € R we have f(z) = (z — 2)? + 1. For every pair of points p,w € R and
every A € [0, 1], we have:

FOP+ (1 =Nw) = Qp+ 1 -Nw—-2)+1
—Mp-2+0-N(w-2)"+1
<Ap-22+(1-Nw-2)2+1

(since (Aa + (1 — \)b)% < Aa? + (1 — A\)b?)
=A((p-2%+1)+ 1= ((w-2)72+1)
=Af(p) + (1= A)f(w)

Therefore,
FOp+ Q1 =Nw) <Af(p)+ (1= f(w)

By nature, the domain R is a convex set. Accordingly, the function is convex in its
domain.

2. Withp:—l,w:4and)\:%wehave

3. In the figure, the segment joining (p, f(p)) and (w, f(w)) (violet) lies above the graph
of f (blue). The red point is (2, f(2)) and the violet point is (2, 2 f(p) + 2 f(w)).
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a )

\_ J

4. For every x € R we have g(z) = —(x — 2)%2 — 1. For every pair of points p,w € R and
every A € [0, 1], we have:

gOp+ (1= Nw) =-Ap-2)+ (1 -Nw-2)>-1
>-AMp-2°-(1-Nw-2>-1
(since (Aa + (1 — A\)b)? < Aa? + (1 — \)b?)
=A(—(@-2-1)+10 -1 (-(w-2°-1)

= Ag(p) + (1 — A)g(w)
Therefore,
g(Ap+ (1= Nw) > Ag(p) + (1 — A)g(w)

By nature, the domain R is a convex set. Accordingly, the function is concave in its
domain.

The same conclusion follows from the first question, since g = —f (chapter «Convex
and concave functions»: f is convex if and only if —f is concave).
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Exercise 3.2 — Convex and concave functions (F2)

Consider the following real-valued function:
1
f:]-1,4] =R, f::r»—>max{1—:r, 2% 2x—3}
and the following two points of [—1,4] and scalar:

p=—1, w=4 and A= —.

Questions
1. Compute f(—1), f(2), f(2) and f(4), and draw the graph of the function.
2. Prove that the function is convex in its domain.

3. Compute both sides of the inequality of the definition of convex function with the
given p, w and .

4. Show that the function is not concave in its domain.

1. We have:
1 2 11 5 1
fen=mms(n p shez oG)-meli § -4
f@)=max{ -1,1,1} =1, f(4) =max{ —3,2, 5} =5,

The lines 1 — x and %az meet at r = %, and the lines %33 and 2z — 3 meet at x = 2.

The graph of f (blue) is made of three segments: f(xz) =1—z on [— 1, %], flx) = %x
on [£,2] and f(z) = 22 — 3 on [2,4]. The domain is red; the violet segment and the
points are those of the third question.
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N J

2. For every z € [—1,4], f(z) is the largest of the three values hy(z) = 1 —z, ho(z) = 1z
and hs(z) = 2z — 3, and each of them has the form hy(z) = ay x + bg. For every pair
of points p,w € [—1,4] and every A € [0, 1], we have:

f()\p +(1- )\)w) = hy, ()\p +(1- )\)w)
(for an index k € {1, 2, 3} attaining the maximum)
= Qg (/\p—l- (1 — )\)w) + bk
=Aagp+br)+ (1 =X (apw+ by)
(since A+ (1—X) =1)
< Af(p) + (1 =N f(w)
(since axp + b < f(p), axw + b < f(w), \,1—=X2>0)

Therefore,
Fp+ (1= Nw) <Af(p) + (1= A)f(w)

The domain [—1,4] is an interval, hence a convex set. Accordingly, the function is
convex in its domain.

The same conclusion follows from the property «the maximum of convex functions is
convex» (chapter «Convex and concave functionsy ), since hy, he and hs are linear.

3. Withp:—l,wzéland)\zgwehave

WA -Nw=2(1)+2.4=1, f(l):max{(), - —1}:7
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and the two sides of the inequality are:

3 2 3 2
< gf(—1)+gf(4):5'2+g‘5=—-

N =

f() =

4. The function is concave if f(Ap + (1 — AN)w) > Af(p) + (1 — A) f(w) for every p,w
in the domain and every A € [0,1]. With the points and the scalar of the previous

question we have
1 16 3 2
1) == —=—f(-1)+=[f4):
=3 < 2 =32 f(-1)+3 i(8
the inequality of the definition of concave function does not hold, so the function is

not concave in its domain.

Exercise 3.3 — Convex and concave functions (E3)

Consider the following real-valued functions:

f:R? SR, f:<x1>»—>x%+a:%—9
T2

and
g:R25R, g¢: <x1>l—>‘
T2

Questions
1. Prove that the function f is convex in its domain.
2. Prove that the function g is convex in its domain.

3. Prove that the set { xeR?: 23 +23<9 } is convex.

4. Draw the graph of the function f.

-

J

1. For every pair of points p, w € R? and every ) € [0, 1], we have:
FOP+ (1= Nw) = 1+ (1= XNwi)® + (Ap2 + (1 = Nwa)? =9

< Apf+ (1= Nw? +Ap3+ (1 — Nws —9
(since (Aa + (1 — A)b)? < Xa® + (1 — \)b?)
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=A(pl+p3—9)+ (1 —X) (wi +ws—9)

=Af(p) + (1 =N f(w)

Therefore,

Fp+ (1 =Nw) < Af(p) + (1 =N f(w)
By nature, the domain R? is a convex set. Accordingly, the function is convex in its
domain.

2
2. Let ¢ = <2> For every pair of points p, w € R? and every \ € [0, 1], we have:

g(Ap+ (1 =Nw) = |[Ap+ (1 - Nw - cH2 +1
= [Mp—¢)+ (1= N)(w—-0)|,+1
< |[A(p - c)H2 + |1 = N)(w — C)H2 +1
(by the triangle inequality)
=[Alllp—cla+ 1= Al [w—cll2+1
(by the absolute homogeneity)

=Ap—cla2+ (1 =N [[w—cl2+1
(since A\ >0and 1 — X >0)

=A(lp—clz+1) + (1 =) (Jw—cl2 +1)

= Ag(p) + (1 = N)g(w)

Therefore,
g(Ap+ (1 = Nw) < Ag(p) + (1 — N)g(w)

By nature, the domain R? is a convex set. Accordingly, the function is convex in its
domain.

3. The set is { xcR?: f(x) <0 } For every pair of points p and w in the set and for
every A € [0, 1], we have:

FOP+ (1= Nw) < Af(p) + (1 = \)f(w)
(by the first question)
<A-0+(1-X)-0
(since f(p) <0, f(w) <0, A>0and 1 —A>0)
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Therefore,
fOp+(1=Nw) <0

Accordingly, Ap + (1 — X\)w belongs to the set and the set is convex. It is the disk of
radius 3 centered at the origin.

4. This is the graph of the function f in the domain (il) € [—4,4] x [—4,4]; its lowest
2
point is (0,0, £(0,0)) = (0,0, -9).

4 N

N J

Exercise 3.4 — Convex and concave functions (E4)

Consider the following real-valued functions:

f:R2 SR, f:(x1>»—> 21+ 19 — 1
Z2 —_—
1

g:R2—>R, g: <§;>Hmin{x1+:p2—l, 2—3:1}

and

and the following two points of R? and scalar:
0 4 1

Questions
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1. Prove that the function f is both convex and concave in its domain.
2. Draw the graph of the function f.
3. Prove that the function g is concave in its domain.

4. Compute both sides of the inequality of the definition of concave function for g with
the given p, w and A, and show that g is not convex in its domain.

. /

1. For every pair of points p, w € R? and every X € [0, 1], we have:

fOp+ A =Nw) = (Ap1+ 1 =Nw1) + (Ap2 + (1= Nwz) — (A+ (1= X))
=A(p1+p2—1)+ (1 =) (w1 +wz—1)
=Af(P)+ (1 =) f(w)
Therefore, the inequalities of both definitions hold (with equality):
fp+ (1 =Nw) <Af(p) + (1 - N)f(w)

and
fOp+ (1 =Nw) > Af(p) + (1 -\ f(w)

By nature, the domain R? is a convex set. Accordingly, the function is both convex
and concave in its domain.

2. This is the graph of the function f in the domain (il) € [—4,4] x [—4,4]: a plane.
2

-~

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 28


https://github.com/fabiofurini/convex-optimization
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Convex Optimization

3. For every & € R2, g(x) is the smallest of the two values hi(x) = x1 + 22 — 1 and
ho(x) = 2 — x1; as shown for f in the first question, each of them satisfies hy, (/\p +
(1 = Nw) = My(p) + (1 — A)hg(w). For every pair of points p,w € R? and every
A € [0,1], we have:

g(Ap+ (1= Nw) = hp(Ap + (1 — Nw)
(for an index k € {1,2} attaining the minimum)

— M) + (1 = \) By (w)

(as shown for f in the first question)

> Ag(p) + (1 = AN)g(w)
(since hg(p) > g(p), hr(w) > g(w), A\,1—A>0)
Therefore,
g(Ap+ (1 = Nw) > Ag(p) + (1 — N)g(w)

By nature, the domain R? is a convex set. Accordingly, the function is concave in its
domain.

The same conclusion follows from the property «the minimum of concave functions is
concavey» (chapter «Convex and concave functions» ), since h; and hy are linear.

. 0 4 1
4. With p = (O)’ w = (2) and A = 5 we have

Ap+(1—-Nw = <§> ) g(p) = min{—1, 2} = —1, g(w) = min{5, —2} = -2,

and the two sides of the inequality are:

1 1 1 1 3

(3) =mint2.0) =0 > Fow) + 3 o(w) = 5

Since 0 > —%, the inequality of the definition of convex function does not hold for

these points and this scalar: the function g is not convex in its domain.
(& J

Exercise 3.5 — Convex and concave functions (E5)

Given a,b € R with a < b, consider the following real-valued function:

tla, b — R sz 24 92 — 622 + 2°
f [7] )

whose domain is the interval [a, b].

Questions
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. Prove that for every p,w € R and every A € [0, 1], with m = Ap + (1 — A\)w, we have

A(P) + (1= N f(w) = f(m) = A1 = N)(p—w)? (p+ w+m —6).

2. Prove that with a = 2 and b = 4 the function is convex.

3. Prove that with a = —1 and b = 2 the function is concave.

4. Show that with a = —1 and b = 4 the function is neither convex nor concave.

5. Draw the graph of the function with a = —1 and b = 4.

1. For every p,w € R and every A € [0,1], let d = p — w, so that p = w + d and

2.

m = w + Ad. We have:

M)+ 1 =N f(w)— f(m) :2()\+(1—)\)—1) +9()\p+(1—)\)w—m)
—6 (Ap* + (1 = Nw? —m?)
+ 203+ (1 = Nw? —m?
=—6 (\p> + (1 — Nw? —m2)
+ 203 + (1 = Nw? —mB
(since A\ +(1—=X) =1
and m = Ap + (1 — \)w)

= —6 (Mo? + 22wd + Ad* + (1 — A\)w?
—w? — 2 wd — \?d?)
+A (w3 + 3w?d 4 3wd* + d3) +(1-Nwd
— (w® + 3 w?d + 3\ *wd® + X*d?)
(expanding the powers, since p = w + d

and m = w + A\d)
= 6A=-2)E+3N -2 Dwd?+N-X)d
= A1 =N d*(Bw+ (1+X)d—6)

=X1-XNd*(p+w+m—6)

(since 3w+ (1+AN)d=(w+d)+w+ (w+ \d)
=p+w+m)

=21 - N)(p—w)?(p+w+m—6)

For every pair of points p,w € [2,4] and every A € [0, 1], with m = Ap+ (1 — Nw €
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(2, 4], we have:

FOw+ (1= Nw) = A () + (1 = Vf(w) = A1 = NP =) (p+w+m —6)

(by question 1)

< Af(p) + (1 =) f(w)
(since A(1 — \)(p —w)? >0, p,w,m > 2)
Therefore,
FOp+ (1= Nw) <Af(p) + (1 = A) f(w)

The domain [2,4] is an interval, hence a convex set. Accordingly, the function is
convex in its domain.

3. For every pair of points p,w € [—1,2] and every A € [0,1], with m = Ap+ (1 — Nw €
[—1, 2], we have:
FOp+ (1= Nw) = Af(p) + (1 = N f(w) = A1 = N (p — w)* (p+ w +m — 6)

(by question 1)

2 Af(p) + (1 =) f(w)
(since A(1 — \)(p — w)? > 0, p,w,m < 2)

Therefore,
Fp+ (1 =Xw) > Af(p) + (1= X)f(w)

The domain [—1,2] is an interval, hence a convex set. Accordingly, the function is
concave in its domain.

4. We have f(0) =2, f(1) =6, f(2) =4, f(3) =2 and f(4) = 6.
e With p=0, w=2and A = % we have Ap+ (1 — \)w = 1 and

1 1 1 1

the inequality of the definition of convex function does not hold, so the function
is not convex in [—1,4].

. Withp:2,w24and)\:%Wehave)\p—i—(l—)\)w:3and

1 1 1 1
f@)=2 < sf@+5f#) =5 -4+3-6=5:

the inequality of the definition of concave function does not hold, so the function

is not concave in [—1,4].

The two differences agree with the first question: -4-(0+2+1—6)=-3=3-6
and ;-4-(24+4+3-6)=3=5-2.
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5. This is the graph of the function (blue) in the domain [—1,4] (red), with f(—1) = —14.
The violet segments join the points of the previous question: the first one lies below
the graph (on [—1,2] the function is concave), the second one lies above the graph

(on [2,4] the function is convex).

-

~
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Chapter 4

Quadratic functions

In the exercises of this chapter, convexity is proved only with the definition of convex function
of the chapter «Convex and concave functions»: the quadratic function is written as a sum of
squares of linear functions, and the inequality

(Aa+ (1 =2b)° <Aa®>+ (1= A\,  Va,beR, YA€ [0,1]

of the same chapter is applied to each square.

Exercise 4.1 — Quadratic functions (F1)

Consider the following real-valued function:

Z1

f:R? SR, f< )Hx%—l—lewg—l—E)x%

Z2

Questions

1. Write the function in the matrix form f(x) = #'Q x with a symmetric matrix Q.

—4
replacing each off-diagonal pair with its average gives the matrix @ of the first ques-

1 6
2. Show that the non-symmetric matrix ( 5) defines the same function, and that

tion.
3. Compute the gradient and the Hessian of the function, and the gradient at the points
1 and -1
n .
1 2

4. Show that f(x) = (z1 + x2)? + 423 and prove, from the definition, that the function
is convex in its domain.

5. Draw the graph of the function.
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1. The coefficient 2 of xjx5 is split equally between the two off-diagonal entries:

1 1
AEN & D DE)—hraemennotmdimmoies
——

Z2 T2

Q

2. With the non-symmetric matrix we have:

1 6
(ml .’1}2) <_4 5) <§;) :$%+6$1$2—4l‘2$1+5$%256%4—21'15[}24-5%‘%

which is the same function. Replacing the off-diagonal pair with its average:

1 # _ 11 .
6+(=4) 5 1 5

2

3. The gradient is 2 Q « and the Hessian is 2 Q:

(@) () () -6 %)

L two:zt&» -(1) v((3))=(5%) = ()

4. Expanding the square:
(1 +22)2 + 422 =2 + 221200 + 22 4+ 425 = 23 + 22120 + 523 = f(x)

To prove that the function is convex in its domain, we observe that for every pair of
points p,w € R? and every \ € [0, 1], we have:

f(Ap+ (1= Nw)
= (Ap1+ (1= Nwi + Apz + (1 - )x)wg)2 +4(Ap2 + (1— )\)wg)z
= (A(p1+p2) + (1 = N)(w1 +w2))* +4 (Apa + (1 — Nws)”

< A(p1 +p2)® + (1 — A) (w1 +w2)® + 4 (Ap3 + (1 — Nwj)
(since (Aa + (1 — \)b)? < Aa? + (1 — A\)b?, twice)

= A ((p1 +p2)? +4p3) + (1 = A) ((w1 + w2)? + 4w3)
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Therefore,
fOP+ (1= Nw) < Af(p)+ (1 - N)f(w)

By nature, the domain R? is a convex set. Accordingly, the function is convex in its
domain.

5. This is the graph of the function in the domain <i1> € [-2,2] x [-2,2]; its lowest
2

point is (0,0,f(0,0)) = (0,0,0) and its highest points are at (2,2) and (—2,—2),
where f = 32.

a N

Exercise 4.2 — Quadratic functions (F2)

Consider the following real-valued function:

1
RS R, f: (m) — x2 + 222

Questions

1. Write the function in the matrix form f(x) = 'Q @ with a symmetric matrix Q.

1 -1
2. Compute the gradient of the function and its value at the four points <1>, < ),

(2)om () |

3. Describe the level sets of the function for £ = 3 and k£ = 12 (with their intersections
with the axes) and draw them, together with the gradients of the previous question
applied at their points.

4. Prove, from the definition, that the function is convex in its domain.

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 35


https://github.com/fabiofurini/convex-optimization
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Convex Optimization

1. The function has no term ziz9, so the off-diagonal entries are zero:

/ ((z;)) ~ (n @)@(z;) 242

Q

er()- (1)
€2 419
At the four points:

7(())- () 7 ()= (7)

(@)D w((G))-()

2. The gradient is 2 Q x:

3. The level set for k = 3 is the ellipse 23 +2 23 = 3, which meets the z;-axis at 71 = +/3
and the zg-axis at x9 = £4/3/2; it contains the four points of the previous question,
since 1+ 2 = 3. The level set for k = 12 is the ellipse 23 + 223 = 12, which meets
the zq-axis at £7 = £v/12 = +2v/3 and the zo-axis at z9 = :l:\/g; it contains the four

+2
points (12)’ since 4 + 8 = 12. In the figure, the level set k = 3 is blue, the level set

k = 12 is orange and the gradients at the four points of the level set k = 3 are blue
arrows: each gradient is perpendicular to the level set.

4 h

L2
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4. To prove that the function is convex in its domain, we observe that for every pair of
points p,w € R? and every \ € [0, 1], we have:

FOP+ (1= Nw) = (Apr+ (1= Nwr)* +2 (Ap2 + (1= Nws)”
<M+ (1= Nw? +2 (3 + (1 - Nuwj)
(since (Aa + (1 — A)b)? < Aa? + (1 — A)b?, twice)
— A (P} +2p3) + (1= ) (w? +2uwd)
= Af(p) + (1 = \) f(w)

Therefore,
fOP+ (1= Nw) < Af(p)+ (1 - N f(w)

By nature, the domain R? is a convex set. Accordingly, the function is convex in its
domain.

Exercise 4.3 — Quadratic functions (E3)

Consider the following real-valued function:

g:]R2—>]R7 g: <x1) r—>x%—2x1x2+2x§—2x1+4
€2

Questions

1. Write the function in the form g(z) = 2’'Q x + ¢’ + d with a symmetric matrix Q,
a vector ¢ and a scalar d.

2. Compute the gradient of the function and the point at which the gradient is the zero
vector.

3. Show that g(z) = (z1 — 22 — 1)% + (22 — 1)? + 2 and deduce that g(x) > 2 for every
x € R?, with equality only at the point of the previous question.

4. Describe the level sets of the function for k = 3 and k = 6 and draw them.

5. Prove, from the definition, that the function is convex in its domain.

- J

1. The coefficient —2 of x1x9 is split equally between the two off-diagonal entries, and
the linear part is —2x1 + 0 x2:

1 -1 —2
Q=<_1 2), c:<0>, d=4
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Indeed:
(@ ) (5 T () + (2 0) (PY) +a=22 - 2mmp + 202 — 20y +4
L*2)\ 1 9 Lo = 1 122 2 1
2. The gradient is 2Q « + ¢:
201 — 219 — 2
(@)= (e
Z2 —2x1 +4x9

The gradient is the zero vector when:

2x1 —2x9—2 = 0
—2x1+4x9 = 0

From the second equation 1 = 2 x9; substituting in the first, 4 xo —2x9 — 2 = 0, that

2
is 9 = 1 and 1 = 2. The point is <1>

3. Expanding the squares:
(xl—x2—1)2+(:c2—1)2+2
:x%+x%+1f2x1$272x1+2x2+x%f2$2+1+2

=22 —2xmy + 222 — 221 + 4 = g(x)
Since the two squares are nonnegative, g(x) > 2 for every & € R?. The equality holds
2
only if both squares are zero, that is xo = 1 and 1 = z9 + 1 = 2: the point <1> of

the previous question, where g = 2.

4. By the previous question, the level set for k = 3 is
{x eR?: (21 — 22— 1) + (22 — 1)* =1}
. 2 . . . 3 1 3
an ellipse centered at <1> that contains, for instance, the points <1>, ( ), ( )
1 .
and < 0). The level set for k£ = 6 is
{x €eR?: (21 — 22— 1)* + (22 — 1)* =4}
. . . . . 4 0 4
an ellipse with the same center that contains, for instance, the points 1))\

and <_01> . In the figure, the level set k = 3 is blue, the level set kK = 6 is orange and

the center <?> is black.
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5. To prove that the function is convex in its domain, we observe that for every pair of
points p,w € R? and every \ € [0, 1], we have:

g()\p +(1- )\)'w)

= ()\pl + (1 = )\)’U)l — A\p2 — (1 = A)wg = 1)2 + ()\pg + (1 = )\)’wg = 1)2 + 2

= (A1 —p2 — 1) + (1 — N (w1 —wz — 1))* + (Ap2 — 1) + (1 — A)(wp — 1)) +2
(since A\ + (1 —X)=1)

<Ap1—p2— 124+ (1 = N)(wr —wz — 1)% + A(p2 — 1)% + (1 = M) (wg — 1)? +2
(since (Aa + (1 — \)b)? < Aa? + (1 — A\)b?, twice)

:/\((pl—pg—l)2+(p2—1)2+2) —l—(1—>\) ((wl—w2—1)2+(w2—1)2+2)
(since A+ (1—=X)=1)

= Ag(p) + (1 = A)g(w)

Therefore,
g(p+ (1 = Nw) < Ag(p) + (1 = N)g(w)

By nature, the domain R? is a convex set. Accordingly, the function is convex in its

domalin.
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Exercise 4.4 — Quadratic functions (F4)

Consider the following real-valued functions:

Tl 1 4 0 I
f:R3—>R, fi| x »—>($1 To 333) -2 2 -6 To
I3 0 4 3 I3
and
h:R* SR, h:<i1)r—>$%+4m1z2+x%
2
Questions

1. Find the symmetric matrix @ that defines the same function f, and write f as a
polynomial in z,x3, x3.

1
2. Compute the gradient and the Hessian of f, and the gradient at the point | —1
1

3. Show that f(x) = (z1 + 72)? + (2 — 3)% + 223 and prove, from the definition, that
f is convex in its domain.

4. Write h in the matrix form with a symmetric matrix and show that A is not convex
in its domain, by finding two points and a value of A for which the inequality of the
definition of convex function does not hold.

- J

1. Replacing each off-diagonal pair with its average:

T ) I

2 1 1 0
Q= 4+(2—2) 9 —62+4 =011 2 =1
0 —62+4 3 0 -1 3

and the function is:

flx) = »T% + 122 + X221 + 293% — Tox3 — T3T2 + 3$§

=22 + 223 + 323 + 22122 — 22273

2. The gradient is 2 Q x and the Hessian is 2 Q:

2x1+ 2x9 2 2 0
Vf(x)= |2z +420—223|, Vif(x)=[2 4 -2
—2x9 + 623 0 -2 6
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At the point:

1 22 0
vill-1]]=2-4-2]=|-4
1 2+6 8

3. Expanding the squares:
(z1 4 20)2 + (22 — 23)% + 222
=2 + 23179 + T2 + 22 — 22073 + 25 + 222
=22 4+ 222 + 322 4+ 22120 — 22023 = f(x)

To prove that the function is convex in its domain, we observe that for every pair of
points p,w € R3 and every \ € [0, 1], we have:

FOp+ (1= Nw)
= (AMp1 +p2) + (1 = X) (w1 + w2))2 + (A(p2 — p3) + (1 — \)(wg — w3))2
+2 (s + (1 = Nws)”
< A(p1 +p2)? + (1= X) (w1 4+ w2)® + A(p2 — p3)* + (1 = A) (wz — w3)®
+2 (Ap3 + (1 — A)w3)
(since (Aa + (1 — \)b)? < Aa® + (1 — \)b?, three times)

= A ((p1 +p2)® + (p2 — p3)* + 2p3)

+(1=2X) ((w1 I 1U2)2 + (wg — w3)2 + 2w§)

=Af(p) + (1 =N f(w)

Therefore,
fOp+ (1 =Nw) <Af(p) + (1 = A)f(w)
By nature, the domain R? is a convex set. Accordingly, the function is convex in its
domain.
4. The coefficient 4 of x1x9 is split equally between the two off-diagonal entries:
1 1 2 I
h =
(G- =63 E)

With p = < 11>,w— (_11> and)\:%,we have %p—i—%w: (8) and:

Mp)=1—4+1=-2,  hw)=1—4+1=—-2, h(<0>> —0
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Therefore,

1 1 1 1

The inequality of the definition does not hold, so the function A is not convex in its do-

. . . (1 2Y . .. . .
main. In agreement with the chapter, the matrix < 5 1> is not positive semidefinite,

since h(p) = -2 < 0.
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