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Learning objectives

At the end of this chapter you will be able to:

>

>

write the big-M formulation of the capacitated lot sizing
problem and compute a weak and a strong big-M value;

write the shortest-path formulation and interpret its variables
as the arcs of a network;

represent a production plan as a combination of paths of the
network;

compare the LP bounds of the formulations on the reference
Instance;

write the ILP model of the uncapacitated lot sizing problem;
extend the big-M formulation to several products with setup

times, to the initial stock, to overtime and to unsatisfied
demand, and compute the strong big-M values of each model.
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Prerequisites

» From the module Integer linear programming, the chapters
«Integer linear programming» and «Primal and dual bounds»:
ILP problems, LP relaxations and lower bounds.

» From this module, the chapter «Lot sizing problems»: the
problem, its assumptions, the plans and the reference instance.
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Overview of the family
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Introduction: overview of the family

» This chapter writes the models of the lot sizing problems: the
capacitated problem and its variants

» All the models share the same variables and the same kinds of
constraints

» We first look at the family as a whole: its variables, its
constraints and the list of its members
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Variables, constraints and objective

» The big-M models of the lot sizing problems use, for every
period t € T, an integer production variable x;, an integer
inventory variable s; and a binary setup variable y;.

» The flow balancing constraints link the inventories of
consecutive periods to the production and to the demand; the
setup variables are linked to the production by big-M
constraints.

» The objective function minimizes the total cost of setups,
production and holding. The shortest-path formulation of the
CLS replaces the production and inventory variables with the
arcs of a network.
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Flow models with setups

» The lot sizing models are flow models over the periods,
with binary setup variables that switch the production on.

» The members of the family add products, setup times, an
initial stock, overtime or unsatisfied demand to the same
balance and big-M constraints.
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The members of the family

The members of the family, with the names of their models and the
sections that write them:

Problem Models Formulation

Section «A formulation with a big-M link>»

CLS ILPcrsp  big-M formulation

Section «A shortest-path formulation»

CLS MIPZ qp  shortest-path formulation
Section «ILP models for the variants»

ULS ILPyLs big-M, no capacity

MLS ILPf qp  big-M, setup times

LS-SI ILPY qp  big-M, initial stock variables

LS-OT  ILPZlsp  big-M, overtime variables
LS-UD ILPEPsp  big-M, unsatisfied demand variables
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Summary

» Every big-M model of the family uses production variables x;,
inventory variables s; and setup variables y;

» The flow balancing constraints link inventories, production and
demand; big-M constraints link the setups to the production

» The variants add products, setup times, an initial stock,
overtime or unsatisfied demand to the same constraints

Author: Fabio Furini Combinatorial Optimization 10 / 138 % S\‘/\‘"’”\\j/j\


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

ILP models for the
Capacitated Lot Sizing
Problem
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Introduction: ILP models for the CLS

» \We now start from the capacitated lot sizing problem (CLS),
the main member of the family

» |t has two different formulations, and we will write both of
them

» Two correct models of the same problem can give very
different lower bounds: this is the thread of the next sections
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The CLS and its two formulations

» The Capacitated Lot Sizing Problem and its reference instance
are defined in the chapter «Lot sizing problems».

» The CLS has two formulations: the big-M formulation
ILPcrsp (section «A formulation with a big-M link») and the
shortest-path formulation MIPZY ¢ (section «A shortest-path
formulation> ).

» The section «Comparing the formulations» compares the

bounds of their Linear Programming relaxations on the
reference instance.
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Summary

» The CLS has a big-M formulation ILP¢rsp and a
shortest-path formulation MIPZY ¢

» We will compare the bounds of their LP relaxations on the
reference instance
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A formulation with a
big-M link

Author: Fabio Furini Combinatorial Optimization 15 / 138 % SAPIENZA


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

Introduction: a formulation with a big-M link

> We write the first ILP model of the CLS, with production,
inventory and setup variables

» The setups are linked to the production by a big-M constraint

» The value of M matters: we compute a weak and a strong
value

» We close with the model on the reference instance and its
optimal solution
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Total demands and variables

» Given aset T ={1,2,...,m} of periods with demands d, for
Jj < twewrite Dj; = Z,t(:j dy for the total demand of the
periods j,j+ 1,...,t.

» We introduce the following integer variables and binary
variables, for every period t € T:

x¢ € Z>o (production),
st € Z>q (inventory at the end of the period),

1 if there is a setup in period t

yr =
0 otherwise

The inventory at the beginning of the horizon is the constant
50.
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The big-M constraint

» The setup variables are linked to the quantities by the logical
implication
x>0 = Y = ].7

modeled by the big-M constraint x; < M; y;, where M; is an
upper bound on the production of period t.

> If the setups are ignored, the best plan produces in every
period exactly its demand: it has no inventory and, in the
reference instance, cost 0.

» This is a very weak lower bound: the setup costs must be
modeled.
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The big-M formulation ILPcrgp

Using these variables, an Integer Linear Programming (ILP) model
for the capacitated lot sizing problem (CLS) reads as follows:

min Z (sct yr + ver x¢ + hee st)
teT

subjectto s 1+ xs=dir+s;, VEET,
xt < Myyr, VteT,
x¢ < capy, Vte T,
so = Sm =0,
Xt € Z>o, Vte T,
st € Z>o, Vte T,

ve € {0,1}, VteT.
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Description of the model ILPcrgp

» The linear objective function minimizes the cost of the setups,
of the production and of the holding;

» constraints s;_1 + x; = d; + s; are the flow balancing
constraints: the demand of period t is satisfied by the
production of the period and by the inventory of the previous
period, and the surplus becomes the inventory at the end of
period t (m linear constraints);

» constraints x; < M; y; link the quantities with the setups, and
constraints x; < cap; are the capacity constraints (m linear
constraints each);

» constraint sp = s, = 0 imposes an empty inventory at the
beginning and at the end of the horizon;

» finally, the domain constraints define the variables of the ILP
model.

This ILP model is referred to as the ILPcrsp model, or big-M

formulation.
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Weak and strong big-M values

» A weak value. Since s, = 0 and the inventories are
non-negative, the production of period t cannot exceed the
demand of the periods t,..., m: M3™ = D, ., is a valid value.

» A second value. By the capacity constraints x; < capy,
M = capy is also valid.

» A strong value. The best value is the smallest of the two:

Mt = min {Capt, Dt,m} .

Author: Fabio Furini Combinatorial Optimization 21 /138 % S\N’”\W\


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

Big-M values and LP relaxation

» The smaller the big-M value, the stronger the LP
relaxation: the constraint x; < M;y; cuts off the fractional
values of y; below x;/ M.

> A value that is too small, however, cuts off feasible plans.
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Example: the reference instance (1/2)

We consider m = 5 periods, with the following data:

period t 1 2 3 4 5
demand d; 2 1 3 4 1
capacity cap: 4 4 4 4 4
setup cost sc; 50 50 50 50 50

productioncost ve; | 0 0 O O O
holding cost hc; 10 10 10 10 10

This is the reference instance of the chapter «Lot sizing problemsy.
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Example: the reference instance (2/2)

The big-M values are:

period t 1 2 3 4 5
M =Dys |11 9 8 5 1
M =cap: | 4 4 4 4 4
M; 4 4 4 1

We refer to this CLS instance as the reference instance.
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Example: the ILP¢pgp model (1/3)

The ILPcrsp model with the strong big-M values for the CLS
reference instance is (sp = 0 is a constant, and it does not appear):

min 50y; +50y> +50y3 + 50y, +50y5 + 10s; + 10 s
+10s3 + 10s4 + 105

subject to x; — 51 2
S1+ X2 — S =1

S+ X3 — S3 = 3

S3+ X4 — 54 = 4

1

S4 + X5 — Sg =
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Example: the ILPcpgp model (2/3)

x1—4yr <0
xx—4y, < 0
x3—4y; < 0
Xa—4y, < 0
x5—ys < 0
X1 < 4
X2 < 4
X3 < 4
X4 < 4
X5 < 4

Author: Fabio Furini Combinatorial Optimization


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

Example: the ILPcpgp model (3/3)

S5 =0

X1, X2, X3, X4, X5 € Z>g
S1, 52, 53, S4, S5 € Z>0

Y1, Y2, ¥3, Ya, Y5 € {071}

An optimal solution (¥, X, 8)(ILPcLsp) is:

¥=1(1,0,1,1,0), %=(3,0,4,4,0), §=(1,0,1,1,0)

» The optimal value z(ILP¢rsp) is 3-50 + 3 - 10 = 180, the
cost of the optimal plan found by enumeration in the chapter
«Lot sizing problems».

» The weak big-M values give the same optimal solution.
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Summary

The big-M formulation ILPcygp:

> Integer variables x;, s; and binary variables y;; flow balancing
constraints and capacity constraints

» The link x; < M, y; models the implication x; > 0= y; =1

The big-M values:

» D:m and cap; are both valid; the strong value is
M = min{capt, D¢, m}
» The smaller the value, the stronger the LP relaxation

The reference instance: optimal plan (3,0,4,4,0), of cost 180
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The Linear
Programming relaxation
of the big-M formulation
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Introduction: the LP relaxation of the big-M formulation

» The LP relaxation of an ILP model gives a lower bound on its
optimal value

» In the big-M formulation the bound depends on the values M;

» We compute the bound of the three choices Md*™, M;*" and
M; on the reference instance
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Relaxing the integrality

» To obtain a Linear Programming (LP) relaxation of the
ILPcpsp model, we relax the integrality constraints of the
variables into non-negativity constraints and the bounds
ye < 1.

» The obtained LP model is written in the next slide.
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The LP relaxation of the big-M formulation

min Z (sct yt + ver x¢ + hee st)
teT

subjectto s, 1+ x=dr+s, VteT,
XtSMtyty Vte T7
x¢ < capy, Vte T,

50:5m:07

ye <1, Vte T,
x¢ > 0, Vte T,
st > 0, Vte T,
ve >0, Vte T.
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Three LP models

> This LP model is referred to as the LPg& Sy, LP(Fsp or
LPSCtIrJOSI};g model, when the big-M values are M3™ M or the
strong values M;.

» The three models differ only in the coefficients of the
constraints x; < M; y;.

» \We now solve the three of them on the reference instance.
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Example: big-M values and LP bounds (1/4)

The LP model for the CLS reference instance is:

min 50y; +50y> +50y3 +50y, +50ys + 10s; + 10sp
+10s3 + 10s4 + 10 s5

subject to x; — 51 =
S1+ X0 — S =
S2+Xx3— 53 =

S3+ Xg — 54 =

Ll OV o \°)

Sy + X5 — Sp =
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Example: big-M values and LP bounds (2/4)

xx—Mys <0
x2— My, < 0
x3—Mzys < 0
Xg —Mays, < 0
x5 —Msys < 0
X1 < 4
X2 < 4
X3 < 4
X4 < 4
X5 < 4
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Example: big-M values and LP bounds (3/4)

Sg =0
341 <1
Y2 <1
y3 <1
Ya <1
Y5 <1
X1, X2, X3, Xg, X5 > 0
S1, S, S3, S4, S5 > O
Y1, Y2, ¥3, Ya, ¥5 = 0
with the values My, ..., Ms of the table of the reference instance.
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Example: big-M values and LP bounds (4/4)

The three choices give the following optimal solutions (y, X, §),

with & = O:
Model y X (81,-..,5) optimal value
LP&%p  (&.3.3.2,0) (2,1,4,4,0) (0,0,1,1) 2% ~99.65
LPihe  (3,%,2,1,3) (2,1,3,4,1) (0,0,0,0) 2 =1375
LPas  (3,1,1,1,00  (2,1,4,4,0) (0,0,1,1) 35 =1575

» In every solution y; = X;/M;: the smaller M;, the larger the
cost of the setups paid by the LP.

» The integer optimal solution of the ILPcpsp model has value
z(ILPcLsp) = 180.
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Summary

» The LP relaxation of ILP¢gp replaces the integrality of the
variables with non-negativity and the bounds y; <1

» In every LP solution y; = X;/M;: the setups are paid only in
part

» On the reference instance: 99.65 with Mde™ 137.5 with M,
157.5 with the strong values, against the optimal value 180
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A shortest-path
formulation
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Introduction: a shortest-path formulation

> We write a second formulation of the CLS, which does not
decide the quantities directly

> |ts variables are the arcs of a network: a plan becomes a path,
or a combination of paths

» The setups are linked to the arcs without any big-M value
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The variables zvy and their costs

» The second formulation does not decide the quantities directly.
For every t, k € T, with k > t, we introduce the following
continuous variable:

zvy > 0, the fraction of the demand Dy  of the periods
t,...,k that is produced in period t.

» Producing in period t the demand of the periods t,..., k costs

the production of Dy, units and the holding of the units that
wait for their period:

k s—1
CVi) = VCt Dt,k + Z Z hCu dS'

s=t+1 u=t
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The shortest-path formulation MIP%IESP

Using these variables and the binary variables y;, a Mixed Integer
Linear Programming (MIP) model for the CLS reads as follows:

m
min Z SCt vt + Z Z CVii ZVik

teT teT k=t

m
subject to szlk =1,
k=1

t—1 m
ZZVu,t—l - sztk =0, Vte T\ {1},
u=1 k=t

m
sztk < Vi, vVt € T)
k=t

m

Z Dt,k vy < capy, vte T,

k=t
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The model MIPZ! p: domains and description

zve > 0, Vt,ke T, k > t,

yt€{071}7 VtE T

» The linear objective function minimizes the cost of the setups
and of the arcs of the plan;

» constraints Y, zvix =1and Y, zvy 1 — > 4 zve =0 are
the flow constraints of a network (m linear constraints);

> constraints ), zvy < y; force the setup if the product is
produced in period t, and constraints ), D; j zvy < cap:
impose the capacities (m linear constraints each);

» finally, the domain constraints define the variables of the MIP
model.
This MIP model is referred to as the MIPZY ¢ model, or
shortest-path formulation.
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The network of the variables zvy

» The nodes are 0,1,..., m, and the variable zv is the arc
from node t — 1 to node k, with cost cv.

» A unit of flow leaves node 0 (constraint ), zvi, = 1), and the
flow is conserved at the other nodes (constraints
Yoy ZVui—1— 2 2vik = 0).

Zv12 ZV23

2v13

Network of the variables zvy for m = 3: the variable zvy is the arc

from node t — 1 to node k.
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Paths and plans

» A path from node 0 to node m is a plan that produces only
when the stock is empty: each arc (¢t — 1, k) is a production in
period t for the periods t,..., k.

» This is why the formulation is called a shortest-path

formulation: with the capacities relaxed, the optimal plan is a
shortest path.
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Setups, quantities and combinations of paths

» Constraints ), zvy < y; link the arcs with the setups with
the coefficient 1 instead of a big-M value.

» In constraints ), Dy x zvy < cap; the quantity produced in
period t is x; = Y, Dy ko zvek.

» The paths are the building blocks, and a plan that is not a

path is a combination of paths: the quantities are integer,
but the variables zv;, may be fractional.
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Example: MIPZY op model and combinations of paths (1/6)

For the CLS reference instance the demands D j and the costs
cvyk are (the production cost is zero, so cvy is only holding cost):

Dt,k CVik
t\ k 3 4 5|1 2 3 4 5
1 6 10 11 |0 10 70 190 230
2 4 8 9 0 30 110 140
3 3 7 8 0 40 60
4 4 5 0 10
5 1 0
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Example: MIPZY op model and combinations of paths (2/6)

The MIPZE ¢ model for this instance is:

min

subject to

Author: Fabio Furini

50y;1 +50y> +50y3 + 50y + 50 ys5
+10 zvio + 70 zvi3 + 190 zvi4 + 230 zvys
430 zvo3 + 110 zvoq + 140 zvo5 + 40 zv3s
+60 zv3s + 10 zvy5

zviy + zviz + 2vi3 + zvia + 2vis =
ZVi1 — ZVp2 — ZVp3 — ZV24 — ZV25 =

zvyp + 2Vpp — ZV33 — ZV34 — ZV35

Il
o 0o o o =~

ZV13 + ZV23 + ZV33 — ZVagq — ZVas

ZV1a + ZVo4 + 2ZV34 + ZVa4 — ZVs5 =
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Example: MIPZY op model and combinations of paths (3/6)

zviy + zvipg + 2vi3 + 2via + 2vis — 11

2V + 223 + ZVoa + ZVo5 — Y2

Zv33 + zV34 + ZVv35 — 3

ZVa4 + ZVas — Ya

ZVs5 — Y5

22zvi1 +32zvio + 6 zvi3 + 10 zvi4 + 11 zv45
ZVoo + 4ZV23 + 82V24 + 92V25

32zv33 + 7 zv34 + 8 zv3s

4 zvaq 4+ 5 zvys

<
<
<
<
<
<
<
<
<
<

>~ b O O O O O

ZVs5
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Example: MIPZY op model and combinations of paths (4/6)

zZvi1, 2viz, 2v13, ..., Zvs5 > 0

Yi, Y2, Y3, Ya, Y5 € {051}

An optimal solution (Zv, ¥)(MIPSF <) is:

~ ~ 4 ~
Zvip =1, Zvzz =5, ZV3s =

[S1F

) Z~V45 =

Ol

Y

y=1(1,0,1,1,0),

and all the other variables zv; are zero.

Author: Fabio Furini Combinatorial Optimization


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

Example: MIPZY op model and combinations of paths (5/6)

» It is the optimal plan X = (3,0,4,4,0), which is not a path: in
period 3 it produces 4 units, more than the demand 3 of
period 3, and less than the demand 7 of the periods 3 and 4.

» |t is the combination, with weights % and % of the paths
0—-2—-3—5 (plan(3,0,3,5,0)) and

0—2—5 (plan (3,0,8,0,0)).

» The quantities are x; = D13 zvip =3, x3 = 3-%+8-%:4
and x4 =5- § = 4.
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Example: MIPZY op model and combinations of paths (6/6)

The optimal value z(MIPZF o) is

3-50+10-1+0-2+60-%+10- ¢ =180.
N——

-~
setups —30
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Relaxing the setup variables

> To obtain an LP relaxation of the MIPZY ¢, model, we relax
constraints y; € {0,1} into the bounds 0 < y; < 1.

» The obtained LP model is written in the next slides.
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The LP relaxation of the shortest-path formulation
min Z sc: v + Z Z CVik ZVik
teT teT k=t

m
subject to szlk =1,
k=1

t—1 m
ZZVu,t—l - sztk =0, Vte T\ {1},
u=1 k=t

m
sztk < v, Vte T,
k=t

m

Z D¢k zvii < capy, Vte T,

k=t

Author: Fabio Furini Combinatorial Optimization 54 / 138 % §(" :


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

The model LP2} ¢p: bounds and domains

.yt§17 VtE T,
zvye >0, VYVt ke T, k> t,

ye 20, vteT.
> This LP model is referred to as the LPZ} p model.

> It differs from the MIPZ} o model only in the bounds
0 < y; <1 in place of the binary constraints y; € {0,1}.
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Example: the LP%]‘ESP model (1/4)

The LPSF < model for the CLS reference instance is:

min

subject to

Author: Fabio Furini

50y;1 +50y> +50y3 + 50 ¥4 + 50 ys5
+10 zvio + 70 zvi3 + 190 zvi4 + 230 zvys
430 zvo3 + 110 zvo4 + 140 zvo5 + 40 zv3,
+60 zv3s + 10 zv45

zviy + zviz + 2vi3 + zvia + 2vis =
ZVi1l — ZVp2 — ZVp3 — ZVo4 — ZV25 =

zvyp + 2ZVpp — ZV33 — ZV34 — ZV35

Il
o 0o o o =

ZV13 + ZV23 + ZV33 — ZVaq — ZVas

ZVia + ZVo4 + 2ZV34 + ZVag4 — ZVs5 =
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Example: the LP%ESP model (2/4)

zviy + zvipg + 2vi3 + 2via + 2vis — 11

2V + ZVo3 + ZVog4 + ZVo5 — Yo

zv33 + zv34 + 2v35 — V3

ZVaa + ZVas — Y4

ZVss — Y5

22zvi1 +32zvio + 6 zvi3 + 10 zvi4 + 11 zv45
v 4 4 zvp3 + 8 zvo4 + 9 Zvo5

32v3z + 7 2vaa + 8 zv35

4 zva4 + 5 zvys

>~ b O O O O O

<
<
<
<
<
<
<
<
<
<

ZV55
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Example: the LP%IESP model (3/4)

yi <1
¥ <1
y3 <1
Ya <1
Ys <1
zvii, Zvi, ZVi3, ..., ZVss > O
Y1, Y2, ¥3, Ya, Y5 >0
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Example: the LP%]‘ESP model (4/4)

An optimal solution (Zv, 7)(LPZF ¢p) is:
5 5 4 5 1
ZVi12 = 17 ZVv33 =5, ZV35 = g,

y = (]-a 07 17 %70)7

and all the other variables zvy are zero.

» These are the arcs of the optimal plan, with the setup of
period 4 paid only for the fraction &

5.
> The optimal value z(LPg} gp) is 180 — £ - 50 = 170.
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Summary

The shortest-path formulation MIPZ p:
» Continuous variables zvs, the arcs of a network with nodes
0,1,...,m, with costs cvy
» A path from 0 to m is a plan; a plan that is not a path is a
combination of paths
» The link >, zvie < y¢ has coefficient 1, with no big-M value

The reference instance:
» The optimal plan (3,0,4,4,0), of cost 180, combines two
paths
> The LP relaxation LPZF ¢p gives the bound 170
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Comparing the
formulations
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Introduction: comparing the formulations

> We put side by side the lower bounds of all the relaxations
computed so far

» A stronger bound is closer to the optimal value, but it may
come from a larger model

» The comparison shows what we gain and what we pay with
each formulation

Author: Fabio Furini Combinatorial Optimization
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Same optimal value, different bounds

» The formulations have the same optimal value
z(ILPcrsp) = z(MIPEY ¢p) = 180, but their LP relaxations
have different optimal values.

» On the reference instance the lower bounds, computed with
the exact simplex algorithm and checked with Gurobi, are
given in the next slide.

» The last column is the gap of the chapter « Combinatorial

optimization problems» between the bound and the optimal
value; it is undefined for the bound 0.
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Lower bounds on the reference instance

Model Lower bound Gap %
Without setups 0 undefined
LP&M (M = Dy ) 99.65 80.6%
LP T sp (M = capy) 137.50 30.9%
PSR (M, = min{cap;, D, m}) 157.50 14.3%
LPZF op (shortest path) 170 5.9%

Author: Fabio Furini
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Strength and size

» The bound 170 of the shortest-path formulation is the optimal
value of the problem without capacity (plan (3,0,8,0,0), of
cost 170): the capacity constraints ), Dy x zvy < cap; act
only on the quantities, and a combination of paths can satisfy
them.

» The price of the shortest-path formulation is its size: there are

O(m?) variables zvy, against the O(m) variables of the big-M
formulation.
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Summary

» The two formulations have the same optimal value 180, but
different LP bounds

» On the reference instance the bound grows from 99.65 (big-M
with Dy ) to 157.5 (strong big-M) and to 170 (shortest path)

» The shortest-path formulation is stronger but larger: O(m?)
variables against O(m)
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ILP models for the
variants
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Introduction: ILP models for the variants

» The problems of this section are the variants of the
capacitated lot sizing problem defined in the chapter «Lot
sizing problems>»

» We write the ILP model of each variant, in the order of that
chapter:

>

>
| 4
>
>

the uncapacitated lot sizing problem;
several products and setup times;
initial stock;

overtime;

unsatisfied demand.

» Each model keeps the structure of the big-M model of the CLS

Author: Fabio Furini
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The uncapacitated lot sizing problem: variables

» Given aset T ={1,2,..., m} of periods with demands d; and
no binding capacity, we introduce, for every period t € T, the
following integer variables and binary variables:

X¢ € Z>o (production),
st € Z>q (inventory at the end of the period),

1 if there is a setup in period t
Yyt =
0 otherwise
» Since s, = 0, the production of period t is at most the
demand D; , of the periods t,..., m: this is the big-M value
of the link between x; and y;.
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The model ILPyg

Using these variables, an Integer Linear Programming (ILP) model
for the uncapacitated lot sizing problem (ULS) reads as follows:

min Z (sct v+ + ver x¢ + hee st)
teT

subjectto s 1+ x=dr+s, VteT,
Xt < Demyr, VEeT,
so = sm =0,
Xt € Z>o, Vte T,
st € Z>o, Vte T,
y: €4{0,1}, VteT.
This ILP model is referred to as the ILPyrg model.
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Description of the model ILPyrg

» The linear objective function minimizes the cost of the setups,
of the production and of the holding;

» constraints s;_1 + x; = d; + s; are the flow balancing
constraints (m linear constraints);

» constraints x; < D n, y¢ force a setup in every period with
positive production (m linear constraints);

» constraint sp = s, = 0 imposes an empty inventory at the
beginning and at the end of the horizon;

» finally, the domain constraints define the variables of the ILP
model.
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The ULS and the CLS

» The ILPyrs model is the ILPcpsp model without the capacity
constraints x; < cap; and with the big-M values M; = D p,.

» The DP algorithm of Wagner and Whitin, in the chapter «DP

for the uncapacitated lot sizing problem>» later in the course,
solves the ULS in polynomial time.
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Example: the ILPyLs model (1/3)

We consider the CLS reference instance without the capacities: the
demands are d = (2,1, 3,4,1), the setup costs sc; = 50, the
holding costs hc; = 10, and vc; = 0. The big-M values are

D:5 = (11,9,8,5,1), and the ILPyrs model for this ULS instance
is:

min 50y; +50y> +50y3 +50y4 +50y5 + 1051
+10s, + 10s3 + 10s4 + 10 s

subject to x3 — 51 =
S1+Xo— 5 =
SO+ X3 — S3

S3+ X4 — Sy

Il
= s W = N

S4 + X5 — Sg =
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Example: the ILPyLs model (2/3)

x1— 11y <0

x2 =9y <0

x3 —8y3 <0

X4 —5ya <0

X5 — Y5 <0

Sy =0

X1, X2, X3, X4, X5 € ZLxg
S1, 52, S3, 54, S5 € Z>o
Yi, Y2, ¥3, ya, 5 € {0,1}
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Example: the ILPyLs model (3/3)

An optimal solution (y, X, §)(ILPyLg) is:

§=(1,0,1,0,0), %=(3,0,8,0,0), &=(1,0,5,1,0)

» The optimal value z(ILPy1g) is 2-50+ (1 +5+1)-10 = 170,
the bound of the shortest-path formulation of the CLS.

» The optimal solution is not unique: the plan (3,0, 3,5,0), with
three setups and the stocks (1,0,0, 1,0), also costs
3:-50+2-10=170.
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Several products and setup times: data

> A set P of products shares the resource of each period.

» We write dpt, sCpt, vCpr and hcp for the data of product
p € Pinperiodte T.

» Producing a unit of p takes the time vt,; € Z>1, a setup takes
the time st,; € Z>g, and the capacity cap; is a time.

» For j < k we write sdpj = ij:j dpy for the demand of
product p in the periods j, ..., k.
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Several products and setup times: variables

» We introduce, for every product p € P and every period
t € T, the following integer variables and binary variables:

Xpt € Z>o (production),
Spt € Z>q (inventory at the end of the period),

1 if there is a setup of product p in period t

Ypt =
0 otherwise

» The inventories at the beginning of the horizon are the
constants s,g = 0.
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The model ILPE; gp: objective and constraints

Using these variables, an Integer Linear Programming (ILP) model
for the lot sizing problem with several products and setup times
(MLS) reads as follows:

min E E (SCpt Ypt + VCpt Xpt + tht Spt)
peEP teT

subject to  Sp 1+ Xpr = dpt + Spt, VpEP, Vte T,

Z (Stpt Ypt + tht Xpt) S Capg, Vvt € T,
peEP

Xpt S Mptyph \V/p € P, \V/t S T,

Sp0 = Spm = 0, Vp e P,
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The model ILPE; gp: domains of the variables

Xpt € L>0, VpeP,VteT,
Spt € L>9, VpeP,VteT,
ypt €{0,1}, Vpe P, Vte T.

This ILP model is referred to as the ILPE; op model.
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Description of the model ILPgLSP

» The linear objective function minimizes the cost of the setups,
of the production and of the holding of all the products;

» constraints s, ;1 + Xpt = dpt + Spt are the flow balancing
constraints of every product (|P| m linear constraints);

> constraints > (Stpt Ypt + Vtpt Xpt) < cap: impose that the
setup times and the production times of each period do not
exceed its capacity (m linear constraints);

> constraints x,: < My ype link the quantities with the setups
(|P| m linear constraints);

» constraints s,g = Spm = 0 impose an empty inventory at the
beginning and at the end of the horizon;

> finally, the domain constraints define the variables of the ILP
model.
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Strong big-M values and products

» A setup of p in period t leaves the time cap; — st for the
production, and s, = 0 bounds the production by the
remaining demand. The strong big-M value is

. capy — st
Mpt = min { LMJ , Sdptm} .
tht

» The products interact only through the capacity constraints
Zp(stpt Ypt + Vipe Xpe) < capy: without them, the model splits
into |P| independent single-product models.

Author: Fabio Furini Combinatorial Optimization 81 / 138 % S\N’”\W\


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

Example: the ILP&; gp model (1/5)

We consider |P| = 2 products and m = 3 periods, with capacities
cap: = 9, production times vty = 1, setup times st,: = 1, holding
costs hcp: = 5 and production costs vcp: = 0. The setup costs are
sc1: = 30 and scp; = 40, and the demands are:

product 1 | product 2
periodt |1 2 3|1 2 3

dpt 3 2 42 4 1
sdptm |9 6 4|7 5 1
Mt 8 6 4|7 5 1
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Example: the ILP&; gp model (2/5)

The ILPS; qp model with the strong big-M values for this instance
is:

min 30 y11 + 30 y12 + 30 y13 + 40 y21 + 40 y2o + 40 y23
+5511 +5510+ 55134+ 551 +555+ 553

subject to x11 — s11 =
S11 + X12 — S12 =
S12 + X13 — S13 =
X21 — S21 =

So1 + Xo2 — S22 =

3
2
4
2
4
1

S22 + X23 — S23
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Example: the ILP; gp model (3/5)

xu1tx1t+yint+yan <09
X2+ X2 +y2tyn < 9
x13+Xx3+yi3+ys < 9
x11 — 8y11 <0
x12 — 6 y12 <0
x13 — 4 Y13 <0
Xx21 — T y21 <0
X2 — 5y <0
X23 — Y23 <0
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Example: the ILP&; gp model (4/5)

513 =0
523 =0
X11, X12, X13, X21, X22, X203 € Zxq

S11, S12, S13, 21, S22, 23 € Zxq

Y11, Y12, Y13, Y21, Y22, Y23

m
~
o

=
—

An optimal solution (¥, %, 8)(ILPE gp) is:
Vit=j13=jo1 =y =1, j1o= i3 =0,
X1 =05, Xi3=4, X1=2, X2=5, X2 =%X3=0,
S§11 =2, &> =1, all the other 5,; =0
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Example: the ILP; gp model (5/5)

» The optimal value z(ILPE; 4p) is
2-30+2-40+(2+1) -5 =155, and the optimal solution is
unique (Gurobi).

» Period 1 uses its whole capacity, 5+2+1+1=09.

» Without the capacity constraints product 2 would be produced
only in period 1, with value 140: this plan needs the time
547+1+1=14>0.
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Initial stock: data and variables

» The data are those of the lot sizing problem with several
products and setup times. In addition, the initial inventory of
product p is a decision, bought at the cost fc, per unit.

» We introduce the integer variables x,¢, sp: and the binary
variables y,; of the ILPgLSP model, and, for every product
p € P, the following integer variable:

sip € Z>o (inventory of product p
at the beginning of the horizon).
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The model ILPZ} gp: objective and constraints

Using these variables, an Integer Linear Programming (ILP) model
for the lot sizing problem with initial stock (LS-SI) reads as follows:

min Z fcp sip +

peP
Z Z (SCpt Ypt + VCpt Xpt + hcpt Spt)
peEP teT
subject to  si, + xp1 = dp1 + Sp1, Vp e P,

Sp,t—l +Xpt = dpt + Spt7 Vp S P, Vt € T\ {1},

Z (Stpt Ypt + tht Xpt) < Cape, YVt € T,
peP
Xpt S Mpt_ypt, Vp S ID7 Vt € T,
Spm = 0, Vp € P,
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The model ILPY} ¢p: domains of the variables

Xpt € L>0, VpeP,VteT,
Spt € L>9, VpeP,VteT,
Sip € Z>0, Vp e P,
ypr € {0,1}, Vpe P, Vte T.

> This ILP model is referred to as the ILPZ} p model.

> It is the ILPE; gp model with the variables si, in place of the
constants s,g = 0, and with their cost in the objective
function; the strong big-M values M,; are the same.
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Description of the model ILP%ILSP

» The linear objective function minimizes the cost of the initial
inventory, of the setups, of the production and of the holding;

» constraints sip + Xp1 = dp1 + Sp1 and Sp r—1 + Xpt = dpt + Spt
are the flow balancing constraints of every product, with the
initial inventory siy in the first period (|P| m linear constraints);

» constraints Zp(stpt Ypt + Vipe Xpr) < capy impose that the
setup times and the production times of each period do not
exceed its capacity (m linear constraints); constraints
Xpt < Myt ypr link the quantities with the setups (|P| m linear
constraints);

» constraints s, = 0 impose an empty inventory at the end of
the horizon (|P| linear constraints);

» finally, the domain constraints define the variables of the ILP
model.
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Example: the ILPZ op model (1/6)

We consider |P| = 2 products and m = 3 periods, with capacities
cap1 = 2500, capr, = 2100, caps = 2500, the initial inventory costs
fc1 = fco = 3000 and the setup costs scp,: = 10000. The other data

are:!

product 1 product 2
period t 1 2 3 1 2 3
dpt 100 200 10 | 10 100 150
Vtpt 20 10 10| 10 5 5
Stpt 100 100 100 | 110 110 110
hcpt 110 100 100 | 105 105 105
VCpt 1100 1000 1000 | 900 800 800

Author: Fabio Furini
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Example: the ILPZ op model (2/6)

The big-M values are:

period t ‘ 1 2 3 1 2 3
sdptm 310 210 10| 260 250 150
| (cape — stpt)/vtpe| | 120 200 240 | 239 398 478
M 120 200 10 | 239 250 150
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Example: the ILPZ op model (3/6)

The ILPZ} ¢p model with the strong big-M values for this instance

IS:

min 3000 si; + 3000 si> + 10000 y11 + 10000 y1o

subject to

Author: Fabio Furini

+10000 y13 + 10000 y»1 + 10000 y»» + 10000 y23

41100 x71 + 1000 x75 + 1000 x13 + 900 x21
4800 x22 + 800 x23 + 110571 + 100 s1»
+100 513 + 105 551 + 105 500 + 105 503

Sip + X11 — S11
511+ X12 — S12
S12 + X13 — S13
Six + Xp1 — S21
So1 + X22 — S22

S22 + X23 — S23

Combinatorial Optimization

= 100
= 200
10
10
100
= 150
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Example: the ILPZ op model (4/6)

20x11 +10x21 + 10011 + 1105, < 2500
10X +5x0 + 10015 + 110y, < 2100
10x13 +5x23 + 100433 +110y»3 < 2500
x11 — 120 y11 <0
x12 — 200 y12 <0
x13 — 10 y13 <0
X21 — 239 yo1 <0
x22 — 250 y22 <0
x23 — 150 y23 <0
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Example: the ILPZ op model (5/6)

513

523

5/1, Si2

X11, X12, X13, X21, X22, X23
511, S12, S13, S21, S22, S23
Y11, Y12, Y13, Y21, Y22, Y23

Author: Fabio Furini Combinatorial Optimization
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Example: the ILPZ op model (6/6)

An optimal solution of the ILPZ} ¢p model is:

%11 =59, %1 =200, %3 = 10,
%1 = 110, S =0, 3 = 150,

siy =41, sip =0, &; =100, all the other §,, =0,

with a setup in every period except for product 2 in period 2.

> The optimal value z(ILPZ} ¢p) is 677 400, and the optimal
solution is unique (Gurobi).

» Product 1 starts with 41 units bought at the beginning of the
horizon, because period 1 has no time to produce all its
demand.
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The LP relaxation LPg} gp: objective and constraints
To obtain an LP relaxation of the ILPZ} ¢p model, we relax the
integrality constraints of the variables into non-negativity
constraints and the bounds y,; < 1. The obtained LP model reads

as follows:
min Z fcp sip +
peP
Z Z (SCpt Ypt + VCpt Xpt + hCpt Spt)
peEP teT
subject to  si, + xp1 = dp1 + Sp1, Vp e P,
Sp,t—l +Xpt = dpt + Spty Vp S P, YVt € T\ {1},
Z (Stpt Ypt + tht Xpt) S Cape, YVt € T,
peEP
Xpt S Mpt)/pt, Vp S P, Vt € T,
Spm = 0,
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The LP relaxation LPZ}¢p: bounds and domains

Yot <1, Vpe P, Vte T,
Xpt >0, Vpe P, Vte T,
spt >0, Vpe P, Vte T,
ypt >0, Vpe P, Vte T,
sip > 0, Vp e P.

This LP model is referred to as the LPZ] ¢p model.
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A shortest-path formulation with initial stock

» In the shortest-path formulation each product has its own
network, with an additional continuous variable w,: > 0, the
arc from node 0 to node t, for the fraction of the initial
inventory that covers the demands of the first t periods.

» The costs of the arcs are

k s—1
CVpik = VCpt SApek + Z Z hcpy dps,

s=t+1 u=t

t s—1

Cipt = fcp sdp1t + Z Z hepy dps-

s=2 u=1
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The model MIP%E’S%,: objective and constraints

Using these variables, a MIP model for the lot sizing problem with
initial stock (LS-SI) reads as follows:

min Z Z (scpt Ypt + Clpt Wpt) +

pePteT
m
z Z Z CVptk ZVptk
peP teT k=t
m
subject to Z (Wpk + zvp1k) =1, Vp e P,
k=1
t—1 m
Wp,t—1 + szp,u,tfl - ZZthk =0, Vpe P, Vte T\ {1},
u=1 k=t
m
ZZthk < Ypt, Vpe P, VteT,
k=t
m
Z Stpt Ypr + Z Z Vipt Sdpek ZVpek < Capy, Vte T,
peP peEP k=t
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The model I\/HP%PL)’S%: integrality and domains

m
> sdptk 2Vptk € Zizo, Vpe P, VteT,
k=t
Z Sdplt Wpt € Z207 \V/p € P,
teT
ZVpek 2> 0, Vpe P, Vt,ke T, k>t,
Wpt > 0, Vpe P, Vte T,
the{071}7 VPGP, Vte T.

» This MIP model is referred to as the MIP%E’SS;, model.

» Relaxing constraints yp: € {0,1} into 0 <y, <1 and
removing the integrality constraints of the quantities gives the

LP model referred to as the LP%IE’SSII) model.
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Description of the model h/le%E”SSPI)

» The linear objective function minimizes the cost of the setups,
of the initial inventory and of the arcs of the plans of all the
products;

> constraints ), (Wpk + zvp1k) = 1 and
Wpit—1+ >, 2ZVput—1 — 2k ZVptk = 0 are the flow constraints
of the network of every product, with the arcs wy; of the initial
inventory leaving node 0 (|P| m linear constraints);

» constraints ), zvpik < ypt force the setup of product p in
period t if it is produced (|P| m linear constraints), and
constraints ) p Stot Ypt + > p >k Vtpt Stk ZVpek < capy
impose the capacities, setup times included (m linear
constraints);

> the integrality constraints keep integer the quantities and the
initial inventories;

» finally, the domain constraints define the variables of the MIP
model.
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Integer quantities

» The quantity produced is xpr = >}, Sdptk ZVpek, and the
initial inventory is si, = >, 7 Sdp1r Wpe: the integrality
constraints of the quantities keep them integer, as in the
ILPZL ¢p model.

» With one product and vt; = 1 these constraints are not
needed: once the setups are fixed, what remains is a minimum
cost flow problem, which has an integer optimal solution.

» With several products and production times vty > 1, a
fractional quantity can use the capacity better. Without the
integrality constraints of the quantities the model is only a
relaxation of the problem, and its optimal value can be smaller
than z(ILPg} ¢p) (next example).
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Example: lower bounds with two products (1/2)

> We consider the instance of the ILPZ} ¢p example.

» Ignoring the setups (in the costs and in the capacities), the
optimal value is 575400, attained by the integer solution

x11 = 120, x1o = 160, x33 = 10,
X21 = ].07 X220 = ].007 X23 — 150, 511 = 40, Si1 = 20.
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Example: lower bounds with two products (2/2)

The lower bounds and the optimal value of the formulations are:

Model Value
Without setups 575400.00
LPZ! ¢p with Mpe = sdpem 638 882.20
LPZ! ¢p with the strong M, 651267.37
LPoysp 668 928.57
MIPgy &6 without integrality constraints 676 450.00

ILPZL op and MIP%PIZ’SSPI, (integer optimum) 677400

Without the integrality constraints of the quantities the
shortest-path model reaches 676 450 with the same setups and the
fractional quantities x;1 = 59.5 and si; = 40.5: period 1 then uses
its whole capacity, 100 + 20 - 59.5 + 110 + 10 - 110 = 2500.
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Overtime: data and variables

» The data are those of the lot sizing problem with several
products and setup times, but the time of each period is not a
fixed capacity: in period t the working time in normal hours
costs cw; per unit, up to capl’, and the overtime costs co; per
unit, up to cap?.

» We introduce the integer variables x,¢, sp: and the binary
variables y,; of the ILP{; qp model, and, for every period
t € T, the following integer variables:

pe € Z>o (working time in normal hours),

vt € Z>g (overtime).

Since the times vt,; and st,; are integer, the working times
can be taken integer.
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The model ILPE{p: objective and constraints

Using these variables, an Integer Linear Programming (ILP) model
for the lot sizing problem with overtime (LS-OT) reads as follows:

min g Z (SCpt Ypt + VCpt Xpt + hCpt Spt) +
peEP teT

Z (CWt Mt + co; l/t)

teT

subject to  Spt—1+ Xpr = dpt +Spt, VpEP, Vte T,

Z (Stpt Ypt + Vipt Xpt) < poe + Ve, Vte T,
peP
pe < cap{v, Vte T,
vy < cap?, Vte T,

Xpt S Mptyph \V/p € ID7 Vvt S T,
Sp0 = Spm = 0, Vp e P,
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The model ILPE{sp: domains of the variables

Xpt € L0, VpeP,VteT,
Spt € L>9, VpeP,VteT,
pt € Z>o, Vte T,
vt € L>o, Vte T,

ypr €{0,1}, Vpe P, Vte T.

This ILP model is referred to as the ILPZ{qp model.
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Description of the model ILngSP

> The linear objective function adds to the costs of the ILPE; ¢p
model the cost of the working time in normal hours and in
overtime;

» constraints s, ;1 + Xpt = dpt + Spt are the flow balancing
constraints of every product (|P| m linear constraints);

» constraints Zp(stpt Ypt + Vipe Xpt) < 1t + v+ impose that the
setup times and the production times of each period are
covered by the working time, in normal hours and in overtime
(m linear constraints);

» constraints p; < cap{\’ and vy < captO bound the two working
times (m linear constraints each);

» constraints Xp: < Mp: ype link the quantities with the setups
(|P| m linear constraints);

» constraints s,g = Spm = 0 impose an empty inventory at the
beginning and at the end of the horizon;

» finally, the domain constraints define the variables of the ILP

model.
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Strong big-M values with overtime

» The time available in period t is at most capl + cap?, so the
strong big-M value is

N o
— st
Mp: = min { \‘capt e = s th ) sdptm} .

tht

» With co; > cw; an optimal solution uses overtime only when
the normal hours of the period are exhausted.
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Example: the ILPOqp model (1/5)

» We consider the CLS reference instance, with one product
(|P| =1, and we drop the index p), production times vt; = 1
and setup times st; = 0.

» The capacity cap; = 4 becomes the normal hours cap{v =4,
at the cost cw; = 1, and one unit of overtime is available in
every period: cap?® = 1, at the cost co; = 6.

» The big-M values are My = min{5, D; s}, that is (5,5,5,5, 1).

The ILPZLgp model for this instance is:

min 50y; +50y> +50y3 +50ys +50y5 + 1051
+105y +10s3 + 1054 + 1055 + g + p2
+u3+ pa+ps +611 +6100+ 613
+61v4 + 615
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Example: the ILPOqp model (2/5)

subject to x3 — 51 =
S1tXxXe—% =
SO+ Xx3—85 =
S3+X4a—S4 =
Sy +X5 —S5 =

X1 — M1 —
X2 — W2 — V2
X3 — U3 — V3
X4 — 4 — Vg

X5 — U5 — s

O O O O O & W KHEH DN

(AN VAN VAN VAR VAN

Author: Fabio Furini Combinatorial Optimization


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

Example: the ILPOqp model (3/5)

x1—5y1 <0
x2—5y, < 0
x3—5y3 < 0
Xa—5ys < 0
xs5—ys < 0
H1 < 4
M2 < 4
M3 < 4
ha < 4
Hs < 4
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Example: the ILPOqp model (4/5)

" <1

2 <1

V3 <1

Va <1

Us <1

Sg =0

X1, X2, X3, Xa, Xg € Zxo
S1, S2, S3, S4, S € Zxo
M1, M2, 43, ..., Us € Zxg
Yi, Y2, Y3, Ya, ¥s c {0,1}
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Example: the ILPE¢p model (5/5)

An optimal solution of the ILPE{p model is:

§=(1,0,1,1,0), %=(3,0,3,5,0), §=(1,0,0,1,0),
it = (3,0,3,4,0), & =(0,0,0,1,0)

» The optimal value z(ILPZ{gp) is
3-504+2-10+10-1+41-6 = 186, and the optimal solution is
unique (Gurobi).

» One unit of overtime in period 4, at the cost 6, replaces one
unit stored from period 3 to period 4, at the cost 10: the
optimal plan (3,0,4,4,0) of the CLS costs 191 here.
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Unsatisfied demand: data and variables

» The data are those of the lot sizing problem with several
products and setup times. In addition, a part of the demand
dpt may be left unsatisfied, at the penalty cup: per unit.

» We introduce the integer variables x¢, sp: and the binary
variables y,; of the ILP{; p model, and, for every product
p € P and every period t € T, the following integer variable:

€pt € Z>o (demand of product p in period t left unsatisfied).
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The model ILP¢ sp: objective and constraints

Using these variables, an Integer Linear Programming (ILP) model
for the lot sizing problem with unsatisfied demand (LS-UD) reads

as follows:
min g E (SCpt Ypt + VCpt Xpt + hCpy Spt) +
peEP teT
E E ClUpt Ept
pEP teT

subject to  Spt—1 4+ Xpr = dpt —€pt + Spt, VP E P, VtE T,

Z (Stpt Ypt + Vipt Xpt) < capy, Vte T,
peP

Xpt < Mot ypt, Vpe P, Vte T,

€pt < dpt, Vpe P, Vte T,

Sp0 = Spm = 0, Vp e P,
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The model ILP¢sp: domains of the variables

Xpt € L>0, VpeP,VteT,
Spt € L>0, VpeP,VteT,
Ept € L>o, VpeP,VteT,
ypr €{0,1}, Vpe P, Vte T.

This ILP model is referred to as the ILPE sp model.
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Description of the model ILPgLDSP

> The linear objective function adds to the costs of the TLP&; p
model the penalty of the unsatisfied demand;

» constraints sp ;1 + Xpt = dpt — €pt + Spt are the flow
balancing constraints, with the demand reduced by its
unsatisfied part (|P| m linear constraints);

» constraints Zp(stpt Ypt + Vtpt Xpt) < capy are the capacity
constraints and constraints xp: < My v link the quantities
with the setups (m and |P| m linear constraints);

» constraints eyt < dp¢ ensure that the unsatisfied demand does
not exceed the demand (|P| m linear constraints);

» constraints s,g = Spm = 0 impose an empty inventory at the
beginning and at the end of the horizon;

» finally, the domain constraints define the variables of the ILP
model.
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Big-M values with unsatisfied demand

> The big-M values of the TLP£; sp model remain valid, since
the production can only decrease.

» With e, = 0 for every product and period the model is the
ILPE; gp model.
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Example: the ILPgLDSP model (1/4)

We consider the CLS reference instance, with one product (|P| =1,
and we drop the index p), production times vt; = 1, setup times
st; = 0 and the strong big-M values M; = (4,4,4,4,1). Each unit
of unsatisfied demand costs cu; = 18. The ILPZDqp model for this
instance is:

min 50y; +50y> +50y3 +50y4 + 50 y5 + 1051
+10s, + 10s3 + 10s4 + 10s5 + 181 + 18¢5
+18e3 + 184 + 18¢5
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Example: the ILPEESP model (2/4)

subject to x; — s1 + €1 2
S1+x—S+e = 1
So+x3—s3+¢e3 = 3
S3+Xas—Sa+es = 4
S4+x5s—Ss+e5 = 1
X1 < 4
X2 < 4
X3 < 4
X4 < 4
X5 < 4
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Example: the ILPEESP model (3/4)

x1—4yn < 0
xx—4y, < 0
x3—4y3 < 0
xg—4y, < 0
x5—ys < 0
€1 < 2
€2 <1
€3 <3
€4 < 4
€5 <1

Author: Fabio Furini Combinatorial Optimization


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

Example: the ILPgLDSP model (4/4)

S5 =

X1, X2, X3, Xa, X5 €
S1, S2, S3, Sa, S5 €
€1, €2, €3, €4, €5 €

S

Y1, Y2, Y3, Ya, Y5

An optimal solution of the ILPZEsp model is:

0

ZZO
ZZO
{0,1}

y: (0707 17 170)7 i:((:)707374-70)7
& =(

§=(0,0,0,0,0),
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Example: the ILPg sp model, the optimal value

> The optimal value z(ILP& sp) is 2-50 + 4 - 18 = 172, and the
optimal solution is unique (Gurobi).

» The demands of the periods 1, 2 and 5 are not satisfied: their
4 units cost 72, and the plan saves one setup and all the
holding costs of the optimal plan (3,0,4,4,0) of the CLS, of
cost 180.
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Summary (1/2)

The uncapacitated lot sizing problem:
» The big-M model without capacities and with M; = Dy ,

» On the reference instance its optimal value is 170, the bound
of the shortest-path formulation of the CLS

Several products and setup times:

» The products share the capacity with their setup times; they
interact only through the capacity constraints

» Strong big-M: My = min{|(cap; — stpt)/Vtpt|, Sdptm}
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Summary (2/2)

Initial stock: the variables siy, at the cost fcp; with several
products the shortest-path model needs the integrality of the
quantities (676 450 < 677 400)

Overtime: the working times u; and v; replace the fixed capacity;
the big-M values use cap] + cap?; on the reference instance the
optimal value is 186

Unsatisfied demand: the variables ¢, < dp, with the penalty
Cupt; on the reference instance the optimal value is 172
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Typical mistakes
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Introduction: typical mistakes

> We collect the mistakes that are most frequent when writing
the lot sizing models

» They concern the big-M values, the capacity constraints, the
costs of the arcs and the variants

» Each one comes with the reason why it is a mistake
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Observation 1: Typical mistakes (1/3)

» Taking a big-M value that is too small. A value
smaller than the production of a feasible plan cuts off
that plan: the values D, and cap; are both valid.

» Taking a big-M value that is too large. Every valid
value gives a correct model, but a large value gives a
weak relaxation: the setup variables become almost
zero in the LP solutions, as in the bound 99.65 of the
reference instance.

» Forgetting the setup times in the capacity
constraints. With several products the constraints
contain stpt ypr besides vtpe Xpt.
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Observation: Typical mistakes (2/3)

» Counting the holding cost of the demand of the
production period. In cvy the units for period t are
not stored: the holding sum starts from the demand of
period t + 1.

» Believing that the shortest-path formulation needs
binary paths. The variables zvy; are continuous: a
feasible plan that is not a path is a combination of
paths.

» Forgetting the integrality of the quantities with
several products. With production times vty > 1 the
continuous variables zvpy. can give fractional quantities:
the shortest-path model needs the integrality
constraints of the quantities, otherwise it is only a
relaxation (676450 < 677 400).
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Observation: Typical mistakes (3/3)

> Keeping the fixed capacity in the model with
overtime. The time of period t is bounded by the
working time u: + vy, and the big-M values use
cap{v + capto .

» Leaving the unsatisfied demand unbounded.
Without ep¢ < dp: the balance constraints would allow
a negative net demand, that is, inventory created from
nothing at the price of the penalty.
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Summary

Big-M values:

> Too small cuts off feasible plans; too large gives a weak
relaxation

Shortest-path formulation:

» The holding sum of cvy starts from period t + 1; the variables
ZVy are continuous

» With several products the integrality of the quantities is needed

Variants:

» Setup times in the capacity constraints; working time pu; + v
with overtime; epr < dpt
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In summary
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Introduction: in summary

> We collect the key ideas of the chapter

» We close with the dashboard of the lower bounds computed on
the reference instance
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Summary (1/3)

» Without the setups the CLS is a simple flow problem; the
setups need the binary variables y; and a link with the
quantities.

» In the big-M formulation the link x; < M; y; is correct for
every valid M;, but the LP bound improves when M,
decreases: the strong value is min{caps, D¢ m}.

» The shortest-path formulation writes the plans as paths in a
network, with the link >, zvy < y; and no big-M value: its
relaxation is the strongest.
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Summary (2/3)

» The two formulations have the same optimal value; they differ
in the lower bound and in the size of the model.

» The ULS model is the big-M model without capacities and
with My = D¢ m: on the reference instance its optimal value is
170.

» The variants keep the structure of the big-M model: several
products share the capacity with their setup times, the initial
stock adds the variables si,, overtime adds the working times
e, Ve, and the unsatisfied demand adds the variables €,;. On
the reference instance, overtime gives 186 and unsatisfied
demand 172.
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Summary (3/3)

Dashboard of the reference instance. Lower bounds on the
optimal value computed in this chapter:

Bound

From

Without setups
Big-M, Mt = Dt,m
Big-M, M; = cap;

Strong big-M
Shortest path

Optimal value

lot-for-lot plan
2(LPEgp) = %58°
z(LP¢isp)
2(LPELSr)
z(LPg sp)

plan (3,0,4,4,0)
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