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Learning objectives

At the end of this chapter you will be able to:

> state the definition of the 0/1 knapsack problem and of its
variants, with instances and feasible solutions;

» explain the assumptions on the data and why they can be
made without loss of generality;

» count the candidate solutions and the feasible solutions of a
small instance;

» find a feasible solution by hand and compute a simple
combinatorial dual bound;

> tell the variants apart: copies of the items, several resources,
several knapsacks, classes of items.
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Prerequisites

» From this module, the chapter « Combinatorial optimization
problems»: instances, feasible solutions, primal and dual
bounds and the gap.

» From the Preliminaries: subsets of a finite set and the number
2" of subsets.
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Why knapsack
problems?
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Introduction: why knapsack problems?

» Before the definitions, we see where knapsack problems come
from: a story and some applications

» Choosing the most valuable items under a limited capacity is
one of the most common decisions in practice

» A bit of history: the problem was studied in the early days of
integer programming

» We end with a challenge on the reference instance of the
chapter
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A story

> A fund has a budget of ¢ euros and n candidate projects
» Project j costs w; euros and brings a profit p;

» Which projects should be financed to maximize the total
profit?
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The same structure, everywhere

The same structure appears when we:
» load the most valuable cargo into a truck;
» choose the advertisements for a limited space;

» select the investments of a limited budget.

In every case:
» a capacity ¢ (budget, load, space);
> items j, each with a weight w; (what it uses) and a profit p;
(what it brings).
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History

» The problem was studied in the early days of integer
programming.

» Dantzig (1957) sorted the items by non-increasing efficiency
p;j/w; and used this order to solve the continuous version, an
idea that returns in the bounds of the course.

» Karp (1972) put the subset sum problem, called knapsack in
his paper, among the first 21 NP-complete problems. The KP
contains the SSP as the special case p; = w;, so it is NP-hard.

» Ibarra and Kim (1975) gave the first fully polynomial-time
approximation scheme for the knapsack problem (later in the
course).
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A challenge

Before reading on, try to answer two questions on the reference
instance of the chapter: capacity ¢ =9 and 6 items.

ltems ‘ ‘j:l j=2 j=3 j=4 j=5 j=6
Profits pj 6 5 8 9 6 7
Weights | w; 2 3 6 7 5 9

1. How many subsets of items are feasible, and which one is best?

2. How can we be sure that nothing better exists, without listing
all the subsets?

The chapter answers the first question and gives a first bound for
the second.
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Summary

Where knapsack problems come from:

> Select items of maximum total profit within a capacity:
projects within a budget, cargo in a truck, advertisements in a
space, investments

History:
» Dantzig (1957): the order of efficiency p;/w;

» Karp (1972): the subset sum problem is NP-complete, so the
KP is NP-hard

» |barra and Kim (1975): the first fully polynomial-time
approximation scheme
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Overview of the family
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Introduction: overview of the family

» In this section we meet the whole family of knapsack problems

» All the members share the same data: items with weights and
profits, knapsacks with capacities

» They differ in a few features: copies of the items, number of
resources, number of knapsacks, classes of items

» This gives the map of the chapter: each member is then
defined in its own section
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The common data

» The knapsack problems share the same data:
> aset .# ={1,2,...,n} of nitems,
» for each item j € .# a weight wj € Z>1 and a profit p; € Z>1,
» one or more knapsacks with a capacity in Z>1.

» A solution decides which items are selected, or how many
copies of each item: the total weight of the selected items
must not exceed the capacity of the knapsack that receives
them.

» The objective is to maximize the total profit of the selected
items.

Author: Fabio Furini Combinatorial Optimization 14 / 135 % S\{\"’”\WA


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

The family in one sentence

A knapsack problem selects items of maximum total profit
whose total weight respects the capacities.

The members of the family differ in the number of copies of
the items, in the number of capacities and of knapsacks, and
in the classes into which the items are grouped.
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The members of the family (1/2)

The table lists the members of the family; each one is defined in its

own section.

Problem Acronym Difference with respect
to the KP

0/1 knapsack KP one copy of each item, one

problem knapsack

subset sum problem  SSP pj = w;, total weight
exactly equal to ¢

bounded knapsack BKP at most b; copies of item j

problem

unbounded knapsack UKP an unlimited number of

problem copies of each item
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The members of the family (2/2)

Problem Acronym Difference with respect
to the KP

multidimensional MDKP k capacities ¢4 and

knapsack problem weights wy;

multiple knapsack MKP m knapsacks with

problem capacities ¢

multiple-choice MCKP classes ¢}, exactly one

knapsack problem item per class

knapsack problem KPS classes ¢} with setup

with setups

costs f, and setup weights
Sh
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The variants at a glance

» Each problem of the family is illustrated on a small instance, in
its section and with the notation of that section.

» The next tables list, for these instances, the number of
candidate solutions, the number of feasible solutions and the
optimal value, computed by enumeration.

» In the BKP and in the UKP a candidate solution is the vector
of the numbers of copies of every item, so that identical copies
are not counted twice.

» The optimal solution is not always unique: the MKP, the
MCKP and the KPS have several optimal solutions with the
same value, and in the SSP three subsets reach the target.
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The variants at a glance: candidate

and feasible solutions

Variant Candidate solutions Number Feasible
KP subsets of 6 items 64 13
SSP subsets of 6 items 64 3
BKP copies x; < b; 144 18
UKP copies x; < Bj 320 22
MDKP  subsets of 4 items 16 9
MKP each item in a knapsack or 243 109
none
MCKP  one item per class 8 3
KPS subsets of 6 items 64 40
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The variants at a glance: optimal solutions

Variant Optimum Optimal solutions

KP 15 {1,4}

SSP yes {6}, {1,4}, {2,3}

BKP 18 two copies of item 1 and item 5

UKP 24 four copies of item 1

MDKP 14 {3,4}

MKP 30 (S51,52) =({1,2},{4,5}),
({2,4}1,{1,5}), ({4,5},{1,2})

MCKP 17 {1,4,5}, {2,3,5}

KPS 16 {1,2,3}, {4,5,6}, {1,2,3,6}

In the MCKP only 3 of the 8 choices of one item per class fit in the
knapsack: the feasibility condition among the assumptions of the
MCKP is not a formality.

Author: Fabio Furini

Combinatorial Optimization 20 / 135 % S\‘/\‘"’”\\j/j\


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

Summary

The family:
» Same data: items with weights w; and profits p;, one or more
knapsacks with capacities
» Same goal: maximize the total profit of the selected items
within the capacities

The members:
» KP, SSP, BKP, UKP, MDKP, MKP, MCKP, KPS

» They differ in copies of the items, resources, knapsacks and

classes of items
» On the small instances the optimal solution is not always

unique
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The 0/1 knapsack
problem
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Introduction: the 0/1 knapsack problem

» We define the 0/1 knapsack problem (KP), the basic member
of the family

» Each item is either selected (once) or not selected: a solution
is a subset of items

» We introduce the reference instance of the chapter

» On it we count the solutions, find a first solution by eye and
compute a simple dual bound
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Definition 1: 0/1 Knapsack Problem

Given:
1. a knapsack of capacity ¢ € Z>1,
2. aset S ={1,2,...,n} of n items,
3. for each item j € .7, a profit pj € Z>1 and a weight
w; € ZZL

the 0/1 Knapsack Problem (KP) asks to decide which items
to insert into the knapsack, so that the total weight of the
selected items does not exceed the knapsack capacity, and the
total profit of the selected items is maximized.
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KP instance

A KP instance is specified by:
1. two integer numbers:
the number of items n € Z>1,
the knapsack capacity ¢ € Z>1,
2. two vectors of integer numbers of length n:
p € Z%,, containing the item profits,
w € Z%,, containing the item weights.
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KP feasible solution

A KP feasible solution is a subset of items
SsCcs

such that the total weight of the selected items does not exceed the
knapsack capacity, namely

D wise
JES

Accordingly, the KP can be equivalently stated as the problem of
selecting a subset of items whose total weight respects the
knapsack capacity, and whose total profit is maximized.
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The KP in formal terms

Given a KP instance, the KP can be formally stated as:

§€arggnca} ij : ijgc

Jjes jJES
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We now look at a KP instance with 6 items:
it is the reference instance of the chapter.
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Example (1/2)

We consider a knapsack of capacity ¢ = 9 and a set
 ={1,2,3,4,5,6} of 6 items (n = 6), with the following profits

and weights:
ltems ‘ ‘jzl j=2 j=3 j=4 j=5 j=6
Profits pj 6 5 8 9 6 7
Weights | w; 2 3 6 7 5 9

» In the drawing, the knapsack is a box of length ¢ = 9 and
every item is a block of length w;.

» The items 1 and 4 fill the knapsack, with weight 9 and profit
15; the other items stay out (dashed).

» This is the reference instance of the chapter.
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Example (2/2)

knapsack, capacity c =9

::/em; ::/eml?l weight 2+7 =9
= = >
rofit 6 +9 =15
pL=06 psa=9 prof
T T T T T T
0 9

. item2 || item 3 E | item 5 :
i Wy = = w3 = ! i Ws = 1
L =5 p3=8 ! . ps =6 :
i item 6 1
: W — :
| P =7 \
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Assumptions

We make the following assumptions:

1. The total weight of all items exceeds the knapsack capacity
(otherwise, all items could be selected). Formally:

> wi>c

jes

2. Each item individually fits into the knapsack (otherwise, it
cannot be selected). Formally:

wj<c, VjeJ
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How many solutions does the reference instance have?

And how good is a solution found by hand?
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Counting the solutions

» Candidate solutions. Every subset of .# is a candidate
solution, so there are 2" of them (see «Combinatorial

optimization problems» ). For the reference instance we have
20 = 64.

» Feasible solutions. The three lightest items weigh
2+3+5=10> 9, so no subset with three or more items is
feasible. The feasible solutions are the empty set, the 6
singletons and the 6 pairs of the following table: 13 solutions
out of 64.

pair S | {1,2} {1,3} {14} {15} {2,3} {25}

weight | 5 8 9 7 9 8
profit | 11 14 15 12 13 11
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A first solution, by eye

» Item 4 has the largest profit (9, weight 7).

» The residual capacity 9 — 7 = 2 is enough for item 1 (weight
2, profit 6).

» The subset {1,4} has weight 9 and profit 15: it is a primal

bound,
LB =15 < z(/).
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A feasible solution bounds z(/) from below.

To bound z(/) from above, we count how many items fit at
most.
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Observation 1: cardinality bound

Let k be the largest integer such that the k lightest items
weigh at most c. Every feasible subset has at most k items,
hence z(I) is at most the sum of the k largest profits.
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Proof

> A subset with k items weighs at least as much as the k
lightest items.

> If k > k, the k lightest items weigh more than ¢, so the subset
is not feasible.

» The profit of a subset with at most k items is at most the sum
of the k largest profits.

0J
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A first dual bound

» In the reference instance we have k = 2, since
24+3=5<9 and 24+3+5=10>0.
» The two largest profits are 9 and 8, so
UB=9+8=17.

» The sum of all the profits, 41, is a much weaker dual bound.
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The gap

> We have
15 <z(l) < 17:

2

the absolute gap is 2 and the relative gap is 7%.

» Listing the 13 feasible subsets shows that {1,4} is the unique
optimal solution and z(/) = 15.

» For larger instances we need stronger bounds, which come
from relaxations (module Integer linear programming, «Primal
and dual bounds» ).
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Summary

The 0/1 knapsack problem:

» One copy of each item, one knapsack: a solution is a subset
S C .7 with ZJ-GSWJ-SC

> Assumptions: not all the items fit, each item fits alone
» There are 2" candidate solutions

On the reference instance:
» 13 feasible subsets out of 64
» LB = 15 by eye, UB = 17 from the cardinality bound
» {1,4} is the unique optimal solution, z(/) = 15
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The subset sum problem
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Introduction: the subset sum problem

» The subset sum problem (SSP) asks to reach a target value
exactly with the weights of a subset of items

> |ts answer is yes or no: it is not an optimization problem

> |t can be solved as a KP, by setting the profits equal to the
weights

> |t is the special case that makes the KP NP-hard
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Definition 2: Subset Sum Problem

Given:
1. a target value c € Z>1,
2. aset & ={1,2,...,n} of n items,
3. for each item j € .7, a weight w; € Z>1,

the Subset Sum Problem (SSP) asks whether there exists
a subset of items whose total weight is exactly equal to the
target value c.

Author: Fabio Furini Combinatorial Optimization 43 /135 % SAPIENZA


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

SSP instance

An SSP instance is specified by:
1. two integer numbers:

the number of items n € Z>1,
the target value ¢ € Z>1,

2. one vector of integer numbers of length n:
w € ZZ,, containing the item weights.
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SSP feasible solution

An SSP feasible solution is a subset of items
SCcs

such that the total weight of the selected items is exactly equal to
the target value, namely

E wj = C.
JES

Accordingly, the SSP can be equivalently stated as the problem of
selecting a subset of items whose total weight matches the target
value exactly.
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The SSP in formal terms

Given an SSP instance, the SSP can be formally stated as:

find SC .7 suchthat » wj=c.

Jjes
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Example (1/2)

We consider a target value ¢ =9 and a set .¥ = {1,2,3,4,5,6} of
6 items (n = 6), with the following weights:

ltems ‘ ‘jzl j=2 j=3 j=4 j=5 j=6

Weights ‘ w; ‘ 2 3 6 7 5 9

» The subset S = {1,4} is feasible since wg +ws =247 =09.
» The subset S = {6} is feasible since ws = 9.

» The drawing shows the three subsets whose weights fill the
box of length ¢ = 9 exactly: {1,4}, {6} and {2,3}.

Author: Fabio Furini Combinatorial Optimization 47 / 135 % S\‘/\‘"’”\\j/j\


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

Example (2/2)

target ¢ = 9, subset S = {1,4}
item 1 item 4 247-9
w1 = 2 Wy = 7

0 9
target ¢ =9, subset S = {6}
item 6 9—9
W = 9
0 9
target ¢ = 9, subset S = {2,3}
item 2 item 3 316-09
Wy = 3 w3 = 6
9
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Solving the SSP with the KP

» The SSP is not an optimization problem, since its answer is
either yes or no. However, it can be solved by using an
optimization problem.

» An SSP instance can be solved as a KP instance by setting the
profit of each item equal to its weight, namely

pj = wj, Vje s,
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Solving the SSP with the KP: the answer

In this case, we solve the following KP:
S € arg max w; wi < ¢
8385 Z ’ Z I
jJES JES
> If Zje§ w; = c, then the answer to the SSP is yes.

» Otherwise, if Zjeé w; < c, the answer is no.
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Assumptions

We make the following assumptions:

1. The total weight of all items is at least the target value
(otherwise, no feasible subset can exist). Formally:

D wize

jes

2. Each item weight is not larger than the target value
(otherwise, it cannot belong to any feasible subset). Formally:

wj<c, Vje.JS
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Summary

The subset sum problem:

» Find a subset of items whose total weight is exactly equal to
the target value ¢

» The answer is yes or no: it is not an optimization problem

Solving it with the KP:

» Set pj = w; and solve the KP: the answer is yes if and only if
the optimal subset weighs exactly ¢

» In the example, three subsets reach the target ¢ = 9: {1,4},

{6}, {2,3}
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The bounded knapsack
problem
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Introduction: the bounded knapsack problem

» In the bounded knapsack problem (BKP) each item is
available in several copies, at most b;

» The decision is how many copies of each item to insert

» We turn it into the selection of a subset of an extended set
of items, one element per copy

» The same idea returns in the unbounded knapsack problem
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Definition 3: Bounded Knapsack Problem

Given:

1. a knapsack of capacity ¢ € Z>1,

2. aset S ={1,2,...,n} of n items,

3. for each item j € .7, a profit p; € Z>1, a weight

w; € Z>1, and a number of available copies b; € Z>1,

the Bounded Knapsack Problem (BKP) asks to decide how
many copies of each item to insert into the knapsack, so that
the total weight of all selected item copies does not exceed
the knapsack capacity, each item is taken no more than its
available copies, and the total profit of all selected item copies
is maximized.
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BKP instance

A BKP instance is specified by:
1. two integer numbers:
the number of items n € Z>1,
the knapsack capacity ¢ € Z>1,
2. three vectors of integer numbers of length n:
p € Z2,, containing the item profits,
w € Z2,, containing the item weights,

b € 77, containing the number of available copies of each
item.
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Extended set of items

Given a BKP instance, we define the extended set of items as
I ={(,k):je s, ke{l,2,....b}},
where each pair (J, k) represents the k-th available copy of item j.

The cardinality of the extended set of items is

1= b;.

jes
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BKP feasible solution

A BKP feasible solution is a subset of items
sc.g

such that the total weight of the selected items does not exceed the
knapsack capacity, namely

Z w; < c.
(,k)es

Accordingly, the BKP can be equivalently stated as the problem of
selecting a subset of the extended set of items whose total weight
respects the knapsack capacity, and whose total profit is maximized.
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The BKP in formal terms

Given a BKP instance, the BKP can be formally stated as:

§€argma>g ij: ijgc

S (ikes (.k)ES
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Example (1/3)

We consider a knapsack of capacity ¢ =9 and a set
S ={1,2,3,4,5,6} of 6 items (n = 6), with the following profits,
weights, and available copies:

ltems ‘ ‘jzl j=2 j=3 j=4 j=5 j=6
Profits pj 6 5 8 9 6 7
Weights w; 2 3 6 7 5 9
Available copies | b; 2 2 1 1 1 1

The extended set of items is:

~

7 = {(L1).(1.2), (2.1),(2.2)
(3,1), (4,1), (5,1), (6,1) }
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Example (2/3)

Each copy (j, k) has profit p; and weight w;.

Copy label ‘ 1 2 3 4 5 6 7 8
(. k) (LY (1,2) (21) (2,2) (3,1) (41) (51) (6,1)
Profit p; 6 6 5 5 8 9 6 7
Weight w; 2 2 3 3 6 7 5 9

The drawing on the next slide shows an optimal solution: the two
copies of item 1 and the copy of item 5, with weight 2+2+5=09
and profit 6 + 6 + 6 = 18.
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Example (3/3)

knapsack, capacity ¢ =9

Wy | Wy &1 weight 242 +5 =9
1= = 5 = .
ofit 6+6+6=18
pr=6 | pr=6 ps =6 prot
I I I I I I I I
0 9

L@ v (22 (4,1) |
: Wy = : : Wy = : : Wy = E
| p=5 i p=5 .. pa=9 !
: (3.1) ) (6.1) :
| w3 = : : We = :
| ps =38 b pe =7 |
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Assumptions (1/2)

We make the following assumptions:

1. The total weight of all available copies of all items exceeds the
knapsack capacity (otherwise, all copies could be selected).

Formally:
Z bjw; > ¢
jes
2. Each item individually fits into the knapsack (otherwise, it
cannot be selected). Formally:

w; < c, Vje s
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Assumptions (2/2)

3. The total weight of all available copies of any single item does
not exceed the knapsack capacity (otherwise, that item could
never be taken in the maximum allowed number of copies).
Formally:

bjwj < c, Vje s
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Summary

The bounded knapsack problem:
» Item j can be taken in at most b; copies
> A solution is a subset of the extended set of items 4, with
|f‘ = Zjef bj
> Assumptions: not all the copies fit, each item fits alone, all the
copies of one item fit

In the example:

> 8 copies; an optimal solution takes the two copies of item 1
and the copy of item 5, with profit 18
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The unbounded
knapsack problem
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Introduction: the unbounded knapsack problem

» In the unbounded knapsack problem (UKP) each item is
available in an unlimited number of copies

» The capacity limits the copies anyway: we compute the
maximum feasible number of copies of each item

» With it we build, as in the BKP, an extended set of items

» A solution is again a subset of the extended set
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Definition 4: Unbounded Knapsack Problem

Given:
1. a knapsack of capacity ¢ € Z>1,
2. aset & ={1,2,...,n} of n items,
3. for each item j € ., which is available in an unlimited
number of copies, a profit p; € Z>1 and a weight
wj € Z>1,
the Unbounded Knapsack Problem (UKP) asks to decide
how many copies of each item to insert into the knapsack, so
that the total weight of all selected item copies does not ex-
ceed the knapsack capacity and the total profit of all selected
item copies is maximized.
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UKP instance

A UKP instance is specified by:
1. two integer numbers:

the number of items n € Z>1,
the knapsack capacity ¢ € Z>1,

2. two vectors of integer numbers of length n:
p € Z2,, containing the item profits,
w € Z%,, containing the item weights.
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Maximum feasible number of copies and extended set

> Given a UKP instance, we first define for each item j € .# the
maximum feasible number of copies

~ c
b = M’

that is, the largest number of copies of item j that can be
inserted into the knapsack without exceeding its capacity.

» We then define the extended set of items as
S = {(,k):je I, ke{l,2,....h}},

where each pair (j, k) represents the k-th copy of item ;.
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UKP feasible solution
» The cardinality of the extended set of items is
I =) b
jes
» A UKP feasible solution is a subset of items

SCc.g

such that the total weight of the selected items does not
exceed the knapsack capacity, namely

Z w; < c.

(J,k)eS

» Accordingly, the UKP can be equivalently stated as the
problem of selecting a subset of the extended set of items
whose total weight respects the knapsack capacity, and whose
total profit is maximized.
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The UKP in formal terms

Given a UKP instance, the UKP can be formally stated as:

SEargmax ij: ijgc

sc/ | (ikes (j,k)ES
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Example (1/4)
We consider a knapsack of capacity ¢ =9 and a set
& ={1,2,3,4,5,6} of 6 items (n = 6), with the following profits

and weights:
ltems ‘ M:lj:2j:3j:4j:5j:6
Profits pj 6 5 8 9 6 7
Weights | w; 2 3 6 7 5 9

The maximum feasible number of copies of each item are:

bh=13], b=13], b=[¢]
~— ~—
A 9 A 9 A 9
o= 3], bs=1[g], bs= 5]
~—
=1 =1 =1
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Example (2/4)
The extended set of items is:
j = { (171)7(172)7(173)’(174)’ (2’ 1)7(2’2)7(2a3)’
(3,1), (4,1), (5,1), (6,1) }.

Each copy (J, k) has profit p; and weight w;.

Copy label | 1 2 3 4 5 6
U, k) (1,1) (1,2) (1,3) (L,4) (2,1) (2,2)
Profit p; 6 6 6 6 5 5
Weight w; 2 2 2 2 3 3
Copy label | 7 8 9 10 11

(U, k) (2,3) (3,1) (41) (51) (6,1)

Profit p; 5 8 9 6 7

Weight w; 3 6 7 5 9
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Example (3/4)

The drawing on the next slide shows an optimal solution:

four copies of item 1, with weight 4 - 2 = 8 and profit
4.6 =24,

one unit of capacity stays free.
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Example (4/4)

knapsack, capacity c =9

Ly | w2 | w3 | @4 weight 4.2 — 8

wy =2 wy =2 wy =2 wy =2 | free pI’Oﬁt4~6_24

pr=6 | pr=6 [ pp=6 [ pp=6
T T T T T T T T T T
0 9
items with no copy selected
| item 2 » item 4 E b item 5 !
: W2:3 :: W4:7 :: W5:5 :
i p2=5 = psa=9 o ps =6 1
e e e e e e = L T L Y
! item 3 E ! item 6 '
: ws = ! we = :
| pP3 = L Ps = |
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Assumptions

We make the following assumptions:

1. The total weight of all possible copies of all items (up to the
maximum number that can fit in the knapsack) exceeds the
knapsack capacity (otherwise, all copies could be selected).

Formally:
Z BJ' wj > ¢
jes
2. Each item individually fits into the knapsack (otherwise, it
cannot be selected). Formally:

w; < c, Vje s
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Summary

The unbounded knapsack problem:
» Each item is available in an unlimited number of copies

» The capacity limits them: at most Bj = |c/w;| copies of item

J
» A solution is a subset of the extended set of items, with

7] = Zjeﬂ bj

In the example:
» 11 copies; an optimal solution takes four copies of item 1, with

profit 24
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The multidimensional
knapsack problem
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Introduction: the multidimensional knapsack problem

» In the multidimensional knapsack problem (MDKP) the
knapsack has k dimensions, each with its own capacity

» Each item has a weight in every dimension
> A subset of items is feasible only if it respects all the capacities

> Several resources consumed together: a common situation in
practice
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Definition 5: Multidimensional Knapsack Problem

Given:
1. a k-dimensional knapsack,
2. for each dimension d € {1,2,...,k}, a capacity
—_———

-9
Cq € ZZL
3. aset & ={1,2,...,n} of n items,
4. for each item j € .7, a profit p; € Z>1,

5. for each dimension d € & and each item j € .7, a
weight wyj € Z>1,
the Multidimensional Knapsack Problem (MDKP) asks
to decide which items to insert into the knapsack, so that for
every dimension the total weight of the selected items does
not exceed the corresponding capacity, and the total profit of
the selected items is maximized.
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MDKP instance

An MDKP instance is specified by:
1. two integer numbers:

the number of items n € Z>1,
the number of dimensions k € Z>1,

2. one vector of integer numbers of length n:
p € Z%,, containing the item profits,
3. one vector of integer numbers of length k:

ce Z’;l, containing the knapsack capacities for each
dimension,

4. one matrix of integer numbers with k rows and n columns:

W € ZX%", containing the weights of the items for each
dimension.
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MDKP feasible solution

An MDKP feasible solution is a subset of items
SC.7

such that the capacity constraints are satisfied in every dimension,
namely

Z Wj < c4 Vdeg.

Jjes
Accordingly, the MDKP can be equivalently stated as the problem
of selecting a subset of items whose total weight respects the

knapsack capacities in every dimension, and whose total profit is
maximized.
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The MDKP in formal terms

Given an MDKP instance, the MDKP can be formally stated as:

S € arg max ij : dejgcd Vde 9
ses jes jes

Author: Fabio Furini Combinatorial Optimization 84 / 135 % S\{\)


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

Example (1/2)

We consider a 2-dimensional knapsack (k = 2) with capacities
c1 =10 and ¢ = 12, and a set .¥ = {1, 2, 3,4} of 4 items (n = 4),
with the following profits and weights:

Items j=1 j=2 j=3 j=4
Profits pj 6 7 5 9
Weights (dim. 1) | wyj 4 5 3 7
Weights (dim.2) | wo; 6 4 5 3

» The drawing has one box per dimension, of length ¢; = 10 and
c» = 12: a selected item occupies a block of length wy; in the
first box and one of length wo; in the second.

» The optimal solution {3,4} fills the first dimension and uses 8
units of the second, with profit 5+ 9 = 14.
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Example (2/2)

dimension 1, capacity ¢; = 10

item 3 item 4
w3 =3 Wiy =7 Weight 3+7=10
ps =5 pa =
I I I I I I
0 10
dimension 2, capacity ¢; = 12
item 3 item 4
wr3z =5 Woq = 3 free weight 5+3 =28
p3 =5 Ps = 9
I I I I I I
0 12

not selected (top: dimension 1, bottom: dimension 2)

item 1, p; = item 2, p, =
CTT T Tt T TSt ST T ! CT T T T TS TSt TS TSI T T T ]
1 1 1 1
: w11 = : : Wiz = '
1
e e e e e e e == - 1 L e e e e e e e - —— 1
I--------------------_-j C TS T TS TS T ST T T !
1 1 1 I
! w21 = 1 1 W2 = |
1 1 1 !
|

PIENZA
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Assumptions

We make the following assumptions:

1. The set of all items does not fit in the knapsack (otherwise,
selecting all items is feasible and optimal). Formally,

3d € 2 such that Z Wgj > C4.
jes

2. Each item individually fits in the knapsack in every dimension
(otherwise, it can never be selected). Formally,

deSCdy Vde 9, Vjes.
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Summary

The multidimensional knapsack problem:
» k dimensions with capacities cg4, and weights wy; of item j in

dimension d
» A solution is a subset S C .# that respects every capacity

> Assumptions: the set of all items exceeds some capacity, each
item fits alone in every dimension

In the example:
» The optimal solution {3,4} has profit 14
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The multiple knapsack
problem

Author: Fabio Furini Combinatorial Optimization 89 / 135 % SAPIENZA


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

Introduction: the multiple knapsack problem

» In the multiple knapsack problem (MKP) there are m
knapsacks, each with its own capacity

» We decide which items to insert into each knapsack; every
item goes into at most one knapsack

> A solution is a family of pairwise disjoint subsets of items, one
for each knapsack
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Definition 6: Multiple Knapsack Problem

Given:
1. m € Z>1 knapsacks,
2. for each knapsack k € {1,2,...,m}, a capacity
T
Ck € Zzl,
3. aset & ={1,2,...,n} of n items,
4. for each item j € .7, a profit p; € Z>1 and a weight
wj € Z>1,
the Multiple Knapsack Problem (MKP) asks to decide
which items to insert into each knapsack, so that in every
knapsack the total weight of the assigned items does not ex-
ceed its capacity, and the total profit of the selected items is
maximized.
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MKP instance

An MKP instance is specified by:
1. two integer numbers:

the number of items n € Z>1,
the number of knapsacks m € Z>1,

2. one vector of integer numbers of length n:
p € Z2,, containing the item profits,
3. one vector of integer numbers of length n:
we Z’él, containing the item weights,
4. one vector of integer numbers of length m:
c € ZZ,, containing the capacities of the knapsacks.
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MKP feasible solution

An MKP feasible solution is a family of subsets of items
S = {Sk}ker, S C 7 forall ke x,

such that:

(i) each item is assigned to at most one knapsack, namely
SkNSy =0 forall k, k' € ¢ with k #* k'

(i) the total weight of the items assigned to each knapsack
respects its capacity, namely

ij-gck for all k e 7.
JESK
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The MKP in formal terms

Accordingly, the MKP can be equivalently stated as the problem of
selecting pairwise disjoint subsets of items, one subset for each
knapsack, such that every knapsack capacity is respected and the
total profit is maximized.

Given an MKP instance, the MKP can be formally stated as:

S« C I VYkeX,
SkNS =0 Vk k' € X with k £ K,

S e argmax Z ij :
S={Stkex | kex jes, Z wj<ck VkeXx
JESK
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Example (1/2)

We consider m = 2 knapsacks with capacities ¢; = 10 and ¢, = 12,
and a set . = {1,2,3,4,5} of 5 items (n = 5), with the following
profits and weights:

ltems ‘ ‘j:1 j=2 j=3 j=4 j=5
Profits pj 6 8 5 7 9
Weights | w; 4 6 5 3 7

The drawing on the next slide shows an optimal solution:
S1 = {1,2} in knapsack 1 and S, = {4,5} in knapsack 2, with
total profit 14 4+ 16 = 30; item 3 stays out.
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Example (2/2)

knapsack 1, capacity ¢; = 10

item 1 item 2
wi; = 4 Wy = 6
p1="6 p2=38
T T T T T T T T
0 10
knapsack 2, capacity ¢, = 12
item 4 item 5
ws =3 Ws = free
pa =17 ps =9

i item 3 ]
: W3:5 :
| p3 =5 1
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weight 4 + 6 = 10
profit 6 + 8 = 14

weight 3+7 =10
profit 7+ 9 = 16
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Assumptions

We make the following assumptions:

1. The set of all items does not fit in the knapsacks altogether
(otherwise, selecting all items is feasible and optimal).

Formally,
Z w; > Z Ck.

jes ket

2. Each item individually fits in (at least) one knapsack
(otherwise, it can never be selected). Formally,

Vje S ke X suchthat w; < c.
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Summary

The multiple knapsack problem:
» m knapsacks with capacities c; each item goes into at most
one knapsack
» A solution is a family {Sk} ke of pairwise disjoint subsets,
each within its capacity
» Assumptions: the items do not fit altogether, each item fits
alone in at least one knapsack

In the example:
> S ={1,2}, S, = {4,5}, total profit 30; item 3 stays out
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The multiple-choice
knapsack problem
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Introduction: the multiple-choice knapsack problem

» In the multiple-choice knapsack problem (MCKP) the items
are partitioned into classes

> We must select exactly one item from each class, within the
capacity of the knapsack

» Because of the word “exactly”, an instance can be infeasible:
we see a simple condition that rules this out
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Definition 7: Multiple-Choice Knapsack Problem

Given:
1. a knapsack of capacity ¢ € Z>1,
2. aset & ={1,2,...,n} of n items,
3. the set of items is partitioned into q € Z>» classes,
4. for each class h € {1,2,...,q}, the subset 7, C %
contains the items of that class,
5. for each item j € .7, a profit p; € Z>1 and a weight
wj € Z>1,
the Multiple-Choice Knapsack Problem (MCKP) asks to
decide which items to insert into the knapsack, so that exactly
one item is selected from each class, the total weight of the

selected items does not exceed the knapsack capacity, and the
total profit of the selected items is maximized.
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MCKP instance (1/2)

An MCKP instance is specified by:
1. two integer numbers:

the number of items n € Z>1,
the knapsack capacity ¢ € Z>1,

2. one vector of integer numbers of length n:
p € Z2,, containing the item profits,

3. one vector of integer numbers of length n:
w € ZZ%,, containing the item weights,
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MCKP instance (2/2)

4. one integer number:
the number of classes g € Z>o,
5. one family of subsets:

{1, #2,..., Zq} a partition of .7 into q classes, where
Fn C I is the set of items belonging to class h.
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MCKP feasible solution

An MCKP feasible solution is a subset of items
SC.7

such that:

(i) exactly one item is selected from each class, namely
1SN _Zp| =1 forall he {1,2,...,q};

(i) the total weight of the selected items does not exceed the
knapsack capacity, namely

ZWJSC.

Jjes
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The MCKP in formal terms

Accordingly, the MCKP can be equivalently stated as the problem
of selecting exactly one item from each class such that the
knapsack capacity is respected and the total profit is maximized.

Given an MCKP instance, the MCKP can be formally stated as:

§€argmax{ ij : ijgc, SN Zh =1 Vhe{l,2,...,q} }

scs jes jes
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Example (1/2)

We consider a knapsack of capacity ¢ = 15 and a set
& ={1,2,3,4,5,6} of 6 items (n = 6). The items are partitioned
into g = 3 classes: _#1 = {1,2}, ¢ ={3,4}, #3={5,6}. The

profits and weights are given as follows:

Items ‘ ‘jzl j=2 j=3 j=4 j=5 j=6
Profits pj 6 8 5 7 4 9
Weights | w; 4 6 5 8 3 7

» In the drawing every class is a coloured group: the item chosen
in each class is drawn solid, the other one dashed.

» An optimal solution, {1,4,5}, fills the knapsack, with weight
4+8+3=15and profit 6+ 7+ 4 =17.
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Example (2/2)

class 71 class #> class #3

item 1 i item 3 g item 5

wy = 4 : w3 = 5 : w5 = 3

p1 =6 L ps=5 : ps =4
i item 2 E item 4 0 item 6 i
q wy =06 ] wy =8 0 we =71 i
| p2=8 ! pa=T7 | ps =9 |
I o | (P 1

knapsack, capacity ¢ = 15

::/enli ::/erzg ':/e"_'g weight 4+8+3 =15
1= 4 = 5 = -
rofit 6 +7 +4 =17
p1=06 ps =7 ps =4 p
LN — T 1 L —
0 15
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Assumptions

We make the following assumptions:

1. Each class contains at least one item (otherwise, selecting
exactly one item from each class is impossible). Formally:

jh;éw VhE{l,,Q}

2. The instance is feasible, i.e., there exists at least one choice of
exactly one item per class that fits in the knapsack. A
necessary and sufficient (and easy-to-check) condition is:
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Summary

The multiple-choice knapsack problem:
» The items are partitioned into g classes _#j,
> A solution selects exactly one item per class, within the
capacity
» Feasibility is not guaranteed: it holds if and only if

q . )
> h=1 Minje 7, Wj < ¢

In the example:
» Only 3 of the 8 choices fit; {1,4,5} and {2,3,5} are optimal,

with profit 17
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The knapsack problem
with setups
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Introduction: the knapsack problem with setups

» In the knapsack problem with setups (KPS) the items are
partitioned into classes

» Using a class has a price: a setup cost in the objective and a
setup weight in the knapsack

» The setup is paid once for each class with at least one selected
item (an activated class)

> The objective is the total revenue minus the setup costs
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Definition 8: Knapsack Problem with Setups

Given:

1. a knapsack of capacity ¢ € Z>1,

2. aset & ={1,2,...,n} of n items,

3. the set of items is partitioned into q € Z>> classes,

4. for each class h € {1,2,...,q}, the subset ¢, C .7
contains the items of that class, with an associated
setup cost f, € Z>1 and a setup weight s, € Z>1,

5. for each item j € .7, a revenue p; € Z>1 and a weight
wj € Z>1,

the Knapsack Problem with Setups (KPS) asks to decide
which items to insert into the knapsack, so that the total
weight of the selected items plus the setup weights of their
classes does not exceed the knapsack capacity, and the total

revenue of the selected items minus the setup costs of their
classes is maximized.

J
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KPS instance (1/2)

A KPS instance is specified by:
1. two integer numbers:

the number of items n € Z>1,
the knapsack capacity ¢ € Z>1,

2. one vector of integer numbers of length n:
p € Z%,, containing the item revenues,

3. one vector of integer numbers of length n:
w € Z%,, containing the item weights,
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KPS instance (2/2)

4. one integer number:
the number of classes g € Z>»,
5. one family of subsets:
{1, #2,..., P4} a partition of .7 into q classes, where
I C I is the set of items belonging to class h,
6. two vectors of integer numbers of length g:
f € Z2,, containing the setup costs of the classes,
s € Z2,, containing the setup weights of the classes.
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KPS feasible solution

» A KPS feasible solution is a subset of items
SC.s.
» Given S, define the set of activated classes as
A(S) = {he{l,2,...,q}: SN _#, #0}.

» The subset S is feasible if the total weight of the selected
items plus the setup weights of the activated classes does not
exceed the knapsack capacity, namely

ZWJ—}- Zsh<c

JES hes' (S
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The KPS in formal terms

Accordingly, the KPS can be equivalently stated as the problem of
selecting a subset of items so as to maximize the total revenue of
the selected items minus the setup costs of their activated classes.

Given a KPS instance, the KPS can be formally stated as:

§€argmax ij— Z fn ij—i— Z sp<c

Ses jes he#(S) jes he(S)
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Example (1/3)

» We consider a knapsack of capacity ¢ = 20 and a set
& ={1,2,3,4,5,6} of 6 items (n = 6).

» The items are partitioned into g = 2 classes: _#; = {1,2,3}
and #> = {4,5,6}.

» Each class has a setup cost and a setup weight: f; =3, 51 =2
for class 1, and > = 4, s, = 3 for class 2.

» The item revenues and weights are given as follows:

ltems ‘ ‘jzl j=2 j=3 j=4 j=5 j=6
Revenues | p; 6 8 5 7 9 4
Weights | w; 4 5 3 6 7 2
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Example (2/3)

» In the drawing the classes have two colours, and a darker block
is the setup of a class, with its weight s, and its cost f,.

» An optimal solution, {1,2,3,6}, activates both classes.

» The weight is
(24+4+5+3)+(3+2)=19<20
and the value is

(6+8+5+4)—(3+4)=16.
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Example (3/3)

knapsack, capacity ¢ = 20

class 71 class 7>
r 1T 1
item 1 item 2 item 3 item 6
o =01 wy =5 ws =3 we=2| ¢
p1=06 p2=28 p3 = pe =4
I I I I I I I I I I I I
0 20
not selected
____________________ e e e e oo -
' item 4 - item 5 1
i Wy = ] b Ws = 1
] Pas = ] i Ps = ]
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Assumptions

We make the following assumptions:

1. Each class contains at least one item. Formally:

Ih#0 Vhe{l,2,....q}.

2. Each item can fit into the knapsack together with the setup
weight of its class (otherwise, it can never be selected).
Formally:

wj+sp < c Vhe{l,2,...,q}, Vj€ 7.

Author: Fabio Furini Combinatorial Optimization 120 / 135 % S\N’”\W\


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

Summary

The knapsack problem with setups:
» Classes ¢} with setup cost f, and setup weight sp,

» The setup of a class is paid only if the class is activated, i.e. if
at least one of its items is selected

» Objective: total revenue minus the setup costs of the activated
classes

In the example:
» {1,2,3}, {4,5,6} and {1,2,3,6} are optimal, with value 16
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Remarks
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Introduction: remarks

» We close the chapter with three historical remarks on the KP

» They link this chapter to what comes later in the course:
bounds, complexity and approximation
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Historical remarks

» Dantzig (1957) sorted the items by non-increasing efficiency
p;j/w; and used this order to solve the continuous version of
the KP; the same order returns in the bounds seen later in the
course.

» Karp (1972) put the subset sum problem, called knapsack in
his paper, among the first 21 NP-complete problems. The KP
contains the SSP as the special case p; = w;, so it is NP-hard.

» Ibarra and Kim (1975) gave the first fully polynomial-time
approximation scheme for the KP.
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Summary

Remarks:

» The order of non-increasing efficiency p;/w; comes from
Dantzig (1957)

» The KP is NP-hard, since it contains the SSP (p; = w;), one
of Karp's 21 NP-complete problems

» The KP has a fully polynomial-time approximation scheme
(Ibarra and Kim, 1975)
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Typical mistakes
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Introduction: typical mistakes

> We list the mistakes that are made most often with knapsack
problems

» They concern the differences among the variants, the order of
efficiency and the assumptions on the data

» Knowing them helps to read and solve the exercises correctly

Author: Fabio Furini Combinatorial Optimization 127 / 135 % S\{\) AbiRona


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

Observation 2: Typical mistakes (1/3)

» Confusing the KP with the SSP. The SSP asks for a
total weight exactly equal to ¢ and has a yes/no
answer; it is the KP with p; = w;, where the answer is
yes if the optimal value is c.

» Stopping at the order of efficiency. Taking the items
in the order 1,2,3, ... of non-increasing pj/w; gives
{1,2} with profit 11, while the optimal solution of the
reference instance is {1,4} with profit 15.
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Observation 3: Typical mistakes (2/3)

» Counting identical copies as different solutions. In
the BKP and in the UKP the copies (j, k) of the same
item are interchangeable: different subsets of the
extended set of items can give the same packing.

» Choosing at most one item per class. In the MCKP
exactly one item per class is selected, so an instance
can be infeasible; in the KPS a class with no selected
item costs nothing.
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Observation 4: Typical mistakes (3/3)

» Forgetting the assumptions. An item with w; > ¢
can never be selected, and if all the items fit the
problem is trivial: both cases are removed before
solving.
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Summary

Typical mistakes:

» The SSP is not the KP: exact target, yes/no answer

» The order of efficiency does not give an optimal solution
» Identical copies are interchangeable: count them once
>

MCKP: exactly one item per class; KPS: an unused class costs
nothing

v

Remove the trivial cases with the assumptions before solving
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In summary
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Introduction: in summary

> We collect the key ideas of the chapter

» We close with the dashboard of the reference instance: the
bounds found so far
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Summary (1/2)

» The KP selects a subset of items of weight at most ¢ and
maximum profit; a solution is a subset, and 2" subsets are
candidates.

» The SSP, the BKP, the UKP, the MDKP, the MKP, the
MCKP and the KPS change the number of copies, of
resources, of knapsacks or the structure of the items; each one
has its assumptions on the data.

» A solution found by eye is a primal bound; the cardinality
bound is a dual bound that uses only the weights and the
profits.

» The order of efficiency is not enough to find an optimal
solution, even on a small instance.
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Summary (2/2)

Dashboard of the reference instance.

KP, reference lower upper bound from

instance (max) bound

this chapter 15 (by eye) 17 (cardinality ~ definition
bound)

» The absolute gap is 2; listing the 13 feasible subsets shows
that z(/) = 15.

» For larger instances, stronger bounds come from relaxations.
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