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Learning objectives

At the end of this chapter you will be able to:

» write the ILP model of the Vertex Coloring Problem and
explain the role of the activation variables y,;

» write the two LP relaxations and their duals, and compute
their optimal solutions;

> prove that the optimal value of the LP relaxations is 2 for
every graph with an edge;

» explain why this bound is very weak, and why the model is not
enough to color a graph.
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Prerequisites

» From the module Linear Programming, the chapter «Duality
theory»: the dual of an LP problem, weak and strong duality

» From the module Integer linear programming, the chapters
«Integer linear programming» and «Primal and dual bounds»:
ILP problems, LP relaxations and bounds

» From this module, the chapter «Coloring problemss: the
problem, its assumptions and the notation on graphs
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Overview of the family
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Introduction: Overview of the family

» |n this section we see the common structure of the ILP
models of the coloring problems

> All of them use an upper bound k on the number of colors,
assignment variables and activation variables

» Recognizing this structure helps to read every model of the
family, and to compare it with the models of the packing
problems
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The ingredients of the coloring models

» The ILP models of the coloring problems use an upper bound
k on the number of colors and the set ¥ = {1,2,..., k} of
the colors that may be used

» The binary assignment variables x,. give a color c € ¥ to
every vertex v € V, and the binary activation variables y.
say whether color ¢ is used

» Each edge and each color give one constraint, which forbids
the same color on the two endpoints of the edge, and the
objective function minimizes the number > __.. yc of colors
used
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Coloring models are assignment models

The coloring models are assignment models, as the packing
models: a vertex is assigned to a color as an item is assigned
to a bin, and the edge constraints replace the capacity
constraints.

Coloring models Packing models
a vertex an item
a color a bin

the edge constraints the capacity constraints
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The members of the family

» The table lists the members of the family, with the name of
their ILP model and the section that writes it

Problem Model Variables Section
VCP ILPycp binary x,c and An ILP model for the
Ye Vertex Coloring
Problem
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Summary

The ingredients:

» An upper bound k on the number of colors and the set
¢ =1{1,2,...,k} of the colors

> Assignment variables x, and activation variables y., all binary

» One constraint for each edge and each color; the objective
function counts the colors used

Assignment models:
> A vertex is assigned to a color as an item is assigned to a bin

» The edge constraints replace the capacity constraints of the
packing models
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An ILP model for the
Vertex Coloring Problem
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Introduction: An ILP model for the VCP

» The Vertex Coloring Problem and its assumptions are defined
in the chapter «Coloring problems»

» In this section we introduce the variables, write the ILPvcp
model and describe its objective function and its constraints

> We explain the link between the assignment variables and the
activation variables

> We write the model for a small graph, a triangle: it is the
instance used in the whole chapter
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The variables of the model (1/2)

» Given a graph G = (V, E), for a vertex v € V' we denote by
d(v) the set of the edges incident to v

» Given an upper bound k € Z>> on the number of colors used
in any optimal VCP solution, we introduce the following
k |V| binary variables:
~—
=n
1 if vertex v takes color c,
Xve = .
0 otherwise

Vv e{l,2,...,n}, Vce{1,2,... k},
=V =%
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The variables of the model (2/2)

» and the following k binary variables:

Ve = 1 if color c is used, vee {12, k}.
—_———

=¢

0 otherwise

» The number n of vertices is a valid upper bound on the
minimum number of colors needed to color all the vertices
since, in the worst possible case, each vertex takes a different
color

» Also the number of colors used in any feasible VCP solution is
a valid upper bound
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The ILPVCP model

Using these variables, an Integer Linear Programming (ILP) model
for the Vertex Coloring Problem (VCP) reads as follows:

min Zyc

ce?
subject to Z Xve = 1, Yv eV,
ce?
—Xye — Xve + ye > 0, Ve e €, Y{u,v} € E,
xve € {0,1}, Vv eV, VeceF,
ye € 10,1}, Ve e %.

This ILP model is referred to as the ILPycp model.
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The objective function and the constraints

Description of the objective function and constraints of the ILPycp
model:

> the linear objective function min )" .. y. minimizes the total
number of used colors;

» the constraints ) . x,c = 1 ensure that each vertex takes
exactly one color (n linear constraints);

» the constraints —x,c — xyc + yc > 0 ensure that, for each color
and each edge, the two adjacent vertices cannot both take
that color, and that an unused color is taken by no vertex
(k |E| linear constraints);

—~—

=m

» finally, the constraints x,c € {0,1} and y. € {0,1} define the
variables of the ILP model.
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The edge constraints tie together
the assignment variables x,. and the activation variables y..

Let us see this link in detail.
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The link between the variables (1/2)

» If color c is assigned to a vertex, then it is used. The
logical implication is

(x1¢ OR x2¢ OR ... OR Xpc) = Yc.

Every vertex has an incident edge {u, v}, and the constraint
Xue + Xve < yc forces y. =1 as soon as x,. = 1.

» If color c is not used, then no vertex takes it. This is the

contrapositive of the previous implication. For y. = 0 the edge
constraint gives x,c = x,c = 0 for every edge {u,v} € E.
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The link between the variables (2/2)

» If color c is used, then some vertex takes it, but only in
an optimal solution.

» The constraints do not impose it
» However, if x, = 0 for all v and y. = 1, setting y. = 0 keeps
all the constraints satisfied and decreases the objective value

by one

» Hence, in every optimal solution, unused colors are not counted
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We now write the ILPycp model
for a small instance: a triangle.
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Example: the ILPycp model (1/4)

We consider the following graph G = (V, E) with 3 vertices

(n=3) and 3 edges (m = 3):
\

/

The vertex set V and the edge set E are:

v={1,2 3}, E=1{{1,2}, {1,3}, {2,3} }.
We refer to this VCP instance as the triangle example.
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Example: the ILPycp model (2/4)

The ILPycp model with k = 3 for this instance is:

min i +y2+y
subject to x11 + x12 + x13

X21 + X22 + X3 =1

X311 + X32 + X33 =1

—X11 —X21 +n >0

—X11 —X31 +n >0

—X21 —x31 +n >0

—X12 —X22 +y2 >0

—Xx12 —X32 + 2 >0

—Xx22 —X32 + y2 >0

—x13 —X23 + 3 >0

—x13 —X33 + ¥ >0

—X23 —x33 + y3 >0

X11,  X12, X3, Xo1, X2, X3, X31, X32, X33, yi, Yo, y3 €{0,1}

Author: Fabio Furini Combinatorial Optimization


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

Example: the ILPycp model (3/4)

An optimal solution X(ILPvycp) is:
X1 =1, X2 =%13 =% =0,

X =1, Xo3 = X31 = X320 =0,

The optimal value z(ILPycp) is 3.
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Example: the ILPycp model (4/4)

» The associated optimal solution of
the VCP is given by the color
classes

Ql = {1}7 QZ = {2}7 63 - {3}

» The optimal partition is unique, but
the 3! permutations of the colors
give 6 different optimal solutions
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Summary

The ILPycp model:

» k n binary variables x,. (vertex v takes color ¢) and k binary
variables y. (color ¢ is used)

> n constraints give one color to each vertex; k m edge
constraints forbid equal colors on adjacent vertices

The link between the variables:

> A color taken by a vertex is used; an unused color is taken by
no vertex

> A color that no vertex takes is switched off by the objective
function, in every optimal solution

The triangle: z(ILPycp) = 3, with 6 optimal solutions that differ
by a permutation of the colors
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A first Linear
Programming relaxation
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Introduction: A first Linear Programming relaxation

> In this section we relax the binary variables of the ILPycp
model into non-negative variables: we obtain the LP-Oycp
model

» Its optimal value is a lower bound on z(ILPycp): we compute
it on the triangle

» We write the dual model D(LP-Oycp) and solve it on the
triangle

» Finally we prove, in two ways, that the optimal value is 2 for
every graph with an edge
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The LP-Oycp model

To obtain a Linear Programming (LP) relaxation of the ILPycp
model, we relax the constraints x,. € {0,1} and y. € {0,1} with
the following ones:

Xye >0, YveV, VceE,

Ye >0, Vce®.

This LP model is referred to as the LP-Oycp model.
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Example: the LP-Oycp model (1/2)

The LP-Oycp model for the triangle example is:

min n +ty+ty
subject to x11 + x12 + x13
X1 + X22 + X23 =1
x31 + X32 + X33 =
—X11 —X21 +n >0
—X11 —X31 +n >0
—Xo1 —X31 +n >0
—X12 —X22 + 2 >0
—X12 —X32 + y2 >0
—X22 —X32 + ) >0
—X13 —X23 +y3 >0
—Xx13 —X33 +y; 20
—X23 —X33 +y3 20
X11,  X12, X13, X1, X22, X23, X3, X32, X33, Y1, Y2, y3 >0
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Example: the LP-Oycp model (2/2)

An optimal solution X(LP-Oycp) is:

X11 = X120 = Xo1 = Xoo = X31 = X320 = =,

The optimal value z(LP-Oycp) is 2.

Accordingly we have the lower bound:

2 < z(ILPycp)

Author: Fabio Furini Combinatorial Optimization
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The dual of the LP-Oycp model: the dual variables

Using
» a free dual variable 1, for each constraint ) xc =1
(veV)

»> a non-negative dual variable 7. for each constraint
—Xye —Xve +¥e > 0(ce€¥, e={u,v} €E)

the dual model of the LP-0ycp model reads as in the next slide.
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The D(LP-Oycp) model

>

vev

subject to  pu, — Z Tee <0, VveV, VceE,

ecé(v)
Zﬂ'ce <1, Ve e €,
ecE
v E 0, Vv eV,
Tee >0, Vce¥, VeeE.

The obtained LP model is referred to as the D(LP-Oycp) model.
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Example: the D(LP-Oycp) model (1/3)

The dual D(LP-Oycp) model for the triangle example is:

max p1 + p2 + p3

subject to 1 —T112 —7113
p1
pa
2 —T112 —T123
H2
M2
13 —m113 —7123
H3
M3

m112  +7113 +7123

M1, M2, U3
7112, 7113, 7123,
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Example: the D(LP-Oycp) model (2/3)

Continued: the remaining columns and the right-hand sides.

max
subject to

Author: Fabio Furini

—7212

—T212

212

212,

—T213
—T312
—7223
—T312
—7213 —7223
+m213 +7223
312

7213, 7223, 7312,

Combinatorial Optimization

<0
<0

—7313 <0
<0

<0

—m323 <0

<0

<0

—m313 —m323 <0
<1

<1

+m313 +7323 <1

m313, 7323 >0
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Example: the D(LP-Oycp) model (3/3)

The optimal value z(D(LP-Oycp)) is 2.

An optimal solution (ft, %) of D(LP-Oycp) is:
fu=fiz =1, fiz=0,
112 = fo12 = T3 = 1,

all the other 7i.e =0

» The primal and the dual optimal values coincide:
z(LP-Oycp) = 2 = z(D(LP-Ovcp))

Author: Fabio Furini Combinatorial Optimization 35 /75 % S\{‘\":]IA,\‘(/‘/\\


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

On the triangle, both optimal values are 2.

We now show that the same primal and dual solutions
are optimal for every graph with at least one edge.
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Proposition 1: optimal solutions (1/2)

An optimal solution of the primal LP-Oycp model is:

)?vl - )?v2 =

, YveV,

N =

%e=0, YveV,Vce{3,4,.. .k}

Je=0, Vce{3,4,... k},
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Proposition: optimal solutions (2/2)

and an optimal solution of the dual D(LP-Oycp) model is:

fiu = fiv =1,
fiw =0, Yw e V\{u,v},
Tefuyy =1, VC €T,
e =0, Vce ¥, ec E\ {{u,v}},

where {u, v} is any edge in E.

38 /75 % SAPIENZA
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The optimal value of the primal LP-Oycp and dual
D(LP-Oycp) models is:

z(LP-Oycp) = 2 = z(D(LP-Ovcp))
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How the proof works

The proof proceeds in three steps:

1. We show that the primal solution of the proposition is a
feasible solution for the primal LP-Oycp model;

2. We show that the dual solution of the proposition is a feasible
solution for the dual D(LP-Oycp) model;

3. We show that both feasible solutions have the same objective
function value.

Therefore, by LP Weak Duality, the two solutions are a pair of
optimal primal and dual solutions.

Author: Fabio Furini Combinatorial Optimization 40 / 75 % S\‘/\‘"’”\\j/j\


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

Proof (1/4)

1. For every v € V, we have:
1
D Fie=5+ 5 =1
ce?

Thus the constraints ) .- x,c = 1 are satisfied.

For c € {1,2} and every {u, v} € E, we have:

- - - 1 1
yc_Xuc_ch:1_§—§:0

and for c € {3,4,...,k} we have y. — Xyc — X,c =0—-0—-0=0.

Thus the constraints —x,c — Xyc + ¥ > 0 are satisfied.
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Proof (2/4)

We have X, > 0 and j. > 0, for every v € V and every c € €,
thus the constraints x,. > 0 and y. > 0 are satisfied.

Therefore, the primal solution provides a feasible solution for the
primal LP-Oycp model.

2. For every ¢ € €, we have:

Thus the constraints 3 Tce < 1 are satisfied.
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Proof (3/4)

For every ¢ € ¥ and w € {u, v}, we have:

Z Fe=1-1=0

eed(w

For every c € ¥ and w € V \ {u, v}, we have fi,, =0 and 7fee =0
for every e € 0(w) (since 7ce is nonzero only for e = {u, v}, which
is not incident to w), so

> fee=0-0=0.

ecd(w)

Thus the constraints u, — Zeed(v) Tee < 0 are satisfied.
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Proof (4/4)

We have [i, > 0, Vv € V and 7 > 0 for every ¢ € € and every
e € E. Thus the constraints p, z 0 and mee > 0 are satisfied.

Therefore, the dual solution provides a feasible solution for the dual
D(LP-0ycp) model.

3. For the objective functions we have:

Z)’;c:].—f—l:z,l]v

cE? veV

thus the primal and dual objective function values are equal.

Therefore, by LP Weak Duality, the two solutions are a pair of
optimal primal and dual solutions. O
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An alternative proof

» This is an alternative proof that does not rely on the dual
formulation but instead reasons directly on the minimum
objective function value imposed by the constraints

An optimal solution of the primal LP-Oycp model is:

1
>?v1:>?v2:§, Vv e V,
Xe=0, VveV, Vce{3,4,... k},
n=p=1
Je=0, Vce{3,4,... k}

and the optimal value is z(LP-Oycp) = 2.
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Proof (1/4)

Summing the edge constraints —x,c — Xyc + yc > 0 over all c € 7,

for any edge {u,v} € E, gives

ZyC_ZXUC_ZXVC >0

cE? cE? ce?
- ZYC > quc+zxvc:27
ce? cE? cE?
1 1

where both sums are equal to 1 by the constraints } . xc = 1.
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Proof (2/4)

Hence

Z}/c > 2.

ce?
Therefore every feasible solution of LP-Ovcp satisfies D ., ye > 2.

Now consider the point defined in the proposition. For every

v € V, we have
I 1 1
ZXVC = §+§ = 1)
ce?

so the constraints ) ., x,c = 1 hold.
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Proof (3/4)

Moreover, for every {u,v} € E and ¢ € {1, 2},

Ve — Xue = Xpe =1—5 —

[ay

=0,

N
N[

so the constraints —x,c — Xy + ye > 0 hold with equality, while for
all ¢ > 3 both sides are zero.

Finally, the constraints x, > 0 and y. > 0 are satisfied by
construction.

Hence the point defined in the proposition is a feasible solution for
LP-Ovcp.
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Proof (4/4)

The objective value of this point is

Y Fe=1+1=2

ce?

which matches the lower bound > . yc > 2.

Therefore the point is an optimal solution with objective value
Z(LP—OVCP) =2. L]
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Summary

The LP-0Oycp model:
» The binary domains are replaced by x, > 0 and y. > 0

» Its dual D(LP-Oycp) has a free variable p, for each vertex
and a non-negative variable m for each color and each edge

The optimal value is 2 for every graph with an edge:
» Primal: % on colors 1 and 2 for all the vertices, y; = y» =1
> Dual: one edge {u, v}, with 1y, = p1, = 1 and 7cg,, ) = 1 for
every color
> Alternative proof: summing the edge constraints of one edge

gives D ey Ve > 2
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A second Linear
Programming relaxation
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Introduction: A second Linear Programming relaxation

» In this section we write a second LP relaxation, the LPycp
model, which keeps the upper bounds y. <1

» We solve it and its dual D(LPycp) on the triangle
» We prove that, also for this relaxation, the optimal value is 2

for every graph with an edge: adding constraints does not
improve the bound
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The LPycp model

To obtain a Linear Programming (LP) relaxation of the ILPycp
model, we relax the constraints x,. € {0,1} and y. € {0,1} with
the following ones:

Xpe >0, YVveV, Vce®,
ye <1, VceE,

Ye >0, Yce®.

This LP model is referred to as the LPycp model.
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Example: the LPycp model (1/2)

The LPycp model for the triangle example is:

min n +y2+y
subject to x11 4+ x12 + x13 =1
X1 + X22 + X3 =1
x31 + x32 + X33 =1
—x11 —X21 +n >0
—x11 —X31 +n >0
—X1 —X31 +n >0
—Xx12 —X22 + ¥ >0
—X12 —X32 + ¥ >0
—X22 —X32 + 2 >0
—x13 —x23 +y3 >0
—x13 —X33 +y3 20
—X23 —X33 +y3 >0
n <1
y2 <1
y3 <1
X11,  X12,  X13, X1, X22, X23, X31, X32, X33, yi, Y2, y3 =0

PIENZA
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Example: the LPycp model (2/2)

An optimal solution X(LPvycp) is:

- - - - N N 1
X11 = X12 = X21 = X22 = X31 = X32 = 57

13 = Xo3 = X33 = 0,
n=yp=1 y3=0

The optimal value z(LPvycp) is 2. Accordingly we have the same
lower bound:
2 < z(ILPycp)
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The dual of the LPycp model: the dual variables

Using
» a free dual variable 1, for each constraint ) xyc =1
(veV)

» a non-negative dual variable 7. for each constraint
—Xye —Xve +¥e > 0(ce€¥, e={u,v} €E)

» a non-positive dual variable A for each constraint y. <1
(Ve e ¥)

the dual model of the LPycp model reads as in the next slide.
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The D(LPVCP) model

max Zuv+2)\c

vev ce?

subject to  pu, — Z Tee <0, VveEV,VceT,
e€d(v)

D Mt A <1, Vee?
ecE

0, Yv eV,

AIV

Tee >0, VceEF, Ve€E,
Ae <0, Vceg.

The obtained LP model is referred to as the D(LPycp) model.
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Example: the D(LPycp) model (1/3)

The dual D(LPvycp) model for the triangle example is:

max p1 +p2 +u3

subject to 1 —T112 —7113
11 —m212 —T213
M1
U2 —7m112 —T123
2 —m212 —7223
H2
13 —T113 —7123
13 —M213 —7223
H3

m112  +7113 +7123
212 +M213 +7223

M1, 2, U3
7112, 7113, 7123, 7212, 7213, 7223,
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Example: the D(LPycp) model (2/3)

Continued: the remaining columns and the right-hand sides.

max +A1 +A +A3
subject to <0

—m312 —7313 <0
—T312 —7323 <0

—m313 —T323 <0

+A1 <1

+A2 <1

w312 +7313 +7323 +23 <1

T312, T313, 7323 >0
AL, A2, A3 <0
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Example: the D(LPycp) model (3/3)

The optimal value z(D(LPvycp)) is 2.
An optimal solution (fi, 7, X) of D(LPvcp) is:

ﬂ1:ﬂ2:17 /7’3207
112 = 7212 = 312 = 1,
all the other 7. = 0,

XM=0, =0, A\3=0
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Valid constraints that are not needed

» The constraints:
Xpe <1, YveV, VceF,
are also valid since, for every v € V and every ¢ € €, we have:
xvc € {0,1} = Xve <1

> But they are implied by the constraints > ., xyc = 1

Author: Fabio Furini Combinatorial Optimization


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

Proposition 3: optimal solutions (1/2)

An optimal solution of the primal LPycp model is:

)?vl - )?v2 =

, YveV,

N =

%e=0, YveV,Vce{3,4,.. .k}

Je=0, Vce{3,4,... k},
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Proposition: optimal solutions (2/2)

and an optimal solution of the dual D(LPvycp) model is:

fu = fiv =1,
fiw =0, Yw e V\{u, v},
Tefupy =1, Vc €,
fee =0, Vce¥, ec E\ {{u,v}},
Ae = , VcegE,

where {u, v} is any edge in E.
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Proof

The proof is similar to the previous one.
In addition it is necessary to observe that:
Ve <1l, Vce®.

Accordingly, also the constraints y. < 1 are satisfied. Ol
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The optimal value of the primal LPycp and dual D(LPvycp)
models is:

Z(LPVCP) =2 = Z(D(LPVCP))
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Summary

The LPycp model:

» The binary domains are replaced by x, >0, y. <1 and
Ye >0

» Its dual D(LPvycp) has, in addition, a non-positive variable Ac
for each color

» The constraints x,. < 1 are valid, but implied by
Zce%” Xve = 1

The same bound:

» The same primal solution, and the same dual solution with
Ac = 0, are optimal

» z(LPycp) =2 = z(D(LPycp)) for every graph with an edge
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Typical mistakes
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Introduction: Typical mistakes

» In this section we list the most common mistakes on the
ILPycop model and its relaxations

» They concern the choice of k, the LP bound, the activation
variables, the symmetry and the dual solution

» Recognizing them helps to write and to use the model correctly
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Observation 1: typical mistakes (1/2)

» Choosing k too small. The number k of colors must
be at least the chromatic number of the graph: with
fewer colors the model has no feasible solution. The
value k = n is always valid.

» Trusting the LP bound. The optimal value of both
relaxations is 2 for every graph with at least one edge,
even for the complete graph on n vertices, whose
optimal value is n.
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Observation: typical mistakes (2/2)

» Believing that the model counts only the colors
that are really used. The constraints allow y. = 1 for
a color that no vertex takes: it is the objective function
that switches such colors off.

» Ignoring the symmetry. Permuting the colors of an
optimal solution gives another optimal solution: a
coloring that uses q of the k colors has k!/(k — q)!
equivalent copies (k! when it uses all the colors).

» Writing the dual solution with a wrong edge. The
dual values 7. are non-zero only for one edge
e = {u, v}, and for every color c: all the other edges
have value zero.
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Summary

When writing the model:

» Choose k at least equal to the chromatic number: k = n'is
always valid

» The objective function, not the constraints, switches off the
unused colors

» Permuting the colors gives equivalent copies of the same
coloring

When using the relaxations:

» The LP bound is 2 for every graph with an edge, even for the
complete graph

» In the dual solution, only one edge has non-zero values 7.
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In summary
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Introduction: In summary

> We collect the key ideas of the chapter in a few points

> We close with the dashboard of the triangle example: the
bounds on z(ILPycp) computed in this chapter
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Summary (1/2)

» The ILPycp model has k - n variables x,. (vertex v takes color
¢) and k variables y. (color c is used); the edge constraints
forbid equal colors on adjacent vertices

» The two LP relaxations have the same optimal value 2 for
every graph with an edge: put % on two colors for all the
vertices

» The dual solution selects one edge {u, v} and gives value 1 to
P, fv and ey, 1 for every color

» The bound 2 is very weak: a formulation that must color
graphs needs additional valid inequalities
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Summary (2/2)

Dashboard of the triangle example. Bounds on z(ILPvcp)
computed in this chapter:

Bound Value From

First relaxation 2 z(LP-Oycp)
Second relaxation 2 z(LPvcp)
Optimal value 3 color classes {1}, {2}, {3}

The gap between 2 and 3 is small here, but it grows with the size
of the complete graph: 2 against n.
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