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Learning objectives

At the end of this chapter you will be able to:
> write the edge formulation of the Maximum Clique Problem on
the non-edges of G, that is, on the edges of G;

» explain why its LP relaxation is weak: the point x, = % is
always feasible;

» write the clique formulation and compare the two LP bounds
on a small graph;

> prove w(G) < z(LP{}tp) < x(G) through LP duality and a
coloring formulation;

» write the edge and the clique formulations of the Maximum
Stable Set Problem;

» write the ILP models of the vertex-weighted and of the
edge-weighted maximum clique problems, linearizing the
product x, x, with the variables y,, .
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Prerequisites

» From this module, the chapter «Clique problems»: the
problem, its assumptions, cliques, stable sets, the complement
graph and w(G) = a(G).

» From this module, the chapters «Coloring problems» and
«Formulations of coloring problems»: the chromatic number
X(G) and an ILP model with its LP relaxations.

» From the module Integer linear programming, the chapters
«Primal and dual boundsy», «ldeal formulations» and «Valid
inequalities»: LP relaxations, stronger formulations and valid
inequalities.

» From the module Linear Programming, the chapter «Duality
theory»: the dual of an LP problem, weak and strong duality.
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Overview of the family
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Introduction: Overview of the family

» In this chapter we write the ILP models of the clique
problems: the maximum clique problem, the maximum stable
set problem and the two weighted variants

> All these models are built from the same two ingredients:
binary selection variables on the vertices and conflict
constraints

> In this section we see these ingredients, and a table of the
members of the family with their models
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Variables, constraints and objective

» The ILP models of the clique problems use one binary
selection variable x, for each vertex v € V, equal to 1 if the
vertex is in the clique.

> Two vertices that are not adjacent cannot be both selected:
the conflict constraints are written on the non-edges of G,
that is, on the edges of the complement graph G, or on its
cliques.

» The objective function maximizes the number of selected

vertices or their total weight; the edge-weighted problem adds
one variable per edge.
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Clique models and stable set models

The clique models select vertices with binary variables
and forbid the selection of two non-adjacent vertices.

The same models, written on the edges of G
instead of G, select stable sets.
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The members of the family

» The table lists the members of the family, with the names of
their ILP models and the sections that write them.

Problem Models Conflict constraints Section
MCP ILPycp on the non-edges of G The edge
(edge formulation) formulation
MCP ILP{tp on the maximal stable Clique
(clique formulation) sets of G inequalities
MSSP  ILPyssp, ILP§jssp on the edges and the ~ Stable sets on
cliques of G the
complement
graph
VWMCP ILPYY, on the non-edges of G Weighted
variants

EWMCP ILPytp

on the non-edges of G

Weighted
variants

Author: Fabio Furini
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Summary: Overview of the family

The ingredients:
» One binary selection variable x, per vertex

> Conflict constraints on the non-edges of G (the edges of G),
or on the cliques of G

The objective:
» The number of selected vertices or their total weight; one

more variable per edge in the edge-weighted problem

Cliques and stable sets:

» The same models on the edges of G select stable sets
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An ILP model for the
Maximum Clique
Problem:
the edge formulation
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Introduction: the edge formulation

» We write the first ILP model of the Maximum Clique Problem
(MCP): the edge formulation

» It has one binary variable per vertex and one constraint per
non-edge of G

» It is the starting point of the whole chapter: its LP relaxations,
the clique inequalities and the models of the other problems of
the family start from it

> At the end we write it on a small instance, the cycle with a
chord, and we solve it
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The non-edges of G

» The problem of this section is the Maximum Clique Problem
(MCP), defined in the chapter «Clique problems».

» Given a simple graph G = (V,E), with V ={1,2,...,n} and
m edges, we denote by

E={{uv}:uveV, utv, {uv}¢E}

the set of the non-edges of G, that is, the edges of the
complement graph G = (V, E).
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The variables

» We introduce the following n binary variables:

1 if vertex v is selected in the clique
X, = YveV.
0 otherwise
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The edge formulation

Using these variables, an Integer Linear Programming (ILP) model
for the Maximum Clique Problem (MCP) reads as follows:

max E Xy
vev

subject to  x, + x, <1, V{u,v} € E,

x, € {0,1}, Vv e V.

This ILP model is referred to as the ILPycp model, or edge
formulation.
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Objective function and constraints of the ILPycp model

Description of the objective function and constraints of the
ILPycp model:

» the linear objective function maximizes the cardinality of the
selected clique;

> the constraints x, + x, < 1 ensure that no two non-adjacent
vertices are both selected (|E| = (5) — m linear constraints,
one for each edge of E);

» finally, the constraints x, € {0,1} define the variables of the
ILP model.
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Reading the non-edge constraints

» For every non-edge {u, v}, the constraint x, + x, < 1 imposes
xy,=1=x,=0.

The converse is false: x, = x, = 0 is feasible.

» Read on G, the same model is the edge formulation of the
MSSP: at most one endpoint of every edge of G is selected.
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Example: an MCP instance (1/2)

» We consider the graph G with 7 vertices made of the cycle
1,2,...,7,1 and the chord {1,3} (the reference instance of
the chapter «Clique problems»), and its complement G:
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Example: an MCP instance (2/2)

> G has m = 8 edges, and G has the (}) — 8 = 13 non-edges of
G:
E = {{1,4},{1,5},{1,6},{2,4},{2,5},{2,6},{2, 7},
{3,5},{3,6},{3,7},{4,6}, {4, 7}, {5, 7} }.

» We refer to this MCP instance as the cycle with a chord: it
accompanies us in the whole chapter.
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Example: the ILPyicp model (1/2)

The ILPy;cp model for the cycle with a chord has 7 binary
variables and one constraint for each of the 13 edges of G:

max Xi

subject to x;
X1
x1

X1,

Author: Fabio Furini
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Example: the ILPyicp model (2/2)

» An optimal solution X(ILPyicp) is:

1=X=X3=1 Xa=X%=X=X =0

2

» The optimal value z(ILPycp) is 3 = w(G).

» The associated optimal solution of the MCP is the clique
K =1{1,2,3},

and it is the unique optimal solution.
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Summary: the edge formulation

The ILPycp model:
» One binary variable x, per vertex, the objective max}_ .\ x,

» One constraint x, + x, < 1 per non-edge of G: (g) -m
constraints

Reading the model:
» x, = 1= x, =0 on every non-edge {u, v}
» Read on G, it is the edge formulation of the MSSP

The cycle with a chord:

» 13 constraints, optimal value 3 = w(G), unique maximum
clique {1,2,3}
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A first Linear
Programming relaxation
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Introduction: A first Linear Programming relaxation

» We relax the binary constraints of the edge formulation into
non-negativity constraints: we obtain a first LP relaxation, the
LP-OMCP model

» |ts optimal value is an upper bound on w(G), that is, a dual
bound for the MCP

» Without the bounds x, < 1 this relaxation can be unbounded:
we see when

> We also write its dual model, which reads as a fractional
edge cover of the vertices
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The LP-0pcp model

To obtain a Linear Programming (LP) relaxation of the ILPycp
model, we relax the constraints x, € {0, 1} into non-negativity
constraints. The obtained LP model reads as follows:

max g Xy

subject to  x, +x, <1, V{u,v}€E,
x, > 0, Vv e V.

This LP model is referred to as the LP-Opcp model.
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The upper bounds are not implied

» The upper bounds x, < 1 are not implied in LP-Opcp.

> If a vertex is adjacent to all the others, it belongs to no
constraint x, + x, < 1, and LP-Opicp is unbounded.

» In the cycle with a chord every vertex has a non-edge, and
LP-Opicp has an optimal solution.
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Example: the LP-Opcp model (1/2)
The LP-0pcp model for the cycle with a chord is:

max x3 +Xxo +Xx3 +Xxa +X5 +X + X7

subject to xy + X4 <1
X1 + X5 <1
X1 + X6 <1
Xo + Xy <1

X2 + X5 S 1

X2 + X6 <1

X2 +x7 <1

X3 —|—X5 S 1

X3 + X6 <1

X3 +x <1

X4 + X6 S 1

X4 +x7 <1

X5 +x7 <1

X1, X, X3, X4, X5, Xe, x7 > 0
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Example: the LP-Oypcp model (2/2)

» An optimal solution X(LP-Oyicp) is:

- - - - - - 1
1=X2=X3=X4 =X5 =Xp = X7 =7

2

. . 7
» The optimal value z(LP-Oycp) is 5.

» Accordingly we have the upper bound:

~

z(ILPmcp) < 5

Author: Fabio Furini Combinatorial Optimization 28 /121 % W P23


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

From the primal to the dual

Every LP model has a dual model.

We now write the dual of the LP-Opcp model:
it has one variable for each non-edge constraint
and one constraint for each vertex.
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The dual model D(LP-0ycp)

Using a non-negative dual variable 7, for each constraint
Xy + x, < 1, the dual model of the LP-Opicp model is:

min g Tuy
{u,v}€E

subject to Z Ty > 1, YveV,
u{uv}eE

T >0, V{u,v} € E.

This LP model is referred to as the D(LP-0ycp) model.
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Reading the dual: a fractional edge cover

» The constraints

Z Ty > 1, Yv eV,
u{uv}cE

ask that every vertex is covered by a total weight of at least
one on the edges of G incident to it.

» The D(LP-Opcp) model is a fractional edge cover of the
vertices with the edges of G.
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Example: the D(LP-Oncp) model (1/2)

The dual D(LP-Opcp) model for the cycle with a chord has one
variable for each edge of G and one constraint for each vertex:

min 714 + T15 + M6 + M24 + W25 + M6 + W27

+735 4+ 36 + ™37 + a6 + a7 + 757

subject to w14 + 715 + 16 > 1
T4 + o5 + T26 + 27 > 1
T35 + M36 + 737 > 1
T14 + Toa + Tae + a7 > 1
715 + T25 + T35 + 757 > 1
T16 + T26 + 736 + Ta6 > 1
o7 + 737 + Ta7 + Ts7 > 1
T14, T15, T16, ---, T57 > 0
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Example: the D(LP-Oncp) model (2/2)

> An optimal solution #(D(LP-Omcp)) gives value 5 tothe 7
edges of the cycle 1,4,7,2,5,3,6,1 of G:

. . . . . . . 1
T4 = W47 = T27 = W25 = T35 = M36 = 716 = 7,
15 = 724 = 726 = 737 = TTae = 757 = 0
> Every vertex lies on two edges of the cycle and receives
1 1 _
14l=1

> The optimal value z(D(LP-Oyicp)) is 5.
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Summary: A first Linear Programming relaxation

The LP-0Opcp model:

» The binary constraints become x, > 0; the bounds x, <1 are
not implied

> A vertex adjacent to all the others makes it unbounded

Its dual:

» One variable 7, per edge of G: a fractional edge cover of the
vertices

The cycle with a chord:
> x, = % is optimal, with value % as the dual: z(ILPycp) < %
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A second Linear
Programming relaxation
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Introduction: A second Linear Programming relaxation

» We relax the binary constraints into the bounds 0 < x, < 1:
we obtain the LPyicp model, which can never be unbounded

> We write it and its dual on the cycle with a chord

» Then we prove that its bound can be arbitrarily weak: the
point x, = % is always feasible

» This weakness is the reason for the stronger formulation of the
next section

Author: Fabio Furini Combinatorial Optimization


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

The LPMCP model

To obtain an LP relaxation of the ILPycp model, we relax the
constraints x, € {0,1} into the bounds 0 < x, < 1. The obtained
LP model reads as follows:

max E Xy

veV
subject to x, +x, <1, Y{u,v} €E,
x, <1, YvevV,

xy > 0, Vv e V.

This LP model is referred to as the LPycp model.
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Example: the LPyicp model (1/3)

The LPyicp model for the cycle with a chord is (objective and
non-edge constraints):

max x; +xXo +Xx3 +XxX4 +XxX5 +Xg +X7

subject to x; + X4
X1 —|— X5
X1 + Xp
Xo —+ Xg
X2 + X5
X2 + X6
X2 + X7
X3 —+ X5
X3 =+ X6
X3 + X7
Xa + X6
X4 —|— X7
X5 + X7

AN VAN VAN VAN VAR VAN VANR VANN VANH VAR VANR VANR VAN
I T s T o S e S e S S S Gy S G S
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Example: the LPyicp model (2/3)

The model continues with the upper bounds and the non-negativity
constraints:

X1
X2
X3
X4
X5
X6

VAR VAR VAR VANR VANR VAN VAN
O R R KPP KFERFRR P

X7

v

X1, X2, X3, X4, X5, Xp, X7
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Example: the LPyicp model (3/3)

» An optimal solution X(LPycp) is:

- - - - - - 1
1=X2=X3=X4 =X5 =Xp = X7 =7

2

> The optimal value z(LPyicp) is 2.

» Accordingly we have the upper bound:

~

z(ILPmcp) < 5
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The dual model D(LPycp)

Using a non-negative dual variable 7, for each constraint
xy + x, < 1 and a non-negative dual variable ), for each constraint

x, < 1, the dual model of the LPycp model is:

min Z Tyy + Z)\v

{u,v}€E veV

subject to Z Ty + Ay > 1,
u{u,v}cE

Ty 2> 0,

Av >0,

YvevV,

V{u,v} € E,

Vv e V.

This LP model is referred to as the D(LPyicp) model.
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Example: the D(LPycp) model (1/2)
The dual D(LPycp) model for the cycle with a chord is:

min w14 + w15 + M1 + Mo4 + To5 + T + T2y
4735 + 36 + 737 + Tap + a7 + W57 + A1
FX+ A3+ M+ A5+ e + A7

subject to 714 + 715 + T16 + M1
To4 + 25 + T2 + Ta7 + A2
T35 + 36 + 37 + A3
T14 + T4 + Tag + Ta7 + Aa
T15 + o5 + T35 + 57 + As
T16 + 26 + 36 + Ta6 + A6
o7 + W37 + Ta7 + 757 + A7

IV IV IV IV IV IV IV

714, T15, T16, ---, 757
)\1a >\2) >\3a >\47 >\57 >\6, >\7

O O R FH H R R =

AVANAY
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Example: the D(LPycp) model (2/2)

» An optimal solution (%, X\)(D(LPycp)) is the solution of the

D(LP-0picp) example with A, = 0 for every v € V:

- 1
36 =716 = 5>

7=0

B

14 = T47 = o7 = To5 = 735 =

>

all the other 7,, =0, M=A= =

> The optimal value z(D(LPyicp)) is .
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How weak is this bound?

On the cycle with a chord the LP bound is % against
w(G) = 3.

The next proposition shows that, on other graphs,
the gap can be as large as we want.
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Proposition 1: The LP bound can be arbitrarily weak

For every graph G with n vertices, z(LPycp) > n/2. Conse-
quently, the ratio z(LPyicp)/z(ILPymcp) is not bounded over
all graphs.
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Proof

> Set x, = % for every vertex. Each constraint x, +x, <1

becomes
1 1
S =1,
2 2

and the bounds x, <1 and x, > 0 hold.
» So this is a feasible solution of LPyicp of value n/2.

» Graphs without triangles and with an edge have w(G) = 2 for
every n, and for them the ratio is at least

2 &

2 _n

O
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Rounding the bound down

» The data are integer and the optimal value of the ILP is
integer, so | z(LPycp)] is also a dual bound.

> On the cycle with a chord it gives || =3 = w(G) by luck; on
a graph without triangles it gives | n/2], against w(G) = 2.

» On the cycle with 5 vertices Cs, where w(Cs) = 2, the point
Xy = % gives

5
z(LPmcp) = 5
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Summary: A second Linear Programming relaxation

The LPycp model:

» The binary constraints become 0 < x, < 1; its dual has the

variables m,, and \,

» On the cycle with a chord: x, = % value % as the dual

A weak bound:
> x, = 1 is always feasible, so z(LPycp) > n/2
» On graphs without triangles w(G) = 2: the ratio is at least n/4
» On Gs: z(LPycp) = g against w(GCs) = 2
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Clique inequalities:
a stronger formulation
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Introduction: Clique inequalities

» The edge formulation is weak because the point x, = % is
always feasible

> We find valid inequalities that cut it off: the clique
inequalities, one for each clique of G

» With them we write a second ILP model, the clique
formulation, with a stronger LP relaxation

» On the cycle with a chord the new LP bound closes the gap;
on Cs it does not
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Proposition 2: clique inequalities

Let Q C V be a clique of G, that is, a stable set of G. Then
Z x, <1

is a valid inequality for ILPy\icp.
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Proof

» A clique of G and a stable set Q of G share at most one
vertex: two common vertices would be both adjacent and
non-adjacent.

> So every feasible solution of ILPycp selects at most one
vertex of Q:
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Clique inequalities and maximal cliques

> The inequalities ), .o xy < 1 are called clique inequalities,

after the clique Q of G; read on G, they are stable set
inequalities.

» The non-edge constraints are the case |Q| = 2.

> If Q C @', the inequality of Q' implies the one of Q, since all
the variables are non-negative.

» It is enough to write the inequalities of the maximal cliques of
G, whose family we denote by O.
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The clique formulation

Using the variables x, of the edge formulation, a second ILP model
for the Maximum Clique Problem (MCP) reads as follows:

max E Xy

subject to Z x, <1, VQ € 9,
veR

x, € {0,1}, VveV.

This ILP model is referred to as the ILP{.p model, or clique
formulation.
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Objective function and constraints of the ILP{j¢p model

Description of the objective function and constraints of the
ILP{%p model:

» the linear objective function maximizes the cardinality of the

selected clique;

» the constraints Zveo X, < 1 ensure that at most one vertex of
every maximal clique of G is selected (|Q| linear constraints);

» finally, the constraints x, € {0,1} define the variables of the
ILP model.

Author: Fabio Furini Combinatorial Optimization


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

Same feasible solutions, many more constraints

» Every edge of G lies in a maximal clique, so each constraint
Xy + x, < 1 of the edge formulation is implied by a constraint
Zveox\, < 1: the two models have the same feasible
solutions.

» The family Q can be very large: Moon and Moser (1965)
showed graphs with 3"/3 maximal cliques.

» In practice the inequalities are added only when they are
violated, as in the chapter «Valid inequalities» of the module
Integer linear programming.
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Example: the ILP§p model (1/2)

The maximal cliques of G in the cycle with a chord are the 5

triangles and the 2 edges

Q={{1,4,6},{2,4,6},{2,4,7},{2,5,7},{3,5,7},{1,5},{3,6} },

and they give 7 constraints instead of 13. The ILP{4p model for

this MCP instance is:

max x;3 +xo +x3 +x4 +X5 +Xp
subject to x; + x4 + Xg
Xo + Xq + Xp
X2 + Xq

X2 + X5

X3 + X5

X1 + X5
X3 + Xp
X1, X2, X3, Xa, X5, Xe,
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Example: the ILP§p model (2/2)

> An optimal solution X(ILP§Lp) is:

X1

=S =%=1 S4=F=75% =% =0

> The optimal value z(ILP{%p) is 3 = w(G).

» The two models have the same optimal solutions, since they
have the same feasible solutions: the difference shows up in
their LP relaxations.
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The LP§{%p model

To obtain an LP relaxation of the ILP{}tp model, we relax the
constraints x, € {0, 1} into non-negativity constraints. The
obtained LP model reads as follows:

max E Xy

vev

subject to va <1, VQeQ,
veQ

x, >0, VveV.

This LP model is referred to as the LP{{tp model.
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A stronger LP relaxation

» Every vertex lies in some maximal clique of G, so the
constraints ZveQx\, < 1imply x, < 1: the bounds x, <1 are
not needed.

» Each constraint x, + x, < 1 of LPycp is implied by a

constraint » .o x, < 1. Hence the feasible region of LP{Ep
is contained in that of LPycp, and

w(G) < z(LPjjgp) < z(LPwmcp).
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Example: the LP{{%.p model (1/3)

The LP§p model for the cycle with a chord is:

max x3 +x2 +x3 +Xa +X5 +X6 +Xx7

subject to x1 + X4 + Xg <1
X2 + xa + X6 <1

X2 + Xq +x7 <1

X2 + X5 +x7 <1

X3 + x5 +x7 <1

X1 + X5 <1

X3 + Xe <1

X1, X2, X3, X4, X5, Xs, X7z >0
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Example: the LP{{-p model (2/3)

» The point x, = % is no longer feasible:

_ _ _ 3
X1+ Xa+ X6 == > 1.

2
» Summing the three constraints of {1,4,6}, {2,5,7} and
{3,5,7} gives
7 7
ZXV+X5+X7 <3 = va <3.
v=1 v=1
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Example: the LP{{-p model (3/3)

> An optimal solution X(LP{kp) is
fi=fo=f3=1 Sy=F% =% =% =0

> The optimal value z(LP{{¢p) is 3 = w(G).

» The LP bound drops from % to 3 and closes the gap.
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Clique inequalities do not close every gap

» Clique inequalities do not always close the gap. On Cs the
complement is again a cycle with 5 vertices, whose maximal
cliques are its edges: the two formulations coincide and

5
» If Cis a cycle of G with an odd number of vertices and no

chord, then
|C| -1
Z Xy <

veC

is a valid inequality (an odd cycle inequality): a stable set of
G takes at most (|C| — 1)/2 vertices of C.

» For Cs it reads x; + - -- + x5 < 2 and closes the gap.
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Summary: Clique inequalities

Clique inequalities:
> ZveQ x, < 1 for every clique Q of G; the maximal cliques Q
are enough

The clique formulation:

» Same feasible solutions as the edge formulation, but
w(G) < z(LPyiep) < 2(LPyicp)

> Q can be huge: the inequalities are added only when violated

On the instances:
» Cycle with a chord: the bound drops from £ to 3 = w(G)
» (s5: the bound stays ; the odd cycle mequallty closes the gap
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The relation with
vertex coloring
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Introduction: The relation with vertex coloring

» The clique number and the chromatic number are related:
w(G) < x(G)

» In this section we place the LP bound of the clique formulation
between the two numbers

» The tool is LP duality: the dual of LP{%p is the LP
relaxation of a coloring formulation, written on the maximal

stable sets of G

» We check the chain of bounds on the cycle with a chord and
on Cy
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Cliques and colorings

» In a coloring of G the vertices of a clique take pairwise
different colors, hence (chapter «Coloring problemss)

w(G) < x(G).

» Here we place the LP bound of the clique formulation between
the two numbers.
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The variables of a coloring formulation

» The maximal cliques of G are the maximal stable sets of G,
and a color class is a stable set.

» We introduce the following |Q| binary variables:

1 if the stable set @ is a color class
yQ = V@ € Q.
0 otherwise
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The stable set formulation of the VCP

Using these variables, an ILP model for the Vertex Coloring
Problem (VCP) reads as follows:

min Z YQ
QeQ

subject to Z yQ>1, Yv eV,
QReQ:veR

yo € {0,1}, VQ € Q.

This ILP model is referred to as the ILP{L,» model, or stable set
formulation of the VCP.
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Objective function and constraints of the ILPYtp model

Description of the objective function and constraints of the ILPYEp
model:
» the linear objective function minimizes the number of color
classes:

> the constraints ) oco.,coYQ = 1 ensure that every vertex
belongs to at least one chosen stable set (n linear constraints);

» finally, the constraints yg € {0,1} define the variables of the
ILP model.

Its optimal value is x(G): a vertex covered by two chosen sets is
kept in one of them, and every subset of a stable set is stable, so
the chosen sets give a coloring with the same number of colors.

Author: Fabio Furini Combinatorial Optimization 71 /121 % S\N’”\W\


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

The dual model D(LPSI%p)

Using a non-negative dual variable 7 for each constraint
> ve@Xv < 1 of the LP{%p model, its dual model is:

min Z TQ

subject to Z TQ>1, VvevV,
QeQ:veQ

WQZO, VQEQ

This LP model is referred to as the D(LP{}p) model.

Author: Fabio Furini Combinatorial Optimization 72 /121 % S\{\\ W


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

Two models that look alike

Compare the dual D(LP{%p) with the stable set formulation
of the VCP:

the same objective, the same constraints,
only the domains of the variables differ.

The next proposition turns this remark into a chain of bounds.
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Proposition 3: clique bound from LP duality

The dual D(LP{p) model is the LP relaxation of the
ILPSCp model, with the variables wg in place of yg. Hence

w(G) < z(LP{jep) < X(6).

Author: Fabio Furini Combinatorial Optimization 74 / 121 % M\" AP


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

Proof

» Relaxing the constraints yg € {0,1} into yg > 0 gives exactly
the D(LP{p) model, with yq in place of mg.

» By strong duality

z(LPjcp) = 2(D(LP§iep))-

> The first inequality holds because LP§{%p is a relaxation of the
MCP.

» The second one holds because D(LP{}p) is a relaxation of
the ILPVCP model, a minimization problem with optimal value

x(G).
O
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The fractional chromatic number

> The common value z(LP$%p) is called the fractional
chromatic number of G.

» The clique formulation of the MCP and the stable set
formulation of the VCP are two faces of the same LP.
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Example: the D(LP§jtp) model (1/2)

The dual D(LP{[%p) model for the cycle with a chord has one
variable for each maximal stable set of G (w146 for Q = {1, 4,6},
and so on):

min a6 +Toa6 + Toa7 +TMos7 +T357 + s + 736

subject to 7146 + 15
Toa6 + Toa7 + Tos7
357 + 736
T146 + T2a6 —+ T2a7
Mo57 + 357 + T1s
T146 + 246 + 736

247 + T257 + T357

vV IV IV IV IV IV IV
L T o S = Gy Sy

v
o

7146, 7246, 7247, T257, 7357, 715, 7136
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Example: the D(LP§jtp) model (2/2)

» An optimal solution ﬁ(D(LPM%P)) gives value 1 to the
multipliers used in the LP{p example (the constraints of
{1,4,6}, {2,5,7} and {3,5,7}):

146 = To57 = 7357 = 1, 7246 = Toa7 = 715 = 73 = 0

> The optimal value z(D(LP§{kp)) is 3.
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Example: the chain w < z(LP§{{p) < x (1/3)

On the cycle with a chord, the ILP{tp model is:

Min  yiae +Yoae + Yoar +Yyos7 +y3s7 +Yis + Y36

subject to V146 ~+ yis >1
Yoa6 + Yoa7 + Y257 > 1
Y357 +yse = 1
Y146 + Yoae + Yoar > 1
Yos7 +y3s57 +Yis > 1
Y146 1 Yoa6 +y > 1
Yoar + Y257 + Y357 > 1
Y146, Y246, Y247, Yos1,  Y3s7,  Yis,  y3e € 10,1}
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Example: the chain w < z(LP§{{p) < x (2/3)

» The integer point
Y146 = Yo57 = Y357 = 1,

all the other variables equal to 0, is the solution of the
D(LP{%p) example.

» It is a coloring with 3 colors, the classes {1,4,6}, {2,5,7} and

{3}.
» Hence x(G) = 3, and the chain reads

3<3<3.
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Example: the chain w < z(LP§{{p) < x (3/3)

» On Cs, with vertices 1,...,5, the maximal stable sets are the
5 non-edges.

» Setting @ = % on each of them gives every vertex a total of
1, so the dual has value % as the primal.

» The chain reads

5
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Summary: The relation with vertex coloring

The stable set formulation of the VCP:

» One binary variable yg per maximal stable set of G, optimal
value x(G)

LP duality:
» The dual of LP{p is the LP relaxation of ILP{¢p, hence

w(G) < z(LPep) < X(6)

» The common value is the fractional chromatic number of G

On the instances:
» Cycle with achord: 3<3<3;, G:2< g <3
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Stable sets on the
complement graph
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Introduction: Stable sets on the complement graph

» The Maximum Stable Set Problem (MSSP) looks for a largest
set of pairwise non-adjacent vertices

» Its ILP models are the clique models read on the complement

graph: this is the identity a(G) = w(G) written as a model

> We write the edge formulation and the clique formulation
of the MSSP, and we compare them on the cycle with a chord
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The MSSP and its variables

» The problem of this section is the Maximum Stable Set
Problem (MSSP), defined in the chapter «Clique problemsy.

» Given a simple graph G = (V, E), with V ={1,2,...,n} and
m edges, we introduce the following n binary variables:

1 if vertex v is selected in the stable set
Xy = Yv e V.
0 otherwise
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The edge formulation of the MSSP

Using these variables, an Integer Linear Programming (ILP) model
for the Maximum Stable Set Problem (MSSP) reads as follows:

max E Xy

subject to  x, +x, <1, V{u,v} € E,

x, € {0,1}, Vv e V.

This ILP model is referred to as the ILPygsp model, or edge
formulation of the MSSP.
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Objective function and constraints of the ILPygsp model

Description of the objective function and constraints of the
ILPMssp model:

> the linear objective function maximizes the cardinality of the
selected stable set;

» the constraints x, + x, < 1 ensure that no two adjacent

vertices are both selected (m linear constraints, one for each
edge of G);

» finally, the constraints x, € {0,1} define the variables of the
ILP model.

The ILPyggp model on G is the ILPy;cp model on G: the
non-edges ci@ are the edges of G. This is the identity
a(G) = w(G) written as a model.
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Example: the ILPygsp model (1/2)

We look for a maximum stable set of the cycle with a chord. The
ILPyssp model has 7 binary variables and one constraint for each
of the 8 edges of G:

max x1 +Xx2 +x3 +x4 +X5 +X5 +Xx7

subject to x1 +xo <1
X1 + X3 <1
X1 +x7 < 1
X2 +X3 <1
X3 +Xxa <1
X4 + X5 <1
X5 + Xe <1
X6 +x7 <1
X1, X, X3, Xxa X5, X, x7 € {0,1}
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Example: the ILPy\gsp model (2/2)

» An optimal solution X(ILPyssp) is:

1=X=X%=1, o=%3=%=5%=0
» The optimal value z(ILPyssp) is 3 = a(G).

» The optimal solution is not unique: the maximum stable sets
of G are

{17476}’ {27476}7 {2?477}7 {275’7}7 {375’7}7

the five triangles of G.
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Clique inequalities for the MSSP

> A stable set and a clique of G share at most one vertex, so for
every clique K of G the clique inequality

ZXV§1

veK

is valid, and it implies the constraints x, + x, < 1 of the edges
of K.

» As for the MCP, it is enough to write the inequalities of the
family IC of the maximal cliques of G.
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The clique formulation of the MSSP

Using the variables x, of the edge formulation of the MSSP, a
second ILP model for the Maximum Stable Set Problem (MSSP)
reads as follows:

max g Xy

vev

subject to Z x, <1, VK e IC,
veK

x, € {0,1}, Vve V.

This ILP model is referred to as the ILP{{sp model, or clique
formulation of the MSSP.
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Objective function and constraints of the ILP{j4sp model

Description of the objective function and constraints of the
ILP{%qp model:

> the linear objective function maximizes the cardinality of the
selected stable set;

> the constraints >, X, < 1 ensure that at most one vertex of
every maximal clique of G is selected (|| linear constraints);

» finally, the constraints x, € {0,1} define the variables of the
ILP model.

The ILP§sp model on G is the ILP{p model on G, and its LP
relaxation is at least as strong as that of the ILPyssp model.
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Example: the ILP{{sqp model (1/2)

The maximal cliques of the cycle with a chord are the triangle
{1,2,3} and the five edges {3,4},{4,5},{5,6},{6,7},{1,7}. The
ILP{4sp model replaces the three constraints of the triangle with

one constraint, and has 6 constraints:

max X3 +Xo +X3 +X4 + X5

subject to x1 +x2 +x3
X3 +Xx4
X4 + X5
X5

X1

Xll X21 X31 X41 X51
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Example: the ILP{fsqp model (2/2)

» The optimal solution X; = X3 = X5 = 1 of the ILPyissp
example is optimal here too, with value

Z(ILPTkgp) = 3.

» The LP relaxations differ (Gurobi):
» the edge formulation, with 0 < x, < 1, has optimal value % at
X, = 3
» the clique formulation has optimal value 3, attained by
Xo = X5 = X7 = 1.
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Summary: Stable sets on the complement graph

Edge formulation of the MSSP:

> One constraint x, + x, < 1 per edge of G: it is the ILPyicp
model on G

Clique formulation of the MSSP:

» One constraint ) ., x, < 1 per maximal clique K of G: a
stronger LP relaxation

The cycle with a chord:
» «o(G) = 3, with five maximum stable sets

» LP bounds: % with the edge formulation, 3 with the clique
formulation
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ILP models for the
weighted variants
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Introduction: ILP models for the weighted variants

» The problems of this section are the vertex-weighted
(VWMCP) and the edge-weighted (EWMCP) maximum clique
problems, defined in the chapter «Clique problems», with their
reference instances

> With weights on the vertices only the objective function
changes

> With weights on the edges, the weight of an edge is collected
only if both its endpoints are selected: we must linearize the
product x, x, with new variables y,,
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The vertex-weighted maximum clique problem

» Given a simple graph G = (V, E) and a vertex-weight vector
w € ZZ,, we use the n binary variables of the edge
formulation:

1 if vertex v is selected in the clique
X, = Vv e V.
0 otherwise
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The ILPy;0p model

Using these variables, an Integer Linear Programming (ILP) model
for the vertex-weighted maximum clique problem (VWMCP) reads
as follows:

max E Wy Xy

vev
subject to  x, +x, <1, V{u,v} € E,

Xy € {0, 1}, Yv e V.

This ILP model is referred to as the ILPY ¥ model.
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Objective function and constraints of the ILPyp'p model

Description of the objective function and constraints of the
ILPY%p model:
» the linear objective function maximizes the total weight w(K)
of the selected clique;

» the constraints x, + x, < 1 ensure that no two non-adjacent
vertices are both selected (|E| = (5) — m linear constraints);

» finally, the constraints x, € {0,1} define the variables of the
ILP model.

Only the objective function changes: the feasible solutions are the
cliques of G, as in the ILPy;cp model, and with w, = 1 for every
vertex the two models coincide. The clique inequalities of G are
valid here too.
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Example: the ILP'p model (1/3)

» We consider the graph G with 8 vertices on a circle, where
every vertex is adjacent to all the others except the opposite
one.

» G has 24 edges, and G has the 4 edges
{17 5}7 {27 6}7 {37 7}7 {47 8}

» The vertex weights are:

‘v:l v=2 v=3 v=4 v=5 v=6 v=7 v=28
w, | 5 8 9 5 6 5 5 9

» This is the instance of the VWMCP of the chapter «Clique
problemsx.
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Example: the ILP'p model (2/3)

The ILPY%p model has 8 binary variables and one constraint for
each of the 4 edges of G:

max 5x; +8x> +9x3 +5x4 +6x5 +5x6 +5x7 +9xg

subject to  x1 + x5
Xo + X6

X3 + X7

ININ TN IA
N

X4 + Xg

X1, X2, X3, X4, X5, X6+ X7, X8

m

{0,1}
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Example: the ILP'p model (3/3)

> An optimal solution X(ILPY%p) is:

r=X3=X5s=Xg=1 X1 =X =X%=X=0
> The optimal value z(ILPY&p) is
8+9+6+9=32
as stated in the chapter «Clique problemsy.

» The associated optimal solution is the clique K = {2,3,5,8},
and it is the unique optimal solution: each constraint keeps
the heavier vertex of its pair.

Author: Fabio Furini Combinatorial Optimization 103 / 121 % S\N)HA\](/A\


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

The edge-weighted maximum clique problem

» Given a simple graph G = (V, E) and an edge-weight vector
r € Z7,, the weight of an edge is collected only if both its
endpoints are selected: the product x, x, is not linear.

» We introduce the n binary variables x, of the edge
formulation and the following m binary variables:
1 if both endpoints of edge {u, v}

Yoy = are selected in the clique V{u,v} € E.

0 otherwise
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The ILP}0p model

Using these variables, an Integer Linear Programming (ILP) model
for the edge-weighted maximum clique problem (EWMCP) reads as
follows:

max E ruv Yuv

{u,v}€E
subject to  y,, < xy, V{u,v} € E,
Yuv < Xy, V{u,v} € E,
Xy +x, <1, V{u,v} € E,
x, € {0,1}, Yv eV,

Yuv € {0, 1}, V{U, V} € E.
This ILP model is referred to as the TLPYY, model.
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Objective function and constraints of the ILP} 0 model

Description of the objective function and constraints of the
ILPEY, model:

> the linear objective function maximizes the total weight r(K)
of the edges with both endpoints in the selected clique;

> the constraints y,, < x, and y,, < x, allow y,, = 1 only if
both endpoints are selected (2m linear constraints);

» the constraints x, + x, < 1 ensure that the selected vertices
form a clique ((5) — m linear constraints);

» finally, the constraints x, € {0,1} and y,, € {0,1} define the
variables of the ILP model.
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Linearizing the product x, x,

» The constraints y,, < x, and y,, < x, model the implication
Yw=1=x,=x,=1.
» The converse implication x, = x, = 1= y,, =1, that is
Yuov = Xy + Xy — 1,

is not needed: since r,, > 0, in every optimal solution y,,
takes the largest value allowed, min{x,, x, }.
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Example: the ILP}op model (1/4)

> We consider the graph G with 8 vertices of the ILPY%},
example, with the edge weights of the instance of the EWMCP
of the chapter «Clique problemsy; they are the coefficients of
the objective function below.

> The ILPEY, model has 8 4 24 = 32 binary variables, 48
constraints y,, < xy, Yuv < X, and 4 non-edge constraints.

The objective function is:
max y12 +4y13+5y14 +4y16 +3y17 + 3 y1s
+2y23 +5y24 +6yo5 + 9 yo7 + 4 yog + 3 y34

+6 y35 + y36 + 6 y3g + 4 yas + 7 yag + 2 yaz
+5ys6 + 7 ys7 + 3 ysg + ye7 + 2 ye3 + 8 y78
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Example: the ILP

EW
MCP

model (2/4)

The model continues with the constraints y,, < x, and y,, < x,:

subject to

Author: Fabio Furini

Y12
Y14
Y17
y23
Y25
Y28
Y35

<x1 Y12 <x2 yi3
<X1 Y1a < Xa Yie
<X1 Y17 < X7 Y8
<Xx2 Y23 < X3 Yo
<Xx2 Y5 < X5 Yor
<X Yyog S Xg Y34
<X3 Y35 < X5 Y36
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<X
X1
X1
X2
X2

X3

(VAN VAN VAN VAN VAN VAN

X3

Y13
Y16
Y18
Y24
Yot
Y34
Y36

< x3
X6
X8
X4
X7

X4

(AN VAN VAN VAN VAN VAN
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Example: the ILP}op

model (3/4)

The model ends with the other constraints y,, < x,, vuv < Xy, the
4 non-edge constraints and the domains of the variables:

Author: Fabio Furini

¥38 < X3
Yae < X4
Y56 < X5
¥58 < X5
Y68 < X6

x1+x5 <1

X1, X2,

Y12, Y13,

y38 < Xg
ya6 < X6
Y56 < X6
y58 < Xg
Y68 < Xg

Yas < Xg
Yar < Xq
Y57 < X5
Y61 < X6
yrs < X7

yas < X5
yar < x7
Y57 < X7
Yor < X7
yr8 < Xg

X+x <1 x3+4x3<1 xp+xg<1

. XSE{O,I}

B y78€{071}
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Example: the ILP}op model (4/4)

> An optimal solution (%, ¥)(ILPYp) is:

So=Ss=Sfr=%=1 Ji=%="Ff=%=0,

Vo5 = Vo1 = Y23 = V57 = ¥ss = y7s = 1, all the other y,, =0
> The optimal value z(ILPEYp) is
6+9+4-+7+3+8=237,
as stated in the chapter «Clique problemsy.

> The associated optimal solution is the clique K = {2,5,7,8},
and it is the unique optimal solution.
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Summary: ILP models for the weighted variants

Vertex weights:

> The ILPY%p model changes only the objective function:
max ey Wy Xy

> On the instance of the chapter «Clique problemsy:
K ={2,3,5,8}, value 32

Edge weights:

> The TLPEY, model adds a variable y,, per edge, with
Yuv < xy and y,, < Xy

» The converse constraint y,, > x, + x, — 1 is not needed, since
ryv >0

> On the instance of the chapter «Clique problems»:
K ={2,5,7,8}, value 37
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Typical mistakes
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Introduction: Typical mistakes

» Seven frequent mistakes in writing and using the clique models

» They concern the graph on which the constraints are written,
the strength of the LP bounds, and the linearization of the
edge-weighted model

» Checking them is a quick way to avoid wrong models
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Observation 1: typical mistakes (1/3)

» Writing the constraints on the edges of G. The
edge formulation of the MCP has one constraint for
each non-edge of G; on the edges of G the same
constraints describe the stable sets of G.

» Trusting the LP bound of the edge formulation.
The point x,, = % is always feasible, so

z(LPycep) > n/2 even when w(G) = 2.

» Forgetting the bounds x, < 1 in the edge
formulation. A vertex adjacent to all the others
appears in no constraint, and LP-Oynicp becomes
unbounded. In the clique formulation the bounds are
implied.
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Observation: typical mistakes (2/3)

» Believing that clique inequalities close every gap.
On Cs they coincide with the non-edge constraints, and
the odd cycle inequality is needed.

» Using non-maximal cliques of G. Their inequalities
are valid but dominated: the maximal cliques give the
strongest constraints of this family.
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Observation: typical mistakes (3/3)

» Mixing up the graphs of the MCP and of the
MSSP. The ILP\igsp model has one constraint per
edge of G, the ILPy\icp model one per edge of G.

» Writing y,, = x, x, in the edge-weighted model.
The product is not linear: the constraints y,, < x, and
yuv < x, replace it, and the positive weights make
Yuv = 1 whenever both endpoints are selected.

Author: Fabio Furini Combinatorial Optimization 117 / 121 % S\N P23


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

Summary: Typical mistakes

» MCP: constraints on the edges of G; MSSP: constraints on
the edges of G

» The LP bound of the edge formulation is weak, and without
X, < 1 it can be unbounded

» Clique inequalities do not close every gap, and only the
maximal cliques give the strongest ones

» The product x, x, is replaced by y,, < x, and y,, < x,
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Summary (1/3)

» The edge formulation ILPyicp has one binary variaBIe per
vertex and one constraint x, + x, < 1 per edge of G: it is the
edge formulation of the MSSP on G.

» Its LP relaxation is weak: x, = % is feasible and
Z(LPMCP) > n/2.

» The clique inequalities Eveva < 1, for the maximal cliques

Q of G, give a stronger formulation with
w(G) < z(LP§{p) < z(LPumcp).
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Summary (2/3)

» The dual of LP{{tp is the LP relaxation of a coloring
formulation, hence w(G) < z(LP{{2p) < x(G).

» The ILPyssp model has one constraint x, + x, < 1 per edge
of G; with the maximal cliques of G it becomes the clique

formulation. On the cycle with a chord the optimal value is
a(G) =3.

» The vertex-weighted model changes only the objective
function; the edge-weighted model adds a variable y,,, per
edge, with y,, < x, and y,, < x,. On the instances of the
chapter «Clique problemsy their optimal values are 32 and 37.
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Summary (3/3)

Dashboard (maximization). Bounds on w(G) computed in this

chapter:
instance z(LPyicp) z(LP$kp) w(G)
cycle with a chord % 3 3
Gs 3 2 2 (odd cycle
inequality)
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