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Learning objectives

At the end of this chapter you will be able to:

» write the ILP model of the Bin Packing Problem and explain
the link between the assignment variables and the activation
variables;

» write the two LP relaxations and their duals, and prove that
their optimal value is 3, w;/c;

» round the LP bound up to obtain a lower bound on the
number of bins;

» prove that the LP bound is at least one half of the optimal
value, and that the factor is tight;

» write the ILP model of the Cutting Stock Problem, with
integer variables for the copies of the items.
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Prerequisites

» From the module Linear Programming, the chapter «Duality
theory»: the dual of an LP problem, weak and strong duality.

» From the module Integer linear programming, the chapters
«Integer linear programming» and «Primal and dual bounds»:
ILP problems, LP relaxations and bounds.

» From this module, the chapter «Packing problemss: the
problem and its assumptions.
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Overview of the family
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Introduction: Overview of the family

» In this chapter we write the ILP models of the packing
problems: the Bin Packing Problem (BPP) and the Cutting
Stock Problem (CSP)

> We first see what the models of the family have in common:
the same variables, the same constraints, the same objective

function

» The models are the starting point for the LP relaxations, and
the relaxations give lower bounds on the number of bins
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Bins, assignment variables and activation variables

» The ILP models of the packing problems use an upper bound
m on the number of bins and the set = {1,2,..., m} of the
bins that may be used.

» The assignment variables xj, place the items j € . into the
bins b € 4, and the binary activation variables y,, say
whether bin b is used.

» Each bin gives one capacity constraint, which also links the
two kinds of variables, and the objective function minimizes
the number >, 2 y), of bins used.
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Packing models are assignment models

The packing models are assignment models: every item, or
every copy of an item, is assigned to a used bin, and the items
assigned to a bin respect its capacity.

The members of the family change the domain of the
assignment variables.
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The members of the family

» The table lists the members of the family, with the name of
their ILP model and the section that writes it.

Problem Model Assignment Section
variables
BPP ILPgpp binary xjp An ILP model for the
Bin Packing Problem
CSP ILPcgp  integer X, the An ILP model for
copies of item j in the Cutting Stock
bin b Problem
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Summary

The common structure:

» an upper bound m on the number of bins, and the set % of
the bins

> assignment variables xj, and binary activation variables y

P one capacity constraint per bin, and the number of used bins
as objective function

The members:
» BPP: binary assignment variables

» CSP: integer assignment variables, which count the copies
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An ILP model for the
Bin Packing Problem
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Introduction: An ILP model for the Bin Packing Problem

» The problem of this section is the Bin Packing Problem
(BPP), defined in the chapter «Packing problems»

» We introduce the variables, write the ILPgpp model and
describe its constraints

> We explain how the capacity constraints link the two kinds of
variables, and we write the model of a small instance
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The assignment variables

» Given an upper bound m € Z>5 on the number of bins used in
any optimal BPP solution, we introduce the following mn
binary variables:

1 if item j is packed in bin b
Xjp = .
0 otherwise

Vjie{1,2,...,n}, Vbe{1,2,...,m},
= =%
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The activation variables

» We also introduce the following m binary variables:

1 ifbinbi d
yb:{ oI Bl use Vbe {1,2,...,m}.
N—

=%

0 otherwise

» The number n of items is a valid upper bound on the
minimum number of bins needed to pack all the items since, in
the worst possible case, each item is packed in a different bin.

> Also the number of bins used in any feasible BPP solution is a
valid upper bound.

Author: Fabio Furini Combinatorial Optimization 14 / 108 % S\‘/\‘"’”\\j/j\


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

The ILPBPP model

Using these variables, an Integer Linear Programming (ILP) model
for the Bin Packing Problem (BPP) reads as follows:

min Z Vb

be#

subject to Z Xjp =1, Vje .7,
be%

*ZWijb+CYbZO, Vb € A,

jes
xpp € {0,1}, Vje I, Vbe A,
yp € {0,1}, Vb e A.

This ILP model is referred to as the ILPgpp model.
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Description of the objective function and constraints

» The linear objective function minimizes the total number of
used bins.

» The constraints ),z xj, = 1 ensure that each item is packed
in exactly one bin, so that all items are packed (n linear
constraints).

» The capacity constraints link the assignment variables with the
activation variables and impose the capacity restrictions: if bin
b is used, the weight of its items is at most c; if it is not used,
it contains no item (m linear constraints).

» Finally, the constraints xj, € {0,1} and y;, € {0,1} define the
variables of the ILP model.
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The capacity constraints do two jobs at once:
they limit the weight in each bin and they link xj, to ys.

Let us see the link between the variables in detail.
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Explanation of the link between the variables (1/2)

> If at least one item is packed in bin b, then the bin is
used. The logical implication is

(le OR xop OR ... OR X,,b) = Vb

Since w; > 0, packing an item in bin b gives > .. , wjxp > 0,
and the constraint Zjef wixjp < cyp forces y, = 1.

> If bin b is not used, then it is empty. This is the
contrapositive of the previous implication. For y;, = 0 the
constraint reads Zjeﬂ w;xjp < 0, and since w; > 0 we obtain
xjp = 0 for every item j.

Author: Fabio Furini Combinatorial Optimization 18 / 108 % S\N’”\W\


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

Explanation of the link between the variables (2/2)

» If bin b is used, then it contains at least one item, but
only in an optimal solution.

» The constraints do not impose it.

» However, if xj, = 0 for all j and y, = 1, setting y;, = 0 keeps
all the constraints satisfied and decreases the objective value
by one.

» Hence, in every optimal solution, empty bins are not counted
as used.
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Now we write the ILPgpp model of a small instance,
with three items, and we look at its optimal solutions.
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Example (1/4): the ILPppp model

» We consider a bin of capacity ¢ = 10 and a set ¥ = {1,2,3}
of 3 items (n = 3), with the following item weights:

‘j:l j=2 j=3

WJ-‘7 6 3

» In the rest of the chapter we refer to this BPP instance as the
example instance.

> We write the ILPgpp model with m = 3.
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Example (2/4):

the ILPgpp model

The ILPgpp model with m = 3 for this BPP instance is:

min

subject to

Author: Fabio Furini

v +y2 +y

X111 +tXxi2 +Xxi3
X1 +X22  +Xo3
X31 +X32 +X33

—7x11 —6x21 —3x31 +10y1
—Tx1p —6x00 —3x32 + 10y»
—7x13 —6x23 — 3x33 +10y3

X11, X12, X13, X21, X22, X23, X31, X32, X33
Y1,Y2,y3
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Example (3/4): the ILPgpp model

An optimal solution X(ILPgpp) is:

X1 = X31 = 1,

X3 =5X3=X33=0, h=y2=1, y3=0

Another optimal solution, obtained by permuting the indices of bins
1and 2, is:
X2=%32=1, X1 =X3=%X0 =0, %1 =1,

X3=X31=X33=0, n=y=1, y3=0.
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Example (4/4): the ILPppp model

The optimal value is:
z(ILPppp) = 2

The associated optimal solution of the BPP is given by the packing
patterns } )
P ={1,3} and P, ={2}

The optimal solution is not unique: also the packing patterns {1}
and {2,3} use two bins.
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Summary (1/2)

The ILPgpp model:

» mn binary assignment variables xj, and m binary activation
variables y;,

» each item in exactly one bin, one capacity constraint per bin

» minimize the number of used bins
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Summary (2/2)

The link between the variables:
» a non-empty bin is used, an unused bin is empty

» an empty bin is not counted as used, but only in an optimal
solution

The example instance: z(ILPgpp) = 2, with patterns {1,3} and

{2}
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A first Linear
Programming relaxation
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Introduction: A first Linear Programming relaxation

> We relax the binary domains of the ILPgpp model and obtain
an LP model, the LP-Ogpp model

> |ts optimal value is a lower bound on the number of bins: we
compute it on the example instance and then for every instance

» We write the dual model and prove that the optimal value is
>_j wj/c, with two different proofs
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The LP-Ogpp model

To obtain a Linear Programming (LP) relaxation of the ILPppp
model, we relax the constraints xj, € {0,1} and y,, € {0, 1} with
the following ones:

xjp >0, Vje s, Vbe %A,
yb 2 0, Vb e A.

This LP model is referred to as the LP-Ogpp model.
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Example (1/2): the LP-Ogpp model

The LP-Ogpp model for the example instance is:

min

subject to
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v +y2 +y

X1 +tXx12  +Xx13
X1 +X2 +X03
X31 +X32 +X33

—Tx11 —6x21 —3x31 +10y1
—Tx1p —6x00 —3x32 + 10y»
—7x13 —6x23 —3x33 +10y3

X11, X12, X13, X21, X22, X23, X31, X32, X33
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Example (2/2): the LP-Ogpp model

An optimal solution X(LP-Oppp) is:

1

X11 = X120 = X13 = Xo1 = Xop = X03 = X31 = X320 = X33 = 3

The optimal value z(LP-Ogpp) is %. Accordingly, we have the lower
bound:

8
g S Z(ILPBPP)

and, since z(ILPgpp) is an integer, z(ILPppp) > [%1 =2.
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The dual variables of the LP-Ogpp model

Using
» a free dual variable 1 for each constraint ), xjp = 1

Ues)

»> a non-negative dual variable 7, for each capacity constraint
(be %)

we write the dual model of the LP-Ogpp model.
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The dual model D(LP-Oppp)

The dual model of the LP-Ogpp model reads as follows:

maxXx Z Hj

jes

subject to pj —wjmp, <0, Vje S, Vbe A,

cmp <1, Vb e A,
pj = 0, Vje 7,
mp > 0, Vb e A.

This LP model is referred to as the dual D(LP-Ogpp) model.
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Example (1/3): the D(LP-Ogpp) model

The dual D(LP-Ogpp) model for the example instance is (objective
and first constraints):

max  py g2 U3

subject to 1y —7m
1 —Tm
M1 — 7173
2 — 67
2 - 67T2
12 — 673
3 —3m
13 —3m2
3 —3ms3

< 0
< 0
< 0
< 0
< 0
< 0
< 0
< 0
< 0
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Example (2/3): the D(LP-Ogpp) model

The model continues with the remaining constraints and the

domains:
107T'1 S 1
107> < 1
10m < 1
B, H2, M3 Z 0
1, 2, m > 0
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Example (3/3): the D(LP-Ogpp) model

An optimal solution (ft, %) of D(LP-Ogpp) is:
~ 7 . 3 . 3 - . . 1
= — = — = — TM1 =T = T3 = —
H1 10’ K2 5 M3 10’ 1 2 3 10

The optimal value z(D(LP-Ogpp)) is 2.
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On the example instance the optimal value is 8 = 7283,

We now give optimal primal and dual solutions for every BPP
instance.
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Optimal solutions of LP-Ogpp and of its dual

An optimal solution of the primal LP-Ogpp model is:

Xip = —, Vje .z, Vbe B,

1
m

gy = LY. Vb€ B,
mcC

and an optimal solution of the dual D(LP-Ogpp) model is:

B=-L, vjes,
C

- 1

TI'b:E, VbE%
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The optimal value of LP-Oppp

Corollary 1

The optimal value of the primal LP-Ogpp and dual
D(LP-0gpp) models is:

Zjeﬂ LY

z(LP-Ogpp) = = z(D(LP-Oppp))
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How the proof proceeds

» The proof proceeds in three steps:

1. We show that the primal solution Xjs, 75 of the proposition is a
feasible solution for the primal LP-Ogpp model,

2. We show that the dual solution fi;, 7, of the proposition is a
feasible solution for the dual D(LP-Ogpp) model;

3. We show that both feasible solutions have the same objective
function value.

» Therefore, by LP Weak Duality, the two solutions are a pair of
optimal primal and dual solutions.
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Proof (1/4)

1. For every j € .7, we have:

1
Saey e he

be# be %

thus the constraints ), xj, = 1 are satisfied.

For every b € %, we have:

> w;
—ZWJXJb—i-cyb— ZWJ——l— JE%J:O

jes jes

thus the capacity constraints are satisfied.

Author: Fabio Furini Combinatorial Optimization 41 / 108 % S\N)HA\](/A\


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

Proof (2/4)

1. We have Xj, > 0 and j, > 0, for every j € . and every
b € A, thus the non-negativity constraints are satisfied.

Therefore, Xjp, 7 provide a feasible solution for the primal
LP‘OBPP model.

2. For every b € % and every j € ., we have:

wi W
~ ~ ] gl
fij — wj Tp = — — —
J Wi c c

=0

thus the constraints p; — w; 7, < 0 are satisfied.
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Proof (3/4)

2. For every b € A, we have:
c
C ﬂ'b =-=1
c

thus the constraints ¢ 7, < 1 are satisfied.

We have fi; > 0 and 7, > 0, for every b € % and every
J € #, thus the domains of the dual variables are respected.

Therefore, fij, 7, provide a feasible solution for the dual
D(LP—OBPP) model.
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Proof (4/4)

3. For the objective functions, we have:

Zyb: Z ZjniiWJ _ Zjiywj :Z/]j

be# be# jes

thus the primal and dual objective function values are equal.

Therefore, by LP Weak Duality, the two solutions are a pair of
optimal primal and dual solutions. O
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An alternative proof

» This is an alternative proof that does not rely on the dual
formulation but instead reasons directly on the minimum
objective function value imposed by the constraints.

» The idea: summing the capacity constraints gives a lower

bound on ", y» that holds for every feasible solution; then
we find a feasible solution that attains it.

Author: Fabio Furini Combinatorial Optimization 45 / 108 % S\{\"’”\WA


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

The optimal value of LP-Ogpp, without the dual

An optimal solution of the primal LP-Ogpp model is:

1

>"<jb:;, VjeZ, Vbe B,
. W;

gy = 22 Y. Vb € B,
mc

and the optimal value is

. w;
z(LP-Ogpp) = M.
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Proof (1/3)

Summing the capacity constraints over all b € % gives

CZ)/b >

be#

hence

Z:Z:ijjbzZ:vvjz:ijzz:wj7

beB jeI jeS  beR jes

Zbe%

be#

Therefore every feasible solution of LP-Ogpp satisfies this lower

bound.
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Proof (2/3)

Now consider the point of the proposition. For every j € ., we

have
~ _ 1_
§ ij_mﬁ_lv
be#

so the constraints ), xj, = 1 hold.

Moreover, for every b € %, we have

1
Ry — P =T
> Wi =) Wim=— ) wi=cj,

jes jes jes

so the capacity constraints hold with equality.
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Proof (3/3)

Finally, the non-negativity constraints are satisfied by construction.
Hence the point of the proposition is a feasible solution for
LP-Ogpp.

The objective value of this point is

JEJWJ
D Jo=m =Y w,

be# Jjes

which matches the lower bound above.

Therefore the point is an optimal solution with objective value
Djes wilc. O
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Summary

The LP—OBPP model:
» the binary domains are replaced by xj, > 0 and y;, > 0

» on the example instance: z(LP-Ogpp) = %, hence
z(ILPgpp) > [8] =2

The optimal value:
» primal solution Xj, = 1/m, dual solution fi; = w;/c and
7NTb = 1/C
> z(LP-Ogpp) = >_; wj/c, by weak duality or by summing the
capacity constraints
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A second Linear
Programming relaxation
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Introduction: A second Linear Programming relaxation

> We relax the binary domains of the ILPgpp model keeping the
upper bounds y, < 1: this is the LPgpp model

» We write it on the example instance, write its dual, and show
that its optimal value is again ; w;/c

» Then we measure the quality of this bound: it is at least one
half of the optimal number of bins, and the factor one half
cannot be improved
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The LPBPP model

To obtain a Linear Programming (LP) relaxation of the ILPgpp
model, we relax the constraints xj, € {0,1} and y,, € {0, 1} with
the following ones:

Xp >0, Vj€.7, Vbe B,
yb < 1, Vb € B,
b >0, Vb € AB.

This LP model is referred to as the LPgpp model.
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Example (1/3): the LPgpp model

The LPgpp model for the example instance is (objective,
assignment and capacity constraints):

min oo +ty2 +x

subject to X1 +x2 +x3

o O O R = =

X1 TXx22  +Xx23
X311  +Xx32  +Xx33 =
—Tx11 —6x1 —3x31 +10y1
—7x12 —6x2 —3x3 +10y2

(AVARAVARLV]

—7x13 —6x23 —3x33 +10y3
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Example (2/3): the LPgpp model

The model continues with the upper bounds y, < 1 and the
non-negativity constraints:

n <1
2 <1
3 <1

X11, X12, X13, X21, X202, X23, X31, X32, X33 > 0
Y1,¥2,y3 > 0
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Example (3/3): the LPgpp model

An optimal solution X(LPgpp) is:

1

X11 = X120 = X13 = Xo1 = Xop = X3 = X31 = X320 = X33 = 3

The optimal value z(LPgpp) is %.

Accordingly, we have the same lower bound as before.
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The dual variables of the LPgpp model

Using
» a free dual variable 1 for each constraint »,_, xjp = 1
Ues)

» a non-negative dual variable 7, for each capacity constraint
(be %)

» a non-positive dual variable Ay, for each constraint y, <1
(be %)

we write the dual model of the LPgpp model.
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The dual model D(LPgpp)

The dual model of the LPgpp model reads as follows:
max Z Wi+ Z Ab
jes be#

subject to pj —wjmp, <0, Vje.S, Vbe A,

cmp+Ap <1, Vbe %,
ni 0, Vi€,
mp > 0, Vb e A,
Ap <0, Vb e B.

This LP model is referred to as the dual D(LPgpp) model.
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Example (1/3): the D(LPgpp) model

The D(LPgpp) model of the example instance is (objective and

first constraints):

max iy + p2 + u3

subject to py

M1

M1
H2
H2
H2

Author: Fabio Furini

—77T1
—77‘(2
—77T3
—67T1
*67T2
—67T3
3 —3my
13 —3m
13 —3m3
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+ A1 + A2 + A3

<0
<0
<0
<0
<0
<0
<0
<0
<0
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Example (2/3): the D(LPgpp) model

The model continues with the remaining constraints and the
domains:

107T1 + )\1
107T2 + )\2
107T3

+

>

w
INIVAIV O IN A IA
OO0 O H ML K

M1, K2, U3
1, T2, 3

AL,

>
»

>
@
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Example (3/3): the D(LPgpp) model

The optimal value z(D(LPgpp)) is .

An optimal solution (i, 7, A) of D(LPgpp) is:

Combinatorial Optimization
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Valid constraints implied by the model

» The constraints:
xjp < 1, Vje Z, Vbe A,
are also valid since, for every j € .# and every b € %, we have:
xp€{0,1} = xp<1

but they are implied by the constraints ), xj = 1.
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Optimal solutions of LPgpp and of its dual

Author: Fabio Furini

An optimal solution of the primal LPgpp model is:

1
;(jb:? VjeZ, Vbe A,
. wW;
g = 220 Vb € B,

mc

and an optimal solution of the dual D(LPgpp) model is:

S

sz?a vjeja
1 Vb e A,
c

Tp = —,

=0, Vbe A
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The optimal value of LPppp

Corollary 2

The optimal value of the primal LPgpp and dual D(LPgpp)
models is:

Zjeﬂ wj

z(LPgpp) = = z(D(LPgpp))
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Proof

The proof is similar to the previous one. In addition, it is necessary
to observe that
. Zjeﬂ wj
Y

p=——— <1
mc

, Vbe A,

since

ZJ'WJ'

< z(ILPgpp) < m,

where the last inequality holds because m is an upper bound on the
number of bins in any optimal BPP solution.

Accordingly, the constraints y;, < 1 are also satisfied. Ol
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Some important theoretical properties

» The following two propositions show that the ratio between
z(LPgpp) and z(ILPgpp) is at least one half for every BPP
instance.

» By hypothesis z(ILPgpp) > 1, since not all items fit in a
single bin.

» Furthermore, there exist instances for which the value one half
can be asymptotically achieved as the capacity ¢ — +o0.
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The LP bound is at least one half

Proposition 4

For every BPP instance, we have:

Z(LPBpp)
z(ILPgpp)
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Proof (1/4)

» Consider an optimal solution X(ILPgpp) of value
z = z(ILPgpp) (number of used bins).

» We can assume, without loss of generality, that bins 1,2,...,z
are the non-empty ones.

» In an optimal solution, no two bins can have total item weight
at most ¢/2, since otherwise their contents could be merged
into a single bin without exceeding the bin capacity ¢
(contradicting optimality).
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Proof (2/4)

If all non-empty bins have total item weight greater than c/2, then

z
dowi=d Y Wik >z

jes b=1 je.¥
Zjef Wi
Zjes g 2(LPgpp) _ 1
- — > - = >
z - 2 Z(ILPBPP) -2
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Proof (3/4)

Otherwise, suppose that there exists a bin with total item weight at
most ¢/2. Renumbering bins if necessary, let it be bin z, so that

. c
D Wik <5
jes
Since z > 1, there exists another bin say bin 1; by optimality, we
must have
D Wikt Wik > c
jes =>4

and, by optimality, every bin in {2,3,...,z — 1} has total item
weight > ¢/2.
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Proof (4/4)

Hence,

z z—1
DW= > wiki=> > W%+ > Wi + > W%

jes b=1jc.s b=2jc.s jes jes
><(2—2) >c
> 5(2—2)+c:z%
2jcs W
== 1 z(LPgpp) 1
- —£—>- = >
z 2 Z(ILPBPP) -2
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The factor one half cannot be improved:
we now build instances whose ratio tends to %
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The factor one half is tight as ¢ — 400

Proposition 5

There are BPP instances such that:

Z(LPBPP) 1
z(ILPBpp) — > as C — +00
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Proof (1/2)
Given ¥ € Z>1, consider the BPP instance with bin capacity
¢ = 29 and n items having the following weights:
wi=19+1, VjeJ.
No bin can contain more than one item, thus each item must be
packed alone in its own bin. Therefore, the BPP optimal value is
Z(ILPBPP) = n.

For the LP relaxation we have:

n(19—|—1)'

Z(LPBPP) = X
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Proof (2/2)

It follows that:

. z(LPgpp) . n(%l) . 1 1 1

19||m W:ﬁhm :19||m §+ﬁ :E
—+4o00 Z BPP ——+00 n ——+00 -
%

Accordingly, we conclude that:

Z(LPBPP) N 1

m 5 as ¢ — +oo.
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The rounded LP bound

» The following two propositions show that the ratio between
[z(LPgpp)]| and z(ILPgpp) is at least one half for every BPP
instance.

» Furthermore, there exist instances for which the value one half
can be asymptotically achieved as the number of items
n — +00.
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The rounded LP bound is at least one half

Proposition 6

For every BPP instance, we have:

[2(LPgpp)] _ 1
Z(ILPBPP) -2
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Proof (1/4)

» Consider an optimal solution X(ILPgpp) of value
z = z(ILPgpp) (number of used bins).

» We can assume, without loss of generality, that bins 1,2,...,z
are the non-empty ones.

» In an optimal solution, no two bins can have total item weight
at most ¢/2, since otherwise their contents could be merged
into a single bin without exceeding the bin capacity ¢
(contradicting optimality).
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Proof (2/4)

If all non-empty bins have total item weight greater than ¢/2, then

z

. zc Z-GJWJ' z
S Y s L D
jes b=1je.¥
ZjeJWj z z
[ c —‘ —120 72
= [2(LPapp)] _ 1
c z BPP
_ > - = > —,
z -2 Z(ILPBPP) -2
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Proof (3/4)

Otherwise, suppose that there exists a bin with total item weight at
most ¢/2. Renumbering bins if necessary, let it be bin z. Then we
have:

z z—1
Dowi=d0 D wie > > wikis > (2-1)3
jes b=1jc.s b=1jc.s

Wi
— .
z<2'E c +1
Jjes
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Proof (4/4)

Since z must be an integer, this implies:

z< 22% <2 Z%

jeS Jjes
Therefore:
W
[Z,-ef 7’} 1 [z(LPpp)] 1
z -2 Z(ILPBPP) -2
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The factor one half is tight as n — 400

Proposition 7

There are BPP instances such that:

[z(LPgpp)] 1

z(ILPBpp) > as n— 400
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Proof (1/2)

Given n € Z>5 (take n even), consider the BPP instance with bin
capacity ¢ = n and n items having the following weights:

Cr1="411,  vjes

YiT g 2

No bin can contain more than one item, since w; > c/2 for every j.
Thus each item must be packed alone in its own bin. Therefore,
the BPP optimal value is

Z(ILPBPP) = n.
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Proof (2/2)

For the LP relaxation we have:
. Wi n(2 +1
2(LPppp) = 2jes Wi _ (3+1) _ ﬁ+1’
c n 2
hence [z(LPgpp)| = 5 + 1 (since n is even). It follows that:
LP 5+1 1
im [Z(ILPBPPH — im 271 =5
n——+00
z( BPP) n——+o00 n n——o0o n
—0
Accordingly, we conclude that:
as n — +o0.

[z2(LPgpp)] 1
2

z(ILPgpp)
O
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Summary (1/2)

The LPgpp model:
» the binary domains are replaced by xj, > 0, y, <1 and y, >0
» the constraints xj, < 1 are valid but implied by >,z xjp =1

» on the example instance: z(LPgpp) = %, the same lower
bound as before

The optimal value:
» the same solutions as for LP-Ogpp, with A, = 0

> z(LPgpp) = >; wj/c
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Summary (2/2)

The quality of the bound:
> z(LPBpp)/z(ILPBpp) 1 for every instance

> the value 3 5 Is attained asymptotlcally as ¢ = +oo

The rounded bound:
(z(LPBppﬂ /z(ILPgpp) > 4 for every instance
> the value 3 5 is attained asymptotlcally as n — 400
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An ILP model for the
Cutting Stock Problem
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Introduction: An ILP model for the Cutting Stock Problem

» The problem of this section is the Cutting Stock Problem
(CSP), defined in the chapter «Packing problems», with its
reference instance

» Each item j must be packed in d; identical copies

> We write the ILPcgp model: the same structure as the
ILPgpp model, with integer variables that count the copies
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The integer variables

» Given an upper bound m € Z>5 on the number of bins used in
any optimal CSP solution, we introduce the following mn
integer variables:

Xjp = number of copies of item j packed in bin b

Vjie s, Ybe{l,2,... m}
=2
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The activation variables

» We also introduce the following m binary variables:
1 if bin b is used
Yb =

Vb e A.
0 otherwise

> The total number .. , d; of copies is a valid value of m, and
so is the number of bins of any feasible CSP solution.

Author: Fabio Furini Combinatorial Optimization 90 / 108 % S\N)HA\](/A\


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

The ILPCSP model

Using these variables, an Integer Linear Programming (ILP) model
for the Cutting Stock Problem (CSP) reads as follows:

min Z Vb

be#

subject to Z Xjp = dj, Vje .7,
be%

*ZWijb+CYbZO, Vb € A,

jes
Xjp € L>0, VjE€ I, Vbe B,
yp € {0,1}, Vb e A.

This ILP model is referred to as the ILPcgp model.
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Description of the objective function and constraints

» The linear objective function minimizes the total number of
used bins.

» The constraints ), xj, = d; ensure that exactly d; copies
of each item j are packed (n linear constraints).

» The capacity constraints link the integer variables with the
activation variables and impose the capacity restrictions, as
the capacity constraints of the ILPgpp model (m linear
constraints).

» Finally, the constraints xj, € Z>¢ and y;, € {0,1} define the
variables of the ILP model.
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The ILPcgp model and the ILPgpp model

» With d; = 1 for every item, the constraints ), xj, = dj
give xj, € {0,1}, and the ILPcgp model is the ILPgpp model.

» The copies of an item are identical: a single integer variable
counts them in each bin.

> The ILPgpp model on the extended set of items would use
mzj d; binary variables instead of mn integer ones.
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Example (1/3): the ILPcgp model

» We consider bins of capacity ¢ = 10 and a set .# = {1,2,3,4}

of 4 items (n = 4), with the following weights and required
copies:

» This is the CSP instance of the chapter «Packing problemsy,

where a solution with 3 bins is found by eye: hence m =3 is a
valid upper bound.

Author: Fabio Furini Combinatorial Optimization
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Example (2/3): the ILPcgp model

The ILPcsp model with m = 3 for this CSP instance is:

min

subject to

Author: Fabio Furini

i+y2+ys

X11 + X12 + X13
X21 + X22 + X23
X31 + X32 + X33
Xa1 + X2 + X43
—4x11 —5x21 —3x31 —6x31 + 10 y1
—4x120 —5x0 —3x30 — 6 x40 + 10y
—4x13—5x23 —3x33 —6x43 + 10 y3

X11, X12, X13, ..., X43

Yi, Y2, ¥3
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= 2

= 1

= 3

= 1

> 0

> 0

> 0

€ Zso
e {0,1}

95 / 108 % SAPIENZA


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

Example (3/3): the ILPcgp model

An optimal solution X(ILPcgp) is:
=% =1 %32=3, fu=%3=1, h=ph=yp=1

with all the other variables equal to 0.

» The optimal value is z(ILPcgp) = 3, as found in the chapter
«Packing problemsy.

» The bins contain one copy of items 1 and 4 (weight 10), three
copies of item 3 (weight 9), and one copy of items 1 and 2
(weight 9).

» The optimal solution is not unique: the solution of the chapter
«Packing problemss, with the bins {4,1}, {1,3,3} and {2, 3},
also uses 3 bins.
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Summary

The ILPCSP model:
» mn integer variables xj,, the copies of item j in bin b, and m
binary variables yj,
» the demands d; on the right-hand side of the constraints
> b Xjb = dj, the same capacity constraints as the ILPppp
model
» with d; =1 for every item it is the ILPgpp model

The reference CSP instance:
» z(ILPcsp) = 3, with more than one optimal solution

Author: Fabio Furini Combinatorial Optimization 97 / 108 % S\‘/\‘"’”\\j/j\


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

Typical mistakes
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Introduction: Typical mistakes

» We collect the most frequent mistakes on the packing models

» They concern the choice of m, the use of the LP bound, the
meaning of the variables and the symmetry of the solutions

» Recognizing them helps to write correct models and correct
bounds

Author: Fabio Furini Combinatorial Optimization


https://fabiofurini.github.io/
https://fabiofurini.github.io/combinatorial-optimization/

Typical mistakes (1/3)

Observation 1: Typical mistakes

» Choosing m too small. The number m of bins must
be an upper bound on the number of bins of an optimal
solution: with m < z(ILPgpp) the model has no
feasible solution. The value m = n is always valid.

» Forgetting to round up. The optimal value of the
ILPgpp model is an integer, so the lower bound from

the relaxations is [_; wj/c]; in the example instance it

is [%] =2, not %.
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Typical mistakes (2/3)

Observation: Typical mistakes

» Believing that the model counts only non-empty
bins. The constraints allow y, = 1 for an empty bin: it
is the objective function that switches such bins off, in
every optimal solution.

» Ignoring the symmetry. Permuting the indices of the
bins gives another optimal solution with the same
packing: the ILPgpp model has many equivalent
optimal solutions.
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Typical mistakes (3/3)

Observation: Typical mistakes

» Expecting a better relaxation from y, < 1. The
second relaxation has the same optimal value as the
first one: the upper bounds y, < 1 do not cut off the
optimal solution of the first relaxation.

» Declaring binary the variables of the cutting stock
model. In the ILPcsp model xj, counts the copies of
item j in bin b: with xj, € {0,1} the three copies of
item 3 of the example could not share a bin.
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Summary

The model:
» m must be an upper bound on the optimal number of bins:
m = n is always valid
> empty bins are switched off by the objective function, not by
the constraints
» the indices of the bins can be permuted: many equivalent
optimal solutions

The bounds and the CSP:
» round the LP bound up; y, < 1 does not improve it
» in the ILPcgp model the variables xj, are integer, not binary
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In summary
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Introduction: In summary

> We collect the key ideas of the chapter

» The two ILP models, the two LP relaxations and the quality of
their bound

» A dashboard with the bounds computed on the example
instance
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Summary (1/3)

» The ILPgpp model has m - n assignment variables xj, and m
activation variables yj; the capacity constraints link them.

> Both LP relaxations have optimal value z(LPgpp) = >_; w;/c,
with dual solution fi; = wj/c and 71, = 1/c.

» Since the optimal value is an integer, [z(LPppp)] is a lower
bound on the number of bins.
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Summary (2/3)

» The ratio between z(LPppp) and z(ILPgpp) is at least %
and the value % is asymptotically attained; the same holds for

’VZ(LPBPP )~| .

» The ILPcgp model has the structure of the ILPgpp model,
with mn integer variables xj, that count the copies and the
demands d; on the right-hand side; on the CSP instance of the
chapter «Packing problems» its optimal value is 3.
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Summary (3/3)

Dashboard of the example instance. Bounds on z(ILPgpp)
computed in this chapter:

Bound Value From

First relaxation % z(LP-Oppp)

Second relaxation % z(LPgppp)

Lower bound 2 8

Optimal value 2 patterns {1,3} and {2}

Here the rounded bound is already equal to the optimal value.
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