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Chapter 9

Formulations of knapsack problems

Prerequisites

e From the module Linear Programming, Chapter 9 «Duality theory»: the dual of an
LP problem, weak and strong duality.

e From the module Integer linear programming, Chapter 1 «Integer linear programming»
and Chapter 2 «Primal and dual bounds»: ILP problems, LP relaxations and upper
bounds.

e From this module, Chapter 2 «Knapsack problems»: the 0/1 knapsack problem and
its variants, their assumptions and their reference instances.

Objectives

At the end of this chapter you will be able to:

write the ILP model of the 0/1 Knapsack Problem and explain each of its constraints;

write the ILP models of the SSP, the BKP, the UKP, the MDKP, the MKP, the MCKP
and the KPS, and write them on a numerical instance;

write the two LP relaxations and their duals, and compute their optimal solutions
with closed formulas;

compute the split item, the residual capacity and the value z(LPkp);
compute the Dantzig and the Martello-Toth upper bounds, rounding them correctly;

explain why z(LPkp) is never larger than twice z(ILPkp).
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9.1 Overview of the family

e The ILP models of the knapsack problems use one variable z; for each item j € #: a
binary variable when the item is selected or not, an integer variable when it counts
the selected copies of the item.

e Each capacity gives one knapsack constraint on the total weight of the selected items,
and the objective function maximizes their total profit.

e The members of the family add an index to the variables (the knapsack k of item j in the
MKP), some constraints on the classes of items (MCKP, KPS) or binary setup variables

4 1\
The common pattern of the knapsack models is

max{ijxj c ijxjgc, z; € D; Vjeﬂ},
jE€S jES

where the domain D; is {0,1}, {0,1,...,b;} or Z>o. The members of the family change

the domains and add capacities, knapsacks or classes.
\ J

e The table lists the members of the family, with the name of their ILP model and the
section that writes it.

Problem Model Variables Section
KP ILPkp binary x; 9.2
SSP ILPggsp binary x; 9.6
BKP ILPgkp integer z; € {0,1,...,b;} 9.7
UKP ILPykp integer x; € Z>q 9.8
MDKP ILPMpkp  binary x;, one constraint per capacity 9.9
MKP ILPyvkp binary x;i, item j in knapsack k 9.10
MCKP ILPymcekp  binary z;, one item per class 9.11
KPS ILPkps binary x; and setup variables yy, 9.12
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9.2 An ILP model for the 0/1 Knapsack Problem

The 0/1 Knapsack Problem and its reference instance (Example 2.1) are defined in Chapter 2
«Knapsack problemsy, Section 2.2.

e We introduce the following n binary variables:

1 if item j is selected in the knapsack
Tj = Vie{l,2,...,n}. (9.1)
—_——

0 otherwise
=9

( N\

Using these variables, an Integer Linear Programming (ILP) model for the 0/1 Knapsack
Problem (KP) reads as follows:

max ij @y (9.2a)
jeS

subject to Z wjz; <, (9.2b)
jeS

z; € {0,1}, Vje .~ (9.2¢)

This ILP model is referred to as the ILPkp model.

. J

e Description of the objective function and constraints of the ILPxp model:
— the linear objective function (9.2a) maximizes the total profit of the items selected
in the knapsack;

— constraint (9.2b) ensures that the total weight of the selected items does not exceed
the knapsack capacity (one linear constraint);

— finally, constraints (9.2c) define the variables of the ILP model.

Example 9.1: ILPxp model

We consider a knapsack of capacity ¢ =9 and a set .# = {1,2,3,4,5,6} of 6 items (n = 6),
with the following profits and weights:

d=1 4=2 =8 j=4 j=5 =0

5 8 9 6 7
2 3 6 7 ) 9

(=)

Dj
Wj

This is the KP instance of Example 2.1, and we refer to it as Example 9.1. The ILPkp
model for this KP instance is:

max 6 1 +5 9 +8 z3 +9 x4 +6 x5 + 7 xg

IA
©

subject to 2 1 +3 x2 +6 w3 +7 x4 +5 w5y +9 x4

X1, x2, xs, X4, x5, Ze S {0)]—}

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini


https://github.com/fabiofurini/combinatorial-optimization
https://fabiofurini.github.io/combinatorial-optimization/combinatorial-optimization-problems/knapsack/the-0-1-knapsack-problem/
https://fabiofurini.github.io/combinatorial-optimization/combinatorial-optimization-problems/knapsack/the-0-1-knapsack-problem/
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Combinatorial Optimization

An optimal solution &(ILPkp) is:
ac1=1, i’gzo, 57320, .f4=1, 3}520, $6=0

The optimal value z(ILPkp) is 15. The associated optimal solution of the KP is S = {1,4},

and it is the unique optimal solution.
(& J

9.3 A first Linear Programming relaxation

To obtain a Linear Programming (LP) relaxation of the ILPxp model, we relax constraints
(9.2¢) with the following ones:
z; >0, VjeS. (9.3)

This LP model is referred to as the LP-Oxp model.

Example 9.2: LP-Oxp model

The LP-Okgp model for the KP instance of Example 9.1 is:

max 6 x; +5 xz2 +8 3 +9 x4 +6 x5 + 7 x4

subjectto 2 z; +3 a2 +6 3 +7 x4 +5 x5 +9 26 < 9
x, €2, z3, T4, Zs5, T6 > 0
An optimal solution &(LP-Okp) is:
- g - - - -
$1=§, :c2=:1:3:x4::c5=:£6:0
The optimal value z(LP-Okp) is 27.
Accordingly we have the upper bound:
z(ILPkp) < 27
. J
e N

Using a non-negative dual variable 7 for the constraint (9.2b), the dual model of the LP-Oxp

model is:
min c7 (9.4a)
subject to w; 7 > pj, Vje 7, (9.4b)
7> 0. (9.4c)

This LP model is referred to as the D(LP-Okp) model.

. J
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Example 9.3: D(LP-Okxp) model

The dual D(LP-Okp) model for the KP instance of Example 9.1 is:
min 9 7
subjectto 2 ® > 6
3 ™ > b5
6 = > &8
T T > 9
5 m > 6
9w > 7
T > 0
An optimal solution 7(D(LP-Okp)) is:
=3
The optimal value z(D(LP-Okgp)) is 27.
L J

e The following proposition provides formulas to compute an optimal solution of the primal
LP-Okp model and of the dual D(LP-Oxp) model.

Proposition 9.1

If the first item j = 1 has the largest efficiency, an optimal solution of the primal LP-Oxp
model is:

f1=— and & =0, Yje{2,3,...,n}, (9.5)
w1

and an optimal solution of the dual D(LP-Ogp) model is:

P

: (9.6)
w;

T =

The optimal value of the primal LP-Oxp and dual D(LP-Oxp) models is:

2(LP-Ogp) = plwil = 2(D(LP-Okp)) (9.7)

e The proof proceeds in three steps:
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1. We show that (9.5) is a feasible solution for the primal LP-Oxp model;
2. We show that (9.6) is a feasible solution for the dual D(LP-Okp) model;

3. We show that both feasible solutions have the same objective function value.

Therefore, by LP Strong Duality, (9.5) and (9.6) are a pair of optimal primal and dual
solutions.

Proof.

1. We have:

wa—wl
jLj w

JjES

thus constraint (9.2b) is satisfied.

1

Since ; > 0, for every j € .#, constraints (9.3) are satisfied.

Therefore, (9.5) is a feasible solution for the primal LP-Oxp model.

2. For every j € .#, we have:

~ 1 . P1 Pj
W;T =W, — 2 Py since s ad
w1 w1 wj

thus constraints (9.4b) are satisfied.
We have 7 > 0, thus constraint (9.4c) is satisfied.
Therefore, (9.6) is a feasible solution for the dual D(LP-Oxp) model.

3. For the objective functions, we have:
Z DjxT; = p1 — =cT
jes
thus the primal and dual objective function values are equal.
Therefore, by LP Strong Duality, (9.5) and (9.6) are a pair of optimal primal and dual

solutions.

O
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9.4 A second Linear Programming relaxation

s N
To obtain an LP relaxation of the ILPxp model, we relax constraints (9.2c) with the fol-
lowing ones:
xz; <1, Vje 7, (9.8a)
2 >0, Vje s (9.8b)

This LP model is referred to as the LPxp model.

- J

Example 9.4: LPxp model

The LPkp model for the KP instance of Example 9.1 is:
max 6 z1 +95 w2 +8 w3 +9 x4 +6 s +T7 z6
subjectto 2 ;1 +3 22 +6 3 +7 x4 +5 x5 +9 26 < 9
X1 S 1
To < 1
I3 < 1
Xq S 1
x5 < 1
g < 1
z1, Z2, x3, T4, s, zg = 0
An optimal solution &(LPkp) is:
- - - 2 - -
T1 =22 =1, 1'325, T4 = T5 =g =10
The optimal value z(LPkp) is %.
Accordingly we have the upper bound:
49
Z(ILPKP) < ?
- J
'd \
Using a non-negative dual variable 7 for the constraint (9.2b) and a non-negative dual
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variable y1; for each constraint (9.8a), the dual model of the LPxp model is:
min cm+ Z,uj (9.9a)
jeSI
subject to w; T+ p; > pj, Vje s, (9.9b)
T >0, (9.9¢)
pi = 0, Vje L. (9.9d)
This LP model is referred to as the D(LPkp) model.

- J

Example 9.5: D(LPkp) model

The dual D(LPkp) model for the KP instance of Example 9.1 is:

min 9 7w +p +p2 +pz tpa o+ ps o+ e

2 ™ 4w > 6
3 m + o > 5
6 m + s > 8
7w + 4 > 9
5 m + us > 6
9 = +ue = 7

T, K1, H2, K3, Ha, s, pe = 0

An optimal solution (7, ft)(D(LPkp)) is:

™=

Lol >

= po =1, fi3 =14 = fis = fie = 0

The optimal value z(D(LPkp)) is %.
. J
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9.4.1 Item efficiency

Definition 9.3: efficiency

The efficiency of an item j € .# is defined as the ratio between its profit and its weight:

b (9.10)

e The efficiency of an item is a measure of its profitability per unit of weight: it indicates
how much profit is gained for each unit of weight.

Example 9.6: item efficiencies

Let us consider the KP instance of Example 9.1. We have:

Items j=1 3=2 j3=3 j=4 j=5 j7=6
Profits Dj 6 5 8 9 6 7
Weights w; 2 3 6 7 ) 9
Efficiencies %_ 3 2 % = § %

The items are sorted by non-increasing efficiency, since:

4 9 6
3 > - > = > - > =
-3 7T — 5 =

5
= 3

Sorting the items by non-increasing efficiency requires a sorting algorithm with running
time O(nlogn), which is a polynomial function of the number n of items.

9.4.2 Split item and residual capacity

Definition 9.4: split item and residual capacity

Given a set .# = {1,2,...,n} of n items ordered by non-increasing efficiency, the split

item is the item

s—1 s
s € # such that ij <c¢ and ij >c (9.11)
j=1 j=1

and the residual capacity is

s—1
rc = c— ij (9.12)
j=1
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e The split item is the first one that does not fit entirely in the knapsack if all the previous
ones are selected. It is also called break item or critical item, and it can be written as

J
s:min{jGJ:Zwk>c}
k=1

e The residual capacity is the knapsack capacity remaining when all the items that precede
the split item are selected. It satisfies 0 < ¢ < wg.

Example 9.7: split item and residual capacity

For the KP instance of Example 9.1, the split item is s = 3 since:

2 3
> w;j=2+3=5<9 and » w;=2+3+6=11>9
j=1 j=1

and the residual capacity is:

2
rc:c—ij:9—2—3:4
j=1

Vs
.

e The following proposition provides formulas to compute an optimal solution of the primal
LPkp model and of the dual D(LPkp) model.

Proposition 9.5

If the items are sorted by non-increasing efficiency, an optimal solution of the primal
LPkp model is:

Fi=1, Vje{l,2,...,s—1}, ds=— and &;=0, Vje{s+1,5+2,...,n},
w
’ (9.13)
and an optimal solution of the dual D(LPkp) model is:
~ Ps = Ps 3 ~ .
T==—, fj =pj—w; —, Vje{l,2,...,5—1} and f; =0, Vj € {s,s+1,...,n}.
Ws W
(9.14)

~
|\

Corollary 9.6

The optimal value of the primal LPkp and dual D(LPkp) models is:

s—1
rc
2(LPkp) = Y _p; +ps - = 2(D(LPp)) (9.15)
=Tl s

-
g

e The proof proceeds in three steps:
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1. We show that (9.13) is a feasible solution for the primal LPkp model;
2. We show that (9.14) is a feasible solution for the dual D(LPkp) model;

3. We show that both feasible solutions have the same objective function value.

Therefore, by LP Strong Duality, (9.13) and (9.14) are a pair of optimal primal and dual
solutions.

Proof.

1. We have:
ija:] Zw]—i-ws Zw]—i-c—ij—c
jes
thus, constraint (9.2b) is satisfied.

Since rc < ws,, we have 0 < z; < 1, for every j € .#. Accordingly, constraints
(9.8a) and (9.8b) are satisfied.

Therefore, (9.13) is a feasible solution for the primal LPkp model.

Proof.

2. For every j € {1,2,...,s — 1}, we have:

and, for every j € {s,s+ 1...,n}, we have:

thus constraints (9.9b) are satisfied.

We have 7 > 0. For every j € {1,2,...,s — 1}, we have:

Ds g bj

pj—wj — >0 since —2&

W w; W

accordingly, fi; > 0 for every j € .#. Thus constraint (9.9¢) and constraints (9.9d)
are satisfied.

Therefore, (9.14) is a feasible solution for the dual D(LPkp) model.
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3. For the objective functions we have:

s—1
ijfj = ij + ps g
i=1 °

JjES
s—1 » s—1
_ o s _ .
_Zp]+ws c Zw]
7j=1 7j=1
Ps p
S S
=c— + pj —w >
2 (m-w 2
=c7+ Zﬂ]
jeS

thus the primal and dual objective function values are equal.

solutions.

Therefore, by LP Strong Duality, (9.13) and (9.14) are a pair of optimal primal and dual

e

one: z(LPkp) typically is a tight upper bound for z(ILPkp).

.

In the majority of KP instances the ratio between z(LPkp) and z(ILPkp) slightly exceeds

N

J

e We report an alternative proof for the formulas (9.13). We proceed by contradiction,

proving that a different solution cannot be optimal.

e In this proof we assume that items with the same efficiency are merged into a single item.
As we are allowed to choose any fraction of an item, this does not change the problem,

and we avoid discussing symmetric solutions.

can be improved).

Proof. Assume & = (Z1,Z2,...,Ty) is an optimal solution of LPkp different from
& = (Z1,%2,...,%,) determined with formulas (9.13). Every optimal solution of LPkp
has a total weight equal to ¢, i.e., constraint (9.2b) is satisfied at equality (otherwise it

Assume that no pair of items h < k exists with Z;, < 1 and Z; > 0. Then & selects the
items in order of efficiency, filling the knapsack item by item up to the weight ¢: this is
exactly &, a contradiction. Hence such a pair of items h < k exists (the case k = s is

included).
Let:
d:min{ W T , Wh (1—i’h) } >0
Construct a new feasible solution & = (21, &2, ..., &) which is identical to & except that:

SAPIENZA
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d d
ik:a_?k—w—kzo and ih:.’l_:h-l-w—hﬁl

By the definition of d, we have 3 > 0 and z;, < 1, and & is a feasible solution since:

. d
E w; T = E wjx]—l—wh——wk— E W; Tj =c

JjES JjES jES

The objective function value of & is:

2 _ Ph Pk =
Snt=nntd (Z-E) > Yy
: ; Wh W :
jES JjES _,_, jES
>0 since >p’C
Wi
Then the objective function value of & is larger than the objective function value of &,
contradicting the fact that & is an optimal solution.
The strict inequality pp/wp > pi/wy holds for every h < k, since items with the same
efficiency have been merged. O

Example 9.8: Primal and dual LP solutions

For the KP instance of Example 9.1, we have s = 3 and rc = 4.
Using formulas (9.13), we can compute the following optimal solution of the LPxp model:

. L2
$1:x2:1, x3:§, $4:CC5:1‘6:O

Using formulas (9.14), we can compute the following optimal solution of the D(LPkp)
model:

4 4 10 4
~:— ~:6—2—:— ~:5—3—:1 ~:~:~:~:O
™ 3 K1 3 3’ K2 3 y M3 = M4 = U5 = U6
Using formula (9.15), the optimal value of both LP models, primal and dual, is:

Z + 6582 =2
bj pss— 373
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9.4.3 Some important theoretical properties

e The following two propositions show that the ratio between z(LPkp) and z(ILPkp) is at
most two for all KP instances. Furthermore, there exist instances for which the value two
can be asymptotically achieved as the capacity ¢ — 4o00.

Proposition 9.7

For every KP instance, we have:
z(LPxp)
z (ILPKP)

IA
N

(9.16)

Proof. We consider two feasible solutions of the ILPkp model:

1. The solution selecting all items preceding the split item:
zj=1, Vje{l,2,...,s—1} and z; =0, Vje{s,s+1,...,n}

which is feasible by definition of the split item, and provides the valid lower bound:

s—1

ij S Z(ILPKP)

j=1
2. The solution selecting only the split item:
z;=0, Vje I \{s} and z,=1
which is feasible by assumption that ws < ¢, and provides the valid lower bound:

ps < z(ILPkp)

Adding the two inequalities yields:

s—1

2 z(ILPkp) > ij + ps > z(LPkp)
il

and thus:
z(LPxp)

— > <2
Z(ILPKP) -

O

Proposition 9.8

There are KP instances such that:

Z(LPKP)
Z(ILPKP)

—2 as ¢— 4o (9.17)

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 16


https://github.com/fabiofurini/combinatorial-optimization
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Combinatorial Optimization

Proof. Given ¥ € Z>1, consider the KP instance with knapsack capacity ¢ = 29 and
n = 2 items having the following profits and weights:

=1 w=9+1 and  pa=1, wy=9+1

Since only one item can be selected, an optimal solution Z(ILPkp) of the ILPxp model
is:

:17}1 = 1, jg =0 and Z(ILPKP) =1

The split item is s = 2, and the residual capacity is:
rce=20—(W+1)=09-1

Accordingly, an optimal solution &(LPkp) of the LPxp model is:

¥ -1 ¥ —1 29
T = 1 Ty — — d LP = 1 ES
T ) T2 911 an z(LPkp) +19_|_1 T+ 1
It follows that:
209
LP T 2(0+1)—-2 2
i w: A P L: im 2- 2 —9

Y—+o00 Z(ILPKP) 9—=+oo 1 Y—+o00 9 +1 Y—+o00 9+ 1

0

ﬁ.

Accordingly, we conclude that:

z(LPkp)

—= 2 —
~(ILPxp) as Cc — 400

9.5 0/1 Knapsack Problem upper bounds

e The following two propositions require that the items are sorted by non-
increasing efficiency.

Proposition 9.9: Dantzig upper bound

For every KP instance, we have:

s—1
rc
2(ILPkp) < ) pj + {ps w—J (9.18)
j=1 °
UBp

and UBp is called the Dantzig upper bound for the KP.
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Proof. We have:

|2(LPkp)) ij + s —8 Zp] {ps —J

which is a valid upper bound for z(ILPkp) since p; € Z>1, for every j € 7. O

e The Martello-Toth bound uses the items s —1 and s+ 1. Since w; < c and Zj wj > ¢ we
have s > 2, so the item s — 1 always exists. If s = n the item s+ 1 does not exist, and we
set ppi1/wp41 := 0: in this case UBy = Zj;% Pj-

Proposition 9.10: Martello-Toth upper bound

For every KP instance, we have:
Z(ILPKP) < UBMT = rnax{ UB(), UB1 } (919)

where

s—1
UBO = Zp] + | rc p8+1J
J=1

UB; = ij + |ps — (ws — 1C) ps_lJ

and UByr is called the Martello-Toth upper bound for the KP.

Proof. Since x5 cannot take a fractional value, an optimal solution &(ILPkp) can be
obtained from an optimal solution &(LPkp) either without the split item s or with the
split item s and hence removing at least one of the first s — 1 items.

1. If the split item is out, we have z(ILPxp) < UBy since the residual capacity rc is

filled with items having the largest possible efficiency ZetL Sfl

2. If the split item is in, we have z(ILPkp) < UB;j since it is supposed that the item
to be removed has exactly the minimum necessary weight ws — r¢ and the smallest

possible efficiency *=

O

Example 9.9: Dantzig and Martello-Toth upper bound

For the KP instance of Example 9.1, using formula (9.18), we can compute the Dantzig
upper bound:
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2 P4 9 36
UB():ij—l— rc—|=6+5+[4-|=11+|—| =16

Wyq

2
UB =) pj+ p3—(w3—7"0)%22 =6+5+ {8—(6—4) J =1+ {3J =15

UBMT:maX{ UBy, UB; }:max{ 16, 15 }:16

For this KP instance, the Martello-Toth upper bound is as strong as the Dantzig upper
bound.

. J

9.6 An ILP model for the Subset Sum Problem

The Subset Sum Problem and its reference instance (Example 2.2) are defined in Chapter 2
«Knapsack problems», Section 2.3.

e We introduce the following n binary variables:

1 if item j is selected in the subset
T = Vje .z, (9.20)

0 otherwise

( A
Using these variables, an Integer Linear Programming (ILP) model for the Subset Sum

Problem (SSP) reads as follows:

max Z Wi 45 (9.21a)
jES

subject to Z w;z; < c, (9.21b)
jeSI

xz; € {0,1}, Vje s (9.21c)

This ILP model is referred to as the ILPggp model.

\ J

e Description of the objective function and constraints of the ILPggp model:

— the linear objective function (9.21a) maximizes the total weight of the items selected
in the subset;
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— constraint (9.21b) ensures that the total weight of the selected items does not exceed
the target value (one linear constraint);

— finally, constraints (9.21c) define the variables of the ILP model.

e The ILPgsp model is the ILPkp model with p; = w;, for every j € .#: the answer to the
SSP is yes if and only if z(ILPggp) = c.

Example 9.10: ILPgsp model

We consider a target value ¢ = 9 and a set . = {1,2,3,4,5,6} of 6 items (n = 6), with the
following weights:

This is the SSP instance of Example 2.2. The ILPgsp model for this SSP instance is:
max 2 x1 +3 x9 +6 x3 +7 x4 +5 x5 +9 x4
subjectto 2 =z +3 a2 +6 w3 +7 x4 +5 x5y +9 z6 < 9
x1, T2, x3, x4, x5, ¢ € {0,1}
An optimal solution &(ILPsgp) is:
T1=1, To=0, Z3=0, z4=1, Z5=0, Tg=0

The optimal value z(ILPggp) is 9 = ¢, so the answer to the SSP is yes. The associated
subset is S = {1,4}. The optimal solution is not unique: the subsets {2,3} and {6} also

reach the target value.
(& J

9.7 An ILP model for the Bounded Knapsack Problem

The Bounded Knapsack Problem and its reference instance (Example 2.3) are defined in Chap-
ter 2 «Knapsack problems», Section 2.4.

e We introduce the following n integer variables:

x; = number of copies of item j inserted in the knapsack Vjes. (9.22)
( A
Using these variables, an Integer Linear Programming (ILP) model for the Bounded Knap-
sack Problem (BKP) reads as follows:
max ij 5 (9.23a)
JjeS
subject to Z 03 o= (& (9.23b)
jE€S
z; € {0,1,...,b;}, Vje.#. (9.23¢)
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L This ILP model is referred to as the ILPggp model. J

e Description of the objective function and constraints of the ILPgxp model:

— the linear objective function (9.23a) maximizes the total profit of the item copies
selected in the knapsack;

— constraint (9.23b) ensures that the total weight of the selected item copies does not
exceed the knapsack capacity (one linear constraint);

— finally, constraints (9.23c) define the variables of the ILP model: each item j is taken
at most b; times.

Example 9.11: ILPgkp model

We consider a knapsack of capacity ¢ = 9 and a set . = {1,2,3,4,5,6} of 6 items (n = 6),
with the following profits, weights and available copies:

Pj 6 5 8 9 6 7
w; 2 3 6 7 5 9
b; 2 2 1 1 1 1

This is the BKP instance of Example 2.3. The ILPggp model for this BKP instance is:

max 6 x;1 +5 zo +8 23 +9 x4 +6 x5 + 7 x4

subjectto 2 x1 +3 my +6 xz3 +7 x4 +5 x5 +9 g < 9
X, x2 € {07 17 2}
X3, X4, x5, T6 € {07 1}

An optimal solution &(ILPpkp) is:
Z1=2, B2=0, Z3=0, 24=0, Z5=1, Zg=0
The optimal value z(ILPpkp) is 18. The associated optimal solution of the BKP takes two

copies of item 1 and one copy of item 5, and it is the unique optimal solution.
& J
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9.8 An ILP model for the Unbounded Knapsack Problem

The Unbounded Knapsack Problem and its reference instance (Example 2.4) are defined in
Chapter 2 «Knapsack problems», Section 2.5.

e We introduce the following n integer variables:

x; = number of copies of item j inserted in the knapsack Vje s, (9.24)

'd N\
Using these variables, an Integer Linear Programming (ILP) model for the Unbounded

Knapsack Problem (UKP) reads as follows:

max ij oy (9.25a)
jeSI

subject to Z wjz; <, (9.25D)
jeS

T € ZZ(]? Vje ~. (925C)

This ILP model is referred to as the ILPygp model.

(& J

e Description of the objective function and constraints of the ILPyxp model:

— the linear objective function (9.25a) maximizes the total profit of the item copies
selected in the knapsack;

— constraint (9.25b) ensures that the total weight of the selected item copies does not
exceed the knapsack capacity (one linear constraint);

— finally, constraints (9.25¢) define the variables of the ILP model; the capacity con-
straint already gives x; < b; = [c/w;j], for every j € 7.

Example 9.12: ILPykxp model

We consider a knapsack of capacity ¢ = 9 and a set .# = {1,2,3,4,5,6} of 6 items (n = 6),
each available in an unlimited number of copies, with the following profits and weights:

d=1 4=2 =8 j=4 j=5 =0

6 5 8 9 6 7
2 3 6 7 ) 9

Dj
Wj

This is the UKP instance of Example 2.4. The ILPykp model for this UKP instance is:
max 6 x; +5 a29 +8 xz3 +9 x4 +6 x5 +T7 x4

subjectto 2 =z +3 w2 +6 3 +T7 x4 +5 z; +9 x4

IA
©

x1, z2, 3, T4, Z5, e € L>o

An optimal solution &(ILPygkp) is:
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The optimal value z(ILPykp) is 24. The associated optimal solution of the UKP takes four
copies of item 1, and it is the unique optimal solution.

9.9 An ILP model for the Multidimensional Knapsack Problem

The Multidimensional Knapsack Problem and its reference instance (Example 2.5) are defined
in Chapter 2 «Knapsack problems», Section 2.6.

e We introduce the following n binary variables:

1 if item j is selected in the knapsack
T; = Vje s (926)

0 otherwise

s ~
Using these variables, an Integer Linear Programming (ILP) model for the Multidimensional

Knapsack Problem (MDKP) reads as follows:

max Z 9 95 (9.27a)
jeS
subject to Z We; Tj < Cq, Vd € 2, (9.27D)
jES
z; € {0,1}, Vje.s. (9.27¢)

This ILP model is referred to as the ILPyprp model.

(& J

e Description of the objective function and constraints of the ILPypkp model:
— the linear objective function (9.27a) maximizes the total profit of the items selected
in the knapsack;

— constraints (9.27b) ensure that, in every dimension d, the total weight of the selected
items does not exceed the capacity ¢4 (k linear constraints, one for each dimension);

— finally, constraints (9.27c) define the variables of the ILP model.

Example 9.13: ILPypkp model

We consider a 2-dimensional knapsack (k = 2) with capacities ¢; = 10 and ¢o = 12, and a
set & ={1,2,3,4} of 4 items (n = 4), with the following profits and weights:

g=1 =2 §=8 G=4

Dj 6 7 5 9
wlj 4 5 3 7
’LUQj 6 4 5 3

This is the MDKP instance of Example 2.5. The ILPypkp model for this MDKP instance
is:
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max 6 x;1 +7 x22 +5 xz3 +9 x4

subjectto 4 1 +5 22 +3 3 +7 x4 < 10
6 1 +4 2 +5 23 +3 4 < 12
1, T2, 3, zg € {0,1}

An optimal solution &(ILPypkp) is:
F1=0, 9=0, F3=1, F4=1

The optimal value z(ILPypkp) is 14. The associated optimal solution of the MDKP is
S = {3,4}, and it is the unique optimal solution.

- J

9.10 An ILP model for the Multiple Knapsack Problem

The Multiple Knapsack Problem and its reference instance (Example 2.6) are defined in Chap-
ter 2 «Knapsack problems», Section 2.7.

e We introduce the following nm binary variables:

Vje I, VkeX. (9.28)

1 if item j is inserted in knapsack k
xjk = )
0 otherwise

( N\

Using these variables, an Integer Linear Programming (ILP) model for the Multiple Knap-
sack Problem (MKP) reads as follows:

max Z ij Zjk (9.29a)

kex je.s
subject to Z wj Tk < Ck, Vk € X, (9.29Db)
jeS
> ap <, Vjie .z, (9.29¢)
ket
zj, € {0,1}, Vie s, VkeX. (9.29d)

This ILP model is referred to as the ILPygp model.

. J

e Description of the objective function and constraints of the ILPyxp model:

— the linear objective function (9.29a) maximizes the total profit of the items inserted
in the knapsacks;

— constraints (9.29b) ensure that, in every knapsack k, the total weight of the assigned
items does not exceed the capacity ¢, (m linear constraints, one for each knapsack);

— constraints (9.29¢) ensure that each item is inserted in at most one knapsack (n
linear constraints, one for each item);
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— finally, constraints (9.29d) define the variables of the ILP model.

Example 9.14: ILPykp model

We consider m = 2 knapsacks with capacities ¢; = 10 and ¢ = 12, and a set & =
{1,2,3,4,5} of 5 items (n = 5), with the following profits and weights:

g=1 §=2 §=8 j=4 ;=5

8 5 7 9
4 6 ) 3 7

(@)

Dj
Wj

This is the MKP instance of Example 2.6. The model has 10 variables, so we write one
constraint per line. The ILPyxp model for this MKP instance is:

max 6x11+ 8221 +5x31 + 7241 + 951

+6x12 +8x09 +5x30 + 740 + x50

subject to 4x11 +6x21 + 5231 + 3241 + 751 < 10
4219+ 6290 +5x39 + 3249 + 750 < 12
T11 + T12 < 1
Z21 + 22 < 1
31 + 32 < 1
Ta1 + T42 < 1
T51 + T52 < 1

T11, T21, T31, T41, T, T12, T2, 32, T2, Ts2 € {0,1}
An optimal solution &(ILPykp) is:
T11 =291 =1, T4 = Tso =1, and all the other variables equal to 0.

The optimal value z(ILPygkp) is 30. The associated optimal solution of the MKP
is (S1,5) = ({1,2},{4,5}). The optimal solution is not unique: ({2,4},{1,5}) and
({4,5},{1,2}) have the same value.
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9.11 An ILP model for the Multiple-Choice Knapsack Problem

The Multiple-Choice Knapsack Problem and its reference instance (Example 2.7) are defined
in Chapter 2 «Knapsack problems», Section 2.8.

e We introduce the following n binary variables:

1 if item j is selected in the knapsack
v = Vje .o (9.30)
0 otherwise
'd N\
Using these variables, an Integer Linear Programming (ILP) model for the Multiple-Choice
Knapsack Problem (MCKP) reads as follows:
max ij Zj (9.31a)
jeSI
subject to Z wjz; <, (9.31b)
jeIS
> zi=1, Vhe{1,2,...,q}, (9.31c)
JELn
z; € {0,1}, Vje .. (9.31d)
This ILP model is referred to as the ILPycxp model.

- J

e Description of the objective function and constraints of the ILPycxp model:

— the linear objective function (9.31a) maximizes the total profit of the items selected
in the knapsack;

— constraint (9.31b) ensures that the total weight of the selected items does not exceed
the knapsack capacity (one linear constraint);

— constraints (9.31c) ensure that exactly one item is selected from each class (g linear
constraints, one for each class);

— finally, constraints (9.31d) define the variables of the ILP model.

Example 9.15: ILPyjckp model

We consider a knapsack of capacity ¢ = 15 and a set .# = {1,2,3,4,5,6} of 6 items (n = 6),
partitioned into ¢ = 3 classes _#1 = {1,2}, #> = {3,4} and #3 = {5, 6}, with the following
profits and weights:

‘j:1 j=2 j=3 j=4 j=5 j=6
;i 6 8 5 7 4 9
w; 4 6 5 8 3 7

1S:
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max 6 xi
subject to 4 =z

x1

X,

-

+ 8 x4
+6 i)

+ T2

€2,

+ 5 x3

+ 5 I3

T3

€3,

An optimal solution &(ILPyckp) is:

+ 7 x4

+8 X4

+ x4

X4,

+4 x5 +9 zg

+3 25 +7 z¢ <

x5 +x6 =

s, X6 S

The optimal value z(ILPyckp) is 17. The associated optimal solution of the MCKP is
S ={1,4,5}. The optimal solution is not unique: the subset {2, 3,5} has the same value.

9.12 An ILP model for the Knapsack Problem with Setups

The Knapsack Problem with Setups and its reference instance (Example 2.8) are defined in

Chapter 2 «Knapsack problemsy, Section 2.9.

e We introduce the following n binary variables:

1 if item j is selected in the knapsack
Tj = Vje.~. (9.32)
0 otherwise
e We introduce the following ¢ binary variables:
1 if class h is activated (its setup is paid)
Yp = Vh e {1,2,...,q}. (9.33)
0 otherwise

( N\

Using these variables, an Integer Linear Programming (ILP) model for the Knapsack Prob-

lem with Setups (KPS) reads as follows:
q
max Z D xj — Z Tnun (9.34a)
jes h=1
q
subject to Z Wi W A Z Shyn < ¢, (9.34b)
jes h=1

zj < yn, Vh e {1,2,...,q}, Vi€ Zn, (9.34c)

z; € {0, 1}, Vie#, (9.34d)

yp € {0, 1}, Vhe{1,2,...,q}. (9.34e)
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L This ILP model is referred to as the ILPgpg model. J

e Description of the objective function and constraints of the ILPgpg model:

— the linear objective function (9.34a) maximizes the total revenue of the selected items
minus the setup costs of the activated classes;

— constraint (9.34b) ensures that the total weight of the selected items plus the setup
weights of the activated classes does not exceed the knapsack capacity (one linear
constraint);

— constraints (9.34c¢) ensure that an item can be selected only if its class is activated
(n linear constraints, one for each item);

— finally, constraints (9.34d) and (9.34e) define the variables of the ILP model.

Example 9.16: ILPkps model

We consider a knapsack of capacity ¢ = 20 and a set .# = {1,2,3,4,5,6} of 6 items (n = 6),
partitioned into ¢ = 2 classes _#1 = {1,2,3} and _# = {4,5,6}, with setup costs fi; = 3,
fo = 4, setup weights s; = 2, s5 = 3, and the following revenues and weights:

d=1 4=2 =8 j=4 j=5 =0

6 8 5) 7 9 4
4 5 3 6 7 2

Dj
Wj

This is the KPS instance of Example 2.8. The ILPkpg model for this KPS instance is:

max 6 1 +8 my +5 x3 +7 x4 +9 x5 +4 g —3 y1 —4 Yy

subjectto 4 x1 +5 xo +3 w3 +6 x4 +T7 x5 +2 16 +2 Y1 +3 Yy < 20
Z1 ! < 0

Z2 - < 0

x3 - < 0

Ty —y2 < 0

x5 — Y2 < 0

z6 —y2 < 0

i, T2, e, T4, T5, T6 € {0,1}

Y1, y2 € {0,1}

An optimal solution &(ILPkps), y(ILPkpg) is:
i‘lzif,'g:f}g:l, l‘4:$5:0, 536:1, §1:g2=1

The optimal value z(ILPkpg) is 16. The associated optimal solution of the KPS is S =
{1,2,3,6}. The optimal solution is not unique: the subsets {1,2,3} and {4,5,6} have the

same value.
(. J
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9.13 Typical mistakes

Warning

e Forgetting to sort the items. The formulas (9.13), (9.14) and the bounds hold
only if the items are sorted by non-increasing efficiency: with another order the vector
(9.13) is feasible but not optimal.

e Using z(LP-Okp) as the bound. The first relaxation has no upper bounds on the
variables, and it is much weaker: in Example 9.1 it gives 27, against 43—9 for the second
relaxation.

e Rounding when the profits are not integer. The bounds UBp and UByt round
down the fractional part: this is valid only because all the profits are integer.

e Confusing the split item with the last selected item. The split item s is the
first item that does not fit: in Example 9.1 it is s = 3, while the items 1 and 2 are
selected entirely.

e Assuming that the LP optimum is unique. With items of equal efficiency the
LPkp problem has other optimal solutions; the formulas (9.13) give one of them.

e Copying the ILPkp model to the variants. In the BKP and in the UKP the
variables are integer, not binary; in the MCKP the class constraints (9.31¢) are equal-
ities; in the KPS, without the constraints (9.34¢) the model selects items with y, = 0
and never pays a setup.

9.14 In summary

Summary

e The ILPkp model has one binary variable per item, one capacity constraint and the
objective of maximizing the total profit.

e The relaxation LPkp is solved by sorting the items by non-increasing efficiency: the
items before the split item are selected, the split item is taken fractionally, the others
are discarded.

e The dual of LPxp has the optimal solution © = ps/ws, and z(LPkp) is never larger
than twice z(ILPkp).

e Rounding down z(LPkp) gives the Dantzig bound; the Martello-Toth bound considers
separately the split item out and in.

e Each variant of Chapter 2 «Knapsack problems» changes one ingredient of the
ILPkp model: integer variables (BKP, UKP), one capacity constraint per dimen-
sion (MDKP), one variable per item and knapsack (MKP), one equality per class
(MCKP), setup variables yp, with z; <y, (KPS); the SSP is the KP with p; = w;.

Dashboard of Example 9.1. Upper bounds on z(ILPkp) computed in this chapter:

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 29


https://github.com/fabiofurini/combinatorial-optimization
https://fabiofurini.github.io/combinatorial-optimization/combinatorial-optimization-problems/knapsack/
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Combinatorial Optimization

Bound Value From

First relaxation 27 z(LP-Okp), item 1 with J copies

Second relaxation Y z(LPkp), split item s = 3

Dantzig bound 16 L43—9J

Martello-Toth bound 16  max{16,15}

Optimal value 15  solution {1,4} of the ILPkp

model

The gap between the best upper bound (16) and the optimal value (15) is closed by the
exact algorithms of the following chapters.
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Chapter 10

Formulations of packing problems

Prerequisites

e From the module Linear Programming, Chapter 9 «Duality theory»: the dual of an
LP problem, weak and strong duality.

e From the module Integer linear programming, Chapter 1 «Integer linear programming»
and Chapter 2 «Primal and dual bounds»: ILP problems, LP relaxations and bounds.

e From this module, Chapter 3 «Packing problems»: the problem and its assumptions.

Objectives

At the end of this chapter you will be able to:

e write the ILP model of the Bin Packing Problem and explain the link between the
assignment variables and the activation variables;

e write the two LP relaxations and their duals, and prove that their optimal value is
Zj w; /¢;
e round the LP bound up to obtain a lower bound on the number of bins;

e prove that the LP bound is at least one half of the optimal value, and that the factor
is tight;

e write the ILP model of the Cutting Stock Problem, with integer variables for the
copies of the items.
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10.1 Overview of the family

e The ILP models of the packing problems use an upper bound m on the number of bins
and the set 8 = {1,2,...,m} of the bins that may be used.

e The assignment variables xj, place the items j € .# into the bins b € %, and the
binary activation variables y;, say whether bin b is used.

e Each bin gives one capacity constraint, which also links the two kinds of variables, and
the objective function minimizes the number >, _ 43 of bins used.

The packing models are assignment models: every item, or every copy of an item, is
assigned to a used bin, and the items assigned to a bin respect its capacity. The members
of the family change the domain of the assignment variables.

e The table lists the members of the family, with the name of their ILP model and the
section that writes it.

Problem Model Assignment variables Section
BPP ILPBPP binary T b 10.2
CSp ILPcgp  integer zj3, the copies of item j in bin 10.5

b

10.2 An ILP model for the Bin Packing Problem

The problem of this section is the Bin Packing Problem (BPP), defined in Chapter 3 «Packing
problemss .

e Given an upper bound m € Z>5 on the number of bins used in any optimal BPP solution,
we introduce the following mn binary variables:

1 if item j is packed in bin b .
T = . Vie{l,2,...,n}, Vbe{l,2,...,m},
0 otherwise —_— —_—
=7 =%
and the following m binary variables:
1 if bin b is used
Yo = vbe{l,2,...,m}.
{O otherwise i—f}/

The number n of items is a valid upper bound on the minimum number of bins needed
to pack all the items since, in the worst possible case, each item is packed in a different
bin. Also the number of bins used in any feasible BPP solution is a valid upper bound.

{ Using these variables, an Integer Linear Programming (ILP) model for the Bin Packing W
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Problem (BPP) reads as follows:
min Z Yb (10.1a)
be#
subject to Z G = L Vje s, (10.1b)
be s
= wjzip ey =0, Vb € B, (10.1c)
jeI

xjp € {0,1}, Vje g, Vbe B, (10.1d)
u € {0, 1}, Vb € B. (10.1e)

This ILP model is referred to as the ILPgpp model.

(& J

e Description of the objective function and constraints of the ILPgpp model:

— the linear objective function (10.1a) minimizes the total number of used bins;

— constraints (10.1b) ensure that each item is packed in exactly one bin, so that all
items are packed (n linear constraints);

— constraints (10.1c) link the assignment variables with the activation variables and
impose the capacity restrictions: if bin b is used, the weight of its items is at most
¢; if it is not used, it contains no item (m linear constraints);

finally, constraints (10.1d) and (10.1e) define the variables of the ILP model.

Explanation of the link between the variables

o If at least one item is packed in bin b, then the bin is used. The logical implication
is
(xlb OR z9, OR ... OR .Z‘nb) =  Yp-

Since w; > 0, packing an item in bin b gives Ejef w;x; > 0, and the constraint
Y jes wijy < cyp forces y, = 1.

e If bin b is not used, then it is empty. This is the contrapositive of the previous
implication. For y; = 0 the constraint reads Zje] w;z;p < 0, and since w; > 0 we obtain
xjp = 0 for every item j.

e If bin b is used, then it contains at least one item, but only in an optimal
solution. The constraints do not impose it. However, if xj3 = 0 for all j and y, = 1,
setting y, = 0 keeps all the constraints satisfied and decreases the objective value by one.
Hence, in every optimal solution, empty bins are not counted as used.
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Example 10.1: ILPgpp model

We consider a bin of capacity ¢ = 10 and a set .# = {1,2,3} of 3 items (n = 3), with the
following item weights:

=2 37=3

\jzl j
wj‘ 7 6 3

We refer to this BPP instance as Example 10.1.

The ILPgpp model with m = 3 for this BPP instance is:

min Yy ty2 3
subject to x11  + x12 + 713 =1
T21  + T22 + T23 =1
T31  + 32 + T33 =1
— Tr11 — 6191 — 3x31 + 10y, >0
— Tr12 — 699 — 3x39 + 10y2 >0
— Tx13 — 6193 — 3x33 + 10y3 >0

1, Ti2, %13, To1,  T22,  T23,  T31, 32, L33,  YI, Y2, ys €{0,1}
An optimal solution &(ILPppp) is:
Tn==I3=1, T12=713=T21 =0, Too=1, T3 =T320=733=0, 1 =%2=1, y3=0
Another optimal solution, obtained by permuting the indices of bins 1 and 2, is:
T12=T32=1, In=T13=T2 =0, Tan=1, T3=T31=2T33=0, 1 =42=1, y3=0.

The optimal value is:
z(ILPgpp) = 2

The associated optimal solution of the BPP is given by the packing patterns
pl = {1,3} and pQ = {2}

The optimal solution is not unique: also the packing patterns {1} and {2, 3} use two bins.
. J
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10.3 A first Linear Programming relaxation

e 2
To obtain a Linear Programming (LP) relaxation of the ILPgpp model, we relax constraints

(10.1d) and (10.1e) with the following ones:
xjp > 0, Vje I, Vbe B, (10.2a)

yp > 0, Vb € B. (10.2b)

This LP model is referred to as the LP-Ogpp model.

. J

Example 10.2: LP-Ogpp model

The LP-Ogpp model for the BPP instance of Example 10.1 is:

min (1 +y2 +y3
subject to 11 4+ 12 + x13 =1
T21  + x22 + T23 =1l
x31  + %32 + T33 =1
— Tz — 6x9; — 331 + 10y1 >0
— Tx12 — 692 — 3x32 + 10y2 >0
— Tz13 — 6293 — 3133 + 10y3 > 0

T11, T12, x13, Z21, 22, x23, 31, 32, 33, Y1, Y2, Y3 Z 0

An optimal solution Z(LP-Ogpp) is:

. . . - - - - - - 1 . . 8
331129312:3313:3321:3322=$23=$31=$32=$33=ga ylzyzzygzﬁ
The optimal value z(LP-Oppp) is %.
Accordingly, we have the lower bound:
8
g S Z(ILPBPP)
and, since z(ILPpgpp) is an integer, z(ILPgpp) > [%] =2.
. J
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s

Using

e a free dual variable p; for each constraint (10.1b) (j € )

e a non-negative dual variable m, for each constraint (10.1c) (b € A)

the dual model of the LP-Ogpp model reads as follows:

max Z 1 (10.3a)
JjES
subject to  p; —w; m, <0, Vje.#, Vbe B, (10.3b)
cmp < 1, Vb e A, (10.3¢)
1 = 0, Vje Z, (10.3d)
m, > 0, Vb e A. (10.3e)
This LP model is referred to as the dual D(LP-Ogpp) model.
i\ J
Example 10.3: D(LP-Ogpp) model
The dual D(LP-Ogpp) model for the BPP instance of Example 10.1 is:
max I + p2 + 13
subject to 1 — Tm <0
1 — Tma <0
1 — Tm3 <0
12 - 671'1 <0
2 — 6o <0
12 — 673 <0
u3 — 371'1 S 0
3 — 3ma <0
M3 — 33 <0
107y <1
107y <1
1073 <1
>
[, 12, 143 =0
1, 2, 3 Z 0
An optimal solution (f,7) of D(LP-Ogpp) is:
- 7 N 3 3 - - . 1
= — = — = — T =T = 7T = —
H1 10’ H2 5 us 10’ 1 2 3 10
The optimal value z(D(LP-Ogpp)) is %.
. J
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Proposition 10.1

An optimal solution of the primal LP-Ogpp model is:
- 1 .
Zip = —, Vje 7, Vbe B,
m
(10.4)
) Wi
iy = M’ Vb € B,
mec
and an optimal solution of the dual D(LP-Ogpp) model is:
=2, Vies,
. (10.5)
Ty = —, Vb e A.
c
. J

Corollary 10.2

The optimal value of the primal LP-Ogpp and dual D(LP-Ogpp) models is:

Zjeﬂ Wy

Z(LP—OBPP) = = z(D(LP—OBpp)) (10.6)

e The proof proceeds in three steps:

1. We show that (10.4) is a feasible solution for the primal LP-Ogpp model,
2. We show that (10.5) is a feasible solution for the dual D(LP-Ogpp) model;
3. We show that both feasible solutions have the same objective function value.

Therefore, by LP Weak Duality, (10.4) and (10.5) are a pair of optimal primal and dual
solutions.

Proof.

1. For every j € ., we have:
1 m
T, — — = —=1
D E =) o=
be# be#
thus constraints (10.1b) are satisfied.
For every b € #, we have:
- . 1 jesW
—ij xﬂ,—i—cyb:—ij R A
, , m mc
JjES jeS
thus constraints (10.1c) are satisfied.

We have 2, > 0 and g, > 0, for every j € # and every b € %, thus constraints
(10.2a) and (10.2b) are satisfied.

Therefore, (10.4) provides a feasible solution for the primal LP-Ogpp model.
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2. For every b € & and every j € .Z, we have:

Wi Wi

0 — S = —2 — = O
Hi =85 =1, c
thus constraints (10.3b) are satisfied.
For every b € #, we have: .
C 7~Tb =-=1
c

thus constraints (10.3c) are satisfied.

We have fi; > 0 and 7, > 0, for every b € % and every j € ., thus constraints
(10.3d) and (10.3e) are satisfied.

Therefore, (10.5) provides a feasible solution for the dual D(LP-Ogpp) model.

3. For the objective functions, we have:

=) Zﬁﬂcwj = Zjej = >

be R beR jEeS

thus the primal and dual objective function values are equal.

Therefore, by LP Weak Duality, (10.4) and (10.5) are a pair of optimal primal and dual
solutions.
Ol

e This is an alternative proof that does not rely on the dual formulation but instead reasons
directly on the minimum objective function value imposed by the constraints.

Proposition 10.3

An optimal solution of the primal LP-Ogpp model is:
- 1 .
B = =y Vje 7, Vbe A,
m
(10.7)
. Wi
gy = A2 Vb € B,
mc
and the optimal value is
. Wi
#(LP-Ogpp) = Ljer™i (10.8)
- J
Proof. Summing the capacity constraints (10.1¢) over all b € & gives
e w = DY wimp=) wi Y wp =) wj,
be % beB jeI jes be R jes
——
by (10.1b)=1
hence q
dow = oD w (10.9)
be A JjES
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Therefore every feasible solution of LP-Ogpp satisfies (10.9).

Now consider the point defined in (10.7). For every j € .#, we have

~ 1
ijb:mmzl,

be#
so constraints (10.1b) hold. Moreover, for every b € %, we have
> wibin = 3wk = o Y wy =i
JjES yi=s4 jeS

so constraints (10.1c) hold with equality. Finally, constraints (10.2a) and (10.2b) are sat-
isfied by construction. Hence the point defined in (10.7) is a feasible solution for LP-Oppp.

The objective value of (10.7) is

gy = m @ — - Z wj,
mc c -
be s jes
which matches the lower bound (10.9). Therefore the point (10.7) is an optimal solution

with objective value (10.8). O

10.4 A second Linear Programming relaxation

' N\
To obtain a Linear Programming (LP) relaxation of the ILPgpp model, we relax constraints

(10.1d) and (10.1e) with the following ones:

zjp > 0, Vj €, Vbe B, (10.10a)
w <1, Vb € B, (10.10b)
yp = 0, Vb€ B. (10.10c)

This LP model is referred to as the LPgpp model.

\ J

Example 10.4: LPgpp model

The LPgpp model for the BPP instance of Example 10.1 is:
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min yi t+ty2 +y3
subject to 11 4+ x12 + x13 =1
T21  + X222 + T23 =1l
x31  + %32 + T33 =1
— Tz — 6x971 — 3x31 + 10y >0
— Tx19 — 6299 — 3x32 + 10ys >0
— Tx13 — 693 — 333 + 10y3 > 0
Y1 <1
Y2 <1
ys <1

x11, z12, 13, r21, 22, x23, x31, 32, 33, Y1, Y2, y3 =0

An optimal solution &(LPppp) is:

- . - - - " 5 5 - 1 - N N 8
51711=ﬂ712=$13=1’21=1’22=$23=$31=$32=CL‘33=§, y1:y2=ygzﬁ

The optimal value z(LPgpp) is %. Accordingly, we have the same lower bound as before.

. J

e N

Using

e a free dual variable p; for each constraint (10.1b) (j € )
e a non-negative dual variable 7, for each constraint (10.1c) (b € A)

e a non-positive dual variable )\, for each constraint (10.10b) (b € £)

the dual model of the LPgpp model reads as follows:

max > pit > A (10.11a)

jes be s
subject to  p; —w; m <0, Vje.Z, Vbe B, (10.11b)
cmp+ Ay < 1, Vb e &, (10.11¢)
pj Z 0, Vje .z, (10.11d)
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m > 0, Vb € B, (10.11e)
Ay <0, Vb € AB. (10.11f)

This LP model is referred to as the dual D(LPgpp) model.

- J

Example 10.5: D(LPppp) model

The D(LPppp) model of Example 10.1 is:
max 1 + po + us + A\ + Ao + A3

subject to 1 — 7m <0

1 — Tma <

11 — Tm3 <
142 — 6m 0
1o — 67 <0
42 — 673 <0
JI] — 3m <0
M3 — 3m <0
U3 — 3ms <0
10m, +A1 <1
107o +A2 <1
1073 +A3 <1
H1, 2, M3 ; 0
T, 2, 3 >0
At, A2, A3 <0

The optimal value z(D(LPgpp)) is £. An optimal solution (f&, 7, \) of D(LPgpp) is:
ﬂ1=1—7(), ﬂ2=§, ﬂ3=%, 7~T1=7~F2=7~T3=1i07 AM=X=X=0
L )

e The constraints:
xjp <1, Vje S, Vbe B,

are also valid since, for every j € . and every b € &, we have:
Tjp € {0, 1} = Zjb <1

but they are implied by constraints (10.1b).
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Proposition 10.4

An optimal solution of the primal LPgpp model is:
- 1 .
Tjp = Vje I, Vbe B,
(10.12)
. Wi
gy = 221 Vb € B,
mec
and an optimal solution of the dual D(LPgpp) model is:
=2, Vjes,
c
- _ 1 10.13)
f=-, Ve, (10.
=0, VbeAB.

Corollary 10.5

The optimal value of the primal LPgpp and dual D(LPgpp) models is:

(LPypp) = 297 _ L D(LPapp) (10.14)

Proof. The proof is similar to the previous one. In addition, it is necessary to observe

that 5
gy ==L <
mec

, Vbe A,

since Zj wj/c < z(ILPppp) < m, where the last inequality holds because m is an
upper bound on the number of bins in any optimal BPP solution. Accordingly, con-
straints (10.10b) are also satisfied.

]
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10.4.1 Some important theoretical properties

e The following two propositions show that the ratio between z(LPppp) and z(ILPppp) is
at least one half for every BPP instance (by hypothesis z(ILPgpp) > 1 since not all
items fit in a single bin). Furthermore, there exist instances for which the value one half
can be asymptotically achieved as the capacity ¢ — 400.

Proposition 10.6

For every BPP instance, we have:

Z(LPBPP)

—_ >
Z(ILPBPP) -

1
= 10.1
5 (10.15)

Proof. Consider an optimal solution Z(ILPgpp) of value z = z(ILPgpp) (number of used
bins). We can assume, without loss of generality, that bins 1,2, ..., z are the non-empty
ones.

In an optimal solution, no two bins can have total item weight at most ¢/2, since
otherwise their contents could be merged into a single bin without exceeding the bin
capacity ¢ (contradicting optimality).

If all non-empty bins have total item weight greater than ¢/2, then
z Zje] aj
5 c EE— 1 z(LPBpp) 1
: Wi : Wit = 2 2 % 2 Z(ILPBPP) -2
jes b=1je.s

Otherwise, suppose that there exists a bin with total item weight at most ¢/2. Renum-
bering bins if necessary, let it be bin z, so that

Z Wi Ty < ¢
/ itz = 5-
JjES
Since z > 1, there exists another bin say bin 1; by optimality, we must have
Zw]’i‘jl + ijsz > ¢,
jeS jeS

and, by optimality, every bin in {2,3,...,z — 1} has total item weight > ¢/2. Hence,

z Z=1l
dowi=) Y widp =) Y wikp + Y widp + Y w;dg
JjES b=1 jes b=2 je.s JES JjES
>£(:-2) >e
Zjey s
C 1 Z(LPBPP) 1
>=(z—2)Fec=2- = —L _>° — /5
(Z ) te=2 2 % 2 Z(ILPBPP) -2
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Proposition 10.7

There are BPP instances such that:

Z(LPBPP)
Z(ILPBPP)

1
—5 A ¢ +o00 (10.16)

Proof. Given ¥ € Z>1, consider the BPP instance with bin capacity ¢ = 2 and n items
having the following weights:

wj:79+1, Vje LS.

No bin can contain more than one item, thus each item must be packed alone in its own
bin. Therefore, the BPP optimal value is

z(ILPgpp) = n.

For the LP relaxation we have:

n(Y+1)
LP
z(LPgpp) o
It follows that:
LP n(9+1) 11 1
—+o00 z( Bpp) Y—+00 n Y—+o00
—0

Accordingly, we conclude that:

Z(LPBPP) 1

z(ILPBpp) — 5 as ¢ — +00.

O

e The following two propositions show that the ratio between [z(LPgpp)| and z(ILPgpp)
is at least one half for every BPP instance. Furthermore, there exist instances for which
the value one half can be asymptotically achieved as the number of items n — +oc.

Proposition 10.8

For every BPP instance, we have:

(10.17)

Proof. Consider an optimal solution &(ILPgpp) of value z = z(ILPgpp) (number of used
bins). We can assume, without loss of generality, that bins 1,2, ...,z are the non-empty
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ones.

In an optimal solution, no two bins can have total item weight at most ¢/2, since
otherwise their contents could be merged into a single bin without exceeding the bin
capacity ¢ (contradicting optimality).

If all non-empty bins have total item weight greater than ¢/2, then

z

_ . zc DjesWi _ 2 2jes Wi z
2owi=) ) witp>y = > = [ SHE

jes b=1 je.I

=]
—>

z

[NCHIRN

_ [=(LPepp)] >

—
Z(ILPBPP)

1
5"

| =

Otherwise, suppose that there exists a bin with total item weight at most ¢/2. Renum-
bering bins if necessary, let it be bin z. Then we have:

2 z—1
Sw=Y Y wte> S w05 = <2 Ui

jes b=1 jes b=1jE.7 jes

Since z must be an integer, this implies:

2 < 22% <2 Z%

JES jES
Therefore:
w.
{Zjej Tﬂ > 1 . [=(LPspp)] > L
z 2 z(ILPgpp) 2

O

Proposition 10.9

There are BPP instances such that:

[2(LPgpp)] 1
([TPope) 3

as n — +0o (10.18)

Proof. Given n € Z>2 (take n even), consider the BPP instance with bin capacity ¢ = n
and n items having the following weights:

w]:gﬂ:gﬂ, Vje .z

No bin can contain more than one item, since w; > ¢/2 for every j. Thus each item must
be packed alone in its own bin. Therefore, the BPP optimal value is

Z(ILPBPP) =n.
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+1,

For the LP relaxation we have:
n (% + 1)

n

|3

e Wi
Z(LPBPP) = JEC] g =

n

hence [2(LPgpp)| = § + 1 (since n is even). It follows that:

% +1 . 1 1
lim -+ —
n n—+oo | 2 n
~—~
—0

li [2(LPgpp)] — lim
n—+o00 Z(ILPBPP)

Accordingly, we conclude that:
[2(LPgpp)] 1
4 (ILPBPP)

n — +00.

10.5 An ILP model for the Cutting Stock Problem
The problem of this section is the Cutting Stock Problem (CSP), defined in Chapter 3 «Packing

problemsy, with its reference instance.
e Given an upper bound m € Zx>2 on the number of bins used in any optimal CSP solution,

we introduce the following mn integer variables:
xj, = number of copies of item j packed in bin b Vje s, Vbe{l,2,...,m},
=%

and the following m binary variables:
if bin b i d
if bin b is use Vb€ B,

1
Y =
{O otherwise

~

The total number >, , d; of copies is a valid value of m, and so is the number of bins

of any feasible CSP solution.

Using these variables, an Integer Linear Programming (ILP) model for the Cutting Stock
(10.19a)

p
Problem (CSP) reads as follows:

min Z i

beB
subject to Y xj, = d;, Vje s, (10.19b)
beB
Vb € B, (10.19¢)

—ija:jb—i-cbeO,
jes
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"

Tip € Zzo, Vje . Z, Vbe A, (10.19d)

s € {0,1}, Vb € B. (10.19¢)

This ILP model is referred to as the ILPcgp model.

e Description of the objective function and constraints of the ILPcgp model:

— the linear objective function (10.19a) minimizes the total number of used bins;

— constraints (10.19b) ensure that exactly d; copies of each item j are packed (n linear
constraints);

— constraints (10.19¢) link the integer variables with the activation variables and im-
pose the capacity restrictions, as constraints (10.1c¢) of the ILPgpp model (m linear
constraints);

— finally, constraints (10.19d) and (10.19¢) define the variables of the ILP model.

e With d; =1 for every item, constraints (10.19b) give z; € {0,1}, and the ILPcgp model
is the ILPgpp model.

e The copies of an item are identical: a single integer variable counts them in each bin. The
ILPgpp model on the extended set of items would use m ) i d; binary variables instead
of mn integer ones.

Example 10.6: ILPcsp model

We consider bins of capacity ¢ = 10 and a set .# = {1,2,3,4} of 4 items (n = 4), with the
following weights and required copies:

‘j=1 j=2 j=3 j=4

w; | 4 5 3 6
dj | 2 1 3 1

This is the CSP instance of Chapter 3 «Packing problems», where a solution with 3 bins is

found by eye: hence m = 3 is a valid upper bound. The ILPcgp model with m = 3 for this
CSP instance is:

Author: Fabio Furini
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min Y1 +y2 + 3

subject to x11 + 12 + 713 = 2
T21 + X22 + T23 1
Z31 + Z32 + T33 3
T41 + Ta2 + T43 !
—4x11 — 95721 —3w31 — 6241 +10y; > O
—4x19 — 5299 — 3239 —6x40+ 10y > 0
—4113 —5x93 —3w33 —6wy3 +10ys > 0
Z11, T12; F13, -- -4 D43 € Zxo
Y1, Y2, Y3 e {0,1}

An optimal solution Z(ILPcgp) is:
Tin1=2u =1, T32=3, T13=Ta3=1, 1=y =ys3 =1,

with all the other variables equal to 0. The optimal value is z(ILPcgp) = 3, as found in
Chapter 3. The bins contain one copy of items 1 and 4 (weight 10), three copies of item 3
(weight 9), and one copy of items 1 and 2 (weight 9). The optimal solution is not unique:
the solution of Chapter 3, with the bins {4,1}, {1, 3,3} and {2, 3}, also uses 3 bins.

10.6 Typical mistakes

Warning

e Choosing m too small. The number m of bins must be an upper bound on the
number of bins of an optimal solution: with m < z(ILPgpp) the model has no feasible
solution. The value m = n is always valid.

e Forgetting to round up. The optimal value of the ILPgpp model is an integer, so
the lsower bound from the relaxations is [, w;/c]; in Example 10.1 it is (8] =2,
not .

5

e Believing that the model counts only non-empty bins. The constraints allow
yp = 1 for an empty bin: it is the objective function that switches such bins off, in
every optimal solution.

e Ignoring the symmetry. Permuting the indices of the bins gives another optimal
solution with the same packing: the ILPgpp model has many equivalent optimal
solutions.

e Expecting a better relaxation from g, < 1. The second relaxation has the same
optimal value as the first one: the upper bounds 4, < 1 do not cut off the optimal
solution of the first relaxation.

e Declaring binary the variables of the cutting stock model. In the ILPcsp
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model xj counts the copies of item j in bin b: with xj, € {0,1} the three copies of
item 3 of the example could not share a bin.

10.7 In summary
Summary

e The ILPgpp model has m - n assignment variables z;, and m activation variables y;
the capacity constraints link them.

e Both LP relaxations have optimal value z(LPgpp) = }_; w;/c, with dual solution
fij = wj/cand T = 1/c.

e Since the optimal value is an integer, [z(LPppp)] is a lower bound on the number of
bins.

e The ratio between z(LPgpp) and z(ILPppp) is at least %, and the value % is asymp-
totically attained; the same holds for [z(LPgpp)].

e The ILPcgp model has the structure of the ILPgpp model, with mn integer variables

xj, that count the copies and the demands d; on the right-hand side; on the CSP
instance of Chapter 3 its optimal value is 3.

Dashboard of Example 10.1. Bounds on z(ILPgpp) computed in this chapter:

Bound Value From

First relaxation % z(LP-Oppp)

Second relaxation % z(LPgpp)

Lower bound 2 [%1

Optimal value 2 patterns {1,3} and {2}

Here the rounded bound is already equal to the optimal value.
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Chapter 11

Formulations of coloring problems

Prerequisites

e From the module Linear Programming, Chapter 9 «Duality theory»: the dual of an
LP problem, weak and strong duality.

e From the module Integer linear programming, Chapter 1 «Integer linear programming»
and Chapter 2 «Primal and dual bounds»: ILP problems, LP relaxations and bounds.

e From this module, Chapter 4 «Coloring problems»: the problem, its assumptions and
the notation on graphs.

Objectives

At the end of this chapter you will be able to:

e write the ILP model of the Vertex Coloring Problem and explain the role of the
activation variables y.;

e write the two LP relaxations and their duals, and compute their optimal solutions;
e prove that the optimal value of the LP relaxations is 2 for every graph with an edge;

e explain why this bound is very weak, and why the model is not enough to color a
graph.
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11.1 Overview of the family

e The ILP models of the coloring problems use an upper bound k on the number of colors
and the set € = {1,2,...,k} of the colors that may be used.

e The binary assignment variables z,. give a color ¢ € € to every vertex v € V, and the
binary activation variables y. say whether color c is used.

e Each edge and each color give one constraint, which forbids the same color on the two
endpoints of the edge, and the objective function minimizes the number » . y. of colors
used.

The coloring models are assignment models, as the packing models: a vertex is assigned
to a color as an item is assigned to a bin, and the edge constraints replace the capacity
constraints.

e The table lists the members of the family, with the name of their ILP model and the
section that writes it.

Problem Model Variables Section

VvCP ILPycp binary z,. and y, 11.2

11.2 An ILP model for the Vertex Coloring Problem

The Vertex Coloring Problem and its assumptions are defined in Chapter 4 «Coloring problems»,
Section 4.2.

e Given a graph G = (V, E), for a vertex v € V we denote by d(v) the set of the edges
incident to v.

e Given an upper bound k£ € Z>2 on the number of colors used in any optimal VCP solution,
we introduce the following k& |V| binary variables:
~—

=n

Yo e{l,2,...,n}, Yee {1,2,...,k}, (11.1)
—_—— —_——

1 if vertex v takes color c,
LTye = .
0 otherwise

=V =%
and the following k£ binary variables:
1 if col i d
T <R s T 8 (11.2)
0 otherwise T

The number n of vertices is a valid upper bound on the minimum number of colors needed
to color all the vertices since, in the worst possible case, each vertex takes a different color.
Also the number of colors used in any feasible VCP solution is a valid upper bound.
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4 )
Using these variables, an Integer Linear Programming (ILP) model for the Vertex Coloring

Problem (VCP) reads as follows:

min Zyc (11.3a)

cEY
subject to Z:I}UC =1, Yv eV, (11.3b)
ceC
—Zye — Tye + Ye > 0, Ve e €, Y{u,v} € E, (11.3c)
Zye € {0, 1}, Yo eV, Yee €, (11.3d)
ye € {0,1}, Ve e €. (11.3e)

This ILP model is referred to as the ILPycp model.

e Description of the objective function and constraints of the ILPycp model:

— the linear objective function (11.3a) minimizes the total number of used colors;
— constraints (11.3b) ensure that each vertex takes exactly one color (n linear con-
straints);
— constraints (11.3¢) ensure that, for each color and each edge, the two adjacent vertices
cannot both take that color, and that an unused color is taken by no vertex (k |E|
~—

=m
linear constraints);

— finally, constraints (11.3d) and (11.3e) define the variables of the ILP model.

Explanation of the link between the variables

e If color c is assigned to a vertex, then it is used. The logical implication is
(10 OR 9. OR ... OR Zp.) = Ye.

Every vertex has an incident edge {u, v}, and the constraint z,. + . < y. forces y. =1
as soon as Ty = 1.

e If color c is not used, then no vertex takes it. This is the contrapositive of the
previous implication. For y. = 0 the edge constraint gives x,. = x,. = 0 for every edge
{u,v} € E.

e If color c is used, then some vertex takes it, but only in an optimal solution.
The constraints do not impose it. However, if x,. = 0 for all v and y. = 1, setting y. =0
keeps all the constraints satisfied and decreases the objective value by one. Hence, in
every optimal solution, unused colors are not counted.
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Example 11.1: ILPycp model

We consider the following graph G = (V, E) with 3 vertices (n = 3) and 3 edges (m = 3):
N

N

The vertex set V and the edge set E are:

v={123} E={{12} {13} {23} }.

We refer to this VCP instance as Example 11.1.

%

The ILPycp model with & = 3 for this instance is:

min 1 +y2 +y3
subject to x11 4+ 212 + 213 =1
T21 + T2 + 223 =1
T31  + X332 + 33 =1
—T11 —Z21 + 1 >0
—T11 —T31 + U1
—Z21 —x31 +u >0
—T12 —T22 + Y2 >0
—T12 —T32 + Y2 >0
—T22 —Z32 + Y2 >0
—T13 —Z23 + y3 >0
—x13 —x33 + Y3 >0
—x23 —33 + y3 >0
r11, %12, 213, T21, 22, 23, ¥31, 32, 33, Y1, Y2, y3 €{0,1}

An optimal solution Z(ILPycp) is:

T1n=1, T10=213=T21 =0, Too=1, To3 =231 =T32=0, T33=1, 1 =G2=ys =1
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The optimal value z(ILPvycp) is 3.

The associated optimal solution of the VCP is given by the color classes Q; = {1},

Q> = {2} and Q3 = {3}. The optimal partition is unique, but the 3! permutations of the
colors give 6 different optimal solutions.

11.3 A first Linear Programming relaxation

e N
To obtain a Linear Programming (LP) relaxation of the ILPycp model, we relax constraints
(11.3d) and (11.3e) with the following ones:

ZTye > 0, Yv eV, VeeE, (11.4a)

Ye > 0, Vee E. (11.4b)

This LP model is referred to as the LP-Oycp model.

- J

Example 11.2: LP-Oycp model

The LP-Oycp model for the VCP instance of Example 11.1 is:
min y1 ty2 +y3
subject to x11 + x12 + T3 =1
To1  + w22 + X23 =1
T31 + T32 + 33 =1
—T11 —T21 + 10 >0
—x11 —x31 + Y1
—T21 —x31 + >0
—Z12 —Z22 + y2 >0
—T12 —T32 + 2 >0
—T22 —T32 + y2 >0
—Z13 —x23 +y3 >0
—Zx13 —33 +y3 =20
—Z93 —33 +ys =20
11, T2, %13, To1, T2,  Tey,  T31, L3,  T33, Y1, Y2, Yz =0
An optimal solution (LP-Oycp) is:
- - - - - - 1 . - - - - -
Tu=Zu=In=In=Im=3In=, T13=23=233=0, h =92=1, y3=0
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The optimal value z(LP-Oycp) is 2.

Accordingly we have the lower bound:

2 < 2(ILPycp)

( N\

Using

e a free dual variable pu, for each constraint (11.3b) (v € V')

e a non-negative dual variable 7. for each constraint (11.3c) (c € €, e = {u,v} € E)

the dual model of the LP-Oycp model reads as follows:

max Z e (11.5a)
veV

subject to 1, — Z Tee < 0, Yv eV, Vee ¥, (11.5b)
e€d(v)

D e <1, Ve e €, (11.5¢)
ecl

[ty = 0, Yv eV, (11.5d)

Tee > 0, Vee ¥, Ve € E. (11.5e)

The obtained LP model is referred to as the D(LP-Oycp) model.

- J

Example 11.3: D(LP-0ycp) model

The dual D(LP-Oycp) model for the VCP instance of Example 11.1 is:
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max f1  + g2 + (3

subject to —T112  —T113 <0
H1 —T212 —TM213 <0
H1 —7312 —T313 <0
H2 =112 —T123 <0
M2 —m212 —m223 <0
w2 —T312 —mg23 <0
3 —M113 —T123 <0
M3 —T213 —T223 <0
13 —m313 —7323 <0
T2+ 723 <1
To12  +m213  +m203 <1
312 7313 +ms2g <1
M1, M2, p3 z 0
12, 113, 7123, 212, W213, 223, M312, 7313, 732z >0

The optimal value z(D(LP-Oycp)) is 2. An optimal solution (g, 7) of D(LP-Oycp) is:

,L~1,1 = ﬂg = 1, ﬂg = 0, ’/~T112 = 7~T212 = 7~T312 = 1, all the other frae =0

- J

Proposition 11.1

An optimal solution of the primal LP-Oycp model is:
1
Tol = Topa = > YVoeV and ,.=0, YveVVece{3,4,...,k}, (11.6a)
71=9=1 and ¢.=0, Vce{3,4,...,k}, (11.6b)
and an optimal solution of the dual D(LP-Oycp) model is:
fy=fiw=1 and fi,, =0, YweV\{u,v}, (11.7a)
Tefup) =1, Vc€E and Tee=0, Vc€¥, ec E\{{u,v}}, (11.7b)
where {u, v} is any edge in E.
" J

Corollary 11.2

The optimal value of the primal LP-Oycp and dual D(LP-Oycp) models is:

#(LP-Oycp) = 2 = 2(D(LP-Oycp)) (11.8)

e The proof proceeds in three steps:

1. We show that (11.6) is a feasible solution for the primal LP-Oycp model;
2. We show that (11.7) is a feasible solution for the dual D(LP-Oycp) model;

3. We show that both feasible solutions have the same objective function value.
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Therefore, by LP Weak Duality, (11.6) and (11.7) are a pair of optimal primal and dual
solutions.

Proof.

1. For every v € V, we have:

d & 1.1y
’UC_2 2_
cEC

Thus constraints (11.3b) are satisfied.
For ¢ € {1,2} and every {u,v} € E, we have:

1 1
2 2

yc_xuc_$vc:1_

0
and for ¢ € {3,4,...,k} we have §. — Zyc — Tye = 0— 0 — 0 = 0. Thus constraints
(11.3c) are satisfied.

We have Z,. > 0 and g. > 0, for every v € V and every ¢ € %, thus constraints
(11.4a) and (11.4b) are satisfied.

Therefore, (11.6) provides a feasible solution for the primal LP-Oycp model.

2. For every ¢ € €, we have:

Zﬁce:1

Thus constraints (11.5¢) are satisfied.
For every ¢ € ¥ and w € {u, v}, we have:

fa— Y Foe=1-1=0
e€d(w)

For every ¢ € € and w € V'\ {u, v}, we have fi,, = 0 and 7., = 0 for every e € d(w)
(since 7ree is nonzero only for e = {u, v}, which is not incident to w), so

o= Y Fee=0-0=0.
ecd(w)
Thus the constraints (11.5b) are satisfied.

We have i, > 0, Yo € V and 7. > 0 for every ¢ € ¢ and every e € E. Thus
constraints (11.5d) and (11.5e) are satisfied.

Therefore, (11.7) provides a feasible solution for the dual D(LP-Oycp) model.

3. For the objective functions we have:
D Fe=1+1=) p
cEC veV
thus the primal and dual objective function values are equal.
Therefore, by LP Weak Duality, (11.6) and (11.7) are a pair of optimal primal and dual

solutions.
O
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e This is an alternative proof that does not rely on the dual formulation but instead reasons
directly on the minimum objective function value imposed by the constraints.

Proposition 11.3

An optimal solution of the primal LP-Oycp model is:
1
Tyl = T2 = > YoeV and Z,.=0, YveV,Vee {3,4,...,k}, (11.9a)

Ji=f2=1 and §.=0, Vee{3,4,...,k}, (11.9b)

and the optimal value is

2(LP-Oycp) = 2. (11.10)

Proof. Summing the edge constraints (11.3c) over all ¢ € ¢, for any edge {u,v} € E,

gives
Zyc_zxuc_zxvc >0 = Zyc > quc + Zﬁvc =2,
cE? cEC ceC cEC ceEC cEC
—— ——
by (11.3b)=1 by (11.3b)=1
hence

D v > 2 (11.11)

cEC
Therefore every feasible solution of LP-Oycp satisfies (11.11).

Now consider the point defined in (11.9). For every v € V', we have

Ziﬁvc:%“‘%:la

cEC

so constraints (11.3b) hold. Moreover, for every {u,v} € E and ¢ € {1,2},

~ . 11
yc_xuc_zvc:1_7_§:()’

N

so constraints (11.3c) hold with equality, while for all ¢ > 3 both sides are zero. Finally,
constraints (11.4a) and (11.4b) are satisfied by construction. Hence the point defined
in (11.9) is a feasible solution for LP-Ovcp.

The objective value of (11.9) is
> Ge=1+1=2,
ce?

which matches the lower bound (11.11). Therefore the point (11.9) is an optimal solution
with objective value (11.10).
0l
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11.4 A second Linear Programming relaxation

e N
To obtain a Linear Programming (LP) relaxation of the ILPycp model, we relax constraints

(11.3d) and (11.3e) with the following ones:

Tye > 0, Yv e V,Ve e E, (11.12a)
ye <1, Ve e €, (11.12Db)
Ye = 0, Vee@. (11.12¢)

This LP model is referred to as the LPycp model.

- J

Example 11.4: LPycp model

g

The LPycp model for the VCP instance of Example 11.1 is:
min n ty2 +us
subject to  x11  + z12 + 713 =
T21  +x22 + X3 =1
T3+ T2 + T33 =1
=il —x21 + 1 >0
—Z11 —T31 +u >0
—Z21 —Z31 +u >0
—Z12 —22 + Y2 >0
—T12 —Z32 + Y2 >0
—T22 —T32 + Yo >0
—213 —x23 +ys >0
—Z13 —T33 +ys >0
—x23 —x33 +ys 20
Y1 <1
Y2 <1
y3 <1
11, 12, 135 21, 22, 235 31, 32, 33, Y1, Y2, Y3 >0
An optimal solution &(LPycp) is:
- - - - - - 1 - - - - -
T11 = L1z = Ty = T2 = Ta1 = Tg2 = ;5 Ti3=2T3=233=0, i =9y2=1, y3=0
The optimal value z(LPycp) is 2. Accordingly we have the same lower bound.
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s

Using

e a free dual variable pu, for each constraint (11.3b) (v € V)

e a non-positive dual variable A, for each constraint (11.12b) (Ve € %)

the dual model of the LPycp model reads as follows:

e a non-negative dual variable 7., for each constraint (11.3c) (c € €, e = {u,v} € E)

max Z Ly + Z Ac (11.13a)
veV CcEL
subject to  p, — Z Tee <0, Yo eV, Vee ¥, (11.13b)
ecd(v)
> et A <1, Ve e €, (11.13c¢)
ecE
fv = 0, Yv eV, (11.13d)
Tee > 0, Yee €, Ve € F, (11.13e)
Ae <0, Vee &. (11.13f)
The obtained LP model is referred to as the D(LPycp) model.
\ J
Example 11.5: D(LPycp) model
The dual D(LPycp) model for the VCP instance of Example 11.1 is:
max py o +us +A1 +A2 +A3
subject to g —m112 —7113 =0
M1 —7m12 —M213 <0
Tt —m312 —7313 <
M2 —T112 —T123 <0
2 —m212 —m223 <0
2 —T312 —T323 <0
13 —m113 —7123 <
M3 —T213 —T223 <0
M3 —T313 —7323 <0
T112 +7113 7123 +A1 <1
To12 +ma13 +m223 +2X2 <1
T312 +7313 +7323 +A3 <1
M1, M2, M3 20
T112, 113, 7123, 7212, 7213, 7223, 7312, 7313, 7323 >0
>\17 >\27 )‘3 S 0
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The optimal value z(D(LPycp)) is 2. An optimal solution (f, 7, A) of D(LPvycp) is:

o =p2 =1, g3 =0, T12 = To12 = 312 = 1, all the other 7., =0

e The constraints:
Tpe < 1, Yv e V,VeeE,

are also valid since, for every v € V' and every ¢ € €, we have:
Zye € {0,1} = Tpe < 1

but they are implied by constraints (11.3b).

Proposition 11.4

An optimal solution of the primal LPycp model is:
1
Tyl = T2 = 5 YVoeV and Z,,=0, YveV,Vee{3,4,...,k}, (11.14a)

n=9=1 and g.=0, Vee{3,4,...,k}, (11.14Db)

and an optimal solution of the dual D(LPycp) model is:

fy=fiy =1 and fi,, =0, YweV\{u,v}, (11.15a)
Fefupy =1, Ve €F,  Fee=0,Yc€¥, ec E\{{u,v}}, and A. =0, Ve€%,
(11.15b)
where {u, v} is any edge in E.
" J

Proof. The proof is similar to the previous one. In addition it is necessary to observe
that:
7. <1, Vee®.

Accordingly, also constraints (11.12b) are satisfied. O

Corollary 11.5

The optimal value of the primal LPycp and dual D(LPycp) models is:

#(LPycp) = 2 = 2(D(LPycp)) (11.16)
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11.5 Typical mistakes

Warning

e Choosing k too small. The number k of colors must be at least the chromatic
number of the graph: with fewer colors the model has no feasible solution. The value
k = n is always valid.

e Trusting the LP bound. The optimal value of both relaxations is 2 for every graph
with at least one edge, even for the complete graph on n vertices, whose optimal value
is n.

e Believing that the model counts only the colors that are really used. The
constraints allow y. = 1 for a color that no vertex takes: it is the objective function
that switches such colors off.

e Ignoring the symmetry. Permuting the colors of an optimal solution gives another
optimal solution: a coloring that uses ¢ of the k colors has k!/(k — ¢)! equivalent
copies in the ILPycp model (k! when it uses all the colors).

e Writing the dual solution with a wrong edge. The dual values 7. are non-zero
only for one edge e = {u,v}, and for every color c¢: all the other edges have value

Z€Tro.

11.6 In summary
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Summary

e The ILPycp model has k - n variables z,. (vertex v takes color ¢) and k variables y.
(color ¢ is used); the edge constraints forbid equal colors on adjacent vertices.

e The two LP relaxations have the same optimal value 2 for every graph with an edge:
put % on two colors for all the vertices.

e The dual solution selects one edge {u,v} and gives value 1 to p,, u, and Tefu,w} fOT

every color.

e The bound 2 is very weak: a formulation that must color graphs needs additional

valid inequalities.

Dashboard of Example 11.1 (triangle). Bounds on z(ILPycp) computed in this chapter:

Bound

Value From

First relaxation
Second relaxation

Optimal value

z(LP-Oycp)
Z(LPVCP)

color classes {1}, {2}, {3}

The gap between 2 and 3 is small here, but it grows with the size of the complete graph: 2

against n.

Author: Fabio Furini
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Chapter 12

Formulations of clique problems

Prerequisites

e From this module, Chapter 5 «Clique problems»: the problem, its assumptions,

cliques, stable sets, the complement graph and w(G) = a(G).

e From this module, Chapter 4 «Coloring problems» and Chapter 11 «Formulations
of coloring problems»: the chromatic number x(G) and an ILP model with its LP
relaxations.

e From the module Integer linear programming, Chapter 2 «Primal and dual bounds»,
Chapter 3 «Ideal formulations» and Chapter 4 «Valid inequalitiesy: LP relaxations,
stronger formulations and valid inequalities.

e From the module Linear Programming, Chapter 9 «Duality theory»: the dual of an
LP problem, weak and strong duality.

Objectives

At the end of this chapter you will be able to:

e write the edge formulation of the Maximum Clique Problem on the non-edges of G,
that is, on the edges of G;

e explain why its LP relaxation is weak: the point z, = % is always feasible;

e write the clique formulation and compare the two LP bounds on a small graph;
e prove w(G) < 2(LP{{p) < x(G) through LP duality and a coloring formulation;
e write the edge and the clique formulations of the Maximum Stable Set Problem;

e write the ILP models of the vertex-weighted and of the edge-weighted maximum clique
problems, linearizing the product x,, x, with the variables y,,,.
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12.1 Overview of the family

e The ILP models of the clique problems use one binary selection variable z, for each
vertex v € V', equal to 1 if the vertex is in the clique.

e Two vertices that are not adjacent cannot be both selected: the conflict constraints are
written on the non-edges of G, that is, on the edges of the complement graph G, or on
its cliques.

e The objective function maximizes the number of selected vertices or their total weight;
the edge-weighted problem adds one variable per edge.

The clique models select vertices with binary variables and forbid the selection of two non-
adjacent vertices. The same models, written on the edges of G instead of G, select stable
sets.

e The table lists the members of the family, with the names of their ILP models and the
sections that write them.

Problem Models Conflict constraints Section

MCP ILPycp (edge formulation) on the non-edges of G 12.2

MCP ILP§p (clique formulation) on the maximal stable sets 12.5
of G

MSSP ILPyssp, ILPSKsp on the edges and the  12.7
cliques of G

VWMCP  ILPY % on the non-edges of G 12.8

EWMCP  ILPi o on the non-edges of G 12.8

12.2 An ILP model for the Maximum Clique Problem: the edge
formulation

The problem of this section is the Maximum Clique Problem (MCP), defined in Chapter 5
«Clique problems», Section 5.2.

e Given a simple graph G = (V, E), with V = {1,2,...,n} and m edges, we denote by
E={{uv}:uveV, utv, {uv} ¢ E}
the set of the non-edges of G, that is, the edges of the complement graph G = (V, E).
e We introduce the following n binary variables:
1 if vertex v is selected in the clique

Ty = Yv e V. (12.1)
0 otherwise
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s N
Using these variables, an Integer Linear Programming (ILP) model for the Maximum Clique

Problem (MCP) reads as follows:
max va (12.2a)
subject to  x, + 2, <1, V{u,v} € E, (12.2b)
z, € {0,1}, Yo e V. (12.2¢)

This ILP model is referred to as the ILPycp model, or edge formulation.
. J

e Description of the objective function and constraints of the ILPycp model:

— the linear objective function (12.2a) maximizes the cardinality of the selected clique;

— constraints (12.2b) ensure that no two non-adjacent vertices are both selected (|E| =

(g) — m linear constraints, one for each edge of G);

— finally, constraints (12.2c) define the variables of the ILP model.

e For every non-edge {u,v}, the constraint z, + =, < 1 imposes z, = 1 = x, = 0. The
converse is false: z, = x, = 0 is feasible.

e Read on G, the same model is the edge formulation of the MSSP: at most one
endpoint of every edge of G is selected.

Example 12.1: MCP instance

We consider the graph G with 7 vertices made of the cycle 1,2,...,7,1 and the chord {1, 3}
(the reference instance of Chapter 5 «Clique problems» ), and its complement G:

Q
Ql

G has m = 8 edges, and G has the (g) — 8 = 13 non-edges of G:

F = {{1,4},{1,5},{1,6},{2,4},{2,5},{2,6},{2, 7},
{3,5},{3,6},{3,7},{4,6},{4,7},{5, 7} }.

We refer to this MCP instance as Example 12.1.

(& J
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Example 12.2: ILPyicp model

subject to

x1

T
T2
T2
T2
T2

Zy1, T2,

An optimal solution &(ILPycp) is:

-

T1 =22 =23 =1,

+ x4
+£C5

+(E4
+ x5

T3 + 5
3
xs3

T4

T4

Ts

z3, T4, Ts,

max 1 +x2 +23 +24 +T5 +26

+ x6

+ Zg

+ Zg

+£L‘6

Z6,

The ILPycp model for the MCP instance of Example 12.1 has 7 binary variables and one
constraint for each of the 13 edges of G:

+ x7

(/AN VAN VAN VANRR VAN VAN

+ x7

IN N INA

+x7

IA

IN IN
e e S S T e S S Gy S

+ x7
+ x7

IA

=
3
m

Ta =35 =26 =27 =0

The optimal value z(ILPycp) is 3 = w(G). The associated optimal solution of the MCP is
the clique K = {1,2,3}, and it is the unique optimal solution.

{0,1}

12.3 A first Linear Programming relaxation

r

max

|\

>

subject to x, + 1z, <1,

x, > 0,

This LP model is referred to as the LP-Oycp model.

To obtain a Linear Programming (LP) relaxation of the ILPycp model, we relax con-
straints (12.2¢) into non-negativity constraints. The obtained LP model reads

V{u,v} € E,
Vv e V.

N

as follows:

(12.3a)

(12.3b)
(12.3c)

J

e The upper bounds z, < 1 are not implied in LP-Oycp: if a vertex is adjacent to all the

Author: Fabio Furini
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others, it belongs to no constraint (12.3b), and LP-Opcp is unbounded. In Example 12.1
every vertex has a non-edge, and LP-Opcp has an optimal solution.

Example 12.3: LP-0ycp model

The LP-Opcp model for the MCP instance of Example 12.1 is:

max ¥y +T2 +T3 +T4 +T5 +Tg +T7

IN

subject to 1z + x4

IN

T + x5

IN

T + Zg

IN

T2 + x4

IA

T2 + x5

IN

T2 + Zg

X2 +x7

IN

x3 + x5

IN

xs + Z¢

IA

z3 + x7

IN

X4 + Zg

IN

T4 +x7

AN
e e e e e

IN

Ts +x7

v
o

xi, T2, X3, T4, IT5, e, x7

An optimal solution &(LP-Oycp) is:

. - - - . - - 1

The optimal value z(LP-Oycp) is % Accordingly we have the upper bound:

Z(ILPyep) <

. J

N~

e N
Using a non-negative dual variable 7, for each constraint (12.3b), the dual model of the

LP-0pcp model is:

min Z Tuw (12.4a)
{up}eE

subject to Z Hiww = 1o Yv eV, (12.4b)
u{uv}el

Tuw > 0, V{u,v} € E. (12.4c)

This LP model is referred to as the D(LP-Opcp) model.

- _J
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e Constraints (12.4b) ask that every vertex is covered by a total weight of at least one on
the edges of G incident to it: the D(LP-Opcp) model is a fractional edge cover of the
vertices with the edges of G.

Example 12.4: D(LP-Opcp) model

The dual D(LP-Opcp) model for the MCP instance of Example 12.1 has one variable for
each edge of G and one constraint for each vertex:

min w4 + m5 + Mg + Mg + To5 + Tog + Moy

+735 + T3¢ + W37 + T4 + a7 + 7

subject to w4 + T15 + W16 > 1
o4 + To5 + Mo + Moy > 1
T35 + 36 + 737 > 1
14 + 724 + 746 + Ta7 > 1
15 + T25 + T35 + 757 > 1
T16 + T26 + 736 + a6 > 1
o7 + M37 + Tar + 57 > 1
T14, T15, T16, -« -5 T57 > 0

An optimal solution 7 (D(LP-Oycp)) gives value % to the 7 edges of the cycle
1,4,7,2,5,3,6,1 of G:

1

T4 = T4y = oy = To5 = T35 = 36 = W1 = o
M5 = To4 = Mo = T3y = Tag = 757 = 0

Every vertex lies on two edges of the cycle and receives % + % = 1. The optimal value
z(D(LP-Opcp)) is 2.

- J

12.4 A second Linear Programming relaxation

( R
To obtain an LP relaxation of the ILPycp model, we relax constraints (12.2c) into the

bounds 0 < z,, < 1. The obtained LP model reads as follows:

max Z:pv (12.5a)
veV
subject to @, + x, < 1, V{u,v} € E, (12.5b)
Ty <1, Yv eV, (12.5¢)
xy > 0, YveV. (12.5d)
| This LP model is referred to as the LPyicp model.
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Example 12.5: LPycp model

The LPyicp model for the MCP instance of Example 12.1 is:

max x1 +Z2 +x3 +x4 +T5 +x6 +T7

IN

subject to x; + x4

IN

T + x5

IN

X1 + ¢

IA

T2 + x4

IN

T2 + x5

IN

T2 + X6

IN

X2 + x7

IN

x3 + x5

IN

z3 + Z6

&3 +x7

IN

T4 + Z6

IN

T4 + a7

IN

x5 +x7

IA

Lo

IN

T2

IN

z3

IN

Zq

IN

L5

IA

Ze

L G G G GG G L A A VAT A O g

IN

g

v
o

x, €2, xs3, L4, Ts5, Z6, x7

An optimal solution Z(LPycp) is:

- - - ~ - - ~ 1
x1=x2:m3=x4=x5:m6=x7:§

The optimal value z(LPyicp) is % Accordingly we have the upper bound:

z(ILPwmcp) <

- J

N

s N
Using a non-negative dual variable 7, for each constraint (12.5b) and a non-negative dual

variable \, for each constraint (12.5¢), the dual model of the LPyicp model is:

min Z Tuw + Z Ao (12.6a)

{uv}€eE veV
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subject to Z Tuw + Ay > 1, Yo eV, (12.6Db)
w: {u,w}EE
Tuw > 0, V{u,v} € E, (12.6¢)
Ay >0, YveV. (12.6d)
This LP model is referred to as the D(LPycp) model.

- J

Example 12.6: D(LPy;cp) model
The dual D(LPycp) model for the MCP instance of Example 12.1 is:
min 74 + W15 + Tig + Tog4 + Wo5 + Wog + mor

+r35 + w36 + W37 + Wag + a7z + W57 + A1
+Xo+ A3+ M+ A5 + Ag + A7

subject to w4 + 715 + W16 + A1 > 1
To4 + o5 + Tag + To7 + A2 > 1
M35 + M36 + T37 + A3 > 1
T4 + T4 + 746 + Ta7 + A4 > 1
15 + To5 + T35 + M57 + As > 1
T16 + 726 + T36 + T4 + A6 > 1
o7 + T37 + Wy + 77 + A7 > 1
T4, T15, T16, - -5 57 > 0
A1, A2, A3, A4, As, Ag, A7 > 0

An optimal solution (7, X)(D(LPycp)) is the solution of Example 12.4 with X, = 0 for
every v € V:

M4 = Ty7 = Moy = o5 = T35 = T3 = 716 =

1
27
7=0

all the other 7, =0, M=Xdg=--=)\

The optimal value z(D(LPyicp)) is %

\ J

Proposition 12.1: The LP bound can be arbitrarily weak

For every graph G with n vertices, z(LPycp) > n/2. Consequently, the ratio
2(LPymcep)/z(ILPycp) is not bounded over all graphs.

Proof. Set z, = % for every vertex. Each constraint (12.5b) becomes % + % =1, and the
bounds (12.5¢) and (12.5d) hold, so this is a feasible solution of LPyicp of value n/2.
Graphs without triangles and with an edge have w(G) = 2 for every n, and for them the
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ratio is at least n/4. O

e The data are integer and the optimal value of the ILP is integer, so |z(LPmcp)] is also
a dual bound. On Example 12.1 it gives L%J = 3 = w(@) by luck; on a graph without

triangles it gives |n/2], against w(G) = 2.

e On the cycle with 5 vertices Cy, where w(C5) = 2, the point x, = % gives z(LPyicp) = %

12.5 Clique inequalities: a stronger formulation

Proposition 12.2: clique inequalities

Let Q C V be a clique of G, that is, a stable set of G. Then

> <1 (12.7)

vEQR

is a valid inequality for ILPy;cp.

Proof. A clique of G and a stable set @ of G share at most one vertex: two common
vertices would be both adjacent and non-adjacent. So every feasible solution of ILPycp
selects at most one vertex of Q. O

e Inequalities (12.7) are called clique inequalities, after the clique @ of G; read on G,
they are stable set inequalities. The non-edge constraints are the case |Q| = 2.

o If Q C ', the inequality of @’ implies the one of @, since all the variables are non-
negative. It is enough to write the inequalities of the maximal cliques of G, whose
family we denote by Q.

e

.

Using the variables (12.1), a second ILP model for the Maximum Clique Problem (MCP)
reads as follows:

This ILP model is referred to as the ILP{j¢p model, or clique formulation.

max Z 55 (12.8a)

veV

subject to Z xy <1, V@ € Q, (12.8b)
vEQR

z, € {0,1}, Yo e V. (12.8c¢)

e Description of the objective function and constraints of the ILP$J4p model:

— the linear objective function (12.8a) maximizes the cardinality of the selected clique;

— constraints (12.8b) ensure that at most one vertex of every maximal clique of G is
selected (|Q| linear constraints);
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— finally, constraints (12.8c) define the variables of the ILP model.

e Every edge of G lies in a maximal clique, so each constraint (12.2b) is implied by a
constraint (12.8b): the two models have the same feasible solutions.

e The family Q can be very large: Moon and Moser (1965) showed graphs with 3"/3 maximal
cliques. In practice the inequalities are added only when they are violated, as in Chapter 4
«Valid inequalities» of the module Integer linear programming.

Example 12.7: ILP{2; model
The maximal cliques of G in Example 12.1 are the 5 triangles and the 2 edges
Q= {{1,4,6},{2,4,6},{2,4,7},{2,5,7},{3,5,7}, {1, 5}, {3,6}},
and they give 7 constraints instead of 13. The ILPS[LCP model for this MCP instance is:

max x1 +2 +x3 +x4 +T5 +x6 +T7

subject to + x4 + xg <1
) + x4 + 6 <1
T2 + 24 +xz7 < 1
) + x5 +a7 < 1
T3 + x5 +a7 < 1
1 + x5 <1
x3 + 6 <1
r1, T2, T3, T4, Ts, T, w7 € {0,1}

An optimal solution &(ILP§p) is:

n
Ny
Il
[l
ot
Il
=N
=
Il
S
3
Il
(@)

Tl =22 =23 =1,

The optimal value z(TLP{%p) is 3 = w(G).

- J

( \
To obtain an LP relaxation of the ILP§{&p model, we relax constraints (12.8c) into non-
negativity constraints. The obtained LP model reads as follows:

max Z o (12.9a)

veV

subject to Zwv <1, VQ € Q, (12.9b)
vEQR

xy > 0, Vv e V. (12.9¢)

This LP model is referred to as the LP§p model.

(& J

e Every vertex lies in some maximal clique of G, so constraints (12.9b) imply z, < 1: the
bounds (12.5¢) are not needed.
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e Each constraint (12.5b) is implied by a constraint (12.9b). Hence the feasible region of
LP{{p is contained in that of LPycp, and

w(G) S Z(LPS[I(’;P) § Z(LPMCP).

Example 12.8: LP{p model

The LPS/ILCP model for the MCP instance of Example 12.1 is:

max x1 +xy +x3 +x4 +x5 +x6 +27

subject to x3 + x4 + x¢ <1
T2 + T4 + x¢ <1

2 + 24 +z7r <1

T2 + x5 +ax7 < 1

T3 + x5 +ax7 < 1

x1 4 s <1

x3 + x¢ <1

r1, X2, X3, T4, Ts, g, 7 > 0

The point T, = % is no longer feasible: T1+Z4+Z¢ = % > 1. Summing the three constraints
of {1,4,6}, {2,5,7} and {3,5,7} gives

27:%4—965—1-3:7 <3 = 27:% < 3.
v=1 v=1
An optimal solution &(LP{%p) is:
T1=2T2=23=1, Ta=25=26=27=0
The optimal value 2(LP§[¢p) is 3 = w(G): the LP bound drops from I to 3 and closes the

gap.

- J

e Clique inequalities do not always close the gap. On Cs the complement is again a cycle
with 5 vertices, whose maximal cliques are its edges: the two formulations coincide and
2(LP{Ep) = 2>2=w(Cs).

e If C' is a cycle of G with an odd number of vertices and no chord, then Y -z, <

(|C| —1)/2 is a valid inequality (an odd cycle inequality): a stable set of G takes at
most (|C| — 1)/2 vertices of C. For C5 it reads x1 + -+ - + x5 < 2 and closes the gap.
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12.6 The relation with vertex coloring

e In a coloring of G the vertices of a clique take pairwise different colors, hence (Chapter 4
«Coloring problems» )
w(G) < x(Q).

Here we place the LP bound of the clique formulation between the two numbers.

e The maximal cliques of G are the maximal stable sets of G, and a color class is a stable
set. We introduce the following |Q| binary variables:

1 if the stable set @) is a color class
0 otherwise

( N\

Using these variables, an ILP model for the Vertex Coloring Problem (VCP) reads as follows:

min Y yq (12.11a)
QeQ
subject to Z yo > 1, Yv eV, (12.11b)
QREeQ:veR
yo € {0,1}, V@ € Q. (12.11c)
This ILP model is referred to as the ILP{Gp model, or stable set formulation of the
VCP.
. J

e Description of the objective function and constraints of the ILP%%P model:

— the linear objective function (12.11a) minimizes the number of color classes;

— constraints (12.11b) ensure that every vertex belongs to at least one chosen stable
set (n linear constraints);

— finally, constraints (12.11c) define the variables of the ILP model.

e Its optimal value is x(G): a vertex covered by two chosen sets is kept in one of them,
and every subset of a stable set is stable, so the chosen sets give a coloring with the same
number of colors.

( N\

Using a non-negative dual variable mg for each constraint (12.9b), the dual model of the
LP{p model is:

min ) g (12.12a)
QeQ

subject to Z g > 1, Yo eV, (12.12b)
QeQ:veR

g > 0, vQ € Q. (12.12¢)

This LP model is referred to as the D(LP§p) model.

(& J
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Proposition 12.3: clique bound from LP duality

The dual D(LP{{p) model is the LP relaxation of the ILPYLp model, with the variables
mg in place of yg. Hence

w(G) < z(LP§ip) < x(G).

Proof. Relaxing constraints (12.11c) into yg > 0 gives exactly the model (12.12), with y¢
in place of TI'Q By strong duality z(LP{{2p) = 2(D(LP{}p)). The first inequality holds
because LP{¢p is a relaxation of the MCP. The second one holds because D(LP§{p) is
a relaxation of the ILPVCP model, a minimization problem with optimal value x(G). O

e The common value z(LP{%p) is called the fractional chromatic number of G. The
clique formulation of the MCP and the stable set formulation of the VCP are two faces
of the same LP.

Example 12.9: D(LP{}¢p) model

The dual D(LP${}p) model for the MCP instance of Example 12.1 has one variable for each
maximal stable set of G (7146 for @ = {1,4,6}, and so on):

min 746 + 7246 +Toar + o5y + 7357 + 715 + 736

subject to 146 + 5

v

T246 + Mo47 + To57

Y

357 + 736

T146 + T246 + T247

v

To57 + T357 + M5

v

T146 + T246 + 736

Y
[ O T S SO

v

To47 + To57 + T357

Y
o

71146, 71246, 1247, 257, 357, 15, 36

An optimal solution 7 (D(LP$}tp)) gives value 1 to the multipliers used in Example 12.8:

146 = Tos7 = 357 = 1, Tose = Toa7 = 15 = 7ze = 0

The optimal value z(D(LP{}p)) is 3.

- J

Example 12.10: the chain w < z(LP{%p) < x

e On Example 12.1, the ILP{Lp model is:
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min Y146 + Y246 + Y247 +Y257 + Y357 +Y15 + Y3

subject to Y146 + Y15 > 1
Y246 + Y2a7 + Y257 > 1
Y357 +yze > 1
Y146 + Y246 + Y2a7 > 1
Y257 +Y3s7 + Y15 > 1
Y146 + Y246 +yss = 1
Y2a7 + Y257 + Y357 > 1
Y146, Y246, Y2a7, Y257, YssT, Y15, Yse € {0,1}

The integer point 9146 = Y257 = y357 = 1, all the other variables equal to 0, is the
solution of Example 12.9: it is a coloring with 3 colors, the classes {1,4,6}, {2,5,7}
and {3}. Hence x(G) = 3, and the chain reads 3 < 3 < 3.

e On (5, with vertices 1,...,5, the maximal stable sets are the 5 non-edges. Setting
TQ = % on each of them gives every vertex a total of 1, so the dual has value %, as
the primal. The chain reads

5
w(Cs) =2 < 2(LPyiep) = 5 < x(Cs) = 3.

12.7 Stable sets on the complement graph

The problem of this section is the Maximum Stable Set Problem (MSSP), defined in Chapter 5
«Clique problems», Section 5.2.

e Given a simple graph G = (V, E), with V = {1,2,...,n} and m edges, we introduce the
following n binary variables:

1 if vertex v is selected in the stable set
Ty = YveV. (12.13)
0 otherwise

( A
Using these variables, an Integer Linear Programming (ILP) model for the Maximum Stable

Set Problem (MSSP) reads as follows:

max Zajv (12.14a)

veV
subject to @y + 2, < 1, V{u,v} € E, (12.14b)
x, €{0,1}, YveV. (12.14c¢)

This ILP model is referred to as the ILPyssp model, or edge formulation of the MSSP.

& J

e Description of the objective function and constraints of the ILPygsp model:
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— the linear objective function (12.14a) maximizes the cardinality of the selected stable
set;

— constraints (12.14b) ensure that no two adjacent vertices are both selected (m linear
constraints, one for each edge of G);

— finally, constraints (12.14c) define the variables of the ILP model.

e The ILPyssp model on G is the ILPycp model on G: the non-edges of G are the edges

of G. This is the identity a(G) = w(G) written as a model.

Example 12.11: ILPMSSP model

We consider the graph G of Example 12.1, the cycle 1,2, ...,7,1 with the chord {1, 3}, and
we look for a maximum stable set of G. The ILPyggp model has 7 binary variables and
one constraint for each of the 8 edges of G:

max x1 +Z +x3 +x4 +T5 +x6 +T7

subject to x1 + x2 <1
1 + 3 <1
T +x7 < 1
T2 +3 <1
T3 + 24 <1
T4 +25 <1
Tr5 +Te <1
e +a7 <1
xi, X2, T3, T4, Ty, Te, x7 € {0,1}

An optimal solution &(ILPysgp) is:
T1=24=Tg=1, To=23=05=27=0

The optimal value z(ILPyssp) is 3 = a(G). The optimal solution is not unique: the
maximum stable sets of G are {1,4,6}, {2,4,6}, {2,4,7}, {2,5,7} and {3,5,7}, the five
triangles of G.

. J

e A stable set and a clique of G share at most one vertex, so for every clique K of G the
clique inequality ) ;. 2, < 1 is valid, and it implies the constraints (12.14b) of the
edges of K. As for the MCP, it is enough to write the inequalities of the family IC of the
maximal cliques of G.

( N\

Using the variables (12.13), a second ILP model for the Maximum Stable Set Problem
(MSSP) reads as follows:

max Z T (12.15a)
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subject to Z xy < 1, VK € K, (12.15b)
veK

z, € {0,1}, Yo e V. (12.15¢)

This ILP model is referred to as the ILP{}¢p model, or clique formulation of the MSSP.

. J

e Description of the objective function and constraints of the ILP$sp model:
— the linear objective function (12.15a) maximizes the cardinality of the selected stable
set;

— constraints (12.15b) ensure that at most one vertex of every maximal clique of G is
selected (|KC| linear constraints);

— finally, constraints (12.15¢) define the variables of the ILP model.

e The ILP{}qp model on G is the ILP{}:r model on G, and its LP relaxation is at least as
strong as that of the ILPyggp model.

Example 12.12: ILP{%, model

The maximal cliques of the graph G of Example 12.1 are the triangle {1, 2,3} and the five
edges {3,4},{4,5},{5,6},{6,7},{1,7}. The ILP{}4cp model replaces the three constraints
of the triangle with one constraint, and has 6 constraints:

max x1 +x9 +x3 +x4 +x5 +x6 + 27

IA

subject to x1 + 9 + T3

IN

T3 + T4

IN

T4 + x5

IN

r5 + Zg

IA

T + X7

—_ = = = e

IA

T + 7

m

{0,1}

The optimal solution 3 = &4 = T = 1 of Example 12.11 is optimal here too, with
value 2(ILP{Zqp) = 3. The LP relaxations differ (Gurobi): the edge formulation, with
0 <z, <1, has optimal value % at x, = %, while the clique formulation has optimal value

3, attained by z9 = x5 = z7 = 1.
- J

xi, T2, I3, T4, T5, e, xTr
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12.8 ILP models for the weighted variants

The problems of this section are the vertex-weighted (VWMCP) and the edge-weighted
(EWMCP) maximum clique problems, defined in Chapter 5 «Clique problems», Section 5.5,

with their reference instances.

12.8.1 The vertex-weighted maximum clique problem

e Given a simple graph G = (V, E) and a vertex-weight vector w € Z%,, we use the n
binary variables (12.1) of the edge formulation:

1 if vertex v is selected in the clique
Ty = Yo e V.
0 otherwise

( N\
Using these variables, an Integer Linear Programming (ILP) model for the vertex-weighted

maximum clique problem (VWMCP) reads as follows:

max Z Wy Ty (12.16a)

veV
subject to  x, +x, <1, V{u,v} € E, (12.16b)
x, €{0,1}, YveV. (12.16¢)

This ILP model is referred to as the ILPY%p model.

(& J

e Description of the objective function and constraints of the ILPYp model:

— the linear objective function (12.16a) maximizes the total weight w(K) of the selected
clique;
— constraints (12.16b) ensure that no two non-adjacent vertices are both selected (|E| =

() — m linear constraints);

— finally, constraints (12.16¢) define the variables of the ILP model.

e Only the objective function changes: the feasible solutions are the cliques of G, as in the
ILPycp model, and with w, = 1 for every vertex the two models coincide. The clique
inequalities of G are valid here too.

Example 12.13: ILPY%, model

We consider the graph G with 8 vertices on a circle, where every vertex is adjacent
to all the others except the opposite one: G has 24 edges, and G has the 4 edges
{1,5},{2,6},{3,7},{4,8}. The vertex weights are:

‘vzl v=2 v=3 v=4 v=5 v=6 v=7 v=_8
wy | 5 8 9 5 6 5 5

This is the instance of the VWMCP of Chapter 5 «Clique problemsy». The ILPR//[VCVP model
has 8 binary variables and one constraint for each of the 4 edges of G:
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max 5x1 +8x2 +9x3 +5x4 +625 +5x6 +527 +928

subject to 3 4 5 <1
o I 453 <1
x3 + 7 <1
x4 +rg < 1
xq, x2, xs, x4, x5, X6, X7, rg € {071}

An optimal solution &(ILPY¥p) is:
To=T3=T5=2a83=1, T1=Ta=26=27=0

The optimal value Z(ILPR//[%/P) is 84+9+4+6+9 = 32, as stated in Chapter 5 «Clique problems».
The associated optimal solution is the clique K = {2,3,5,8}, and it is the unique optimal

solution: each constraint keeps the heavier vertex of its pair.
(& J

12.8.2 The edge-weighted maximum clique problem

e Given a simple graph G' = (V, E) and an edge-weight vector r € ZT;, the weight of an
edge is collected only if both its endpoints are selected: the product z, x, is not linear.
We introduce the n binary variables (12.1) and the following m binary variables:

1 if both endpoints of edge {u,v} are selected in the clique
Yuv = V{u, U} € F.
0 otherwise
(12.17)

( )
Using these variables, an Integer Linear Programming (ILP) model for the edge-weighted

maximum clique problem (EWMCP) reads as follows:

WESE Y B (12.18a)
{u,v}eFr

subject to  Yuy < Xy, V{u,v} € E, (12.18b)

Yuv < Ty, V{u,v} € E, (12.18c)

Ty - Ty 5 V{u,v} € E, (12.18d)

xy € {0,1}, Yv eV, (12.18e)

Yuv € {0,1}, V{u,v} € E. (12.18f)

This ILP model is referred to as the ILPX~p model.

(& J

e Description of the objective function and constraints of the ILPY¥, model:

— the linear objective function (12.18a) maximizes the total weight r(K') of the edges
with both endpoints in the selected clique;
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— constraints (12.18b) and (12.18c¢) allow y,,, = 1 only if both endpoints are selected
(2m linear constraints);

— constraints (12.18d) ensure that the selected vertices form a clique ((721) — m linear
constraints);

— finally, constraints (12.18¢) and (12.18f) define the variables of the ILP model.

e Constraints (12.18b) and (12.18¢) model the implication y, = 1 = =z, = =, = 1. The
converse implication x, = z, = 1 = y,, = 1, that is yu, > z, + £, — 1, is not needed:
since 74, > 0, in every optimal solution y,, takes the largest value allowed, min{z,, z,}.

Example 12.14: ILPYY, model

We consider the graph G of Example 12.13, with the edge weights of the instance of the
EWMCP of Chapter 5 «Clique problemsy»; they are the coeflicients of the objective function
below. The ILPEF&’P model has 8 + 24 = 32 binary variables, 48 constraints y,, < z,,
Yuv < T, and 4 non-edge constraints:

max Y12 +4y13 +5y1a +4y16 +3y17 + 3 y1s
+2y23 +5y24 + 6y25 + 9y27 + 4 yas + 3ys4
+6y35 + ys6 + 6yss +4yas + Tyae + 2yar
+5ys6 + Tys7 + 3Yss + Y67 + 2Yes + 8 yrs

subject to  y12 < 11 y12 < T2 y13 < 71 y13 < 23
Y14 < 1 Y14 < T4 Y16 < X1 Y16 < Tg
Y17 < 11 Y17 < x7 Y18 < 1 Y18 < x8
Y23 < T2 Y23 < T3 Y24 < T2 Y2u S X4
Y25 < T2 Y25 < T5 Yo7 < X2 Y27 < X7
Y28 < T2 Y8 < T3 Y34 < x3 Y3a < x4
Y35 < T3 Y35 < T Yse < T3 Y36 < Tg
Yss < T3 Yss < g Ya5 < T4 Ya5 < Tp
Ya6 < X4 Ya6 < T Yar < Ty Yar < x7
Ys6 < Ts Ys6 < Tg Ys7 < Zs Ys7 < 7
Ys8 < Ts Yss < T8 Yo7 < Tg Yo7 < T7
Yes < Tg Yes < T yrs < x7 yrs < a8

T1+25<1 wo+w6 <1 23+27<1 myt+a8=<1

xr1, T2, ..., xgE{O,l}
Y12, Y13, ---, yrs € {0,1}

An optimal solution (&, 9)(ILPYNp) is:
To=Ts=ITr=Tg=1, T1=T3=24=126=0,
Y25 = Y27 = Y28 = Ys7 = Y58 = yrs = 1, all the other g, =0

The optimal value z(TLPYp) is 6 +9 +4 47+ 3 + 8 = 37, as stated in Chapter 5 «Clique
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problems». The associated optimal solution is the clique K = {2,5,7,8}, and it is the
unique optimal solution.

12.9 Typical mistakes

Warning

e Writing the constraints on the edges of GG. The edge formulation of the MCP
has one constraint for each non-edge of G; on the edges of G the same constraints
describe the stable sets of G.

e Trusting the LP bound of the edge formulation. The point x, = % is always
feasible, so z(LPycp) > n/2 even when w(G) = 2.

e Forgetting the bounds z, < 1 in the edge formulation. A vertex adjacent to
all the others appears in no constraint, and LP-Oycp becomes unbounded. In the
clique formulation the bounds are implied.

e Believing that clique inequalities close every gap. On Cj they coincide with
the non-edge constraints, and the odd cycle inequality is needed.

e Using non-maximal cliques of G. Their inequalities are valid but dominated: the
maximal cliques give the strongest constraints of this family.

e Mixing up the graphs of the MCP and of the MSSP. The ILPyissp model has
one constraint per edge of G, the ILPy;cp model one per edge of G.

e Writing y,, = x, z, in the edge-weighted model. The product is not linear: the
constraints y,, < z, and y,, < z, replace it, and the positive weights make y,, = 1

whenever both endpoints are selected.

12.10 In summary

Summary

e The edge formulation ILPycp has one binary variable per vertex and one constraint
%y + 2, < 1 per edge of G: it is the edge formulation of the MSSP on G.

e Its LP relaxation is weak: x, = 3 is feasible and z(LPycp) > n/2.

e The clique inequalities ZUEQ x, < 1, for the maximal cliques Q of G, give a stronger
formulation with w(G) < 2(LP{}tp) < 2(LPumcp).

e The dual of LP{}p is the LP relaxation of a coloring formulation, hence w(G) <
#(LPfiep) < x(G)-

e The ILPygsp model has one constraint z,, + x, < 1 per edge of GG; with the maximal
cliques of GG it becomes the clique formulation. On Example 12.1 the optimal value

is a(G) = 3.
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e The vertex-weighted model changes only the objective function; the edge-weighted
model adds a variable y,,, per edge, with y,, < x, and y,, < x,. On the instances of
Chapter 5 «Clique problems» their optimal values are 32 and 37.

Dashboard (maximization). Bounds on w(G) computed in this chapter:

instance 2(LPycp)  2(LP$kp) w(Q)
Example 12.1 (cycle with a chord) z 3 3
Cs g % 2 (odd cycle inequality)
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Chapter 13

Formulations of routing problems

Prerequisites

e From the module Integer linear programming, Chapter 1 «Integer linear programming»
and Chapter 2 «Primal and dual boundsy»: ILP problems, LP relaxations and bounds.

e From this module, Chapter 6 «Routing problemsy»: the problem, its assumptions,
tours, the distance matrix and the instance of Example 6.1.

Objectives

At the end of this chapter you will be able to:

e write the ILP model of the Travelling Salesman Problem with the position variables
of Miller-Tucker-Zemlin (MTZ) and explain how they eliminate subtours;

e write the ILP model with the subtour elimination constraints of Dantzig-Fulkerson-
Johnson (DFJ), and prove that it is correct;

e count the variables and the constraints of the two models;
e compare the LP relaxations of the two models on the same instance;

e write the ILP model of the asymmetric TSP, and explain why the metric TSP has the
same models as the TSP.
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13.1 Overview of the family

e Given the set ¥ = {1,2,...,n} of cities, the models of this chapter use the set of directed
arcs

A={(i,j) i, €V, i #j}.
Each edge {i,7} of the symmetric problem is represented by the two opposite arcs (3, j)
and (j,4), which have the same cost d;; = d;;.

e The ILP models of the routing problems use one binary arc variable x;; for each arc
(i,7) € A, equal to 1 if the tour goes from city i to city j.

e The degree constraints impose that exactly one arc leaves and exactly one arc enters
each city; the models differ in the constraints that eliminate the subtours.

The routing models are assignment models on the arcs, with the degree constraints, plus
constraints that forbid the subtours. The objective function minimizes the total distance

> (i,j)ea i Tij-

e The table lists the members of the family, with the names of their ILP models and the
sections that write them.

Problem Model Subtour elimination Section
TSP ILPYS position variables u; 13.3
TSP ILPRES one constraint per subset of cities 13.4
metric TSP ILPYSZ, ILPDS?  the models of the TSP 13.6
ATSP ILP Arsp the constraints of the TSP models 13.6

13.2 ILP models for the Travelling Salesman Problem

The Travelling Salesman Problem and its reference instance (Example 6.1) are defined in Chap-
ter 6 «Routing problems», Section 6.2.

e The TSP has two classical ILP models on the arc variables x;;: the model of Miller, Tucker
and Zemlin (MTZ) of Section 13.3, with position variables, and the model of Dantzig,
Fulkerson and Johnson (DFJ) of Section 13.4, with subtour elimination constraints.

e Section 13.5 compares the Linear Programming relaxations of the two models.
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13.3 A model with position variables (MTZ)

e We introduce the following n(n — 1) binary variables:
1 if arc (7, 7) is traversed by the tour
Tij = v(i,j) € A,
0 otherwise
and the following n — 1 continuous variables:

u; = position of city ¢ after leaving city 1, Vie ¥\ {1}.

The city 1 is used only as a reference city: a tour has no preferred starting city.

( A
Using these variables, an Integer Linear Programming (ILP) model for the Travelling Sales-
man Problem (TSP) reads as follows:

min Z Z dijxij (131&)
i€V jeV
J#
subject to Z Ton = 1 VieV, (13.1b)
Jjev
J#
D@ =1, Vjie¥, (13.1c)
1Sy 4
i#]
i — i+ (n— 1)z <n—2, Vi, j € ¥\ {1}, i # J, (13.1d)
Tij € {0,1}, V(i,j) € A, (13.1e)
1<u; <n-1, Vie ¥\ {1}. (13.1f)
This ILP model is referred to as the ILPYLZ model, or MTZ model.

- J

e Description of the objective function and constraints of the ILPY{# model:

— the linear objective function (13.1a) minimizes the total distance travelled by the
tour;

— constraints (13.1b) ensure that exactly one arc leaves each city (n linear constraints);

— constraints (13.1c) ensure that exactly one arc enters each city (n linear constraints);

— constraints (13.1d) link the arc variables with the position variables and eliminate
the subtours that do not contain city 1 ((n — 1)(n — 2) linear constraints);

finally, constraints (13.1e) and (13.1f) define the variables of the ILP model.

Explanation of the link between the variables

e For each pair of cities ¢, j different from city 1, if arc (4, j) is traversed, then the position
of city j is at least one unit greater than the position of city ¢. This logical relation is the
implication

=  wu; >wu;+ 1.
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e [ts contrapositive is
uj<ui+1 = .Tz‘jzo.

In particular, an arc from a city to a city in the same or in an earlier position cannot be
traversed.

e Both implications are imposed by the linear constraints (13.1d). If z;; = 1, then the
constraint gives u; — u; + (n — 1) <n — 2, that is u; > u; + 1.

e Conversely, if uj; < u; + 1, then the constraint gives (n —1)x;; <n—24u; —u; <n—1.
Since x;; is binary, this forces x;; = 0.

e When z;; = 0, the constraint becomes u; — u; < n — 2, which is always satisfied because
both positions belong to [1,7 — 1]. Accordingly, n — 1 is the smallest possible big-M
coeflicient for these bounds.

Proposition 13.1: MTZ constraints eliminate subtours

The constraints (13.1b)—(13.1f) are satisfied by an integer solution if and only if its
selected arcs form one tour through all the cities.

Proof. Constraints (13.1b) and (13.1c) make the selected arcs a collection of vertex-
disjoint directed cycles covering all cities. Suppose that one such cycle does not contain
city 1 and visits, in order, i1, i9, ..., ig. Since every arc (i,,i,41) is selected, the implica-
tion above gives

Uiy = Uj, + 1 r=1,...,k,

where i;41 = 1. Summing the inequalities gives w;, > u;, + k, a contradiction. Thus no
cycle can avoid city 1, and the collection is one tour.

Conversely, consider any tour and start it from city 1. For every city ¢ # 1, set u; equal
to the position at which city ¢ is visited after leaving city 1. The bounds (13.1f) hold. If
a selected arc (4, j) has i, j # 1, then city j immediately follows city ¢, so that u; = u; +1
and (13.1d) holds. If the arc is not selected, constraint (13.1d) holds by the bounds on
the positions. Hence the tour defines a feasible integer solution. O

.

Example 13.1: TSP instance

We consider the set ¥ = {1,2,3,4,5} of 5 cities (n = 5), with the distance matrix
dj|1 2 3 4 5
1 |- 2 2 9
215 — 4 3 4
312 4 — 4 7
4 |2 3 - 7
519 4 7 7 —
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This is the instance of Example 6.1 of Chapter 6 «Routing problems». We refer to this
TSP instance as Example 13.1.

Example 13.2: TLPYYZ model

The ILPI\T/I&,Z model for the TSP instance of Example 13.1 has 20 arc variables, 4 position
variables, 10 degree constraints and 12 constraints (13.1d):

min 5z12+ 2213+ 2214+ 9215 + 521 + 4203 + 34
+4xo5 +2131 +42320 +4x34 + 7235 + 2141 + 3742
+4x43 + Tx45 + 9251 + 4250+ T3+ 754

subject to  x12 + 213 + 214 + T15 =
T21 + X23 + X4 + Tos =
r31 + X32 + X34 + T35 =
T41 + T42 + T43 + T45
T51 + Ts2 + T53 + Tsa
21 + ¥31 + Ta1 + T51
T12 + T32 + Ta2 + T2
13 + 223 + T43 + X353 =

T14 + 24 + X34 + T54

T15 + Xo5 + T35 + T45

IN

ug — uz + 4 x93

IN

Uy — Us +4 224

U — Us +4.7}25

IN
W W W W W W W W w w w w2 92 9= =

uz — U +4 39 <

uz — Uy +4 T34 <

ug — us + 4 x35 <

ug — ug + 4249 <

ug — uz + 443 <

ug — us + 445 <

us — U + 4 Tso <

us — u3 + 4 53 <

us — ug + 454 <
Z12, %13, T14, - .-, T54 € {01}
U, U3, Ug, Us > 1
U, U3, U4, Us < 4
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An optimal solution (&, u)(ILPYSZ) is:

T13 = T35 = Tso = Tog = T41 = 1, all the other i’ij =0,
G3=1, G5=2, fig=3, iy=4
The optimal value z(TLPYS#) is 18. The associated optimal solution of the TSP is the tour

d=(1,3,5,2,4), of length L(6) =2+ 744+ 3+ 2 = 18; it is the unique optimal tour, up
to the direction.

13.4 A model with subtour elimination constraints (DFJ)

e The second model uses only the n(n — 1) arc variables z;; of the MTZ model: there are
no position variables. The subtours are forbidden directly, with one constraint for every
subset, of cities.

( N\

Using these variables, a second Integer Linear Programming (ILP) model for the Travelling
Salesman Problem (TSP) reads as follows:

min Z Z d,;jxij (132&)
€Y jeYv
JF
subject to Z g = 1, VieV, (13.2b)
JEV
JF
> @ =1, Vjiev, (13.2¢)
sy 4
i#]
> wm<I8I-1, VS C ¥\ {1}, IS > 2, (13.2d)
i€S jeS
J#

Tij € {0, 1}, V(Z,j) € A. (13.263)

This ILP model is referred to as the ILPRES model, or DFJ model.

\.

e Description of the objective function and constraints of the ILP2ES model:

— the objective function (13.2a) and the degree constraints (13.2b) and (13.2c) are
those of the M'TZ model;

— constraints (13.2d) are called subtour elimination constraints: a tour cannot
contain all the |S| arcs of a cycle on the cities of S, so it uses at most |S| — 1 arcs
inside S (2"~! — n linear constraints);

— finally, constraints (13.2e) define the variables of the ILP model.

e The number 2"~! — n of constraints (13.2d) is exponential in n: for n = 5 they are 11,
for n = 20 they are 524 268.
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Proposition 13.2: Subtour elimination constraints

The constraints (13.2b)—(13.2¢) are satisfied by an integer solution if and only if its
selected arcs form one tour through all the cities.

Proof. Let a tour be given and let S C ¥\ {1} with |S| > 2. If the tour used |S| arcs
inside S, these arcs would form a cycle on the cities of S, which is not the whole tour
since 1 ¢ S: a contradiction. Hence (13.2d) holds, and the degree constraints hold by
definition of a tour.

Conversely, constraints (13.2b) and (13.2c) make the selected arcs a collection of vertex-
disjoint directed cycles. If there were more than one cycle, one of them would not contain
city 1. Let S be its set of cities: then |S| > 2 and the cycle uses |S| arcs inside S, which
violates (13.2d). Hence there is one cycle, a tour. O

Example 13.3: TLP2? model

The TLPRE model for the TSP instance of Example 13.1 has 20 arc variables, 10 degree
constraints and 11 constraints (13.2d), one for every subset S C {2,3,4,5} with at least
two cities:
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min 5x12+2x13+ 214+ 9215 +Ddxo1 + 4293 + 3794
+4 295 +22x31 + 4239 + 4234 + T35 + 2241 + 3242
44243+ 7245 + 9251 +4x50 + Ta53 + 754

subject to  z12 + 213 + 214 + 15 =
T2l + T23 + 24 + T25
31 + 32 + X34 + T35 =
T4l + Ta2 + T43 + Tas
T51 + Ts2 + Ts3 + Tsa
21 + 31 + T41 + T51 -

T12 + 32 + T42 + T52

T13 + X23 + T43 + T53

T14 + T24 + X34 + Tsg

T15 + Tos5 + X35 + Tys

23 + T32 <
T24 + Ta2

25 + T52 <
T34 + T43 <
T35 + T53 <
T45 + Tsg <

IN

To3 + Xo4 + T32 + T34 + T4 + 43

IN

T23 + T25 + T32 + T35 + Ts2 + Ts3

IN

To4 + Tos + T42 + T45 + T2 + Tsg

IA

T34 + T35 + T43 + T45 + T53 + Ts4

IN
[SURE NG R NG R G R N R e L e e e T e S e S S e S S

IA

To3 + To4 + To5 + T32 + T34 + T35 + Te2 + T43 + Tas5 + Ts2 + T3 + Ty

m

{0,1}

The subtour 2 — 5 — 2 together with the subtour 1 — 3 — 4 — 1 satisfies the degree

constraints but violates the constraint xos + x50 < 1 of S = {2,5}. An optimal solution
&(ILPREY) is the tour & = (1,3,5,2,4):

12, T13, T14, -+, T54

T13 = T35 = Tso = Tog = T41 = 1, all the other i‘i]’ =0

The optimal value z(ILPRED) is 18.

(& J
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13.5 Linear Programming relaxations

13.5.1 The assignment relaxation

'd ~\
Keeping only the degree constraints of the two models, and relaxing the binary constraints

into non-negativity constraints, we obtain the following LP model:

min Z Z dz-jxij (13.3&)

=
JFi

subject to Z angy = 1, Vie Y, (13.3b)
JEV
J#i
D @y =1, Vjie, (13.3¢)
€Y
7]
zij > 0, V(i,j) € A. (13.3d)

This LP model is referred to as the LP-Orgp model, or assignment relaxation.
\ J

e Adding the upper bounds z;; < 1 does not change this relaxation, nor the two relaxations
below: for every arc (i, j), non-negativity and the degree equation (13.3b) give

T < Zfﬂzk =1

ke
ki

Example 13.4: LP-Opsp model

The LP-Opsp model for the TSP instance of Example 13.1 is:
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min 5x12+ 2213+ 2214 + 9215 + 5221 + 4203 + 394
44395+ 2231 +4x39 +4234 + T35 + 2241 + 3742
+4x43 + 7245 +9251 +4 250 + 7253 + 754

subject to  x12 + 13 + T14 + T15 =
ZTo1 + ®23 + To4 + X25
T31 + *32 + T34 + X35
T41 + T42 + T43 + T45
T51 + 52 + T53 + T4
T21 + 231 + T41 + T51
T12 + x32 + Ta2 + T52 =
13 + T23 + T43 + T53 =

T14 + T24 + T34 + T54

— = = = e e e e e

T15 + Xo5 + T35 + T45 =

Y
o

12, 13, T14, --., T54

An optimal solution &(LP-Orgp) is:
:2‘13 = 22'34 = @41 = .i'25 = .f'52 = 1, all the other {l~27;j =0

It is integer, but it is made of the two subtours 1 - 3 —+ 4 — 1 and 2 —- 5 — 2. The
optimal value z(LP-Opgp) is 16. Accordingly we have the lower bound:

16 < 2(ILPYZ) = 2(ILPRES)

13.5.2 The relaxation of the MTZ model

( A
To obtain an LP relaxation of the ILP¥5T1;Z model, we relax constraints (13.1e) into non-
negativity constraints; the position variables keep their bounds. The obtained LP model
reads as follows:

min Z Z dijxij (134&)

i€V je¥
JF#i

subject to Z gy = 1, VieV, (13.4b)
JjEV
J#
> =1, Vje, (13.4c)
sy
i#]

U; — Uj + (n— 1).7}7;]' <n-—2 Vi,j € ¥\ {1}, i J, (13.4d)

Tij >0, V(Z,]) €A, (13.46)
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1<u;<n-—1, Vie ¥\ {1}. (13.4f)

This LP model is referred to as the LP%FPZ model.

- J

Proposition 13.3: A weak region of the MTZ relaxation

Let (x,u) satisfy the degree equations (13.4b)—(13.4c), with x;; > 0. If

n—2 .. .
%Sn_l VZ,]GW\{l},l#],

then (z,u) is feasible for LPI\TA&Z after setting u; = 1 for every i # 1.

Proof. With u; = u; = 1, each constraint (13.4d) becomes
(n—1Dxj; <n-—2,

which is exactly the assumed upper bound. The bounds (13.4f) on the position variables
also hold. ]

e The proposition shows why the compact MTZ formulation can have a weak lower bound:
many fractional solutions of the assignment relaxation already satisfy the ordering con-
straints.

Example 13.5: LPY{Z model

The LPYSZ model for the TSP instance of Example 13.1 is:
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min

subject to

S5x12 +2713 + 2714 + 9715 + 5 w21 +4 w23 + 324
+4x95 + 2231 +4x30 + 434 + T35 + 241 + 3T40
+4x43 + 7245 + 9251 +4 250 + 7253 + 754

T12 + X13 + T14 + T15

T21 + 23 + X4 + Tas

31 + X32 + T34 + T35

T4l + Ta9 + Ta3 + Tap

T51 + 52 + X53 + Tsg

T21 + T31 + T41 + T51

T12 + 32 + T42 + T2

T13 + X23 + T43 + T53

T14 + T24 + T34 + T54

T15 + Xo5 + T35 + Ta5

W W W W W W W W W w w w = = " M P B = =

uz — uz +4 x93 <
Uy — ug + 4224 <
uz — us + 425 <
uz — ug +4 3 <
uz —ug +4x34 <
ug —us +4ss <
ug — Uz + 440 <
ug — uz + 443 <
Uy — us +4 245 <
us — U2 +4 x5 <
us —uz +4xs3 <
us — ug + 454 <
Z12, T13, T14, ---, T54 > 0
U2, U3, U4, Us >
U2, U3, U4, Us < 4
An optimal solution (&, u)(LPYS%) is:

- - - . 1 . . 3

Z13 =1, Ty = T4 =Ia1 =5, To5=Ts2 = 7,

Tog = Tyo = Tgs = Tpa = i, all the other Z;; = 0,

Uy = U3 = Ug = U = 1

All the arcs between the cities 2, 3,4, 5 have value at most % = Z—j, as in Proposition 13.3.

Author: Fabio Furini
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The optimal value z(LPYgi) is 17. Accordingly we have the lower bound:

17 < 2(ILPYEZ)

13.5.3 The relaxation of the DFJ model

( A
To obtain an LP relaxation of the ILPRES model, we relax constraints (13.2¢) into non-
negativity constraints. The obtained LP model reads as follows:

min Z Z dijmij (135&)
iV jev
J#i
subject to Z g = 1, VieV, (13.5Db)
JEYV
J#i

> = 1, VieY, (13.5¢)
€Y
17

> wm<I8|-1, VS C ¥\ {1}, IS > 2, (13.5d)
ieS jes
J#

z;; > 0, Y(i,j) € A. (13.5¢)

This LP model is referred to as the LPRE? model.
- _J

e The MTZ model is valuable because it has only O(n?) variables and constraints. The
DFJ model has a stronger relaxation, but exponentially many constraints: in practice,
the subtour elimination constraints are added only when they are violated by the current
solution of the relaxation.

Example 13.6: LP2L? model

The LPRE? model for the TSP instance of Example 13.1 is:
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min S5x1a+2x13+ 2214+ 9215 + 5221 + 4223 + 3794
+4x95 +2x31 +4x30 + 434 + T35 + 241 + 3T49
44 x43+ Txg5 + 9251 + 4250 + 7253 + 754

subject to x12 + 13 + z14 + T15 -
21 + T23 + T24 + T25
31 + T32 + T34 + T35
T41 + T42 + T43 + T45
Z51 + 52 + T53 + T4
21 + 31 + T41 + Ts1

T12 + X32 + T42 + T2

T13 + X23 + X43 + Ts3

T14 + X2o4 + T34 + T54

15 + X25 + T35 + T45

IN
W N NN N = =Rl e sl e e

T93 + T32 <
T24 + T42
o5 + Ts2 <
T34 + T43 <
T35 + T53 <
T45 + Ty <
To3 + Toq + T32 + T34 + Ta2 + T3 <
To3 + Tos + T32 + T35 + T2 + T53 <
To4 + Tos5 + Ta2 + T45 + T2 + T4 <
T34 + T35 + T43 + Ta5 + T53 + Ty <
23 + XTog + o5 + X320 + X34 + X35 + X4 + 43 + a5 + T2 + T3 + 54 <
12, 13, T14, .., Ts4 Z 0
An optimal solution &(LPRER) is the tour & = (1, 3,5,2,4):
T13 = T35 = Tso = Tog = T41 = 1, all the other :Eij =0
The optimal value z(LP2E?) is 18: on this instance the relaxation closes the gap.
G J

Example 13.7: comparing the relaxations

For the TSP instance of Example 13.1, the three relaxations give the following lower bounds
on the optimal value 18:
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Relaxation Optimal value
LP-Orsp (assignment relaxation) 16
LB 17
ILPRED 18

The ordering constraints raise the bound from 16 to 17; the subtour elimination constraints

close the gap on this instance.
- J

13.6 ILP models for the metric and asymmetric TSP

The problems of this section are the asymmetric travelling salesman problem (ATSP) and the
metric TSP, defined in Chapter 6 «Routing problems», Section 6.6.

e Given the set ¥ = {1,2,...,n} of cities and the set A of directed arcs, each arc (i, )
has its own distance d;;, which may differ from d;;. We introduce the following n(n — 1)
binary variables:

1 if arc (4, 7) is traversed by the tour
:L’ij = V(’L,j) € A
0 otherwise

' N\
Using these variables, an Integer Linear Programming (ILP) model for the asymmetric

travelling salesman problem (ATSP) reads as follows:

min Z Z dijxij (13.6&)

iV jev
J#i
subject to Z sy = 1, VieV, (13.6b)
je¥
J#1
Y g =1, ViE Y, (13.6¢)
€Y
1#]
> > w <181, VS C 7\ {1}, IS] = 2, (13.6d)
ieS jes
J#i
Tij € {0,1}, Y(i,j) € A. (13.6¢)

This ILP model is referred to as the ILPaTsp model.

. J

e Description of the objective function and constraints of the ILP opgp model:

— the linear objective function (13.6a) minimizes the total distance travelled along the
arcs of the tour, each arc with its own distance;
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— constraints (13.6b) and (13.6¢) ensure that exactly one arc leaves and exactly one
arc enters each city (2n linear constraints);

— constraints (13.6d) are the subtour elimination constraints (2"~! — n linear con-
straints);

— finally, constraints (13.6¢) define the variables of the ILP model.

e The ILPaTgp model is the ILP%&; model with the distances of the arcs: its proof of
correctness, Proposition 13.2, never uses d;; = dj;. For the same reason the ILP%%Z

model is also an ILP model of the ATSP.

e A tour and the same tour travelled backwards use opposite arcs: in the ATSP they are
different solutions, with different lengths in general.

e The metric TSP, defined in Chapter 6 «Routing problems», has the same ILP models
as the TSP: the triangle inequality is a property of the distances, not a constraint of
the model. The instance of Example 13.1 is metric, so the ILP¥§;DZ and ILP%gg models

written for it are already models of a metric TSP instance.

Example 13.8: ILPApsp model

We consider the set ¥ = {1,2,3,4} of 4 cities (n = 4), with the asymmetric distance matrix

dj |1 2 3 4
1 |- 2 7 7
212 — 4 2
319 7 - 1
412 4 1 —

For instance, di3 = 7 and d3; = 9. The ILP apsp model for this ATSP instance has 12 arc
variables, 8 degree constraints and 4 subtour elimination constraints, one for every subset
S C{2,3,4} with at least two cities:
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min 2x10+ 7213+ 7214 + 2291 + 4293 + 2T04
+9x31 + T30 + T34 + 2241 + 4242 + T43

subject to 12 + x13 + T14 =
T21 + T23 + T24
T31 + Z32 + T34
T41 + T2 + T43
T21 + 31 + 241
T12 + T32 + T42 =
T13 + %23 + T43

T14 + T24 + T34 =

IN

Ta3 + 32

IN

T4 + T42

IN

T34 + T43

I N e e e T e T e T s T o S S S Y

IA

T23 + T24 + T32 + T34 + T42 + T43

m

{0,1}

The two subtours 1 — 2 — 1 and 3 — 4 — 3, of total length 2 + 2 4+ 1 + 1 = 6, satisfy
the degree constraints but violate the constraint zg4 + x43 < 1 of S = {3,4}. An optimal
solution &(ILPaTsp) is the tour & = (1,2, 3,4):

12, 13, T14, ..., T43

T19 = T93 = T34 = T41 = 1, all the other {Z‘ij =0

The optimal value z(ILParsp) is 2+ 4+ 1+ 2 = 9, and the optimal tour is unique. The
same tour travelled backwards, (1,4, 3,2), has length 74+ 1+ 7+ 2 = 17,

13.7 Typical mistakes

Warning

e Writing the MTZ constraints for the city 1. The constraints (13.1d) are written
only for the pairs of cities different from city 1: the city 1 has no position variable.

e Using a big-M smaller than n—1. Written as u;—u;+Mux;; < M —1, the constraint
with M < n—1 cuts off feasible tours: when x;; = 0 it requires u;—u; < M —1 < n—2,
while two positions can differ by n — 2; M = n — 1 is the smallest valid value.

e Taking S = 7 in the subtour elimination constraints. A tour uses || arcs
inside 7#": the constraint would cut off every tour. The sets S are proper subsets of
the cities, with at least two cities.

e Trusting the MTZ bound. By Proposition 13.3, many fractional solutions of the
assignment relaxation are feasible for the M'TZ relaxation: the compact formulation
is not a strong one.
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e Listing all the subtour elimination constraints. Their number is 2"~! —n: they
are not written all at once, but added when violated.

e Identifying a tour with its reverse in the ATSP. With asymmetric distances
the two directions of a tour are different solutions: in Example 13.8 they have lengths
9 and 17.

e Adding the triangle inequality as a constraint. In the metric TSP the triangle
inequality holds for the data d;;; the variables of the model are the same as in the
TSP.

13.8 In summary

Summary

e The two models have the same arc variables x;; and the same degree constraints; they
differ in how they forbid the subtours.

e The MTZ model adds n — 1 position variables and (n — 1)(n — 2) constraints: it is
compact, but its relaxation is weak.

e The DFJ model adds 2! — n subtour elimination constraints: the relaxation is
stronger, and the constraints are generated when needed.

e Both models are correct: an integer solution is feasible if and only if its arcs form one
tour.

e Both models are written on arcs, so they are also models of the ATSP: the ILP s1sp
model is the DFJ model with d;; # d;; allowed. The metric TSP has the same models
as the TSP.

e From the module Integer linear programming, Chapter 8 «Branch-and-cut» shows
how the subtour elimination constraints are added only when they are violated.

Dashboard of the instance of the chapter. Lower bounds on the optimal value 18
computed in this chapter:

Bound Value From

Assignment relaxation 16 z(LP-Ogp)

MTZ relaxation 17 2(LPYEZ)

DFJ relaxation 18 z(LPRE)

Optimal value 18  tour o =(1,3,5,2,4)
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Chapter 14

Formulations of scheduling problems

Prerequisites

e From the module Linear Programming, Chapter 9 «Duality theory»: the dual of an
LP problem, weak and strong duality.

e From the module Integer linear programming, Chapter 1 «Integer linear programming»
and Chapter 2 «Primal and dual bounds»: ILP problems, LP relaxations and bounds.

e From this module, Chapter 7 «Scheduling problems»: the problem, its assumption,
the makespan and the instance of Example 7.1.
Objectives

At the end of this chapter you will be able to:

e write the ILP model of P||Cpax and explain how the makespan variable is linked to
the machine loads;

e write the LP relaxations and their duals, and prove that their optimal value is
Zj 75j/ m;

e prove that the LP bound is at least 1/m of the optimal value, and that the factor is
tight;

e use the valid inequalities and the symmetry-breaking constraints of the model.
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14.1 Overview of the family

e The ILP models of the parallel machine scheduling problems use the set 7 =
{1,2,...,m} of the machines and one binary assignment variable z;, for each job
Jj € _Z and each machine h € J7.

e One continuous variable Cp,,x represents the makespan: one constraint for each machine
imposes that Chax is at least the load of the machine.

e The objective function minimizes Ciax, S0 at the optimum it is equal to the largest load.

The scheduling models are assignment models of the jobs to the machines, as the packing
models assign items to bins; the min-max objective is linearized with the makespan variable

Cmax .

e The table lists the members of the family, with the name of their ILP model and the
section that writes it.

Problem Model Variables Section

P||Cax ILPp|c binary x5 and continuous Crax 14.2

max

14.2 An ILP model for the Scheduling on Identical Parallel Ma-
chines Problem

The problem of this section is the scheduling on identical parallel machines (P|/Cmax), defined
in Chapter 7 «Scheduling problems».

e Given m identical machines and a set # = {1,2,...,n} of n jobs, with processing times
tj, we denote by s = {1,2,...,m} the set of machines.

e We introduce the following nm binary variables:
1 if job j is assigned to machine h
Tjp = Vie 7, VYhe A,
0 otherwise

and one non-negative continuous variable:

Chax = makespan of the schedule.

( A
Using these variables, an Integer Linear Programming (ILP) model for the Scheduling on

Identical Parallel Machines Problem (P||Cax) reads as follows:

min  Chax (14.1a)
subject to Z g = 1 Vie 7, (14.1b)
hest
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.

_ Z tizin + Cmax > 0, Vh € S, (14.1c)
€S
z;n € {0,1}, Vje 7, VYhe, (14.14d)
Cmax > 0. (14.1e)
This ILP model is referred to as the ILPpj ¢, model.

e Description of the objective function and constraints of the ILPp|c,,,, model:

the linear objective function (14.1a) minimizes the makespan;

constraints (14.1b) ensure that each job is assigned to exactly one machine (n linear
constraints);

constraints (14.1c) link the assignment variables with the makespan variable. In
particular, they ensure that the makespan is greater than or equal to the load of
every machine (m linear constraints);

finally, constraints (14.1d) and (14.1e) define the variables of the ILP model.

Explanation of the link between the variables

For every machine h, the makespan and its load must satisfy the direct relation

Cmax > Z tjzjha
ics

which is imposed by constraint (14.1c).

e Since the constraint holds for every machine, it imposes

Crax > }Lré% Z tjwjh
i€s

e In every optimal solution equality holds. Indeed, if C.x were larger than the maximum
load, replacing Ciax with the maximum load would keep all the constraints (14.1c) sat-

isfied and would decrease the objective value by a positive amount, which contradicts
optimality.

e When no job is assigned to a machine, its load is zero.

Example 14.1: ILPp|c, .. model

We consider m = 3 machines (# = {1,2,3}) and aset # = {1,2,...,7} of 7 jobs (n =T7),
with the following processing times:

Author: Fabio Furini
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‘j:1 j=2 j=3 j=4 j=5 j=6 j=17

t;| 5 5 4 4 3 3 3

This is the instance of Example 7.1 of Chapter 7 «Scheduling problems»; we refer to it as
Example 14.1. The ILPpc,,.,, model for this instance is:

min  Chax

subject to w11 + 212 + 713 -
o1 + T2 + Ta3
T31 + T32 + 33
Tq1 + Ta2 + T43
Z51 + T52 + Ts3 -

Te1 + Te2 + Te3

T + 72 + X73

v

5711 — 5221 —4x31 — 4241 — 351 — 3Te1 — 3271 + Cmax

v

—5212 — 5% —4x32 — 442 — 352 — 3262 — 3x72 + Crnax

O O O = =R

Y

—5.%'13 — 5.%'23 — 4.%'33 —4.1‘43 — 33753 — 3%63 — 3.%'73 +Cma.x

211, P12, L135 -5 T73 € {0,1}
CmaX

v
o

An optimal solution (Z, Cimax)(ILP pj|c,..) is:
T11 = T31 = T2 = Tyo = T3 = T3 = T73 = 1, all the other i‘jh =0, émax =9

It assigns the jobs {1, 3} to machine 1, {2,4} to machine 2 and {5,6, 7} to machine 3, with
loads 9, 9 and 9. The optimal value z(ILP PHCmax) is 9, since it attains the lower bound

> je gt
max {;rg}(tj, {]wa } = max{5, [27/3]} = 9.
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14.3 A first Linear Programming relaxation

N

p
To obtain a Linear Programming (LP) relaxation of the ILPpj ¢, . model, we relax con-
straints (14.1d) into non-negativity constraints. The obtained LP model reads as follows:

min  Chax (14.2a)
subject to Y ajp = 1, Vie #, (14.2b)
het
= > ti&in + Crmax 2 0, Vh e A, (14.2¢)
et
xjp > 0, Vjie #,Vhe, (14.2d)
Cmax > 0. (14.2¢)
This LP model is referred to as the LP-0p)c,,,, model.

\ J
Example 14.2: LP-0p|c,,,, model
The LP-0p|c,,.. model for the instance of Example 14.1 is:

min  Chax

subject to x11 + 12 + 713 = 1
T21 + T22 + T23 1
x31 + T32 + T33 1
Ta1 + Ta2 + T43 1
Z51 + Ts52 + Ts3 1
Te1 + T2 + Te3 1
T71 + T + 73 = 1
—5x11 —5w21 —4w31 — 4741 —3w51 —3%61 — 3271 + Cax = 0
—5x12 — 5T —4w32 —4T42 —3w52 —3%62 —3T72 + Cax = 0
—5x13 —5wo3 — 4 w33 — 4wz — 353 — 3263 — 3273+ Cmax = 0
Z11, 12, %13, ..., T73 > 0
Crax >

An optimal solution (&, Cpyax)(LP-0 P|[Conae) 18
1 .
izjh:§, Vie ¢, VYhed, Cmax =9
The optimal value 2(LP-0p|c,,.,) is 9. Accordingly we have the lower bound:
9 < z(ILPpj|Cpar)
. J
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r

max Z L

JES

subject to  u; —t;jm, <0,

Zﬂ'hfly

N\

Using a free dual variable u; for each constraint (14.2b) and a non-negative dual variable
mp, for each constraint (14.2c), the dual model of the LP-0p ¢, model is:

This LP model is referred to as the D(LP-0pjc,,,,) model.

~N

(14.3a)

Vie 7, Yhe s, (14.3b)
(14.3¢)

Vie #, (14.3d)

Vh e A . (14.3¢)

model

Example 14.3: D(LP-0p|c

Fﬂ‘dx)

The dual D(LP-0pc,,..) model for the instance of Example 14.1 is:
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max  f1 + p2 + (3 + pa + ps + e + p7
subject to pu; — 5 < 0
p1 — 5T < 0
p1 — 573 < 0
p2 — 5 < 0
p2 — D2 < 0
fo — 573 < 0
p3 — 4 < 0
3 — 4o < 0
ps —4ms < 0
pa — 4 < 0
pg — 4o < 0
pa — 43 < 0
ps — 37 < 0
ps — 372 < 0
ps — 33 < 0
pe — 31 < 0
e — 3 T2 < 0
pe — 373 < 0
pr — 3 < 0
pr — 32 < 0
pr — 33 < 0
T + 7o + 73 < 1
[i1, H2, [3, M4, M5y [16, (7 = 0
Ty, T2, T3 > 0
An optimal solution (f, )(D(LP-0pc,,..)) is:
- - 5 . 4 . - - . . 1
fo=pe =3, fiz=fs=73, fs=fc=fir =1, m=Tp=T3=g
The optimal value 2(D(LP-0p|c,,.,.)) 18 9.
L )
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Proof. Set x;;, = 1/m for every job and every machine, and set

Zje/ 4

m

Cmax =

Each constraint (14.2b) is satisfied and every machine has the displayed load, hence this
is a feasible primal solution. In the dual, set

1 t;
T, = — VYhe 2, Mj:aj VjG/

m

Constraints (14.3b) hold at equality, >, 7, = 1, and the dual objective value is
€
D Hi= ]m/
ies

By LP Weak Duality, the two solutions are optimal, and the optimal value is the common
value of the objective functions. O

14.4 A second Linear Programming relaxation

( A
To obtain an LP relaxation of the ILP pjc,,... model, we relax constraints (14.1d) into the
bounds 0 < x5 < 1. The obtained LP model reads as follows:

min = Cax (14.4a)
subject to Z Ggn = Vie 7, (14.4Db)
hest
— D ti@n + Cumax 2 0, Vhe A, (14.4c)
i€t
zjp <1, Vie 7, Vhe A, (14.4d)
zjp >0, Vie Z, Yhe i, (14.4e)
Crnax > 0. (14.4f)
This LP model is referred to as the LPpy ¢, model.
- J

e Constraints (14.4d) do not change the relaxation: by (14.4b) and (14.4e), each xj, is at
most one. Thus
Ejéf L

2(LP pj i) = 2(LP-0p|cae) = -

Example 14.4: LPpc, .. model

The LPpjc,,,,. model for the instance of Example 14.1 is:
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min  Chax

subject to x11 + 12 + T13 = 1
T21 + T2 + T23 1
T31 + 32 + T33 1
T41 + Ta2 + T43 1
T51 + T52 + 53 1
Te1 + Te2 + Te3 = 1
T71 + X2 + T73 = 1
—5x11 — 5221 —4x31 —4241 — 3251 — 3261 —3%71 +Cmax = 0
—5%12 — 5% —4w32 — 4742 — 3752 — 3262 —3x72 +Crax > 0
—5213 —5x23 —4w33 — 4743 — 3753 — 3263 — 3273+ Cmax = 0
T11, T12, T13, ---; T73 < 1
T11, 12, T13, ---, T73 > 0
Crmax >
An optimal solution (Z, C’max)(LP P”Cmax) is the solution of Example 14.2:
- 1 ) ~
mjh=§, Vjie ¢, VYhed, Chax = 9
The optimal value z(LPpjc,,,.) is 9. Accordingly we have the same lower bound.
(. J
( N

Using a free dual variable p; for each constraint (14.4b), a non-negative dual variable 7,
for each constraint (14.4c) and a non-positive dual variable Ajj;, for each constraint (14.4d),
the dual model of the LPp|c,,,, model is:

max Z pj + Z Z Ajh (14.5a)

JjES JE I het
subject to  p; — tym, + Ajp <0, Vie 7, Yhe A, (14.5Db)
> om <1, (14.5¢)

her
pj Z 0, Vie £, (14.5d)
m >0, Vh e A, (14.5¢)
Ajn <0, Vje 7, Vhe . (14.5f)

This LP model is referred to as the D(LP pjc,,...) model.

- J
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Example 14.5: D(LPpc

model

) )
max

The dual D(LP pjc,,....) model for the instance of Example 14.1 is:
max 1 + po + 43 + pa + ps + pe + pr + A
+A12 + A1z + A2r + Aoa + Aoz + 31 + Asz + Ass
+A41 + Ad2 + Az + As1 + As2 + Asz + Ae1 + A2
+X63 + A1 + A2 + A7s
subject to puy — 57 + A1 < 0

p1 — 5o + A12 < 0
p1 — 513+ Ai3 < 0
fo — 571 + Aap < 0
p2 — 5T + Ag2 < 0
o — 5wy + Aog < 0
p3 — 4w+ Az1 < 0
p3 —4mo + Az2 < 0
p3 —4m3 + Ass < 0
pa — 4T+ A < 0
g — 4o + Ago < 0
pg — 473 + M43 < 0
ps — 3T + As1 < 0
ps — 32 + As2 < 0
ps — 373 + As3 < 0
pe — 31 + A6l < 0
te — 3T + Ae2 < 0
Mo — 373 + A3 < 0
pr — 3+ A7t < 0
pr — 32 + Ar2 < 0
w7 — 3mg + A7 < 0
T + T2 + T3 < 1
M1, f2, M3, Ha, M5, He, 7 Z 0
1, T2, T3 > 0
A1, A2, A13, ---, A73 < 0

An optimal solution (g, 7, x)(D(LPPHCmaX)) is the solution of Example 14.3 with \j, = 0

for every job and every machine:

- - 5 . 4 . . . . . 1 ~
bi=pg=g, fiz=ps= 3, fs = g = fi7 =1, M =My =173 =3, Ajp =0
The optimal value 2(D(LPpjc,,.,)) is 9.
L ),
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14.4.1 Some important theoretical properties

Proposition 14.2: Worst-case ratio of the LP bound

For every P||Cpax instance,
2(LP p|[Cpnax)

Z(ILP p|iCruas)

v

1
—

Proof. Assigning every job to one machine gives a feasible schedule of makespan it
Hence z(ILP p|cy,.,) < Zj tj. By Proposition 14.1,
2P PCn) i
Z(ILPp|Cpae) — 2o5ti ™M

For a fixed number m > 2 of machines, there are instances for which

z(LPp)c

max)

Z(ILPPHCmax) m

Proof. For M € Z>o, consider one job of processing time M and m jobs of processing
time one. The long job alone forces z(ILPpc,,..) = M. The schedule that assigns
the long job alone to machine 1 and the m unit jobs to the other m — 1 machines has
loads at most 2 < M, hence the makespan M is feasible. Thus z(ILPpjc,..) = M.

Proposition 14.1 gives
M+m

Z(LPP”Cmax) = m o

Therefore,
. 2(LP p||Ciax) 7 1 N 1 1
11m _— = 1m —_ - = —.
M-+ 2(ILPpjcy.y)  M—+oo \m M m

Example 14.6: an integrality gap

Consider two machines and three jobs with processing times (3, 3,2). Proposition 14.1 gives
z(LP PHCmaX) = 8/2 = 4. In every integer schedule one machine processes at least two of
the three jobs, so its load is at least 3 + 2 = 5; the schedule {3,2}, {3} reaches it, so
z(ILP p|ic,.) = 5. The fractional assignment

1 .
zp=gzp=5 Vi€ {1,2,3}

has load four on both machines, whereas the integer optimum has loads five and three.
(& J
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14.5 Additional considerations

e For every job j, the inequality
Cmax > 1; (14.6)

is a valid inequality for model (14.1). In every integer schedule, job j is assigned to one
machine, whose load and therefore makespan are at least t; (n linear constraints);

e The inequality
et
Crnae > {Jef d (14.7)
m
is also a valid inequality for model (14.1): the m machine loads sum to ) ;tj, so their
maximum is at least their average and is an integer in every integer schedule (one linear

constraint);

e The machines are identical. The constraints

St = Y tiwipa Yhe{l,...,m—1} (14.8)
Jjef Jjef

are optimality-preserving constraints: they are not valid for every feasible assign-
ment, but every schedule can be relabelled so that its machine loads are non-increasing,
without changing the makespan.

e The constraints (14.8) remove the equivalent relabellings of the machines only when the
loads are distinct. With equal loads they remove none: in the instance of the chapter all
the optimal schedules have loads 9, 9, 9, and all the 12 optimal solutions of the model
satisfy them.

14.6 Typical mistakes

Warning

e Using the LP bound alone. The value Zj tj/m ignores the longest job: with
one very long job it is much smaller than the optimal value. The valid inequality
Cmax = t; must be added.

e Forgetting to round up. All the processing times are integer, so Cpax 1S an integer
in every integer schedule: the lower bound is [} t;/m].

e Believing that the symmetry constraints remove all the equivalent solu-
tions. They remove the relabellings of the machines only when the loads are distinct;
with equal loads they remove none.

e Forgetting the direction of the load constraints. The constraints (14.1c) bound
Chax from below: it is the minimization that makes Cp.x equal to the largest load.

e Mixing the indices. The variable z;;, has the job j first and the machine h second.
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14.7 In summary

Summary

e The ILPp|c,,.. model has n - m assignment variables x, and the makespan variable
Chax, linked by one load constraint for each machine.

e The LP relaxation has optimal value z(LPp|c,,,) = >_;tj/m, attained by assigning
every job with value 1/m to every machine; the dual solution is 77;, = 1/m and
fij = tj/m.

e The ratio between z(LPp|c,,..) and z(ILPpj ¢, ) is at least 1/m, and 1/m is asymp-
totically attained.

e The valid inequalities Crax > tj and Crax > [ it /m] strengthen the model.

Dashboard of the instance of the chapter (m = 3, t = (5,5,4,4,3,3,3)). Lower
bounds on the optimal value 9:

Bound Value From

LP relaxation 9 doiti/m=27/3
Valid inequalities 9 max{5, [27/3]}
Optimal value 9 loads 9, 9, 9

On the instance of the integrality gap (m = 2, t = (3,3,2)) the LP bound is 4 and the
optimal value is 5.
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Chapter 15

Formulations of lot sizing problems

Prerequisites

From the module Integer linear programming, Chapter 1 «Integer linear programming»
and Chapter 2 «Primal and dual bounds»: ILP problems, LP relaxations and lower
bounds.

From this module, Chapter 8 «Lot sizing problemsy»: the problem, its assumptions,
the plans and the reference instance.

Objectives

At the end of this chapter you will be able to:

write the big-M formulation of the capacitated lot sizing problem and compute a weak
and a strong big-M value;

write the shortest-path formulation and interpret its variables as the arcs of a network;
represent a production plan as a combination of paths of the network;

compare the LP bounds of the formulations on the reference instance;

write the ILP model of the uncapacitated lot sizing problem;

extend the big-M formulation to several products with setup times, to the initial stock,
to overtime and to unsatisfied demand, and compute the strong big-M values of each
model.
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15.1 Overview of the family

e The big-M models of the lot sizing problems use, for every period t € T, an integer
production variable z;, an integer inventory variable s; and a binary setup variable

Yt-

e The flow balancing constraints link the inventories of consecutive periods to the pro-
duction and to the demand; the setup variables are linked to the production by big-M
constraints.

e The objective function minimizes the total cost of setups, production and holding. The
shortest-path formulation of the CLS replaces the production and inventory variables with
the arcs of a network.

The lot sizing models are flow models over the periods, with binary setup variables that
switch the production on. The members of the family add products, setup times, an initial
stock, overtime or unsatisfied demand to the same balance and big-M constraints.

e The table lists the members of the family, with the names of their models and the sections
that write them.

Problem Models Formulation Section
CLS ILPcrsp big-M formulation 15.3
CLS MIPEY op shortest-path formulation 15.5
ULS ILPyLs big-M, no capacity 15.7
MLS ILPgLSP big-M, setup times 15.7
LS-SI ILPY gp big-M, initial stock variables 15.7
LS-OT ILPE p big-M, overtime variables 15.7
LS-UD ILPE sp big-M, unsatisfied demand  15.7
variables

15.2 ILP models for the Capacitated Lot Sizing Problem

The Capacitated Lot Sizing Problem and its reference instance (Example 8.1) are defined in
Chapter 8 «Lot sizing problems», Section 8.2.

e The CLS has two formulations: the big-M formulation ILPcrsp of Section 15.3 and the
shortest-path formulation MIP%}ESP of Section 15.5.

e Section 15.6 compares the bounds of their Linear Programming relaxations on the refer-
ence instance.

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 117


https://github.com/fabiofurini/combinatorial-optimization
https://fabiofurini.github.io/combinatorial-optimization/combinatorial-optimization-problems/lot-sizing/the-capacitated-lot-sizing-problem/
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Combinatorial Optimization

15.3 A formulation with a big-M link

e Given a set 7' = {1,2,...,m} of periods with demands d;, for j < t we write D;; =
ZZ:;’ dy, for the total demand of the periods 7,5+ 1,...,t.

e We introduce the following integer variables and binary variables, for every period
telT:

xt € Z>( (production), st € Z>p (inventory at the end of the period),

1 if there is a setup in period ¢
Yt =
0 otherwise

The inventory at the beginning of the horizon is the constant sg.

e The setup variables are linked to the quantities by the logical implication
e >0 — Yt = 1,

modeled by the big-M constraint x; < M;y;, where M; is an upper bound on the
production of period t.

e If the setups are ignored, the best plan produces in every period exactly its demand: it
has no inventory and, in the reference instance, cost 0. This is a very weak lower bound:
the setup costs must be modeled.

4 )
Using these variables, an Integer Linear Programming (ILP) model for the capacitated lot

sizing problem (CLS) reads as follows:

min Z (scrye + vep zy + heyg st) (15.1a)
tel

subject to  s;_1 + 2 = di + ¢, VteT, (15.1b

xy < My, VteT, (15.1¢c

¢ < capy, VteT, (15.1d

SOISmZOa

xt € L>0, VieT, 15.1f
st € Z>o, VieT, (15.1g
yr € {0,1}, VieT. (15.1h

This ILP model is referred to as the ILPcrgp model, or big-M formulation.

\ J

e Description of the objective function and constraints of the ILP¢crgp model:

— the linear objective function (15.1a) minimizes the cost of the setups, of the produc-
tion and of the holding;
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— constraints (15.1b) are the flow balancing constraints: the demand of period ¢ is
satisfied by the production of the period and by the inventory of the previous period,
and the surplus becomes the inventory at the end of period ¢ (m linear constraints);

— constraints (15.1¢) link the quantities with the setups, and constraints (15.1d) are
the capacity constraints (m linear constraints each);

— constraint (15.1e) imposes an empty inventory at the beginning and at the end of
the horizon;

finally, constraints (15.1f), (15.1g) and (15.1h) define the variables of the ILP model.

15.3.1 Weak and strong big-M values

e A weak value. Since s, = 0 and the inventories are non-negative, the production of
period ¢ cannot exceed the demand of the periods ¢,...,m: Mlem = Dy, is a valid value.

e A second value. By the capacity constraints (15.1d), M;*? = cap, is also valid.

e A strong value. The best value is the smallest of the two:

M; = min {cap;, Dim} .

<
The smaller the big-M value, the stronger the LP relaxation: the constraint x; <

My, cuts off the fractional values of y; below x;/M;. A value that is too small, however,

cuts off feasible plans.

Example 15.1: the reference instance

We consider m = 5 periods, with the following data:

period t ‘ 1 2 3 4 5
demand d; 2 1 3 4 1
capacity capy 4 4 4 4 4
setup cost sc; 50 50 50 50 50

production cost veg; | O 0 0 0 O
holding cost hcy 10 10 10 10 10

This is the instance of Example 8.1 of Chapter 8 «Lot sizing problems». The big-M values
are:

period ¢ 1 2 3 4 5

Miem = D, 5 | 11
M =capy | 4 4 4 4 4
M,

Ne)

We refer to this CLS instance as Example 15.1.
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Example 15.2: ILPgr,sp model

The ILPcr,sp model with the strong big-M values for the CLS instance of Example 15.1 is
(so = 0 is a constant, and it does not appear):
min 50y; +50y2 +50y3 +50ys + 50ys + 1057 4 10 59
+10s3 + 10s4 + 10 s5
subject to 1z — s1 = %

S1+ x9 — S9 1

So + T3 — 83 = 3

S3+ Ty — S4 = 4

S4 + T5 — S5 = 1

r1—4my < 0

T2 —4y2 < 0

r3 —4ys < 0

T4 —4ys < 0

T5 —Ys < 0

1 < 4

D) < 4

T3 < 4

Ty < 4

5 < 4

S5 = 0

Ty, T2, T3, T4, T5 € Z>o

S1, S92, S3, S4, S5 € Z>o

Y1, Y2, Y3, Y4, Y5 € {0,1}
An optimal solution (g, &, 8)(ILPcLsp) is:

y=(1,0,1,1,0), x =(3,0,4,4,0), $=(1,0,1,1,0)

The optimal value z(ILPcrsp) is 3 - 50 4+ 3 - 10 = 180, the cost of the optimal plan found
by enumeration in Chapter 8 «Lot sizing problems». The weak big-M values give the same
optimal solution.

- J
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15.4 The Linear Programming relaxation of the big-M formula-

tion
'd \
To obtain a Linear Programming (LP) relaxation of the ILPcrsp model, we relax con-
straints (15.1f)—(15.1h) into non-negativity constraints and the bounds y; < 1. The obtained
LP model reads as follows:
min Z (sceye + vep o + hey st) (15.2a)
teT
subject to  s;_1 + xy = dg + s¢, VteT, (15.2Db)
Ty < Mt Yt, Vit € T, (152(3)
¢ < capy, VteT, (15.2d)
50 = 8m =0, (15.2¢)
yr < 1, vteT, (15.2f)
x>0, VteT, (15.2g)
s¢ >0, VteT, (15.2h)
yi >0, VteT. (15.2i)
This LP model is referred to as the LP&M,, LPGFp or LPE%S model, when the big-M
values are Mtdem7 M;® or the strong values M.

(& J

Example 15.3: big-M values and LP bounds

The LP model (15.2) for the CLS instance of Example 15.1 is:
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.

min

subject to

with the values My, ..

50y1 +50y2 +50ys +50ys + 50ys + 1051 + 10 59
+10s3 + 10s4 + 10 s5

r1 — S = 2
$1+ X2 — S92 1
So + T3 — s3 3
S3+ x4 — 84 4
S4+ 5 — S5 = 1
1 — My < 0
xg — M y2 < 0
z3 — M3 ys < 0
xy — Mays < 0
x5 — Ms ys < 0
T < 4
D) < 4
T3 < 4
T4 < 4
T5 < 4
S5 = 0
Y1 < 1
Y2 < 1
Y3 < 1
Y4 < 1
Ys < 1
z1, T2, T3, T4, T5 > 0
81, S2, S3, S4, S5 > 0
Y1, Y2, Y3, Y4, Ys > 0

Model Y T (81,...,84) optimal value
LP&m,  (£,3.3,2,00 (2,1,4,4,00 (0,0,1,1) 255 ~ 99,65
LPihe  (3,1,2,1,1) (2,1,3,4,1) (0,0,0,00 22 =1375
LPGaE  (3,1,1,1,00  (2,1,4,4,0) (0,0,1,1) 35 =1575

In every solution g = &;/M;: the smaller M;, the larger the cost of the setups paid by the
LP. The integer optimal solution of Example 15.2 has value z(ILPcrsp) = 180.

., M5 of the table of Example 15.1. The three choices give the
following optimal solutions (g, &, §), with 55 = 0:

Author: Fabio Furini
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15.5 A shortest-path formulation

e The second formulation does not decide the quantities directly. For every ¢,k € T, with
k > t, we introduce the following continuous variable: zv; > 0, the fraction of the
demand Dy, of the periods t,...,k that is produced in period ¢.

e Producing in period ¢ the demand of the periods t,...,k costs the production of Dy
units and the holding of the units that wait for their period:

k s—1
cog = veg Dyg + Z thu ds.

s=t+1 u=t
s N
Using these variables and the binary variables y;, a Mixed Integer Linear Programming
(MIP) model for the CLS reads as follows:
m
min Z sctys + Z Z CUiL ZVs; (15.3a)
teT teT k=t
m
subject to Z zuig = 1, (15.3b)
k=1
t—1 m
Z?«’Uu,t—l — sztk =0, Vi e T\ {1}, (15.3¢c)
u=1 k=t
m
sztk <y, VteT, (15.3d)
k=t
m
ZDtvk 2 < capy, VteT, (15.3e)
k=t
zuge > 0, Vi, keT, k>t, (15.3f)
y € {0,1}, VteT. (15.3g)
This MIP model is referred to as the MIPEF ¢p model, or shortest-path formulation.

(& J

e Description of the objective function and constraints of the MIPZY ¢p model:

— the linear objective function (15.3a) minimizes the cost of the setups and of the arcs
of the plan;

— constraints (15.3b) and (15.3¢) are the flow constraints of a network (m linear con-
straints);

— constraints (15.3d) force the setup if the product is produced in period ¢, and con-
straints (15.3¢) impose the capacities (m linear constraints each);

— finally, constraints (15.3f) and (15.3g) define the variables of the MIP model.

e The network is drawn in Figure 15.1: the nodes are 0,1,...,m, and the variable zvy
is the arc from node t — 1 to node k, with cost cvy,. A unit of flow leaves node 0
(constraint (15.3b)), and the flow is conserved at the other nodes (constraints (15.3c)).
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e A path from node 0 to node m is a plan that produces only when the stock is empty:
each arc (t — 1,k) is a production in period t for the periods t,...,k. This is why the
formulation is called a shortest-path formulation: with the capacities relaxed, the optimal
plan is a shortest path.

e Constraints (15.3d) link the arcs with the setups with the coefficient 1 instead of a big-M
value. In constraints (15.3e) the quantity produced in period ¢ is xy = >, Dy 20s.

e The paths are the building blocks, and a plan that is not a path is a combination of
paths: the quantities are integer, but the variables zv;; may be fractional.

ZV12 ZU23

2013

Figure 15.1: Network of the variables zvy, for m = 3: the variable zvy is the arc from node
t — 1 to node k.

Example 15.4: MIP%IESP model and combinations of paths

For the CLS instance of Example 15.1 the demands D, and the costs cvy, are (the pro-
duction cost is zero, so cvy is only holding cost):

Dt,k CUtE
t\tk |1 2 3 4 5|1 2 3 4 5
1 2 3 6 10 110 10 70 190 230
2 4 8 9 0 30 110 140
3 3 7 8 0 40 60
4 4 5 0 10
) 1 0

The MIP%IESP model for this instance is:
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min  50y; +50y2 + 50y3 + 50y4 + 50 y5 + 10 zv12 + 70 zv13
4190 zv14 + 230 zv1s + 30 zvag + 110 zvey + 140 zvas + 40 zv3y
+60 zv3s5 + 10 z2vs5

subject to  zvi1 + 2v12 + 2v13 + 2V14 + 2VU15 = 1
ZU11 — ZV29 — ZU23 — ZU24 — ZV25 0
2V12 + 2U22 — 2U33 — 2U34 — ZU35 0
ZU13 + 2V93 + 2U33 — 2ZUq4 — 245 0
2V14 + 2Vo4 + 2U34 + 2Ugq4 — 2U55 =0
zv11 + 2v12 + 2v13 + 2014 + 2V15 — Y1 < 0
2V22 + 2V23 + 2V24 + 2V25 — Y2 < 0
2U33 + 2U34 + 2U35 — Y3 < 0
2044 + 2V45 — Y4 < 0
ZUs55 — Y5 < 0
2zv11 + 3 zv12 + 6 zv13 + 10 zv14 + 11 2v15 < 4
220 + 4 zv23 + 8 2v24 + 9 2V25 < 4
3 zv33 + 7 zv34 + 8 zU35 < 4
4 zv44 + 5 2045 < 4
ZUs5 < 4
ZU11, 2V12, ZU13, ..., ZUs5 > 0
Y1, Y2, Y3, Y4, Y5 e {0,1}

An optimal solution (Zv, Q)(MIP%IESP) is:
Zv1g = 1, 233 = %, 2035 = %, 2045 = %, y=1(1,0,1,1,0),

and all the other variables zvy, are zero. It is the optimal plan & = (3,0,4,4,0), which is
not a path: in period 3 it produces 4 units, more than the demand 3 of period 3, and less
than the demand 7 of the periods 3 and 4. It is the combination, with weights % and %,
of the paths 0 - 2 — 3 — 5 (plan (3,0,3,5,0)) and 0 — 2 — 5 (plan (3,0,8,0,0)). The
quantities are 1 = D12 2v12 = 3, 23 = 3 - % + 8- % =4 and x4 =5 - % = 4. The optimal
value z(MIPE, ¢p) is

4 1 4 _
3:50+10-1+0-5 46034103 = 180.
setups —30

. J

( A
To obtain an LP relaxation of the MIPSF «p model, we relax constraints (15.3g) into the
bounds 0 < g; < 1. The obtained LP model reads as follows:

min Z sy + Z i CUsL 24, (15.4a)

teT teT k=t

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 125


https://github.com/fabiofurini/combinatorial-optimization
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Combinatorial Optimization

m
subject to szlk — 1, (15.4Db)
k=1
t—1 m
Z Uy -1 — Z zvg, = 0, Vte T\ {1}, (15.4c¢)
u=1 k=t
m
Z 20 < Yt, VteT, (15.4d)
k=t
m
Z Dy i, zvy, < capy, VteT, (15.4e)
k=t
yr <1, vVt eT, (15.4f)
zuge > 0, Vt,keT, k>t, (15.4g)
yr > 0, VteT. (15.4h)
This LP model is referred to as the LP%PI:SP model.
. J

Example 15.5: LPgL ¢p model

The LPZY ¢p model for the CLS instance of Example 15.1 is:
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.

min  50y; +50y2 + 50ys + 50ys + 50 y5 + 10 zv19 + 70 2013

4190 zv14 + 230 zv15 + 30 zve3 + 110 zvey + 140 zvas + 40 zv3y

+60 zv3s + 10 zv45

subject to  zvi1 + 2v12 + zv13 + 2V14 + 2VU15
2U11 — 2U22 — 2V23 — 224 — 2U25
ZV12 + 2V22 — 2U33 — 2U34 — ZU3s
2V13 + 2U23 + 2V33 — 2Ugq — 245
2V14 + 2V24 + 2V34 + 2V44 — 2U55
211 + 2012 + 2013 + 2V14 + 2V15 — Y1
ZV92 + 2V93 + 2V24 + 2V25 — Yo
2V33 + 2V34 + 2V35 — Y3
2ZV44 + 2V45 — Y4
2Us55 — Y5
2zv11 + 3 zv12 + 6 zv13 + 10 zvi4 + 11 zv15
2v22 + 4 zv23 4 8 2v24 + 9 2v25
3 zv33 + 7 zv34 + 8 zu35
4 2044 + 5 2045
2U55
Y1
Y2
Y3
Y4
Ys

2v11, 2V12, 2U13, ..., 2Us5

Yi, Y2, Y3, Y4, Ys

An optimal solution (2w, §)(LPZ ¢p) is:

(S

- - 4 = 1 -
Zvig =1, Zv33 =5, 235 = %, 245 =

and all the other variables zwvy, are zero: the arcs of the optimal plan, with the setup of
period 4 paid only for the fraction %. The optimal value Z(LP%PI:SP) is 180 — % -50 = 170.

, y=(1,0,1

IN AN IN A

AN VAN VAN VAR VAN VAR VAN VAN VAN VAN
e R R R N N - = =R = R R e B e B e B e R e B

IN

AV,

7%7 )7
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15.6 Comparing the formulations

e The formulations have the same optimal value z(ILPcrsp) = z(MIPZL ¢p) = 180, but
their LP relaxations have different optimal values. On the reference instance the lower
bounds, computed with the exact simplex algorithm and checked with Gurobi, are the
following.

e The last column is the gap of Chapter 1 «Combinatorial optimization problems» between
the bound and the optimal value; it is undefined for the bound 0.

Model Lower bound Gap 180 LB
Without setups 0 undefined
LP&SR, (M = Dym) 99.65 80.6%
LP sp (M = capt) 137.50 30.9%
Pgtigl;? (M; = min{caps, Dym}) 157.50 14.3%
P8F «p (shortest path) 170 5.9%

e The bound 170 of the shortest-path formulation is the optimal value of the problem
without capacity (plan (3,0,8,0,0), of cost 170): the capacity constraints (15.4e) act
only on the quantities, and a combination of paths can satisfy them.

e The price of the shortest-path formulation is its size: there are O(m?) variables zvy,
against the O(m) variables of the big-M formulation.

15.7 ILP models for the variants

The problems of this section are the variants of the capacitated lot sizing problem defined in
Chapter 8 «Lot sizing problemsy», Section 8.6. Each subsection writes the ILP model of one
variant, in the order of that chapter.

15.7.1 The uncapacitated lot sizing problem

e Given a set T'= {1,2,...,m} of periods with demands d; and no binding capacity, we
introduce, for every period t € T, the following integer variables and binary variables:

xt € Z>o (production), st € Z>p (inventory at the end of the period),

1 if there is a setup in period ¢
Yt =
0 otherwise

e Since s, = 0, the production of period ¢ is at most the demand Dy ,, of the periods
t,...,m: this is the big-M value of the link between z; and y;.

{ Using these variables, an Integer Linear Programming (ILP) model for the uncapacitated W
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lot sizing problem (ULS) reads as follows:

min Z (sceye + vep xy + hey st) (15.5a)
teT

subject to  s;_1 + xt = di + ¢, VteT, (15.5b
Ty < Dum Yt, YVt € T,

80 = $m =0,

; € L0, vt eT, (
St € Zzo, VieT, (155f
yr € {0,1}, VteT. (15.5g

This ILP model is referred to as the ILPyrs model.

(& J

e Description of the objective function and constraints of the ILPyrs model:
— the linear objective function (15.5a) minimizes the cost of the setups, of the produc-
tion and of the holding;
— constraints (15.5b) are the flow balancing constraints (m linear constraints);

— constraints (15.5¢) force a setup in every period with positive production (m linear
constraints);

— constraint (15.5d) imposes an empty inventory at the beginning and at the end of
the horizon;

— finally, constraints (15.5e)-(15.5g) define the variables of the ILP model.

e The ILPyrs model is the ILPcrsp model without the capacity constraints (15.1d) and
with the big-M values M; = Dy ,,. The DP algorithm of Wagner and Whitin of Chapter 25
«DP for the uncapacitated lot sizing problem» solves the ULS in polynomial time.

Example 15.6: ILPyrs model

We consider the CLS instance of Example 15.1 without the capacities: the demands are

d=(2,1,3,4,1), the setup costs s¢; = 50, the holding costs hce; = 10, and ve, = 0. The
big-M values are D;5 = (11,9, 8,5, 1), and the ILPyrs model for this ULS instance is:
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.

min  50y; +50y2 +50y3 + 50ys + 50ys + 10 s¢
+10s9 +10s3 + 10s4 + 10 s5

subject to x; — s1 =
S§1+ T2 — S92
So + T3 — S3
S3+ Tq4 — S4
S4 + T5 — S5 =
1 — 11y <
2 — Y2 <
xz3 —8y3 <
Ty —OY4 <
T5 — Y5 <
S5 =
xr1, 9, T3, T4, Ts S

S1, S2, 83, 54, S5

Yi, Y2, Y3, Y4, Ys

An optimal solution (g, &, 8)(ILPyrg) is:

SO O O O O O K k= W = DN

N
%
o

ZZO
{0,1}

Q:(l,O,l,0,0), T = (3a0a8a070)a g:(170,5,1,0)

The optimal value z(ILPyrg) is 2-50+ (1+541)-10 = 170, the bound of the shortest-path
formulation of the CLS. The optimal solution is not unique: the plan (3,0,3,5,0), with

three setups and the stocks (1,0,0,1,0), also costs 3 - 50 + 2 - 10 = 170.

15.7.2 Several products and setup times

e A set P of products shares the resource of each period. We write dy, scpt, vepr and heyt
for the data of product p € P in period t € T. Producing a unit of p takes the time
vty € Z>1, a setup takes the time st,; € Z>¢, and the capacity cap; is a time. For j <k

we write sdp;i, = ZZ:J- dpy for the demand of product p in the periods j, ...

k.

e We introduce, for every product p € P and every period t € T, the following integer

variables and binary variables:

Zpt € Z>q (production), Spt € Z>o (inventory at the end of the period),

1 if there is a setup of product p in period ¢

Ypt =
0 otherwise

The inventories at the beginning of the horizon are the constants s,0 = 0.
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s N
Using these variables, an Integer Linear Programming (ILP) model for the lot sizing problem

with several products and setup times (MLS) reads as follows:

min Z Z (sCpt Ypt + vCpt Tpt + hepr Spt) (15.6a)
peEP teT

subject to  spi1+ Tpt =dp +Spt, Vp€ P, VteT, (15.6b)

Z (Stpt Ypt + Vtpe Tpt) < capy, VteT, (15.6¢)

peP
Zpt < Mpt Ypt, Vpe P, VteT, (15.6d)
S50 = S = U Vpe P, (15.6e)
Zpt € L>0, Vpe P, VteT, (15.6f)
Spt € Li>0, Vpe P, VteT, (15.6g)
ypt € {0, 1}, Vpe P, VteT. (15.6h)

This ILP model is referred to as the ILPL; qp model.
N J

e Description of the objective function and constraints of the ILP&; gp model:
— the linear objective function (15.6a) minimizes the cost of the setups, of the produc-
tion and of the holding of all the products;

— constraints (15.6b) are the flow balancing constraints of every product (|P|m linear
constraints);

— constraints (15.6¢) impose that the setup times and the production times of each
period do not exceed its capacity (m linear constraints);

— constraints (15.6d) link the quantities with the setups (|P|m linear constraints);

— constraints (15.6e) impose an empty inventory at the beginning and at the end of
the horizon;

— finally, constraints (15.6f)—(15.6h) define the variables of the ILP model.

e A setup of p in period ¢ leaves the time cap; — st,; for the production, and s, = 0 bounds
the production by the remaining demand. The strong big-M value is

caps — st
My = min{ \‘MJ , sdptm} .
’l)tpt

e The products interact only through the capacity constraints (15.6¢): without them, the
model splits into |P| independent single-product models.

Example 15.7: TLPE; op model

We consider |P| = 2 products and m = 3 periods, with capacities cap; = 9, production
times vty = 1, setup times st,; = 1, holding costs hcy: = 5 and production costs vey = 0.
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The setup costs are sci; = 30 and sco; = 40, and the demands are:

product 1 | product 2
periodt |1 2 3|1 2 3
dpt 4 1
Sdptm 1
Mpt 1

subject to x11 — s11
811 + 12 — S12
$12 + 13 — S13
T21 — S21
S21 + T2 — S22

S99 + Ta3 — S23

11 — 8yn
12 — 6Y12
x13 — 4413
To1 — TY21
To2 — DYoo
T23 — Y23
513

523

Y11 = Y13 = Yo1 = Y22 = 1,

T11 =09, T13=4, To1 =2, T2 =95, T12=T23=0,

T11 + 221 + Y11 + Y21
T12 + T22 + Y12 + Y22
r13 + 223 + Y13 + Y23

T11, T12, T13, T21, T22, T23
S11, S12, S13, S21, S22, S23
Y11, Y12, Y13, Y21, Y22, Y23

An optimal solution (¥, %, 3)(ILPE gp) is:

The ILPE; gp model with the strong big-M values for this instance is:

min  30y11 + 30y12 + 30y13 + 40 y21 + 40 Y22 + 40 Y23
+5511 + 5812+ 5513 + 5591 + 5599 + 5 sa3

Y12 = Y23 = 0,

511 =2, 822 =1, all the other 5,; =0

O O O O O O O O O © O k=N RN W

The optimal value z(ILPE; ¢p) is 2-30+2-40+ (24 1) -5 = 155, and the optimal solution is
unique (Gurobi). Period 1 uses its whole capacity, 5+2+ 141 = 9. Without the capacity
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constraints product 2 would be produced only in period 1, with value 140: this plan needs
the time 5+ 7+1+1=14 > 9.

15.7.3 Imitial stock

e The data are those of the lot sizing problem with several products and setup times. In
addition, the initial inventory of product p is a decision, bought at the cost fc, per unit.

e We introduce the integer variables @, s,y and the binary variables y,; of the ILPL; p
model, and, for every product p € P, the following integer variable:

sip € Z>o (inventory of product p at the beginning of the horizon).

'd N\
Using these variables, an Integer Linear Programming (ILP) model for the lot sizing problem

with initial stock (LS-SI) reads as follows:

min Z Jepsip +

peEP
Z Z (SCpt Ypt + VCpt Tpt + hept Spt) (15.7a)
peP teT
subject to  sip + Tp1 = dp1 + Sp1, Vpe P, (15.7b)

Spt—1 + Tpt = dpt + Spt, Vpe P, Vt € T\ {1}, (15.7C)

Z (Stpt Ypt + Vipt Tpr) < capy, VteT, (15.7d)

peP
Tpt < Mpt ypt, Vpe P, VteT, (15.7e)
Spm = 0, Vpe P, (15.7f)
ZTpt € L>0, Vpe P, VteT, (15.7g)
Spt € L>0, Vpe P, VteT, (15.7h)
sip € Z>o, Vp € P, (15.71)
Ut € 10,1}, Vpe P, WteT. (15.7)

This ILP model is referred to as the ILP%ILSP model.

(& J

e Description of the objective function and constraints of the ILPE} ¢p model:

— the linear objective function (15.7a) minimizes the cost of the initial inventory, of
the setups, of the production and of the holding;

— constraints (15.7b) and (15.7¢) are the flow balancing constraints of every product,

with the initial inventory si, in the first period (|P|m linear constraints);

— constraints (15.7d) impose that the setup times and the production times of each
period do not exceed its capacity (m linear constraints); constraints (15.7¢) link the
quantities with the setups (|P|m linear constraints);
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— constraints (15.7f) impose an empty inventory at the end of the horizon (|P| linear
constraints);

— finally, constraints (15.7g)—(15.7j) define the variables of the ILP model.

e The ILPZ} ¢p model is the ILPE; gp model with the variables si, in place of the constants
spo = 0, and with their cost in the objective function; the strong big-M values M, are
the same.

Example 15.8: ILPJ! «» model

We consider | P| = 2 products and m = 3 periods, with capacities cap; = 2500, caps = 2100,
caps = 2500, the initial inventory costs fc; = fea = 3000 and the setup costs sc,; = 10000.
The other data are:
product 1 product 2
period ¢ 1 2 3 1 2 3
dpt 100 200 10 | 10 100 150
Vipt 20 10 10 | 10 5 5
stpt 100 100 100 | 110 110 110
hept 110 100 100 | 105 105 105
VCpt 1100 1000 1000 | 900 800 800
The big-M values are:
period # 12 3] 1 2 3
sdptm 310 210 10 | 260 250 150
| (capy — stp)/vtpe] | 120 200 240 | 239 398 478
My 120 200 10 | 239 250 150
The TLPZ! ¢p model with the strong big-M values for this instance is:
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min 3000 sz1 + 3000 sz2 4+ 10000 y11 + 10000 y12 + 10000 y13 + 10000 ya21
-+10000 y22 + 10000 y23 + 1100 211 + 1000 212 + 1000 13 + 900 221
+800 z22 + 800 z23 + 110 511 + 100 512 + 100 513 + 105 521
+105 s92 + 105 593

subject to  si; + 211 — S11 = 100
811 + T12 — S12 = 200
S12 + T13 — 813 = 10
Sio + T21 — S21 — 10
S21 + T22 — S22 = 100
822 + T23 — S23 = 150
2011 + 10221 + 100 y11 + 110 y2g < 2500
10212 + 5 x99 + 100 412 + 110 yoo < 2100
10x13 + 593 + 100 y13 + 110 yo3 < 2500
11 — 12011 < 0
212 — 200 Y12 < 0
z13 — 10y13 < 0
z21 — 239y2n < 0
T2 — 250 ya2 < 0
T23 — 150 y23 < 0
S13 = 0
S93 = 0
si1, Sio € Z>o
Z11, T12, 13, T21, T22, T23 € Zxo
811, 812, S13, S21, S22, S23 € Zxo
Y11, Y12, Y13, Y21, Y22, Y23 € {o0,1}

An optimal solution of the ILP%ILSP model is:

Z11 =99, Z12 =200, Z13 =10, Zo1 =110, Z92 =0, =23 = 150,

sip = 41, Sig = 0, 821 =100, all the other 5,; =0,

with a setup in every period except for product 2 in period 2. The optimal value z(ILP%ILSP)
is 677400, and the optimal solution is unique (Gurobi). Product 1 starts with 41 units
bought at the beginning of the horizon, because period 1 has no time to produce all its

demand.
. J

( N\
To obtain an LP relaxation of the ILPZ} ¢p model, we relax constraints (15.7g)—(15.7j) into
non-negativity constraints and the bounds y,; < 1. The obtained LP model reads as follows:
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min Z fep sip +

peEP
Z Z (Scpt Ypt + VCpt Tpt + hept Spt) (15.8a)
peEP teT
subject to  sip + Tp1 = dp1 + Spi, Vpe P, (15.8b)

Sp,t—1 + Tpt = dpt + Spt, Vp E P, YVt € T\ {1}, (15.8C)

Z (Stpt Ypt + Vtpr Tpt) < capy, VteT, (15.8d)

peP
Tpt < Mpt Ypt, Vpe P, VteT, (15.8e)
Spm = 0, Vpe P, (15.8f)
ypt < 1, Vpe P, VteT, (15.8g)
ZTpt > 0, Vpe P, VteT, (15.8h)
spt > 0, Vpe P, VteT, (15.81)
Ypt = 0, Vpe P, VteT, (15.8j)
sty > 0, Vpe P. (15.8k)

This LP model is referred to as the LPZ} ¢p model.

& J

e In the shortest-path formulation each product has its own network, with an additional
continuous variable w,; > 0, the arc from node 0 to node ¢, for the fraction of the initial
inventory that covers the demands of the first ¢ periods. The costs of the arcs are

k s—1 t s—1
CUptk = VCpt SApyt; + E E hepy dps, Clpt = fepsdpry + E E hepy dps.
s=t+1 u=t s=2 u=1
'd ~\

Using these variables, a Mixed Integer Linear Programming (MIP) model for the lot sizing
problem with initial stock (LS-SI) reads as follows:

min Z Z (Scpt Ypt + Cipt wpt) +

pEP teT
m
Z Z Z CUptk ZUptk (15.9a)
pEP teT k=t
m
subject to Z (wpk + 2Up1k) = 1, Vpe P, (15.9b)
k=1
t—1 m
Wpt—1 + szp,u,tfl = Z 2Upy = 0, Vpe P, Vte T\ {1}, (15.9¢)
u=1 k=t
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m
Z 2Uptk < Ypt, Vpe P, VteT, (15.9d)
k=t
m
Z Stpt Ypt Z Z Vlpt Sdpik 2Vpek < capy, VteT, (15.9¢)
peP peP k=t
m
Z Sdptl 2Vptk € L>0, Vpe P, VteT, (15.9f)
k=t
Z sdp1t wpt € Zi>o, Vpe P, (15.9g)
teT
2VUpti; > 0, Vpe P, Vt,keT, k>t (15.9h)
wp > 0, Vpe P, VteT, (15.9)
ypt € {0, 1}, Vpe P, VteT. (15.9j)
This MIP model is referred to as the MIP%I;’SFI, model. Relaxing constraints (15.9j) into
0 < ypr < 1 and removing constraints (15.9f) and (15.9g) gives the LP model referred to as
the LP%PIZ’SSPI, model.

e Description of the objective function and constraints of the MIP%%SPI) model:

— the linear objective function (15.9a) minimizes the cost of the setups, of the initial
inventory and of the arcs of the plans of all the products;

— constraints (15.9b) and (15.9¢) are the flow constraints of the network of every prod-
uct, with the arcs wy, of the initial inventory leaving node 0 (| P| m linear constraints);

— constraints (15.9d) force the setup of product p in period t if it is produced (| P| m lin-
ear constraints), and constraints (15.9¢) impose the capacities, setup times included
(m linear constraints);

— constraints (15.9f) and (15.9g) keep integer the quantities and the initial inventories;

— finally, constraints (15.9h)—(15.9j) define the variables of the MIP model.

e The quantity produced is zpr = > -, Sdpik 2Upk, and the initial inventory is si, =
Y ter Sdp1t Wy constraints (15.9f) and (15.9g) keep them integer, as in the ILP op
model.

e With one product and vt; = 1 these constraints are not needed: once the setups are fixed,
what remains is a minimum cost flow problem, which has an integer optimal solution.

e With several products and production times vt,; > 1, a fractional quantity can use the
capacity better. Without constraints (15.9f) and (15.9g) the model is only a relaxation of
the problem, and its optimal value can be smaller than z(ILPZL ¢p) (Example 15.9).
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Example 15.9: lower bounds with two products

For the instance of Example 15.8, ignoring the setups (in the costs and in the capacities),
the optimal value is 575400, attained by the integer solution 17, = 120, z12 = 160, x13 = 10,
x91 = 10, x99 = 100, x93 = 150, s11 = 40, si; = 20. The lower bounds and the optimal
value of the formulations are:

Model Value
Without setups 575400.00
LPZ op with My = sdpim 638 882.20
LPZL op with the strong My, 651267.37
LPg s 668 928.57
MIPZ, S without (15.9f) and (15.9g) 676 450.00

ILPY, cp and MIP%PI:’SS; (integer optimum) 677400

Without constraints (15.9f) and (15.9g) the shortest-path model reaches 676 450 with the
same setups and the fractional quantities x1; = 59.5 and si; = 40.5: period 1 then uses its
whole capacity, 100 + 20 - 59.5 4+ 110 4+ 10 - 110 = 2500.

. J

15.7.4 Overtime

e The data are those of the lot sizing problem with several products and setup times, but
the time of each period is not a fixed capacity: in period ¢ the working time in normal
hours costs cw; per unit, up to capl’, and the overtime costs co; per unit, up to cap?.

e We introduce the integer variables @, s,y and the binary variables y,; of the ILPL; p
model, and, for every period ¢t € T', the following integer variables:

pt € Z>o (working time in normal hours), vy € Z>o (overtime).

Since the times vt,; and st,; are integer, the working times can be taken integer.

( )
Using these variables, an Integer Linear Programming (ILP) model for the lot sizing problem

with overtime (LS-OT) reads as follows:

min E E (scpt Ypt + vCpt Tpt + hepe Spt) +
peP teT

Z (cwy pt + cop 1) (15.10a)
teT

subject to  spi—1 + Tpt = dpt + Spt, Vp € P, Vt €T, (15.10b)

Z (Stpt Ypt + Vtpr Tpt) < i + v, Vte T, (15.10c)
peP
e < capX Vte T, (15.10d)
vy < cap?, Vte T, (15.10e)

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 138


https://github.com/fabiofurini/combinatorial-optimization
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Combinatorial Optimization

.

Tpt < Mprype, Vpe P, VteT, (15.10f)

850 = S = U Vp e P, (15.10g)
Zpt € L0, Vpe P, VteT, (15.10h)

Spt € >0, Vpe P, VteT, (15.10i)

He € Z>o, VteT, (15.10j)

v € Z>o, Vte T, (15.10k)

ypt € {0,1}, Vpe P, VteT. (15.101)

This ILP model is referred to as the ILngSP model.

e Description of the objective function and constraints of the ILPE{qp model:

the linear objective function (15.10a) adds to the costs of the ILPE; ¢p model the
cost of the working time in normal hours and in overtime;

constraints (15.10b) are the flow balancing constraints of every product (| P|m linear
constraints);

constraints (15.10c) impose that the setup times and the production times of each
period are covered by the working time, in normal hours and in overtime (m linear
constraints);

constraints (15.10d) and (15.10e) bound the two working times (m linear constraints
each);

constraints (15.10f) link the quantities with the setups (|P|m linear constraints);

constraints (15.10g) impose an empty inventory at the beginning and at the end of
the horizon;

finally, constraints (15.10h)—(15.101) define the variables of the ILP model.

e The time available in period ¢ is at most capl + cap?, so the strong big-M value is

N O
. capy' + capy — st
Mpt:mln{{ i Pt th , sdptm}.
’Utpt

e With co; > cw an optimal solution uses overtime only when the normal hours of the

period are exhausted.

Example 15.10: ILPZlsp model

We consider the CLS instance of Example 15.1, with one product (|P| = 1, and we drop the
index p), production times vt; = 1 and setup times st; = 0. The capacity cap; = 4 becomes
the normal hours cap) = 4, at the cost cw; = 1, and one unit of overtime is available in
every period: cap{ = 1, at the cost co, = 6. The big-M values are M; = min{5, D; 5}, that
is (5,5,5,5,1). The ILPSESP model for this instance is:
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min

subject to

50y1 +50y2 +50y3 + 50ys + 50ys + 10 51
41052 + 1053 + 1054 + 1055 + p1 + po
+us + pa+ ps + 601 + 602 + 613
+6v4 + 65

r1 — 81

81+ T2 — S2

So + T3 — S3

S3+ T4 — S4

S4 + x5 — S5

Ty — 1 — N

T2 — p2 — V2

T3 — (3 — V3

Ty — 4 — Vg

L5 — U5 — Vs

1 — 95y

T2 — DY

3 —5Ys3

T4 —dy4

Zs5 —Ys5

M1

2

K3

M4

s

41

2]

V3

V4

Vs

S5
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Y1, Y2, Y3, Y4, Y5
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An optimal solution of the ILngSP model is:

§=(1,0,1,1,0, &=(3,0,3,50), &=(1,0,0,1,0),
p=(3,0,3,4,0, ©=(0,0,0,1,0)

The optimal value 2(ILPO{lqp) is 3-50+2-10+10-1+1-6 = 186, and the optimal solution
is unique (Gurobi). One unit of overtime in period 4, at the cost 6, replaces one unit stored
from period 3 to period 4, at the cost 10: the optimal plan (3,0,4,4,0) of the CLS costs
191 here.

15.7.5 Unsatisfied demand

e The data are those of the lot sizing problem with several products and setup times. In
addition, a part of the demand d,; may be left unsatisfied, at the penalty cu,; per unit.

e We introduce the integer variables x,;, s, and the binary variables y,; of the ILPL; p
model, and, for every product p € P and every period ¢ € T, the following integer

variable:
ept € Z>o (demand of product p in period ¢ left unsatisfied).

( R
Using these variables, an Integer Linear Programming (ILP) model for the lot sizing problem
with unsatisfied demand (LS-UD) reads as follows:

min Z Z (sCpt Ypt + VCpt Tpt + hepr Spt) +
pEP teT
SN cuprep (15.11a)
peEP teT
subject to  sp4_1+ Tpt = dpt —Ept +Spt, VP E P, VEET,
(15.11b)
Z (Stpt Ypt + Vtpr Tpr) < capy, Vi eT,
peP
(15.11c)
Lpt < Mpt Ypt s Vpe P, VteT,
(15.11d)
Ept Sdpt) Vpe P, VteT,
(15.11e)
5p0 = Spm = 0, Vp € P,
(15.11f)
Tpt € Zi>0, Vpe P, VteT,
(15.11g)
Spt € L>0, Vpe P, VteT,
(15.11h)
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.

Ept € L>0, Vpe P, VteT,
(15.111)

ypt€{071}a VpEP, vteT.
(15.11j)

This ILP model is referred to as the ILPigp model.

e Description of the objective function and constraints of the ILPg qp model:
— the linear objective function (15.11a) adds to the costs of the ILPE; ¢p model the
penalty of the unsatisfied demand;

— constraints (15.11b) are the flow balancing constraints, with the demand reduced by
its unsatisfied part (|P|m linear constraints);

— constraints (15.11c) are the capacity constraints and constraints (15.11d) link the
quantities with the setups (m and |P|m linear constraints);

constraints (15.11e) ensure that the unsatisfied demand does not exceed the demand
(|P] m linear constraints);

— constraints (15.11f) impose an empty inventory at the beginning and at the end of
the horizon;

— finally, constraints (15.11g)—(15.11j) define the variables of the ILP model.

e The big-M values of the ILPgLSP model remain valid, since the production can only
decrease. With e,; = 0 for every product and period the model is the ILPgLSP model.

Example 15.11: ILPZ s, model

We consider the CLS instance of Example 15.1, with one product (|P| = 1, and we drop
the index p), production times vt; = 1, setup times st; = 0 and the strong big-M values
M; = (4,4,4,4,1). Each unit of unsatisfied demand costs cu; = 18. The ILPZEp model
for this instance is:
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min  50y; +50y2 +50y3 + 50ys + 50ys + 10 s¢
41052 + 1083+ 1054 + 1055 + 181 + 189
+18¢e3 + 18¢4 + 18¢5

subject to x1 —s1 + &1 = 2
81+ X9 — 82+ €9 1
S9 + x3 — 83+ €3 3
83+ x4 — 54+ €4 4
S84+ x5 — S5+ €5 = 1
T < 4
To < 4
T3 < 4
T4 < 4
Ts5 < 4
x1—4y < 0
T2 — 4y < 0
x3 —4ys3 < 0
Ty —4Ys < 0
Ts5 — Ys < 0
€1 < 2
€9 < 1
€3 < 3
€4 < 4
€5 < 1
S5 = 0
T1, T2, T3, T4, Tj € Zxo
S1, S2, 83, S4, S5 € Z>o
€1, €2, €3, €4, €5 € Z>o
Y1, Y2, Y3, Y4, Y5 € {0,1}

An optimal solution of the ILPE sp model is:
@: (0707 1’ 170)’ 5:: (070’37470)7 '§: (0707070’0)’ é: (27170707 1)

The optimal value z(TLPZPsp) is 250 + 4 - 18 = 172, and the optimal solution is unique
(Gurobi). The demands of the periods 1, 2 and 5 are not satisfied: their 4 units cost 72,
and the plan saves one setup and all the holding costs of the optimal plan (3,0,4,4,0) of
the CLS, of cost 180.
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15.8 Typical mistakes

Warning

e Taking a big-M value that is too small. A value smaller than the production of
a feasible plan cuts off that plan: the values Dy, and cap; are both valid.

e Taking a big-M value that is too large. Every valid value gives a correct model,
but a large value gives a weak relaxation: the setup variables become almost zero in
the LP solutions, as in the bound 99.65 of the reference instance.

e Forgetting the setup times in the capacity constraints. With several products
the constraints contain sty y,; besides vty xp;.

e Counting the holding cost of the demand of the production period. In cvy
the units for period ¢ are not stored: the holding sum starts from the demand of
period t + 1.

¢ Believing that the shortest-path formulation needs binary paths. The vari-
ables zwvy are continuous: a feasible plan that is not a path is a combination of
paths.

e Forgetting the integrality of the quantities with several products. With
production times vt,; > 1 the continuous variables zvyy, can give fractional quan-
tities: the shortest-path model needs the integrality constraints (15.9f) and (15.9g),
otherwise it is only a relaxation (676 450 < 677 400).

e Keeping the fixed capacity in the model with overtime. The time of period
t is bounded by the working time s + v4, and the big-M values use cap) + cap?.

e Leaving the unsatisfied demand unbounded. Without ¢,; < d,; the balance
constraints would allow a negative net demand, that is, inventory created from nothing
at the price of the penalty.

15.9 In summary

Summary

e Without the setups the CLS is a simple flow problem; the setups need the binary
variables y; and a link with the quantities.

e In the big-M formulation the link z; < M, y; is correct for every valid M;, but the
LP bound improves when M; decreases: the strong value is min{caps, D¢, }.

e The shortest-path formulation writes the plans as paths in a network, with the link
>k 20k < y¢ and no big-M value: its relaxation is the strongest.

e The two formulations have the same optimal value; they differ in the lower bound
and in the size of the model.

e The ULS model is the big-M model without capacities and with M; = Dy ,,: on the
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reference instance its optimal value is 170.

e The variants keep the structure of the big-M model: several products share the ca-
pacity with their setup times, the initial stock adds the variables si,, overtime adds
the working times 4, 4, and the unsatisfied demand adds the variables €,;. On the
reference instance, overtime gives 186 and unsatisfied demand 172.

Dashboard of the reference instance. Lower bounds on the optimal value computed
in this chapter:

Bound Value From

Without setups 0 lot-for-lot plan
Big-M, M; = Dy 99.65 =(LP{i3p) = %55°
Big-M, M, = cap; 1375 2(LP¢isp)
Strong big-M 157.5 Z(LP%EOSI;%)
Shortest path 170 =z (LP%IESP
Optimal value 180 plan (3,0,4,4,0)
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