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Chapter 41

Knapsack: branch-and-bound on the critical
item

Exercise 41.1 — Branch-and-Bound Algorithm for the 0/1 Knapsack Problem

(P1)

We consider a knapsack capacity ¢ = 11 and a set .# = {1,2,3,4,5} of 5 items (n = 5)
with the following profits and weights:

Questions

1. Check if the items are sorted by non-increasing efficiency otherwise sort them in this
order. Write the ILPkp model and the LPkp model for the KP instance.

2. Execute the branch-and-bound algorithm to solve the ILPkp model for the 0/1 knap-
sack problem (KP) using:

(a) the split-item rule as branching-variable selection strategy;
(b

(c
(d

the LIFO rule as branching-node selection strategy;

solve first the down-branching node and then the up-branching node;

N — —

set the incumbent solution Z( ILPkp ) to the following heuristic solution :

and set the lower bound LB accordingly.

3. Determine and comment the correspondent branch-and-bound tree showing the reason
why the branching nodes can be pruned.
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1. The items are sorted by non-increasing efficiency since we have:
8 6 14 6
> > - >

2
- > Z
3 — 3 9 — 5 = 2

This is the ILPkp model for the KP instance:

max 8 x1 +6 xzo + 14 23 +6 x4 + 2 x5

3 1 + 3 x9 +9 23 +5 g +2 25 < 11
x1, T2, z3, T4, rs € {0,1}
This is the LPgp model for the KP instance:
max 8 x1 +6 xo + 14 23 +6 x4 + 2 x5
3 1 +3 x9 +9 23 +5 x4 +2 zz < 11
I S 1
i) S 1
T3 < 1
Ty S 1
Is5 < 1
xy, X2, €3, x4, x5 Z 0

2. Execution of the branch-and-bound algorithm to solve the ILPkp model.

e Initialization

For the LPII{P problem, the split item is s = 3 and the residual capacity is rc¢ = 5.
An optimal solution &( LPkp ) is:

)
:Ul:l; 5172:1, 1'3:5, ‘%4:07 575:0
the optimal value is:
5
z(LP%<P):8-1+6-1+14-§:—

The optimal solution &( LPkp ) is fractional and the LPkp problem is feasible,
so the LPLp problem is inserted in the problem list L and the lower bound LB
is set to 20 (LB(z) = 20).

Due to the current lower bound LB and upper bound UB, we have:
1
20 < (LPxp) < {%J

=21
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e Iteration 1
The LP%p problem is extracted and deleted from the problem list L.

The branching variable is #3. The LP%p and LPjp problems are created by
unselecting (z3 < 0) and selecting (z3 > 1) item 3.

(a) Solution of the LP%p problem

We have
T = {1727475}7 f02ut = {3}7 ‘ﬁli =0

The capacity is ¢(2) = 11 and the objective-function constant is p(2) = 0.
The split item is s = 5 and the residual capacity is /¢ = 0. An optimal
solution &( LP%p ) is:

F1=1, #3=1, #4=1, Z5=0, and z(LP%p)=20

The LP%p problem is feasible and its optimal solution &( LP%p ) is integer.
It does not improve the incumbent solution, since z(LP%(P) =20<20=LB,
accordingly, the branching node is pruned by integrality (when both criteria

hold, the integrality comes first).

(b) Solution of the LP%p problem

We have
']3 = {1727475}’ jogut = @, Lﬁli = {3}

The capacity is ¢(3) = 2 and the objective-function constant is p(3) = 14.
The split item is s = 1 and the residual capacity is r¢ = 2. An optimal
solution &( LP%p ) is:

The LP%P problem is feasible and we have:

5
|2(LP%p)| <LB  since {SJ <20

=19

accordingly, the branching node is pruned by upper bound.

At the end of the first iteration, Node 2 is pruned by integrality and Node 3 is
pruned by upper bound. The corresponding branch-and-bound tree is:
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Node 1

max 8x1 + 6xg + 14x3 + 624 + 225
321 + 3x2 + 923 + by + 225 < 11
Z1,T2,%3, T4, 25 < 1

X1, X2, T3, T4, T5 > 0

F1=1, %=1, 83=3, 24=0, 5=
196
+CPke)] = |
——
=21
LB =20
Node 2 r3 <0 Node 3 r3 > 1
max 8x1 + 6x9 + 64 + 2x5 14 4+ max 8x1 + 6x9 + 64 + 225
3x1 4+ 3x9 + dzy + 225 < 11 3x1 4+ 3x9 + 5y + 225 < 2
T1, T2, Tg, o5 < 1 T1, T2, T4, 75 < 1
T1,T2,T4,T5 2 0 T1,T2,T4,T5 2 0
T1=1,32=1,24=1, 35=0 5;1:%7552:07554:0715:0
2(LP%p) = 20 3 o8
LB = 20 [+(LPkp)] = {?J
pruned by integrality \:1’9"
LB =20
pruned by upper bound

e Termination
Since the problem list L is empty, the ILPxp problem is solved to optimality.

The optimal value is z( ILPgp ) = 20 (the value of the lower bound LB) and
an optimal solution &(ILPkp ) is &1 = 1,Z2 = 1,23 = 0,24 = 1,Z5 = 0 (the
incumbent solution &(ILPkp)).

3. This is the branch-and-bound tree of the previous execution of the branch-
and-bound algorithm, showing for each solved branching node the optimal value
of the associated LPkp problem, the current lower bound LB, and the pruning criteria.
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Node 1
196
|2(LPp)| = LQJ
——
=21
LB = 20
|
23 <0 r3>1
Node 2 Node 3
2(LPgp) = 20 ; 58
LP = |—=
LB = 20 [2(LPxe)]| = | 3
pruned by =19
integrality LB = 20
pruned by up-
per bound
(S J

Exercise 41.2 — Branch-and-Bound Algorithm for the 0/1 Knapsack Problem
(P2)

We consider a knapsack capacity ¢ = 8 and a set .# = {1,2,3,4} of 4 items (n = 4) with
the following profits and weights:

‘jzl j=2 j=3 j=4

40 42 25 12
4 7 5 3

pj

wj

Questions

1. Check if the items are sorted by non-increasing efficiency otherwise sort them in this
order. Write the ILPkxp model and the LPkp model for the KP instance.

2. Execute the branch-and-bound algorithm to solve the ILPkp model for the 0/1 knap-
sack problem (KP) using:

(a) the split-item rule as branching-variable selection strategy;

(b) the LIFO rule as branching-node selection strategy;

(c) solve first the down-branching node and then the up-branching node;
)

(d) set the incumbent solution &( ILPkp ) to the following heuristic solution :
rT1=1, x2=0, z3=0, z4=1
and set the lower bound LB accordingly.

3. Determine and comment the correspondent branch-and-bound tree showing the reason
why the branching nodes can be pruned.
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1. The items are sorted by non-increasing efficiency since we have:

40 42 25 12
= > 2 > £ > =
4 — 7 — 5 — 3

This is the ILPkp model for the KP instance:

max 40 x1 +42 xo +25 3 + 12 x4
4 x1 + 7 x9 + 5 z3 +3 x4 < 8

T1, T2, 3, g € {0,1}
This is the LPkp model for the KP instance:

max 40 x1 +42 x99 +25 xz3 + 12 x4

4 x +7 x2 +5 x3 +3 x4 < 8
T < 1
T2 < 1

T3 < 1

Ty < 1

x1, T2, z3, rg > 0

2. Execution of the branch-and-bound algorithm to solve the ILPxp model.

e Initialization

For the LP%{P problem, the split item is s = 2 and the residual capacity is rc = 4.
An optimal solution &( LPLp ) is:

the optimal value is:
1 4
z( LPKP)=40-1+42-?:64

The optimal solution &( LPkp ) is fractional and the LP%p problem is feasible,
so the LPLp problem is inserted in the problem list L and the lower bound LB
is set to 52 (LB(Z) = 52).

Due to the current lower bound LB and upper bound UB, we have:

52 < z(ILPkp) < 64
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e Iteration 1
The LP%p problem is extracted and deleted from the problem list L.

The branching variable is 25. The LP%p and LP}p problems are created by
unselecting (z2 < 0) and selecting (zg > 1) item 2.

(a) Solution of the LP%p problem
We have
F1={1,3,4}, S ={2}, =0

The capacity is ¢(2) = 8 and the objective-function constant is p(2) = 0.
The split item is s = 3 and the residual capacity is r¢ = 4. An optimal
solution &( LP%p ) is:

1‘121, I3 =

[SAYIE

4
, #4=0 and z( LP%(P):4O-1+25-5:60
The LP%p problem is feasible and we have:

|2(LP%p)| > LB  since 60 > 52

The optimal solution &( LP%p ) is fractional, accordingly, the LP%p prob-
lem is inserted in the problem list L.

b) Solution of the LP%p problem
( KP

We have
j3:{173a4}7 <ﬂc?ut: 5 ‘%1131:{2}

The capacity is ¢(3) = 1 and the objective-function constant is p(3) = 42.
The split item is s = 1 and the residual capacity is r¢ = 1. An optimal
solution &( LP%p ) is:

1
F1=-, #3=0, #4=0 and 2( LP%P):42+40-1:52
The LP}p problem is feasible and we have:

|2(LP%p)| <LB  since 52 <52

accordingly, the branching node is pruned by upper bound.

At the end of the first iteration, Node 2 is inserted in the problem list L, while
Node 3 is pruned by upper bound. The corresponding branch-and-bound tree
is:
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Node 1

max 40xq1 + 42x9 + 25x3 + 1214
4z + Txo + dxg + 314 < 8
L1,T2,T3, T4 < 1

T1,T2,T3,T4 > 0

- ~ 4 ~ .
x1:17 .’E2:7, x3:0, I4:0

LB =52
Node 2 r2 <0 Node 3 T2 > 1
max 40z + 25x3 + 1224 42 4+ max 40x1 + 25x3 + 1224
4z 4+ dx3 + 324 < 8 41 +br3+ 314 <1

x1,x3,24 < 1 x1,%3,%4 <1

J}],I3,I420 Il,I3,$4ZO
f1=1,83=%, &4=0 Z1=%, 83=0, 54=0
2(LP%p) = 60 HLIE ) = 50
LB =52 LB =52

pruned by upper bound

Due to the current lower bound LB and upper bound UB, we have:
52 < z(ILPgp) < 60

e Iteration 2
The LP%p problem is extracted and deleted from the problem list L.

The branching variable is z3. The LP%p and LPyp problems are created by
unselecting (z3 < 0) and selecting (z3 > 1) item 3.

(a) Solution of the LP§p problem

We have
j4:{174}7 ]o4ut:{273}7 ‘flill:@

The capacity is ¢(4) = 8 and the objective-function constant is p(4) = 0. All
items fit into the knapsack. An optimal solution &(LPgp ) is:

#1=1, #4=1 and z(LPkp)=40-1+12-1=52

The LP%p problem is feasible and its optimal solution &( LP%p ) is integer.
It does not improve the incumbent solution, since z(LPkp) = 52 < 52 = LB,
accordingly, the branching node is pruned by integrality (when both criteria

hold, the integrality comes first).
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(b) Solution of the LP%p problem
We have
j5:{174}7 jc?ut:{2}7

The capacity is ¢(5) = 3 and the objective-function constant is p(5) = 25.
The split item is s = 1 and the residual capacity is ¢ = 3. An optimal

75 = {3}

solution &( LP%p ) is:

3

3
Ti=7, #2=0, Z3=1, 34=0 and z(LPi’(P):25+4O-Z:55

The LPY%p problem is feasible and we have:
|2(LP%p)| > LB since 55 > 52

The optimal solution &( LPYp ) is fractional, accordingly, the LP%p prob-
lem is inserted in the problem list L.

At the end of the second iteration, Node 5 is inserted in the problem list L,
while Node 4 is pruned by integrality. The corresponding branch-and-bound

tree is:
Node 2
max 40x7 + 25x3 + 1224
4x1 + d5x3 + 314 < 8
T1,T3,T4 S 1
Z1,%3, T4 > 0
f1=1,03=13, &4=0
2(LP%p) = 60
LB =52
Node 4 z3 <0 Node 5 z3 > 1

max 40z + 124

4x1 + 34 < 8 4x1 + 324 < 3
21,74 <1 x1,w4 <1
1,24 >0 21,74 > 0

25 + max 40x1 + 12x4

T1=1, 24=1

FILIE ) = 50

LB =52

pruned by integrality

Due to the current lower bound LB and upper bound UB, we have:

52 < Z(ILPKP)

< 55

Author: Fabio Furini
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e Iteration 3
The LP%p problem is extracted and deleted from the problem list L.

The branching variable is ;. The LP%p and LPLp problems are created by
unselecting (z; < 0) and selecting (z; > 1) item 1.

(a) Solution of the LP%p problem

We have
ﬂﬁ = {4}3 <ﬂo6ut = {1a2}7 ‘ﬂlg = {3}

The capacity is ¢(6) = 3 and the objective-function constant is p(6) = 25.
All items fit into the knapsack. An optimal solution &(LP%p ) is:

F4=1 and 2z(LP%p)=25+12.1=37

The LP%p problem is feasible and its optimal solution &( LP%p ) is integer.
It does not improve the incumbent solution, since z(LP?(P) =37 < 52=LB,
accordingly, the branching node is pruned by integrality (when both criteria
hold, the integrality comes first).

(b) Solution of the LP%p problem

The LP%P problem is infeasible, accordingly the branching node is
pruned by infeasibility.

At the end of the third iteration, Node 6 is pruned by integrality and Node 7 is
pruned by infeasibility. The corresponding branch-and-bound tree is:

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 12


https://github.com/fabiofurini/combinatorial-optimization
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Combinatorial Optimization

Node 5

25 + max 40z + 1224
4x1 +3z4 < 3
z1,m4 <1

1,24 >0

~ 3 ~
1 = g 1‘420

Z(LB2E) =155

Node 7 ryp 21

65 + max 12z4
3xy < —1
gy <1
x4 >0

LB =52
Node 6 21 =0
25+ max 12x4
3rys <3

x4 <1

T4 Z 0
Tq4=1
z(LPSp) = 37
LB =52

pruned by integrality

pruned by infeasibility

e Termination
Since the problem list L is empty, the ILPxp problem is solved to optimality.

The optimal value is z( ILPgp ) = 52 (the value of the lower bound LB) and
an optimal solution &(ILPkp ) is 1 = 1,22 = 0,23 = 0,24 = 1 (the incumbent

solution Z(ILPkp)).

3. This is the branch-and-bound tree of the previous execution of the branch-
and-bound algorithm, showing for each solved branching node the optimal value
of the associated LPkp problem, the current lower bound LB, and the pruning criteria.

Author: Fabio Furini
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Node 1
z(LPkp) = 64
LB l: 52
X9 <0 xI9 >1
Node 2 Node 3
2(LP%p) = 60 2(LP%p) = 52
LB = 52 LB = 52
| pruned by up-
per bound
3 <0 r3 > 1
Node 4 Node 5
AP ) = 52 A = 55
LB = 52 LB = 52
pruned by |
integrality
71 <0 1 >1
Node 6 Node 7
AP = 3 pruned by in-
LB = 52 feasibility
pruned by
integrality

J

.

Exercise 41.3 — Branch-and-Bound Algorithm for the 0/1 Knapsack Problem
(P3)

We consider a knapsack capacity ¢ = 15 and a set .# = {1,2,3,4} of 4 items (n = 4) with
the following profits and weights:

Questions

1. Check if the items are sorted by non-increasing efficiency otherwise sort them in this
order. Write the ILPxp model and the LPkp model for the KP instance.

2. Execute the branch-and-bound algorithm to solve the ILPkp model for the 0/1 knap-
sack problem (KP) using:

(a) the split-item rule as branching-variable selection strategy;

(b) the LIFO rule as branching-node selection strategy;

(c) solve first the down-branching node and then the up-branching node;
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(d) set the incumbent solution &(ILPkp ) to the following heuristic solution :

and set the lower bound LB accordingly.

3. Determine and comment the correspondent branch-and-bound tree showing the reason
why the branching nodes can be pruned.

- J

1. The items are sorted by non-increasing efficiency since we have:

24 17 12 6
> = > = > =

0 = 8 = 6 ~ 5
This is the ILPkp model for the KP instance:

max 24 xy + 17 xo + 12 x3 +6 x4

10 =, + 8 X9 +6 3 +95 x4 < 15
z1, z2, @3, zy € {0,1}
This is the LPgp model for the KP instance:
max 24 x7 + 17 x99 +12 zz3 4+ 6 x4
10 = + 8 a9 +6 3 +5 x4 < 15
T < 1
To < 1
T3 < 1
ry < 1
x1, T2, T3, zy > 0

2. Execution of the branch-and-bound algorithm to solve the ILPkp model.

e Initialization

For the LPIIQD problem, the split item is s = 2 and the residual capacity is rc = 5.
An optimal solution &( LPkp ) is:

)
71 =1, i“gzg, 23 =0, Z4=0

the optimal value is:
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The optimal solution &( LP%p ) is fractional and the LP%p problem is feasible,
so the LPkp problem is inserted in the problem list L and the lower bound LB
is set to 30 (LB(z) = 30).

Due to the current lower bound LB and upper bound UB, we have:

2

8

=34

e Iteration 1
The LPLp problem is extracted and deleted from the problem list L.

The branching variable is 5. The LP%p and LPip problems are created by
unselecting (z2 < 0) and selecting (g > 1) item 2.

(a) Solution of the LP%p problem

We have
j2:{17374}7 ‘]02111):{2}7 ‘]1121:®

The capacity is ¢(2) = 15 and the objective-function constant is p(2) = 0.
The split item is s = 3 and the residual capacity is ¢ = 5. An optimal
solution &( LP%p ) is:

5 5
Bi=1, F3=¢, #12=0 and Z(LP%(P):24'1+12-6=34

The LP%p problem is feasible and we have:
|2(LPkp)| > LB since 34> 30

The optimal solution &( LP%p ) is fractional, accordingly, the LP%p prob-
lem is inserted in the problem list L.

b) Solution of the LP3 roblem
( Kp P

We have
j?’: {17374}7 jo?)ut :Q)a ‘ﬁli))l:{2}

The capacity is ¢(3) = 7 and the objective-function constant is p(3) = 17.
The split item is s = 1 and the residual capacity is ¢ = 7. An optimal
solution &( LP%p ) is:

7 169
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The LP%P problem is feasible and we have:

since

|2(LP%p)| > LB FggJ > 30

——
=33

The optimal solution &( LP3p ) is fractional, accordingly, the LP3p prob-
lem is inserted in the problem list L.

At the end of the first iteration, Node 2 and Node 3 are both inserted in the
problem list L. The corresponding branch-and-bound tree is:

Node 1

max 24xq + 17xo + 1223 + 614
10x; + 8zo + 623 + 524 < 15
L1, T2,T3, T4 < 1

T1,T2,T3,T4 Z 0

f1=1,8=3, 23=0, &y =
277
|2(LPxp)]| = ng
——
=34
LB =30
Node 2 22 <0 Node 3 x9 > 1

max 24xq + 12x3 + 624
1021 + 623 + dxg < 15
X1,T3,T4 S 1

T1,T3,T4 Z 0

17 + max 24z + 12x3 + 624
10z 4+ 623 + by <7
T1,T3,T4 S 1

T1,T3,T4 Z 0

= 7

F1=1,T3=¢, 24=0 B1=15 83 =0, 4 =0
2(LP%p) = 34 ) 169
LP ===
LB = 30 [2(LPxe)] = | 5
=33
LB = 30

Due to the current lower bound LB and upper bound UB, we have:

169
30 < 2z(ILPkxp) < max{ 34, {J

e Iteration 2

5

=33

=34
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The LP%p problem is extracted and deleted from the problem list L.

The branching variable is ;. The LPgp and LP%p problems are created by
unselecting (z; < 0) and selecting (z; > 1) item 1.

(a) Solution of the LPgkp problem

We have
f4 = {3a4}7 <ﬂo4ut = {1}7 <ﬂ1§1 = {2}

The capacity is ¢(4) = 7 and the objective-function constant is p(4) = 17.
The split item is s = 4 and the residual capacity is r¢ = 1. An optimal
solution &( LPgp ) is:

151

1 1
F3=1, &4=y and z(LP;*{P):17+12-1+6-5: -

The LP%p problem is feasible and we have:

151
|2(LP%p)| <LB  since {5J < 30

accordingly, the branching node is pruned by upper bound.

(b) Solution of the LP%p problem

The LP?(P problem is infeasible, accordingly the branching node is
pruned by infeasibility.

At the end of the second iteration, Node 4 is pruned by upper bound and
Node 5 is pruned by infeasibility. The corresponding branch-and-bound tree is:
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Node 3

17 4+ max 24z + 123 + 614
10x1 + 623 + bxy <7
T1,T3,T4 S 1

T1,73,T4 > 0

=15, &3=0, &4=0
169
2Pt = |2
=33
LB =30
Node 4 1 <0 Node 5 x> 1
41 + max 12x3 + 624 41 + max 12x3 + 6x4
6xs +bry <7 6x3 + dry < —3
.'173,.’174§1 $37$4§1
x3,74 >0 x3,24 2 0
F3=1, 4= % pruned by infeasibility
{151J
730
LB =30

pruned by upper bound

Due to the current lower bound LB and upper bound UB, we have:
30 < z(ILPkp) < 34

e Iteration 3
The LP%p problem is extracted and deleted from the problem list L.

The branching variable is #3. The LP%p and LPLp problems are created by
unselecting (z3 < 0) and selecting (z3 > 1) item 3.

a) Solution of the LP%, problem
(a) KP

We have
:{174}7 fGt_{2 3} ‘ﬂngQ

The capacity is ¢(6) = 15 and the objective-function constant is p(6) = 0.
All items fit into the knapsack. An optimal solution &(LP%p ) is

F1=1,74=1 and 2z(LP% )=24-1+6-1=30

The LP%p problem is feasible and its optimal solution &( LP%p ) is integer.
It does not improve the incumbent solution, since z(LP?(P) =30 <30=LB,
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accordingly, the branching node is pruned by integrality (when both criteria

hold, the integrality comes first).

(b) Solution of the LP%p problem

We have

= {1a4}7 jo7ut = {2}7 °¢u71 = {3}
The capacity is ¢(7) = 9 and the objective-function constant is p(7) = 12.
The split item is s = 1 and the residual capacity is r¢ = 9. An optimal
solution &( LPLp ) is:

9

9 0 _ 168
10’

F1= #4=0 and z(LP{(P):12+24.T0_

The LP%p problem is feasible and we have:

|2(LP%p)| > LB  since

The optimal solution &( LPkp ) is fractional, accordingly, the LP%p prob-
lem is inserted in the problem list L.

At the end of the third iteration, Node 6 is pruned by integrality and Node 7 is
inserted in the problem list L. The corresponding branch-and-bound tree is:

Node 2

max 24x1 + 1223 + 624
10z + 63 4+ 524 < 15
Z1,23,T4 S 1

T1,T3,T4 Z 0

f1=1,33=32, 3,=0
Z(LPZp) = 34
LB =30

Node 6 23 <0 Node 7 r3 > 1

max 24x1 + 6x4
1021 + 5xg < 15

1,74 <1

X1, T4 > 0

12 + max 24xq + 6x4
10z; + 524 <9
r1, 74 <1

1,24 >0

LB =30

F1=1, F4=1

APl = 30

pruned by integrality

Author: Fabio Furini
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e Iteration 4
The LP%p problem is extracted and deleted from the problem list L.

The branching variable is ;. The LP%p and LP%p problems are created by
unselecting (z; < 0) and selecting (z; > 1) item 1.

(a) Solution of the LP%p problem

We have
ﬂs = {4}3 <ﬂosut = {1a2}7 ‘ﬂllsl = {3}

The capacity is ¢(8) = 9 and the objective-function constant is p(8) = 12.
All items fit into the knapsack. An optimal solution &(LP%p ) is:

f4=1 and z(LP%p)=124+6-1=18

The LP%p problem is feasible and its optimal solution &( LP%p ) is integer.
It does not improve the incumbent solution, since z(LP%P) =18 < 30 =LB,
accordingly, the branching node is pruned by integrality (when both criteria
hold, the integrality comes first).

(b) Solution of the LP%p problem

The LP%P problem is infeasible, accordingly the branching node is
pruned by infeasibility.

At the end of the fourth iteration, Node 8 is pruned by integrality and Node 9
is pruned by infeasibility. The corresponding branch-and-bound tree is:
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Node 7
12 + max 24z + 6x4
1021 + 524 <9
r1,74 <1
T1,T4 2 0
=2, 84=0
168
|2(LPLp)| = { 5 J
——
=33
LB =30
Node 8 1 <0 Node 9 x> 1
36 + max 6x4 36 + max 6x4
524 <9 bry < —1
x4 <1 74 <1
x4 >0 x4 >0
T4=1 pruned by infeasibility
Z(LPER =118
LB =30

pruned by integrality

e Termination

Since the problem list L is empty, the ILPxp problem is solved to optimality.

The optimal value is z( ILPgp ) = 30 (the value of the lower bound LB) and
an optimal solution &(ILPkp ) is 1 = 1,22 = 0,23 = 0,24 = 1 (the incumbent
solution Z(ILPkp)).

3. This is the branch-and-bound tree of the previous execution of the branch-

and-bound algorithm, showing for each solved branching node the optimal value
of the associated LPkp problem, the current lower bound LB, and the pruning criteria.
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Node 1
277
\_Z(LP}(P)J = {?J
——
=34
LB = 30
[
) <0 T2 2 1
N Node 3
Node 2 169
3 _ | 109
2(LP%p) = 34 |=(LPkp)] = { 5 J
LB = 30 =33
[ LB = 30
|
<0 . <0
= v3 2 1 Node 4 o 2 > 1
Node 6 Node 7 Lp | 151 T
#(LPkp) = 30 . 168 [=(LPkp)] = 5 Node 5
LB = 30 [2(LPkp)] = {TJ = pruned by in-
pruned by tgj—’ LB = 30 feasibility
integrality LB = 30 pruned by up-
| per bound
X1 S O
>
Node 8 o 21
2(LP%p) = 18 Node 9
LB = 30 pruned by in-
pruned by feasibility
integrality
_ Y,

Exercise 41.4 — Branch-and-Bound Algorithm for the 0/1 Knapsack Problem

(P4)

We consider a knapsack capacity ¢ = 9 and a set & = {1,2,3,4,5,6} of 6 items (n = 6)
with the following profits and weights:

Questions

1. Check if the items are sorted by non-increasing efficiency otherwise sort them in this
order. Write the ILPkp model and the LPkp model for the KP instance.

2. Execute the branch-and-bound algorithm to solve the ILPkp model for the 0/1 knap-
sack problem (KP) using:

(a) the split-item rule as branching-variable selection strategy;

(b) the FIFO rule as branching-node selection strategy;

(c) solve first the down-branching node and then the up-branching node;
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(d) set the incumbent solution &(ILPkp ) to the following heuristic solution :

and set the lower bound LB accordingly.

3. Determine and comment the correspondent branch-and-bound tree showing the reason
why the branching nodes can be pruned.

- J

1. The items are sorted by non-increasing efficiency since we have:

This is the ILPkp model for the KP instance:

max 6 x1 +5 x22 +8 3 +9 x4 +6 x5 + 7 x4
2 x1 +3 x99 +6 23 +7 x4 +5 x5 +9 26 < 9
1, T2, 3, T4, s, rg € {0,1}

This is the LPkp model for the KP instance:

max 6 1 +5 x99 +8 23 +9 x4 +6 x5 + 7 x4

IA
©

2 1 +3 x9 +6 23 +7 x4 +5 x5 +9 x¢

I1

IN
—

Z2

IN
—

IN
-

L3

IN
—

Lq

IA
—

Ts5

IN
—_

Te

v
o

€1, x2, €3, X4, Ts, T6

2. Execution of the branch-and-bound algorithm to solve the ILPkp model.

e Initialization
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For the LPII<P problem, the split item is s = 3 and the residual capacity is rc = 4.
An optimal solution &( LPkp ) is:

2
.1‘1:1, i‘2:1, :igzg, .%4:0, 55:0, 336:0

the optimal value is:

2 49
2(LPgkp ) =6-1+5-1+8-- = —
3 3
The optimal solution &( LPLp ) is fractional and the LP%p problem is feasible,
so the LPLp problem is inserted in the problem list L and the lower bound LB

is set to 11 (LB(z) = 11).
Due to the current lower bound LB and upper bound UB, we have:

4
11 < #(ILPgp) < M

——
=16

e Iteration 1
The LPjp problem is extracted and deleted from the problem list L.

The branching variable is #3. The LP%p and LPyp problems are created by
unselecting (z3 < 0) and selecting (z3 > 1) item 3.

(a) Solution of the LP%p problem

We have
I%=1{1,2,4,5,6}, 2. ={3}, F2=0

out
The capacity is ¢(2) = 9 and the objective-function constant is p(2) = 0.

The split item is s = 4 and the residual capacity is r¢ = 4. An optimal
solution &( LP%p ) is:

4
1‘1—1, .i‘g—l, x4:?, :i'5:0, .%6:0 and

4 113

AL (ol Bl el aE e s e
7 7

The LP%p problem is feasible and we have:
113
|2(LP%p)| > LB since {7J > 11
N——

The optimal solution &( LP%p ) is fractional, accordingly, the LP%p prob-
lem is inserted in the problem list L.
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(b) Solution of the LP%p problem

We have
I3 =1{1,2,4,5,6}, I3 =0,

(o)

78 = (3}

The capacity is ¢(3) = 3 and the objective-function constant is p(3) = 8.
The split item is s = 2 and the residual capacity is r¢ = 1. An optimal
solution &( LP%p ) is:

5 5 1
111:1, :L‘2:§7

1 47
z(LP%{P):8+6-1+5-§:§

47
— | >11
——
=15

F,=0, #5=0, #6=0 and

The LP%p problem is feasible and we have:

|2(LP%p)| > LB

since

The optimal solution &( LP3p ) is fractional, accordingly, the LP3.p prob-
lem is inserted in the problem list L.

At the end of the first iteration, Node 2 and Node 3 are both inserted in the
problem list L. The corresponding branch-and-bound tree is:

Node 1

max 6xq + 5xo + 8x3 + 9xy + 625 + Txg
2x1 + 3x9 + 623 + Ty + S5 + 926 < 9
T1, T2, T3, T4, T5,T6 < 1

T1, T2, T3, T4, T5,T6 > 0

2 = -
.’111:17.’1,‘2:1,.’153257.’1,4707.’1157

0, =0
49
+wPke)] = | 5
~——
=16
LB =11
Node 2 13<0 Node 3 z32>1

max 6x1 + dxo + 924 + 625 + Txg
221 + 329 + Txy + dx5 + 926 < 9
Z1, T2, T4, T5, %6 < 1

T1,T2, T4, T5,Te > 0

T1=1, To=1, 24
113
|2(LPkp)] = {7J
——
=16
LB=11

8 + max 6x1 + dxo + 94 + 625 + Txg
2x1 + 3x9 + Ty + bas + 926 < 3
T1, T2, T4, T5,T6 < 1

T1,T2,T4,T5,T6 > 0

F1=1,dy=13, 84=0, =0, =0
47
LZ(LPKP)J = {?J
N——
=15
LB =11

Author: Fabio Furini
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Due to the current lower bound LB and upper bound UB, we have:

11 4
11 < z(ILPkxp) < max {;J, {;J

—— =
=16 =15

/

N~

=16

e Iteration 2
The LP%(P problem is extracted and deleted from the problem list L.

The branching variable is #4. The LPgkp and LP%p problems are created by
unselecting (z4 < 0) and selecting (z4 > 1) item 4.

(a) Solution of the LPgkp problem

We have
j4:{1727576}7 <ﬂo4ut:{3a4}a ‘ﬂlill:®

The capacity is ¢(4) = 9 and the objective-function constant is p(4) = 0.
The split item is s = 5 and the residual capacity is r¢ = 4. An optimal
solution &( LPgp ) is:

4 4 79
Ti=1, & =1, &=, &=0 and z(LPi*(P):6-1+5-1+6-5:€

The LPgp problem is feasible and we have:
4 : 79
|2(LPgp)| > LB since = e 11
~——

=15

The optimal solution &( LP%p ) is fractional, accordingly, the LP%p prob-
lem is inserted in the problem list L.

(b) Solution of the LP%p problem

We have
j5 = {1’ 27576}7 rﬂo‘sut = {3}7 ’ﬂli = {4}

The capacity is ¢(5) = 2 and the objective-function constant is p(5) = 9.
The split item is s = 2 and the residual capacity is ¢ = 0. An optimal
solution &( LP}p ) is:

F1=1, #=0, Z5=0, % =0 and z(LP}p )=9+6-1=15
The LP%p problem is feasible and we have:

|2(LP}p)| > LB since 15> 11
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The optimal solution #(LPYp) is integer, accordingly, the lower
bound LB becomes 15 and the incumbent solution Z(ILPkp) becomes

T1=1,70=0,73 =0,24 = 1,25 = 0,25 = 0.

Accordingly, the branching node is pruned by integrality.

Since the lower bound is improved, the LP%P problem and the LPf{P problem
are pruned by upper bound and removed from the problem list L. We have:

|2(LPkp)| < LB

|2(LP%p)| < LB

=15

since —

since —

At the end of the second iteration, Node 5 improves the lower bound to LB = 15
and is pruned by integrality; Node 3 and Node 4 are then pruned by upper
bound. The corresponding branch-and-bound tree is:

Node 2

max 6x1 + bxo + 924 + 625 + Tag
2x1 + 320 + Txg + 525 + 926 < 9
T1,T2,T4,T5,T6 < 1

T1,X2,T4,T5,T6 Z 0

4 ~ ~
=7 1}5:0, .CCS:O

113
|2(LP%p)] = {7
~——
=16
LB =11
Node 4 4 <0 Node 5

max 6xy + dxo + 65 + T4
2x1 4+ 3x2 + 525 + 926 < 9
T1,T2,T5,T6 < 1

T1,22,T5,T6 >0

g >1

9 4+ max 6x1 + bxro + 625 + Txg
221 + 3x2 + dxs + 96 < 2
T1, T2, T5,T6 < 1

T1,x2,T5,T6 >0

pruned by integrality

Author: Fabio Furini
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e Termination
Since the problem list L is empty, the ILPxp problem is solved to optimality.

The optimal value is z( ILPgp ) = 15 (the value of the lower bound LB) and an
optimal solution &(ILPkp )is 1 = 1,22 = 0,23 = 0,24 = 1,25 = 0,26 = 0 (the
incumbent solution &(ILPkp)).

3. This is the branch-and-bound tree of the previous execution of the branch-
and-bound algorithm, showing for each solved branching node the optimal value
of the associated LPkp problem, the current lower bound LB, and the pruning criteria.

Node 1
49
2Pke)] = | 3
~—
=16
LB = 11
l
T3 <0 T3 >1
Node 2 Node 3
113 47
scpie)] = | 5] 2P = |5
—— ——
=16 =15
LB = 11 LB = 11
[ pruned by up-
per bound
x4 <0 xy > 1
Node 4 Node 5
79 AL ) = 1
LP4 N KP
[#(LPxe))] { 5 J LB = 15
15 pruned by
LB =11 integrality
pruned by up-
per bound
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Chapter 42

Vertex coloring: the DSATUR
branch-and-bound

Rules used in these exercises

The DSATUR branch-and-bound algorithm of the chapter Vertex coloring: the DSATUR
branch-and-bound. At a node k, with g(k) colors used, colored vertices V* and uncolored
vertices U*:

sat(v) = ’{colk(u) cu € N(v)N Vk}’, duy(v) = |N(v) N U¥|,

D1
Fi(v) = {c < q(k) : no neighbour of v has color c}. (1)

(D2) Bounds. UB = colors of the DSATUR heuristic; K = greedy clique (vertices by
non-increasing degree, ties by smallest index; a vertex enters if adjacent to all of K),
LB = |K]|, and K’s i-th vertex is pre-colored with color 4.

(D3) Branching. The vertex v € U* of maximum sat;(v), then maximum duy(v), then
smallest index; one child for each ¢ € Fj(v) and one for the new color ¢(k) + 1, in
increasing order of color.

(D4) Pruning. A node with ¢ > UB is pruned by bound. A complete coloring with
q < UB is a new incumbent: UB < ¢, the nodes of the list with ¢ > UB are removed,
and the algorithm stops if UB = LB.

(D5) Search. Depth first: the list is a stack and the child with the smallest color is

extracted first; the nodes are numbered in the order of evaluation.
1\ J

Exercise 42.1 — The root node of the DSATUR branch-and-bound (P1)

We consider two graphs. The graph G, of an exam calendar, with V' = {1,...,6} and the
edges

E, = {{17 2}7 {17 3}7 {27 3}7 {27 4}7 {37 5}7 {47 5}7 {47 6}; {57 6}};
and the cycle Gy = C5, with V = {1,...,5} and the edges

Eb = {{17 2}’ {1’ 5}7 {2’ 3}’ {37 4}’ {4’ 5}}
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G, Gy
Questions
1. Run the DSATUR heuristic on GG, and give the upper bound UB.

2. Find the greedy clique of G, and the lower bound LB. Does the DSATUR, branch-
and-bound algorithm branch?

3. Answer the same two questions for Gy.

4. For Gy, write the root node and execute the first iteration of the algorithm: the
branching vertex, its feasible colors and the children.

AN J

We use the rules (D1)—(D5) of the box at the beginning of the chapter.

1. The steps of DSATUR on G, are:

»

)

~

—~

<

N—
= W o N | =
NN =W N
w o N =W
NSRRI BTSN
= = = Ot ot
w o N O o

At step 3 vertex 1 sees the colors 1 and 2, so it is chosen before the vertices with
sat = 1. DSATUR gives {{2,5}, {3,4}, {1,6}}, hence UB = 3.

2. The degrees are deg(l) = 2, deg(2) = 3, deg(3) = 3, deg(4) = 3, deg(5) = 3,
deg(6) = 2, so the vertices are scanned in the order 2,3,4,5,1,6. The vertices 2, 3,1
enter, in this order; every other vertex misses an edge to a vertex already in K. Hence
K = {1,2,3} (in the order of entry: k; = 2, ko = 3, k3 = 1) and LB = 3. Since
LB = UB = 3, the coloring of DSATU R is optimal and the algorithm stops in Step 0,
without branching: x(G,) = 3.

3. The steps of DSATUR on Gy, are:
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w

)

=y

—

<

N—
_ N O ==
N = = NN
— o= =W W
N = = =
W O N Ot | Ot

DSATUR gives {{1,3}, {2,4}, {5}}, hence UB = 3. All the degrees are equal, so
the vertices are scanned in the order 1,2, 3,4,5. The vertices 1,2 enter, in this order;
every other vertex misses an edge to a vertex already in K. Hence K = {1,2} (in the
order of entry: k1 = 1, ko = 2) and LB = 2. Now LB = 2 < 3 = UB: the algorithm
branches.

4. Node 1 colors col'(1) = 1, col*(2) = 2, with ¢(1) = 2. The vertices 3,5 have sat = 1
and the same du = 1: the smallest index wins, and the branching vertex is 3. Its
neighbour 2 has color 2, so F3(3) = {1}.

e Node 2: col(3) =1, with ¢(2) = 2 < UB = 3: the node survives.
e Node 3: col(3) = 3, the new color, with ¢(3) =3 > UB = 3: pruned by bound.

The search continues from node 2: it is the same search as on the outer cycle of the
Petersen graph, and it ends with 6 nodes and x(Gp) = 3.

On G, the clique {2,3,1} meets the DSATU R bound: no branching. On G} the clique
bound is 2 and the tree is needed to prove x(C5) = 3.

Exercise 42.2 — Proving a lower bound: the wheel W; (P2)

We consider the wheel W5 (a cycle on 1,...,5 and the hub 6), the graph G = (V| E) with
V ={1,...,6} and the edges

E={{1,2},{1,5},{1,6},{2,3},{2,6},{3,4},{3,6}, {4,5},{4,6},{5,6}},

drawn below:

Questions

1. Run the DSATU R heuristic: give the order of the vertices, the coloring and the upper
bound UB.
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(&

. Find the greedy clique K, the lower bound LB and the root node of the DSATUR

. Execute the DSATUR branch-and-bound algorithm, iteration by iteration.

. Draw the branch-and-bound tree and give the chromatic number of G with an optimal

branch-and-bound algorithm.

coloring.

J

We use the rules (D1)—(D5) of the box at the beginning of the chapter.

1. The vertex chosen at each step, its saturation degree, its degree among the uncolored

. The degrees are deg(l) = 3, deg(2) = 3, deg(3) = 3, deg(4) = 3, deg(5) = 3,

. Iteration 1

vertices and its color are:

step ‘ 1 2 3 4 5 6
v 6 1 2 3 4 5
sattv) |0 1 2 2 2 3
du(v) |5 2 1 1 1 0
collv) |1 2 3 2 3 4

DSATUR gives {{6}, {1,3}, {2,4}, {5}}, hence UB = 4.

deg(6) = 5, so the vertices are scanned in the order 6,1,2,3,4,5. The vertices 6,1, 2
enter, in this order; every other vertex misses an edge to a vertex already in K. Hence
K = {1,2,6} (in the order of entry: k; = 6, k2 = 1, k3 = 2) and LB = 3. Since
LB = 3 < 4 = UB, the algorithm branches. Node 1 colors col(6) = 1, col*(1) = 2,
col'(2) = 3, with ¢(1) = 3:

(1

40
e!g !e

Node 1 is extracted from the list, with Q1 = {6}, Q2 = {1}, Q3 = {2} and ¢(1) = 3.
The vertices 3,5 have sat = 2 and the same du = 1: the smallest index wins, and the
branching vertex is 3. Its feasible colors are F(3) = {2}.

e Node 2: col(3) =2, with ¢(2) = 3 < UB = 4: the node survives.
e Node 3: col(3) = 4, the new color, with ¢(3) =4 > UB = 4: pruned by bound.

Iteration 2

Node 2 is extracted from the list, with Q1 = {6}, Q2 = {1,3}, Q3 = {2} and ¢(2) = 3.
The vertices 4,5 have sat = 2 and the same du = 1: the smallest index wins, and the
branching vertex is 4. Its feasible colors are F5(4) = {3}.

Author: Fabio Furini
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e Node 4: col(4) = 3, with ¢(4) = 3 < UB = 4: the node survives.
e Node 5: col(4) = 4, the new color, with ¢(5) =4 > UB = 4: pruned by bound.

Iteration 3

Node 4 is extracted from the list, with @1 = {6}, Q2 = {1,3}, Q3 = {2,4} and
q(4) = 3. Vertex 5 is the only one with sat = 3: it is the branching vertex. Its feasible
colors are Fy(5) = 0.

e Node 6: col(5) = 4, the new color, with ¢(6) = 4 > UB = 4: pruned by bound.

Termination

The list is empty: the incumbent solution of DSATUR is optimal.

4. The tree has 6 nodes; the pruned nodes are dashed.

Node 1
q=3
branch on 3

col(3) =2 | |col 3) =4,
Node 2 : Node 3 |
q=3 Log=4 |
branch on 4| ' pruned |

col(4) =3 | Icol(4) = 4,
Node 4 ' Node 5
q=3 g=4
branch on 5

lcol(5) = 4,
: Node 6 ,
L og=4
! pruned |
Node Parent Child q UB Branching vertex Outcome
1 = root 3 4 branched
2 1 col(3)=2 3 4 branched
3 1 col(3)=4 4 4 = pruned by bound
4 2 col(4)=3 3 4 5 branched
5 2 col(d)=4 4 4 — pruned by bound
6 4 col(5) =4 4 4 — pruned by bound
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The clique bound gives only 3: the tree proves that the odd cycle and the hub need
a fourth color.

Exercise 42.3 — The complement of the cycle C7; (P3)

We consider the complement of the cycle C7 (two vertices are adjacent if they are not
consecutive on the cycle 1,2,...,7), the graph G = (V, E) with V = {1,...,7} and the
edges

E={{1,3},{1,4},{1,5},{1,6},{2,4},{2,5}, {2, 6},
{2,73,{3,5},{3,6}, {3, 7}, {4,6}, {4, 7}, {5, 7} },

drawn below:

Questions

1. Run the DSATU R heuristic: give the order of the vertices, the coloring and the upper
bound UB.

2. Find the greedy clique K, the lower bound LB and the root node of the DSATUR
branch-and-bound algorithm.

3. Execute the DSATUR branch-and-bound algorithm, iteration by iteration.

4. Draw the branch-and-bound tree and give the chromatic number of G with an optimal
coloring.

We use the rules (D1)—(D5) of the box at the beginning of the chapter.

1. The vertex chosen at each step, its saturation degree, its degree among the uncolored
vertices and its color are:
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DSATUR gives {{1,2}, {3,4}, {5,6}, {7}}, hence UB = 4.

2. All the degrees are equal, so the vertices are scanned in the order 1,2,3,4,5,6,7.
The vertices 1, 3,5 enter, in this order; every other vertex misses an edge to a vertex
already in K. Hence K = {1,3,5} (in the order of entry: k; = 1, ko = 3, k3 = 5) and
LB = 3. Since LB = 3 < 4 = UB, the algorithm branches. Node 1 colors col'(1) = 1,
col*(3) = 2, col(5) = 3, with ¢(1) = 3:

3. Iteration 1
Node 1 is extracted from the list, with @1 = {1}, Q2 = {3}, @3 = {5} and ¢(1) = 3.
The vertices 6,7 have sat = 2 and the same du = 2: the smallest index wins, and the
branching vertex is 6. Its feasible colors are F;(6) = {3}.
e Node 2: col(6) = 3, with ¢(2) =3 < UB = 4: the node survives.
e Node 3: col(6) = 4, the new color, with ¢(3) =4 > UB = 4: pruned by bound.

Iteration 2
Node 2 is extracted from the list, with Q1 = {1}, Q2 = {3}, Q3 = {5,6} and ¢(2) = 3.
The vertices 4, 7 have sat = 2 and the same du = 2: the smallest index wins, and the
branching vertex is 4. Its feasible colors are F5(4) = {2}.

e Node 4: col(4) = 2, with ¢(4) = 3 < UB = 4: the node survives.

e Node 5: col(4) = 4, the new color, with ¢(5) = 4 > UB = 4: pruned by bound.

Iteration 3

Node 4 is extracted from the list, with @1 = {1}, Q2 = {3,4}, Q3 = {5,6} and
q(4) = 3. The vertices 2,7 have sat = 2 and the same du = 1: the smallest index
wins, and the branching vertex is 2. Its feasible colors are Fy(2) = {1}.

e Node 6: col(2) =1, with ¢(6) = 3 < UB = 4: the node survives.
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e Node 7: col(2) = 4, the new color, with ¢(7) =4 > UB = 4: pruned by bound.

Iteration 4

Node 6 is extracted from the list, with Q1 = {1,2}, Q2 = {3,4}, Q3 = {5,6} and
q(6) = 3. Vertex 7 is the only one with sat = 3: it is the branching vertex. Its feasible
colors are Fg(7) = 0.

e Node 8: col(7) = 4, the new color, with ¢(8) =4 > UB = 4: pruned by bound.

Termination

The list is empty: the incumbent solution of DSATUR is optimal.

4. The tree has 8 nodes; the pruned nodes are dashed.

Node 1
q=3
branch on 6

col(6) =3 | !col(6) = 4,
Node 2 . Node 3 \
q=3 Log=4
branch on 4| ! pruned |

col(4) =2 | 'col(4) = 4

Node 4 ' Node 5 |
q=3

branch on 2

col(2) =1 | Tcol(2) = 4.
Node 6

q=3 g=4

branch on 7| ' pruned |

! pruned |

Node Parent Child q UB Branching vertex Outcome
1 = root 3 4 branched
2 1 col(6) =3 3 4 branched
3 1 col(6)=4 4 4 — pruned by bound
4 2 col(4)=2 3 4 2 branched
5 2 col(d)=4 4 4 — pruned by bound
6 4 col(2)=1 3 4 7 branched
7 4 col(2)=4 4 4 = pruned by bound
8 6 col(7)=4 4 4 = pruned by bound
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Hence x(G) = 4, with the optimal coloring {{1,2}, {3,4}, {5,6}, {7}}:

Every stable set of G has at most 2 vertices, so the stable set bound [7/2] = 4 of
Chapter 4 confirms the result.

Exercise 42.4 — Improving the incumbent solution (P4)

We consider a graph with 7 vertices and 11 edges, the graph G = (V, E) with V' = {1,...,7}
and the edges

E = {{17 2}7 {17 3}7 {17 4}7 {17 7}7 {27 3}7 {27 7}7
{3,6},{4,5},{4,6},{5,6}.{5,7}},

drawn below:

Questions

1. Run the DSATU R heuristic: give the order of the vertices, the coloring and the upper
bound UB.

2. Find the greedy clique K, the lower bound LB and the root node of the DSATUR
branch-and-bound algorithm.

3. Execute the DSATUR branch-and-bound algorithm, iteration by iteration.

4. Draw the branch-and-bound tree and give the chromatic number of G with an optimal
coloring.

Solution

We use the rules (D1)-(D5) of the box at the beginning of the chapter.

1. The vertex chosen at each step, its saturation degree, its degree among the uncolored
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DSATUR gives {{1,5}, {2,4}, {3,7}, {6}}, hence UB = 4.

2. The degrees are deg(l) = 4, deg(2) = 3, deg(3) = 3, deg(4) = 3, deg(5) = 3,
deg(6) = 3, deg(7) = 3, so the vertices are scanned in the order 1,2,3,4,5,6,7. The
vertices 1,2,3 enter, in this order; every other vertex misses an edge to a vertex
already in K. Hence K = {1,2,3} (in the order of entry: k; = 1, ko = 2, k3 = 3) and
LB = 3. Since LB = 3 < 4 = UB, the algorithm branches. Node 1 colors col'(1) =1,
col*(2) = 2, col'(3) = 3, with ¢(1) = 3:

3. Iteration 1
Node 1 is extracted from the list, with @1 = {1}, Q2 = {2}, @3 = {3} and ¢(1) = 3.
Vertex 7 is the only one with sat = 2: it is the branching vertex. Its feasible colors
are F1(7) = {3}.
e Node 2: col(7) = 3, with ¢(2) = 3 < UB = 4: the node survives.
e Node 3: col(7) = 4, the new color, with ¢(3) =4 > UB = 4: pruned by bound.

Iteration 2
Node 2 is extracted from the list, with Q1 = {1}, Q2 = {2}, Q3 = {3, 7} and ¢(2) = 3.
The vertices 4, 5,6 have sat = 1 and the same du = 2: the smallest index wins, and
the branching vertex is 4. Its feasible colors are F»(4) = {2, 3}.

e Node 4: col(4) = 2, with ¢(4) = 3 < UB = 4: the node survives.

e Node 5: col(4) = 3, with ¢(5) = 3 < UB = 4: the node survives.

e Node 6: col(4) = 4, the new color, with ¢(6) =4 > UB = 4: pruned by bound.

Iteration 3

Node 4 is extracted from the list, with @1 = {1}, Q2 = {2,4}, Q3 = {3,7} and
q(4) = 3. The vertices 5,6 have sat = 2 and the same du = 1: the smallest index
wins, and the branching vertex is 5. Its feasible colors are Fy(5) = {1}.
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e Node 7: col(5) =1, with ¢(7) = 3 < UB = 4: the node survives.
e Node 8: col(5) = 4, the new color, with ¢(8) =4 > UB = 4: pruned by bound.

Iteration 4

Node 7 is extracted from the list, with Q1 = {1,5}, Q2 = {2,4}, Q3 = {3,7} and
q(7) = 3. Vertex 6 is the only one with sat = 3: it is the branching vertex. Its feasible
colors are F7(6) = 0.

e Node 9: col(6) = 4, the new color, with ¢(9) =4 > UB = 4: pruned by bound.

Iteration 5

Node 5 is extracted from the list, with @1 = {1}, Q2 = {2}, @3 = {3,4,7} and
q(5) = 3. The vertices 5,6 have sat = 1 and the same du = 1: the smallest index
wins, and the branching vertex is 5. Its feasible colors are F5(5) = {1, 2}.

e Node 10: col(5) = 1, with ¢(10) = 3 < UB = 4: the node survives.

e Node 11: col(5) = 2, with ¢(11) = 3 < UB = 4: the node survives.

e Node 12: col(5) = 4, the new color, with ¢(12) = 4 > UB = 4: pruned by bound.

Iteration 6

Node 10 is extracted from the list, with @Q; = {1,5}, Q2 = {2}, @3 = {3,4,7} and
q(10) = 3. Vertex 6 is the only one with sat = 2: it is the branching vertex. Its
feasible colors are Fio(6) = {2}.

e Node 13: col(6) = 2, with ¢(13) = 3 < UB = 4: a complete coloring with fewer
colors: new incumbent solution, with {{1,5}, {2,6}, {3,4,7}} and UB = 3.

Termination

The new incumbent solution gives UB = 3. The nodes of the list with ¢ > UB are
removed: node 11. Since UB = LB = 3, the incumbent solution is optimal: STOP.

4. The tree has 13 nodes; the pruned nodes are dashed.
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Node 1
q=3
branch on 7
ol =3 |  leol(r) = 4.
Node 2 : Node 3
q=3 log=4 |
branch on 4{ ! pruned
col(4) =2 / col(4) = ;5 *:Vrioi(zl)i —4
Node 4 Node 5 i Node 6 \
q=3 q=3 I g=4 |
branch on 5 branch on 5 L 7p7r17n}eidi J
L AN
col(5) =1 | |col(5) =4, | col(5) =1 col(5) =2 | !col(5) = 4,
Node 7 . Node 8 \ Node 10 Node 11 1 Node 12 \
q=3 Log=4 q=3 q=3 Log=4 |
branch on 6 L 7p7r171?e7di J branch on 6| |not explored L 7p7r1711}eidi J
Lol (6) = 4, col(6) = 2
i Node 9 \ Node 13
log=4 q=3
] 7p7r17n}e7di J incumbent
Node Parent Child q UB Branching vertex Outcome
1 = root 3 4 branched
2 1 col(7)=3 3 4 4 branched
3 1 col(T)y=4 4 4 — pruned by bound
4 2 col(4)=2 3 4 5 branched
5 2 col(4)=3 3 4 5 branched
6 2 col(4)=4 4 4 — pruned by bound
7 4 col(5)=1 3 4 6 branched
8 4 col(5) =4 4 4 - pruned by bound
9 7 col(6) =4 4 4 = pruned by bound
10 5 col(5)=1 3 4 6 branched
11 5 col(5) =2 3 4 - not explored
12 5 col(b) =4 4 4 - pruned by bound
13 10 col(6)=2 3 3 — new incumbent

Hence x(G) = 3, with the optimal coloring {{1,5}, {2,6}, {3,4,7}}:

Author: Fabio Furini
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Here DSATUR is not optimal: the branch-and-bound algorithm improves the incum-
bent solution from 4 to 3 colors and stops as soon as UB meets the clique bound.

Exercise 42.5 — The no-symmetry branching (P5)

We consider the cycle C5, with V' = {1,...,5} and the edges

E= {{17 2}’ {17 5}7 {2’ 3}7 {37 4}7 {47 5}}a

drawn below. Its greedy clique is K = {1,2}, so the root node colors col'(1) = 1 and

col'(2) = 2.
(1)
(3) (2)

Questions

1. Draw the tree of the DSATUR branch-and-bound algorithm without pruning (no
upper bound): at every node, the branching vertex and one child for each feasible
color and for the new color. How many nodes and how many leaves does it have?

2. List the partitions of V given by the leaves, by number of colors. Are they all the
partitions of V' into stable sets?

3. How many assignments of the five colors 1,...,5 to the vertices have no edge with
equal colors? Explain the difference with the number of leaves.

4. With the upper bound UB = 3 of DSATUR and the pruning rule, how many nodes
does the tree have?

- J

We use the rules (D1)-(D5) of the box at the beginning of the chapter.

1. Each internal node shows its branching vertex, each edge the color given to it (blue),
each leaf its color classes, one per line:
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f}? /%4\
PR A R/
| \ ! |5
1,3 [1,3] [1,3] [1,4] [1,4] Y1,4 1 1 1 1
2,4| 2,5 2 2,5 2 2 2,4 2,5 2 2
5 4 4 31 13,51 | 3] |35 31 13,5 |3
5 5 4 4 4
5

The tree has 19 nodes and 11 leaves.

2. The leaves, by number of colors:

colors leaves partitions

3 5 {{1h{2.4},{35))
{{1,3}, (2.4}, {5}}
{{1,3}, (2.5}, {4}}
{{1.4}, {2}, {3,5}}
{{1,4}, {25}, {3}}

45 {{11{21.(3.5), {41}
{1}, 2.4}, {3}, {5}}
{1}, (2,5}, {3}, {4}}
{{1,3}, {2}, {4}, {5}}
{{L,4}, {2}, {3}, {5}}

5 1 {{11.{2)(3}. {4, {51

The 11 leaves give 11 different partitions, and the enumeration of all the partitions of
V' into stable sets gives the same 11: each feasible solution appears exactly once, as
the proposition on the no-symmetry branching states.

3. By enumeration, 1020 assignments. A partition with ¢ classes can be named with
5-4---(5—¢q+ 1) ordered choices of colors, so

5-60+5-120+1-120 = 1020.

The labelled colorings contain each partition many times, with the colors renamed;
the tree contains each one once.

4. The pruning leaves 6 nodes instead of 19: every node with ¢ = 3 is pruned, and the
search proves x(C5) = 3 along a single path, as in the first exercise of this chapter.
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Without pruning, the tree of C5 has 11 leaves, one per partition into stable sets, against
1020 labelled colorings; with UB = 3 only 6 nodes remain.
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