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Chapter 16

Principles of dynamic programming

Exercise 16.1 — Optimal substructure and overlapping subproblems: the 0/1

knapsack problem

Consider the 0/1 knapsack problem with n = 4 items and capacity ¢ = 8:

n n
max{zpjwj: ijxjﬁc, xzj € {0,1}, j:l),_wn}7

J=1 J=1

with the data

J=1 =2 j=3 j=4

3 5 4 5
2 4 3 3

pj

Wj

For j € {0,...,n} and k € {0,...,c}, let v(j, k) be the optimal value with the items 1,...,j
only and capacity k.

Questions

1. Check the optimal substructure: if an optimal solution of the subproblem (j, k) takes
item j, what can be said about its restriction to the items 1,...,7 — 17 Write the
recurrence for v(j, k) and the base cases.

2. Evaluate v(4, 8) top-down and list, for each j, the subproblems (j, k) that the recursion
generates. Which of them are generated more than once? What property does this
show?

3. Fill the lookup table of v(j, k) row by row, storing in s(j, k) whether item j is taken
(1) or not (0); a tie is broken in favour of not taking it.

4. Reconstruct an optimal solution from the table s.
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1. Its restriction is a solution of the subproblem (j — 1,k — wj;), and it must be optimal:
a better one, plus item j, would beat the optimal solution of (j, k). If item j is not
taken, the restriction is optimal for (j — 1, k). Hence:

max{v(j — 1,k), p; + v(j — 1,k —wj)} ifj>1, wj <k,
v(j, k) = v(j —1,k) if j >1, w; >k,
0 if j =0.

2. Each call (j, k) generates (j — 1,k) and, if w; <k, (j — 1,k —w;):

o j=4: (4,8);

e j=23:(3,8), (3,5);

o j=2:(2,8),(2,5), (2,5), (2,2) (repeated: (2,5));

e j=1:(1,8), (1,4), (1,5), (1,1), (1,5), (1,1), (1,2) (repeated: (1,1), (1,5));

e j =0:(0,8), (0,6), (0,4), (0,2), (0,5), (0,3), (0,1), (0,5), (0,3), (0,1), (0,2),
(0,0) (repeated: (0,1), (0,2), (0,3), (0,5));

The recursion makes 26 calls for 19 distinct subproblems: the subproblems overlap
(items 3 and 4 have the same weight). A lookup table computes each value once.

3. The tables v and s are:

v(j,k) [k=0 123 456 7 8
j= 0 000000 0 O
j=1| 0 0333333 3
j=2| 0 033558 8 8
j= 0 0345789 9
j=4| 0 035589 10 12

p=0) - - - - - - - -
j=1 0 01111111
j=2 0 00011111
j=3 0 00101011
j=4 0 00101111

For example v(3,7) = max{v(2,7), 4+ v(2,4)} = max{8,9} =9.
4. Starting from (4, 8):

e 5(4,8) = 1: item 4 is taken, go to (3,8 —3) = (3,5);
e 5(3,5) = 1: item 3 is taken, go to (2,5 —3) = (2,2);
e 5(2,2) =0: item 2 is not taken, go to (1,2);
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e 5(1,2) =1: item 1 is taken, go to (0,2 —2) = (0,0);

The optimal solution is {1,3,4}, of weight 2 4+ 3 +3 = 8 < 8 and profit 3+4+5 =
12 = v(4,8). The visited cells:

v(j,k) [k=0 123 456 7 8
j= 0 000000 0 O
j=1] 0 0833333 3
j=2| 0 033558 8 8
j=3] 0 03458 9 9
j=4| 0 035589 1012

v(4,8) = 12 with the items {1,3,4}; the top-down recursion makes 26 calls for 19
distinct subproblems, the lookup table has (n + 1)(c + 1) = 45 cells.

Exercise 16.2 — Writing a recurrence: subset sum via reachable sums

Given n = 5 items with integer weights w; and a capacity ¢ = 30, the optimization version
of the subset sum problem asks for a subset of items of maximum total weight not
exceeding c:

n n
maX{ijxj: ij:ngc, xj € {0, 1}, jzl,...,n}.

=1 j=1

The data are

=1 =2 j=8 j=4 j=b

w; | 6 9 11 14 17

For j € {0,...,n}, let R; be the set of the reachable sums: the totals k < ¢ of the subsets
of {1,...,7}.

Questions

1. Write a recurrence for R;, distinguishing whether item j is used, with the base case.
How is the optimal value z read from R,?

2. Compute Rq,...,R,. For every reachable sum, store the first index j such that it
belongs to R;.

3. Reconstruct an optimal solution.

4. Take the items greedily by non-increasing weight, as long as they fit. Is the result
optimal?
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1. A subset of {1,...,} either avoids item j, and then its total is in R;_1, or uses it,
and then its total is £ 4+ w; with k € R;j_;. Hence:

o Rj,lLJ{ki—ijt k‘Eijl,kﬁ—F’ijC} iflgjﬁ”y
J {0} if j =0,
z=max{k: k € R,}.

It is the KP with p; = w;, written with sets of reachable values.

2. The row j lists only the new sums; a sum belongs to R; if it appears in a row < j:

‘ w; ‘ sums of R; that are not in R;_;

— o
6 |6

9 19,15

11 | 11,17,20,26
14

17

14,23, 25,29
28

UL W NN~ O |

So |Rs| = 13 and z = max R5 = 29.
3. A sum k appearing first in R; uses item j, and k — w; lies in R;_:

e 29 first appears in Ry: item 4 is taken, go to 29 — 14 = 15;
e 15 first appears in Rp: item 2 is taken, go to 15 — 9 = 6;
e 6 first appears in R;: item 1 is taken, go to 6 — 6 = 0;

The optimal solution is {1,2,4}, of total 6 + 9 + 14 = 29 < 30.

4. The greedy choice takes the items 5, 3, of total 11 + 17 = 28 < 29: it is not optimal.

z = 29 with the items {1,2,4}; there are 13 reachable sums, while the subsets are
25 = 32. The greedy choice by weight gives only 28.

Exercise 16.3 — Reusing a recurrence: two parallel machines via subset sum

In the problem P2||Ciax, n = 6 jobs with integer processing times p; are assigned to 2
identical machines, and the makespan Cl, .y, the largest load of a machine, is minimized:
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g

Let P = Zj pj = 46, and let L be the load of machine 1.

Questions

1. Express Chpax as a function of L. Show that minimizing Ciax amounts to the op-
timization version of the subset sum problem, with capacity |P/2], and write the
recurrence of its reachable sums.

2. Compute the reachable sums Ry,..., R,.

3. Reconstruct an optimal assignment and its makespan.

4. Compare with the LPT rule: jobs by non-increasing p;, each on the least loaded

machine.

J

1. Machine 2 gets P—L, 80 Cryax = max{L, P—L} > P/2. Up to swapping the machines
we may assume L < P/2, and then Cpax = P — L is minimum when L is maximum:
a subset sum problem with capacity ¢ = [46/2| = 23 and weights p;:

Ri_1U{k+pj: keRj_1, k+pj <c} ifl1<j<n,
T {0 it j =0,
z=P—max{k: k€ Ry,}.

2. The row j lists only the new sums:

J ‘ Dj ‘ sums of R; that are not in R;_;
0| — 10

1113113

2011 | 11

3| 10 | 10,21,23

4| 5 | 5,15,16,18

51 4 | 4,9,14,17,19,20, 22

6| 3 |3,78,12

The largest reachable sum is L = 23, and the optimal makespan is z = 46 — 23 = 23,
equal to the lower bound [P/2] = 23.

3. e 23 first appears in R3: item 3 is taken, go to 23 — 10 = 13;

e 13 first appears in R;: item 1 is taken, go to 13 — 13 = 0;

Machine 1 gets the jobs {1,3} (load 13 + 10 = 23), machine 2 the jobs {2,4,5,6}
(load 11 +5+ 4+ 3 = 23).

4. LPT gives the machines the jobs {1,4,5} and {2, 3,6}, with loads 22 and 24: makespan

24 > 23, not optimal.
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SAPIENZA

UNIVERSITA DI ROMA



https://github.com/fabiofurini/combinatorial-optimization
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Combinatorial Optimization

The optimal makespan is z = 23, with the jobs {1,3} on machine 1 and {2,4,5,6} on
machine 2; LPT gives 24.

- J

Exercise 16.4 — Shortest path in a layered network

We look for a shortest path from s to ¢ in the directed network G = (N, A) below, where

every arc (7,7) € A has a cost ¢;;:

For every node i, let v(i) be the cost of a shortest path from i to ¢.

Questions

1. Check the optimal substructure: if a shortest path from s to t passes through node
i, what can be said about its part from i to ¢?7 Write the recurrence for v(7) and the
base case.

2. Which values v(i) are needed by more than one node? What property of DP does
this show?

3. Compute the values v(i) backwards, from ¢ to s, storing in s(i) the successor of i on
the best path (ties broken by the node listed first).

4. Reconstruct the shortest path and compare its cost with the enumeration of all the
paths.

(& J

1. The part from ¢ to ¢ must be a shortest path from ¢ to ¢: a shorter one would give a
shorter path from s to ¢t. The first arc out of ¢ goes to some successor j, hence:

o(i) = min{cy; +v(j) : (i,7) € A} if i #t,
o if i =t.

2. The values v(b1), v(b2), v(b3) are needed by the nodes ay,as2,as that point to them:
v(b1) by 2 nodes, v(bz) by 3 and v(bs) by 2. The subproblems overlap: with a lookup
table each value is computed once.

3. The values, from t backwards:
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node i | ¢;; +v(j) for (i,5) € A | v(@) | s(3)
t — 0 _
by | 2+0=2 2 t
by |3+0=3 3 t
by 6+0=26 6 t
a3 | 2+3=534+2=5 5 | by
ag | 7T+6=13,443=7,6+2=38 7 | by
ap | 3+6=9,6+3=9 9 | b
s 449=13,24+7=9,54+5=10 9 as

4. Following s from s: s — ag — ba — ¢, of cost 24+ 4+ 3 =9 = v(s):

@
O -0
ORERO

The network has 7 paths from s to ¢; their enumeration gives the same optimal path,
the only one of cost 9.

v(s) = 9, with the shortest path s — aa — by — t; the values of the nodes by are
computed once and used several times.

Exercise 16.5 — A two-index table: the multiple-choice knapsack problem

In the multiple-choice knapsack problem the items are partitioned into classes
H1,-.., %4, and exactly one item per class is chosen, with total weight at most ¢ and
maximum total profit:

q q
(3% a3 X <o X m-1h-1 01}
h=13j€ 7n h=13j€ 7n JEIn

Here ¢ =3, ¢ =10 and

class‘ B4 e 3

i |1 2 3[4 5 6|7 8 9
w; |2 3 5|1 4 6|2 3 4
Dj 3 5 8|2 6 9|4 5 7

For h € {0,...,q} and k € {0,...,c}, let v(h,k) be the optimal value with the classes
A1, ..., Zn only and capacity k (v(h, k) = —oo if there is no feasible choice).
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Questions

1. Write the recurrence for v(h, k), deciding which item of class ¢}, is chosen, and the
base cases. Why does the optimal substructure hold?

2. Fill the table of v(h, k) row by row, storing in s(h, k) the item chosen in class _#p,.
3. Reconstruct an optimal solution.

4. Without new computations, give the optimal value for every capacity k < 10. What
is the smallest capacity with a feasible solution?

AN J

1. If item j € _#}, is chosen in an optimal solution of (h, k), the items of #1,..., Zh_1
form an optimal solution of (h — 1,k — wj): a better one would improve the whole.

Hence:

v(h, k) =

max{p; +v(h— 1L,k —w;): j€ &, wj <k} ifh>1,
0 if h =0,

where the maximum of an empty set is —oo.

2. The tables v and s are:

10 11 12 14 14
11 12 14 15 17

For example v(2,7) = max{2 + v(1,6), 6 + v(1,3), 9+ v(1,1)} = 11.
3. Starting from (3, 10):

e 5(3,10) = 9: item 9 of class _#3, go to (2,10 — 4) = (2,6);
e 5(2,6) = 4: item 4 of class _#», go to (1,6 — 1) = (1,5);
e 5(1,5) = 3: item 3 of class ¢, go to (0,5 —5) = (0,0);

The optimal solution is {3,4, 9}, of weight 5+ 1+4 = 10 < 10 and profit 8 +2+7 =
17 = v(3,10). The visited cells:
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v(h,k) | k= 1 2 3 4 56 7 8 9 10
h=0 [0 0O 0 0 0 00 0 0 0 O
h=1| -0 - 3 5 5 88 8 8 8 8
h=2| -0 —o0 —-00 5 7T 710 11 12 14 14
h=3| -0 - -0 —o —-oo 9 11 12 14 1517

4. The row h = 3 gives the optimal value for every capacity k < 10: it is —oo for k < 5,
and the smallest feasible capacity is 5, the sum of the lightest weights of the classes.

v(3,10) = 17 with the items {3,4,9}, one per class; the table has (¢ + 1)(c + 1) = 44
cells, while the choices are 27.
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Chapter 17

DP for the 0/1 knapsack problem

Exercise 17.1 — The bottom-up DP algorithm for the KP (4 items, ¢ = 6)

Consider the following KP instance, where the knapsack has capacity ¢ = 6, and the profits
and weights associated with the items are:

[j=1 j=2 j=3 j=4
D; 6 7 8 9
w; 2 3 4 5

Questions

1. Show the execution of the bottom-up DP algorithm by reporting, for each iteration,
the values of the matrices v and s.

2. Using the matrix s, reconstruct an optimal solution in integer notation (x1, za, ..., Ty),
and report the optimal value.

AN J

1. Step-by-step execution of the bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of j and k, the cells
v[7][k] and s[j][k], and the operation performed. The cells are computed for increasing
values of j and, for each fixed value of j, for increasing values of k.
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This is the matrix v after the execution of the DP algorithm:

o[f]k] | k=0 k=1 k=2 k=3 k=4 k=5 k=6
j=0 0 0 0 0 0 0 0
j=1 0 0 6 6 6 6 6
j=2 0 0 6 7 7 13 13
ji=3 0 0 6 7 8 13 14
j=4 0 0 6 7 8 13 14
This is the matrix s after the execution of the DP algorithm:
sljllk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6
7=0 0 0 0 0 0 0 0
j=1 0 0 1 1 1 1 1
j= 0 0 0 1 1 1 1
j= 0 0 0 0 1 0 1
j=4 0 0 0 0 0 0 0
2. We have the following matrix s:
sljllk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6
j=0 0 0 0 0 0 0 0
j=1 0 0 1 1 1 1 1
j=2 0 0 0 1 1 1 1
i=3 0 0 0 0 1 0 1
j=4 0 0 0 0 0 0 0

We can reconstruct an optimal solution by starting from j = 4 and k = 6 as follows:

Tteration ‘ J ‘ k ‘ s[7][k] ‘ z[1] z[2] =[3] =z[4] ‘ Action

0 0 k=6

0 0 no update

1 0|z8]«1,k+«6—-4=2
1 0
1 0

no update
2] 1, k+~2-2=0

=N W o
NN OO
= O = O

0
0
0
0
1

=~ W DN =

Thus, the vector
(1,0,1,0)

is an optimal solution. The optimal value is

v[4][6] = 14.

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 14


https://github.com/fabiofurini/combinatorial-optimization
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Combinatorial Optimization

Exercise 17.2 — The bottom-up DP algorithm for the KP (4 items, ¢ =7)

Consider the following KP instance, where the knapsack has capacity ¢ = 7, and the profits
and weights associated with the items are:

[j=1 j=2 j=3 j=4

10 11
5 6

W
ot

pj
Wj

\)
w

Questions

1. Show the execution of the bottom-up DP algorithm by reporting, for each iteration,
the values of the matrices v and s.

2. Using the matrix s, reconstruct an optimal solution in integer notation (x1, za, ..., ),
and report the optimal value.

AN J

1. Step-by-step execution of the bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of j and k, the cells
v[7][k] and s[j][k], and the operation performed. The cells are computed for increasing
values of j and, for each fixed value of j, for increasing values of k.

g k| olj]k] | s[s]lk] | Action

00| o 0 | v[0][0] + 0, s[0][0] + O

0 1| o 0 | v[0][1] « 0, s[0][1] < O

0 2] o0 0 | v[0][2] « 0, s[0][2] « O

03[ 0 0 | v[0][3] « 0, s[0][3] < O

0 4| 0 0 | v[0][4] « 0, s[0][4] < O

0 5[ 0 0 | v[0][5] « 0, s[0][5] « O

0 6| 0 0 | v[0][6] « 0, s[0][6] < O

0 7] o0 0 | v[0][7] « 0, s[0][7] < O

1 0] o 0 v[0][0] = 0, s[1][0] < O
1 1| 0 0 v[0][1] = 0, s[1][1] « 0
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This is the matrix v after the execution of the DP algorithm:

o[f]k] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7
7=0 0 0 0 0 0 0 0 0
j=1 0 0 4 4 4 4 4 4
j=2 0 0 4 5 5 9 9 9
j=3 0 0 4 5 5 10 10 14
j=4 0 0 4 5 5 10 11 14

This is the matrix s after the execution of the DP algorithm:

sijllk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7
j=0 0 0 0 0 0 0 0 0
j=1 0 0 1 1 1 1 1 1
j=2 0 0 0 1 1 1 1 1
j= 0 0 0 0 0 1 1 1
j=4 0 0 0 0 0 0 1 0
2. We have the following matrix s:
sijllk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7
j=0 0 0 0 0 0 0 0 0
j=1 0 0 1 1 1 1 1 1
j=2 0 0 0 1 1 1 1 1
j=3 0 0 0 0 0 1 1 1
j=4 0 0 0 0 0 0 1 0

We can reconstruct an optimal solution by starting from j = 4 and k = 7 as follows:

Tteration ‘ J ‘ k ‘ s[7][k] ‘ z[1] z[2] =[3] =z[4] ‘ Action

0 0 k=17

0 0 no update

1 0|z8]«1,k«T7T—-5=2
1 0
1 0

no update
2] 1, k+~2-2=0

=N W o
N DN~ ~J !
= O = O

0
0
0
0
1

=~ W DN =

Thus, the vector
(1,0,1,0)

is an optimal solution. The optimal value is

v[4][7] = 14.
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Exercise 17.3 — The bottom-up DP algorithm for the KP (5 items, ¢ = 8)

Consider the following KP instance, where the knapsack has capacity ¢ = 8, and the profits
and weights associated with the items are:

|j=1 j=2 j=3 j=4 j=5

10
6

w
B~
0]
oo

Dj
Wj

—
w
N
ot

Questions

1. Show the execution of the bottom-up DP algorithm by reporting, for each iteration,
the values of the matrices v and s.

2. Using the matrix s, reconstruct an optimal solution in integer notation (x1, za, ..., ),
and report the optimal value.

AN J

1. Step-by-step execution of the bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of j and k, the cells
v[7][k] and s[j][k], and the operation performed. The cells are computed for increasing
values of j and, for each fixed value of j, for increasing values of k.

i k| ol | s[s)k] | Action

0 0| o 0 | w[0][0] < 0, s[0][0] < O
0 1| 0 0 | v[0][1] « 0, s[0][1] « 0O
0 2| 0 0 | v[0][2] < 0, s[0][2] < O
0 3| 0 0 | v[0][3] < 0, s[0][3] < O
0 4| 0 0 | v[0][4] « 0, s[0][4] « 0
0 5| 0 0 | w[0][5] < 0, s[0][5] < O
0 6| 0 0 | v[0][6] « 0, s[0][6] « O
0 71 0 0 | v[0][7] < 0, s[0][7] < O
0 8| 0 0 | v[0][8] < 0, s[0][8] < O
1 o] 0 | 0 |k<w:o[1]0]« v[0][0] =0, s[1][0] + 0
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This is the matrix v after the execution of the DP algorithm:

v[j]lk] | k=0 =1 k=2 k=3 k=4 k=5 k=6 k=7 k=8
7=0 0 0 0 0 0 0 0 0 0
j=1 0 3 3 3 3 3 3 3 3
j=2 0 3 3 4 7 7 7 7 7
7 =3 0 3 3 4 8 11 11 12 15
j=4 0 3 3 4 8 11 11 12 15
j=5 0 3 3 4 8 11 11 13 15
This is the matrix s after the execution of the DP algorithm:
slj]lk] | k=0 =1 k=2 k=3 k=4 k=5 k=6 k=7 k=8
7=0 0 0 0 0 0 0 0 0 0
j=1 0 1 1 1 1 1 1 1 1
j=2 0 0 0 1 1 1 1 1 1
j=3 0 0 0 0 1 1 1 1 1
j=4 0 0 0 0 0 0 0 0 0
j=5 0 0 0 0 0 0 0 1 0
2. We have the following matrix s:
slj]lk] | k=0 =1 k=2 k=3 k=4 k=5 k=6 k=7 k=8
7=0 0 0 0 0 0 0 0 0 0
j=1 0 1 1 1 1 1 1 1 1
] =2 0 0 0 1 1 1 1 1 1
j=3 0 0 0 0 1 1 1 1 1
j=4 0 0 0 0 0 0 0 0 0
j=5 0 0 0 0 0 0 0 1 0

We can reconstruct an optimal solution by starting from j = 5 and k£ = 8 as follows:

Author: Fabio Furini

Iteration ‘ J ‘ k ‘ s[4][k] ‘ z[1] z[2] z[3] =[4] =[5 ‘ Action
- - - - 0 0 0 0 0 k=38
1 518 0 0 0 0 0 0 no update
2 418 0 0 0 0 0 0 no update
3 38| 1 0 O o0 0|aB)«1,k«8—4=4
4 204 1 o 1 0 o0|z2«1,k«<4-3=1
5 101 1 I 1 1 0 O0|z2[l]«lLke1-1=0
Thus, the vector
(1,1,1,0,0)
is an optimal solution. The optimal value is
v[5][8] = 15.
(. J
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Exercise 17.4 — The bottom-up DP algorithm for the KP (5 items, ¢ =9)

Consider the following KP instance, where the knapsack has capacity ¢ = 9, and the profits
and weights associated with the items are:

|j=1 j=2 j=3 j=4 j=5

10 13
6 7

ot
(@)
Ne)

Dj
Wj

[\
e
ot

Questions

1. Show the execution of the bottom-up DP algorithm by reporting, for each iteration,
the values of the matrices v and s.

2. Using the matrix s, reconstruct an optimal solution in integer notation (x1, za, ..., ),
and report the optimal value.

AN J

sowtion |

1. Step-by-step execution of the bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of j and k, the cells
v[j][k] and s[j][k], and the operation performed. The cells are computed for increasing
values of j and, for each fixed value of j, for increasing values of k.

ik | vk | sli]lk] | Action
vo) 0 0 | [0][0] « 0, s[0][0] O
o) 0 0 | v[o][1] « 0, s[0][1] < 0
0 21 0 0 | w[0][2] < 0, s[0][2] < O
oo o 0 | [0][3] 0, s[0][3] <0
U 0 | w[0][4] + 0, s[0][4] + O
v 5 0 0 | [0][5] « 0, s[0][5] < 0
06 v 0 v[0][6] < 0, s[0][6] + O
vT) 0 0 | w[0][7] « 0, s[0][7] <0
O e o 0 | [0][8] « 0, s[0][8] <0
g 9 © 0 | v[o][9] + 0, s[o][9] « O
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5 9| 18 | 1 | p[5]+v[4][2] =13+45 > v[4][9] = 15: v[5][9] + 18, s[5][9] + 1
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This is the matrix v after the execution of the DP algorithm:

v[jllk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9
j=0 0 0 0 0 0 0 0 0 0 0
j=1 0 0 ) 5 5 5 ) 5 5 5
j=2 0 0 ) ) 6 6 11 11 11 11
ji=3 0 0 ) ) 6 9 11 14 14 15
j=4 0 0 ) ) 6 9 11 14 15 15
j=25 0 0 5) ) 6 9 11 14 15 18
This is the matrix s after the execution of the DP algorithm:
sljllk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9
j=0 0 0 0 0 0 0 0 0 0 0
j=1 0 0 1 1 1 1 1 1 1 1
j=2 0 0 0 0 1 1 1 1 1 1
ji=3 0 0 0 0 0 1 0 1 1 1
j=4 0 0 0 0 0 0 0 0 1 0
j=5 0 0 0 0 0 0 0 0 0 1
2. We have the following matrix s:
sljllk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9
j=0 0 0 0 0 0 0 0 0 0 0
j=1 0 0 1 1 1 1 1 1 1 1
J=2 0 0 0 0 1 1 1 1 1 1
j=3 0 0 0 0 0 1 0 1 1 1
j=4 0 0 0 0 0 0 0 0 1 0
j=5 0 0 0 0 0 0 0 0 0 1

We can reconstruct an optimal solution by starting from j =5 and k£ = 9 as follows:

UNIVERSITA DI ROMA

Author: Fabio Furini

Iteration ‘ J ‘ k ‘ s[4][k] ‘ z[1] z[2] z[3] =[4] =[5 ‘ Action
= - - - 0 0 0 0 0 k=9
1 519 1 0 0 0 0 1|z« 1, k«9-7T=2
2 412 0 0 0 0 0 1 no update
3 312 0 0 0 0 0 1 no update
4 2|2 0 0 0 0 0 1 no update
5 12] 1 W o0 0 0 1|z[l]«1,k<2-2=0
Thus, the vector
(1,0,0,0,1)
is an optimal solution. The optimal value is
v[5][9] = 18.
(. J
SAPIENZA
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Exercise 17.5 — The bottom-up DP algorithm for the KP (5 items, ¢ = 10)

Consider the following KP instance, where the knapsack has capacity ¢ = 10, and the profits
and weights associated with the items are:

|j=1 j=2 j=3 j=4 j=5
12 14
7 8

\)
-
Ne

Dj
Wj

—_
.
ot

Questions

1. Show the execution of the bottom-up DP algorithm by reporting, for each iteration,
the values of the matrices v and s.

2. Using the matrix s, reconstruct an optimal solution in integer notation (x1, za, ..., ),
and report the optimal value.

AN J

1. Step-by-step execution of the bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of j and k, the cells
v[7][k] and s[j][k], and the operation performed. The cells are computed for increasing
values of j and, for each fixed value of j, for increasing values of k.

gk | o[j)k] | s[j][k] | Action

0o 0| o 0 | v[0][0] « 0, s[0][0] < O
0 1] o0 0 | v[0][1] « 0, s[0][1] < O
0 2| o0 0 | v[0][2] « 0, s[0][2] « O
0 3| 0 0 | v[0][3] « 0, s[0][3] < O
0 4| o0 0 | v[0][4] « 0, s[0][4] < O
0 5| 0 0 | v[0][5] « 0, s[0][5] + O
0 6| 0 0 | v[0][6] « 0, s[0][6] < O
0 7] 0 0 | v[0][7] « 0, s[0][7] < O
0 8| 0 0 | v[0][8] « 0, s[0][8] O
0 9| o0 0 | v[0][9] « 0, s[0][9] < O
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Author: Fabio Furini

5 4 7 0 k < ws: v[5][4] + v[4][4] =7, s[5][4] + 0

5 5 9 0 k < ws: v[5][5] < v[4][5] =9, s[5][5] « O

5 6| 11 0 | k< ws: v[5][6] « v[4][6] = 11, s[5][6] « O

5 7 12 0 k < ws: v[5][7] < v[4][7] = 12, s[5][7] + 0

5 8| 14 0 | p[5] + o[4][0] = 14 + 0 < v[4][8] = 14: v[5][8] « 14, s[5][8] ¢ O

5 9| 16 0 | p[5] +v[4][1] = 14 + 2 < v[4][9] = 16: v[5][9] « 16, s[5][9] + O

5 10 18 0 p[b] + v[4][2] = 14 + 2 < v[4][10] = 18: v[5][10] « 18, s[5][10] — O
SAPIENZA

UNIVERSITA DI ROMA

27


https://github.com/fabiofurini/combinatorial-optimization
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Combinatorial Optimization

This is the matrix v after the execution of the DP algorithm:

oj]ik] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9 k=10
j=0 0 0 0 0 0 0 0 0 0 0 0
j=1 0 2 2 2 2 2 2 2 2 2 2
j=2 0 2 2 2 7 9 9 9 9 9 9
j=3 0 2 2 2 7 9 11 11 11 16 18
j=4 0 2 2 2 7 9 11 12 14 16 18
j=5 0 2 2 2 7 9 11 12 14 16 18
This is the matrix s after the execution of the DP algorithm:

sljllk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9 k=10
j=0 0 0 0 0 0 0 0 0 0 0 0
g =1l 0 1 1 1 1 1 1 1 1 1 1
j=2% 0 0 0 0 1 1 1 1 1 1 1
j=3 0 0 0 0 0 0 1 1 1 1 1
j=4 0 0 0 0 0 0 0 1 1 0 0
j=5 0 0 0 0 0 0 0 0 0 0 0

2. We have the following matrix s:

sljllk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9 k=10
j=0 0 0 0 0 0 0 0 0 0 0 0
j=1 0 1 1 1 1 1 1 1 1 1 1
=2 0 0 0 0 1 1 1 1 1 1 1
j=3 0 0 0 0 0 0 1 1 1 1 1
j=4 0 0 0 0 0 0 0 1 1 0 0
j=95 0 0 0 0 0 0 0 0 0 0 0

We can reconstruct an optimal solution by starting from j = 5 and k£ = 10 as follows:

UNIVERSITA DI ROMA

Author: Fabio Furini

Iteration ‘ J ‘ k ‘ s[j][k] ‘ z[1] z[2] =[3] =z[4] =z[5] ‘ Action
- - - - 0 0 0 0 0 k=10
1 5110 0 0 0 0 0 0 no update
2 4110 0 0 0 0 0 0 no update
3 3/10| 1 0 ofT o0 0|zB]«1,k<10-5=5
4 215| 1 O 1 0 0| z2«l,k<5-4=1
5 101] 1 I 1 1 0 0|al]«lLke1-1=0
Thus, the vector
(1,1,1,0,0)
is an optimal solution. The optimal value is
v[5][10] = 18.
(. J
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Chapter 18

DP for the unbounded knapsack problem

Exercise 18.1 — The two DP algorithms for the UKP (4 item types, c=7)

Consider the following UKP instance, where the knapsack has capacity ¢ = 7, each item
type is available in infinitely many copies, and the profits and weights associated with the
item types are:

[ j=1 j=2 j=3 j=4

10 11
5 6

W
at

pj
Wj

[\]
w

Questions

1. Show the execution of the first bottom-up DP algorithm by reporting, for each itera-
tion, the values of the vector v and the values of the vector s.

2. Using the vector s, reconstruct an optimal solution in integer notation (x1,x2, ..., Ty),
and report the optimal value.

3. Show the execution of the second bottom-up DP algorithm by reporting, for each
iteration, the values of the matrices v and s.

4. Using the matrix s, reconstruct an optimal solution in integer notation (z1, z2, ..., zy),
and report the optimal value.
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1. Step-by-step execution of the first bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of k and j, the cells v[k]
and s[k], the current value of m, the current value of ¢, and the operation performed.
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k j ‘ v[k] ‘ s[k] ‘ m ‘ t ‘ Action

- -1 0 — | = | = |v[0]«0

1 = = = 010 |m«0,t«0

1 1| - — | 0| 0| w[l]=2>k=1: no update

1 2| - — | 0| 0| w2] =3>k=1: no update

1 3| - — | 0| 0| w[3]=5>k=1: no update

1 4 — | 0 | 0| w4 =6>k=1: no update

1 0 0 0 | 0 |v[1]«0,s[l]«0

2 - — — 0[]0 |m<«+0,t<0

2 1| - — | 4|1 |p[l]4+v[0]=44+0=4>m=0: m<+4,t+1

2 2| - — | 4 |1 | w2 =3>k=2: no update

2 3| = — | 4 | 1 | w3 =5>k=2: no update

2 4| - — | 4| 1| wH4]=6>k=2: no update

2 —| 4 1 4 |1 | v[2]«4,s[2]+1

3 - — — 010 |m+«<0,t«0

3 1| — — | 4|1 |pl]l4+vl]]=44+0=4>m=0 m<+4,t+1

3 2| — | — | 5| 2|pR+v[0]=5+0=5>m=4:m<« 5, t2

3 3 5 | 2 | w[3] =5 >k = 3: no update

3 4| - 5 | 2 | w[4] =6 >k = 3: no update

3 — BEBEEE 5 | 2 | o3 <5, s3]« 2

4 - — 010 |m+<0,t«0

4 1| — — | 8|1 |p[l]4+v2]=44+4=8>m=0:m+«+ 8, t+1

4 2| — — | 8 | 1]|p24+v[l]=54+0=5<m=8: no update

4 3| - — | 8 | 1| w[3]=5>k=4: no update

4 4| - — | 8 | 1 | w[4] =6 >k =4: no update

4 — BBl 8 | 1| v[4] <8, s[4 « 1

5 — — — 010 |m+<0,t«0

5 1| — — | 9|1 |pA]+vB8]=4+5=9>m=0: m+9,t+1

5 2| — — | 9 |1 |p2+v2]=5+4=9<m=9: no update

5 3| — — (10| 3 | pB]+v[0] =10+0=10>m = 9: m « 10,
t+3

5 4| — — | 10 | 3 | w[4] =6 > k = 5: no update

5 — WEONEI 10 | 3 | o[5] « 10, s[5] « 3

6 — — — 0[]0 |m<«+0,t<0

6 1| — — |12 |1 | p]+v4]=44+8=12>m =0 m++ 12,t 1

6 2| — — [ 12| 1 | p[2] +v[3] =545 =10 < m = 12: no update

6 3| — — [ 12| 1 | p[3] +v[1] =104 0 =10 < m = 12: no update

6 4| — — [ 12| 1 | p[4] +v[0] =114 0 =11 <m = 12: no update

6 — I 12| 1| vj6] « 12, s[6] « 1

7 — — 010 |m+«<0,t«<0

7 - — [ 14| 1 |p[l]+vb]=4+10=14 >m = 0: m « 14,
t+1

7T 2| - — | 14| 1| p2]+v[4] =5+8=13 <m = 14: no update

7T 3| - — [ 14| 1 | p[3]+v[2] =10+ 4 =14 < m = 14: no update

7T 4] — — [ 14| 1 | p[4] +v[1] =114 0 =11 <m = 14: no update

7 — B 14| 1| o[7] < 14, s[7] 1
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Combinatorial Optimization

This is the vector v after the execution of the first DP algorithm:

|k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7
vlk] | 0 0 4 5 8 10 12 14

This is the vector s after the execution of the first DP algorithm:

Tteration ‘ k ‘ s[k] ‘ x[1] =z[2] =z[3] z[4] ‘ Action
- - - 0 0 0 0 k=17
1 7| 1 W 0 0 0|z[l]<1,k<T7-2=5
2 5| 3 1 OB 0|28« 1,k<5-5=0

Thus, the vector
(1,0,1,0)

is an optimal solution. The optimal value is

v[7] = 14.
3. Step-by-step execution of the second bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of j and k, the cells
v[j][k] and s[j][k], and the operation performed. All entries in row j = 0 are initialized
to 0.
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This is the matrix v after the execution of the second DP algorithm:

o[f]k] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7
4= 0 0 0 0 0 0 0 0
9= 0 0 4 4 8 8 12 12
j=2 0 0 4 5 8 9 12 13
j=3 0 0 4 5 8 10 12 14
j=4 0 0 4 5 8 10 12 14
This is the matrix s after the execution of the second DP algorithm:
sljllk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7
4 = 0 0 0 0 0 0 0 0
J=1 0 0 1 1 1 1 1 1
j=2 0 0 0 1 0 1 0 1
ji=3 0 0 0 0 0 1 0 1
j=4 0 0 0 0 0 0 0 0
4. We have the following matrix s:
sljllk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7
7=0 0 0 0 0 0 0 0 0
J=1 0 0 1 1 1 1 1 1
j=2 0 0 0 1 0 1 0 1
ji=3 0 0 0 0 0 1 0 1
j=4 0 0 0 0 0 0 0 0

We can reconstruct an optimal solution by starting from j = 4 and k = 7 as follows:

Author: Fabio Furini

Iteration ‘ J ‘ k ‘ s[j][k] ‘ z[1] z[2] =[3] =[4] Action
_ -] - o 0 0 0 j=4, k=17
1 417 0 0 0 0 0 j+<3
2 3|7 1 0 Ol 0|z «1,keT-5=2
3 3l2] o o 0 1 0 je2
4 212 0 0 0 1 0 j+1
5 12| 1 W ol 1 0|z« k<2-2=0
Thus, the vector
(17 07 17 0)
is an optimal solution. The optimal value is
v[4][7] = 14.
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Exercise 18.2 — The two DP algorithms for the UKP (5 item types, ¢ = 8)

Consider the following UKP instance, where the knapsack has capacity ¢ = 8, each item
type is available in infinitely many copies, and the profits and weights associated with the
item types are:

|j=1 j=2 j=3 j=4 j=5

10
5

DO
o
-~
o0

Dj
Wj

—
[\)
w
e

Questions

1. Show the execution of the first bottom-up DP algorithm by reporting, for each itera-
tion, the values of the vector v and the values of the vector s.

2. Using the vector s, reconstruct an optimal solution in integer notation (x1, za, ..., ),
and report the optimal value.

3. Show the execution of the second bottom-up DP algorithm by reporting, for each
iteration, the values of the matrices v and s.

4. Using the matrix s, reconstruct an optimal solution in integer notation (z1, z2, ..., zy),
and report the optimal value.

- J

1. Step-by-step execution of the first bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of k and j, the cells v[k]
and s[k], the current value of m, the current value of ¢, and the operation performed.

ko ‘ vlk] ‘ s[k] ‘ m ‘ t ‘ Action

— e - | = |- |v0o0

1 - — — 010 |m+<0,t«0

1 1 = = 2 |1 | p[l]+v[0]=240=2>m=0: m+ 2, t+ 1
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1 2 =
1 3 =
1 4 =
1 5 =
1 = 2
-

2 1 =
2 2 =
2 3 =
2 4| —
2 5 =
2 = 5
3

3 1 =
3 2 =
3 3 =
3 4 =
3 5 =
3 - 7
4 —| =
4 1 =
4 2 =
4 3 =
4 4 =
4 5 =
4 10
5 — | —
5 _
5 2 =
5 3 =
5 4 =
5 5 =
5 —| 12
6 — | —
6 1 =
6 2 =
6 3 =
6 4| —
6 5 =
6 15
7 — | —
7T 1 =
7T 2 =
7T 3 =
7T 4 =
7T 5 =
7T — | 17

© O 00O 0TOlOlOT OO N NN NN

=R = =
[\ O O O O O

12
12
12
12
12

14

15

15
15
15
15

17

17
17
17
17
17

H O N NN O FERFERFFONDNDNNDNDDND - O = ==

N} = O = =

= O NN NN

e el

w[2] =2 > k = 1: no update

w([3] =3 > k = 1: no update

w[4] =4 > k = 1: no update

w[5] =5 > k = 1: no update

v[l] < 2, s[1] 1

m<0,t+0
plll+v[l]=242=4>m=0: m+4,t«+1
P2l +v[0]=54+0=5>m=4: m<+ 5, ¢t 2
w[3] =3 > k = 2: no update

pll] +v[2]=245=7T>m=0: m+«+ 7,1« 1
p[2] +v[l] =5+2=7<m =T7: no update
p[3] +v[0] =7+ 0=7<m=7: no update
w[4] =4 > k = 3: no update

w[5] =5 > k = 3: no update

v[3] < 7, s[3] + 1

p[l]+v[8]=24+7=9>m=0: m+ 9, t <1
p[2]+0[2] =5+5 =10 > m =9: m « 10, ¢ 2
p[3] +v[1l] =7+ 2 =9 < m = 10: no update
p[4] + v[0] = 8 + 0 =8 < m = 10: no update

w[5] =5 > k = 4: no update

v[4] < 10, s[4] < 2

m<+0,t+ 0

Pl +v[4] =2+10 =12 > m = 0: m « 12,
t+1

p[2] +v[3] =5+ 7 =12 < m = 12: no update
p[3] +v[2] =745 =12 < m = 12: no update
pl4] +v[1] =8 +2 =10 < m = 12: no update
p[5] + v[0] =104+ 0 = 10 < m = 12: no update

v[b] + 12, s[5] 1

m<+0,t+ 0

pll] +v[5] =24+12 =14 > m = 0: m < 14,
t+1

p[2] +v[4] = 5410 = 15 > m = 14: m « 15,
t<+ 2

p[3] + v[3] =7+ 7 =14 < m = 15: no update
p[4] +v[2] =8+ 5 =13 < m = 15: no update
p[5] + v[1] = 10 + 2 = 12 < m = 15: no update
v[6] < 15, s[6] «+ 2

m+0,t<0

p[l] +v[6] =24+ 15 =17 > m = 0: m « 17,
t+1

pl2] + v[5] =5+ 12 = 17 < m = 17: no update
p[3] +v[4] =7+ 10 = 17 < m = 17: no update
p[4] +v[3] =8+ 7 =15 < m = 17: no update
p[5] + v[2] =104 5 =15 < m = 17: no update
o[7] 17, s[7] 1

Author: Fabio Furini
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8 — | —
8 1 =
8§ 2 =
8 3 =
8§ 4 =
8 5 =
8§ —1 20

19

20

20
20
20
20

NN NN

m<0,t+0

pll]+v[7 =24+17=19 > m = 0: m + 19,
t+1

p[2] +v[6] =5+ 15 =20 > m = 19: m + 20,

Author: Fabio Furini
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This is the vector v after the execution of the first DP algorithm:

| k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=38
vlk] | 0 2 5 7 10 12 15 17 20

This is the vector s after the execution of the first DP algorithm:

Tteration ‘ k ‘ s[k] ‘ x[1] =z[2] =[3] z[4] =z[5] ‘ Action
- -l - 0 0 0 0 0 k=8
1 8| 2 0 1 0 0 0|22« 1,k+8—-2=6
2 6| 2 00 2 0 0 O0|z2«2k<6-2=4
3 4] 2 00 8 0 0 0223 ked-—2=2
4 2| 2 00 4 0 0 0|z2«4k<2-2=0
Thus, the vector
(0,4,0,0,0)
is an optimal solution. The optimal value is
v[8] = 20.

3. Step-by-step execution of the second bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of j and k, the cells

v[j][k] and s[j][k], and the operation performed. All entries in row j = 0 are initialized
to 0.
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k| o)k | s[illk] | Action
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5 4] 10 0 | k< w[p): v[5][4] < v[4][4] = 10, s[5][4] < 0

5 5| 12 0 | p[5] + v[5][0] = 10 4 0 < v[4][5] = 12: v[5][5] < 12, s[5][5] + 0

5 6| 15 0 | p[5] +v[5][1] = 10 + 2 < v[4][6] = 15: v[5][6] < 15, s[5][6] « O

5 7| 17 0 | p5] +v[5][2] = 10 + 5 < v[d][7] = 17: v[5][7] « 17, s[5][7] < 0

5 8| 20 0 | p[5] + v[5][3] = 10 + 7 < v[4][8] = 20: v[5][8] < 20, s[5][8] + 0
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This is the matrix v after the execution of the second DP algorithm:

oj]k] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8
j=0 0 0 0 0 0 0 0 0 0
J=1 0 2 4 6 8 10 12 14 16
j=2 0 2 5 7 10 12 15 17 20
j=3 0 2 ) 7 10 12 15 17 20
j=4 0 2 ) 7 10 12 15 17 20
j=25 0 2 5 7 10 12 15 17 20
This is the matrix s after the execution of the second DP algorithm:
sljllk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8
7= 0 0 0 0 0 0 0 0 0
j=1 0 1 1 1 1 1 1 1 1
j=2 0 0 1 1 1 1 1 1 1
ji=3 0 0 0 0 0 0 0 0 0
j=4 0 0 0 0 0 0 0 0 0
7= 0 0 0 0 0 0 0 0 0
4. We have the following matrix s:
sijllk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=38
j=0 0 0 0 0 0 0 0 0 0
j=1 0 1 1 1 1 1 1 1 1
=2 0 0 1 1 1 1 1 1 1
j=3 0 0 0 0 0 0 0 0 0
j=4 0 0 0 0 0 0 0 0 0
j=95 0 0 0 0 0 0 0 0 0

We can reconstruct an optimal solution by starting from j =5 and k£ = 8 as follows:

Author: Fabio Furini

Iteration | j | k | s[j][k] | z[1] «[2] «[3] =[4] =[5] | Action
- - =] - o 0 0 0 0 j=5k=38
1 5081 0 O 0 0 0 0 j—4
2 4181 0 o 0 0 0 0 j+3
3 3/8/ 0 o 0 0 0 0 j2
4 218 1 OFE o0 0 o0|z[2J«1,k<8-2=6
5 216 1 02 0 0 0|z[2]«2k<6-2=4
6 204 1 038 0 0 0|z[2]«3,k<4-2=2
7 212 1 0F 4 0 0 0|z2]+4k<2-2=0
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Thus, the vector
(0,4,0,0,0)

is an optimal solution. The optimal value is

v[5][8] = 20.

Exercise 18.3 — The two DP algorithms for the UKP (4 item types, ¢ = 10)

Consider the following UKP instance, where the knapsack has capacity ¢ = 10, each item
type is available in infinitely many copies, and the profits and weights associated with the
item types are:

| j=1 j=2 j=3 j=4

10 12 13
4 6 7

(=}

pj
Wi

w

Questions

1. Show the execution of the first bottom-up DP algorithm by reporting, for each itera-
tion, the values of the vector v and the values of the vector s.

2. Using the vector s, reconstruct an optimal solution in integer notation (x1,x2, ..., 2y),
and report the optimal value.

3. Show the execution of the second bottom-up DP algorithm by reporting, for each
iteration, the values of the matrices v and s.

4. Using the matrix s, reconstruct an optimal solution in integer notation (1, 2, ..., =y ),
and report the optimal value.

1. Step-by-step execution of the first bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of k and j, the cells v[k]
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and s[k|, the current value of m, the current value of ¢, and the operation performed.

k j ‘ v[k] ‘ s[k] ‘ m ‘ t ‘ Action

- -1 0 — | = | v[0]«0

1 - — 0|0 |m<«+0,t«0

1 1] - 0 | 0| w[l] =3 >k =1: no update

1 2] - 0 | 0| w2] =4>k=1: no update

1 3] - 0 | 0| w[3] =6>k=1: no update

1 4| - 0 | 0 |w[4]=7>k=1: no update

1 - [0 0|0 |w[l]«0,s[1]«0

2 — 0|0 |m<«+0,t«0

2 1| - 0 | 0| w[l] =3 >k =2: no update

2 2| - 0 | 0| w[2] =4>k=2: no update

2 3| - 0 | 0 | w[3] =6>k=2: no update

2 4 0 | 0| wf4]=7>k=2: no update

2 0 0|0 |v2+«0, 52«0

3 - - 0|0 |m«<0,t<0

3 1| - 6 | 1| pl]+0[0]=6+0=6>m=0: m+«6,t1

3 2| - 6 | 1 | w[2] =4 >k =3: no update

3 3| — 6 | 1| w[3]=6>k=3: no update

3 4| - 6 | 1 | wf4]=7>k=3: no update

3 — |6 6 | 1| v[3]«6,s[3]«1

4 — — 0|0 |m<«<0,t<0

4 1| - 6 | 1 |p[l]l4+v[l]=64+0=6>m=0: m+6,t+1

4 2| - 10| 2 | p[2] +2[0] = 10+0 =10 > m = 6: m « 10,
t <« 2

4 3| - 10 | 2 | w[3] =6 > k = 4: no update

4 4| - 10 | 2 | w[4] =7 > k = 4: no update

4 — [0 10 | 2 | o[4] « 10, s[4] « 2

5 — | - 0| 0| m<«0,t<0

5 1| - 6 | 1| p[l]+v[2]=6+0=6>m=0 m+«6,¢t< 1

5 2| - 10| 2| p2]+o[1] =104+0 =10 >m = 6: m « 10,
t+ 2

5 3| - 10 | 2 | w[3] =6 > k = 5: no update

5 4| — 10 | 2 | w[4] =7 > k = 5: no update

5 —| 10 10 | 2 | v[5] « 10, s[5] « 2

6 — — 0|0 |m<«+0,t«0

6 1| — 12 | 1 | p[l]4+vB8]=6+6=12>m=0: m«+ 12, ¢t <+ 1

6 2| — 12 | 1 | p[2] +v[2] =104 0 =10 < m = 12: no update

6 3| — 12 | 1 | p[3] +v[0] =12+ 0 =12 < m = 12: no update

6 4| — 12 | 1 | w[4] =7 > k = 6: no update

6 - | 12 12 | 1 | v[6] « 12, s[6] « 1

7T - = 0|0 |m<«<0,t<0

7T 1| - 16 | 1 | p[l]+v[4] =6+10 =16 > m = 0: m <« 16,
t+1

7T 2| — 16 | 1 | p[2] +v[3] =10+ 6 =16 < m = 16: no update

7T 3| - 16 | 1 | p[3] +v[1] =12+ 0= 12 < m = 16: no update

T 4| - 16 | 1 | p[4] +v[0] =134 0 =13 < m = 16: no update

7 - |6 16 | 1 | o[7] « 16, s[7] « 1

8 =| = 0| 0| m<«0,t<0

Author: Fabio Furini

SAPIENZA

UNIVERSITA DI ROMA

43


https://github.com/fabiofurini/combinatorial-optimization
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Combinatorial Optimization

© © 0o o o

Ne

10
10
10
10

=W N

22

16
20
20
20
20
18
20
20
20
20
22
22
22

22
22

[\ — O N NN

= O N NN

—_ = = =

p[l] +v[5] = 6 +10 = 16 > m = 0: m « 16,
t+ 1

p[2] + v[4] = 10+ 10 = 20 > m = 16: m « 20,
12

p[3] +v[2] =12+ 0 = 12 < m = 20: no update
p[4] + v[1] = 13+ 0 = 13 < m = 20: no update
v[8] + 20, s[8] + 2

m+0,t+ 0

Pl +v[f] = 6+12 = 18 > m = 0: m « 18,
t+1

p[2] +v[5] = 10+ 10 = 20 > m = 18: m <« 20,
t <+ 2

p[3] +v[3] =12+ 6 = 18 < m = 20: no update
p[4] + v[2] = 134+ 0 = 13 < m = 20: no update
v[9] + 20, s[9] + 2

m<0,t+0

pll] +v[7] =6+16 =22 > m = 0: m + 22,
t+1

p[2] + v[6] = 10 + 12 = 22 < m = 22: no update
p[3] + v[4] = 12+ 10 = 22 < m = 22: no update
p[4] + v[3] = 13+ 6 = 19 < m = 22: no update
v[10] < 22, s[10] « 1

Author: Fabio Furini
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This is the vector v after the execution of the first DP algorithm:

| k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9 k=10
vlk] | 0 0 0 6 10 10 12 16 20 20 22

This is the vector s after the execution of the first DP algorithm:

Tteration ‘ k ‘ s[k] ‘ x[1] =z[2] z[3] z[4] ‘ Action
- - - 0 0 0 0 k=10
1 10 1 1 0 0 0|2[1]« 1,k 10-3=7
2 7| 1 20 0 0 0| a]e2,keT7-3=4
3 4l 2 200 0 0| z2«1,ke4-4=0

Thus, the vector
(27 17 07 O)

is an optimal solution. The optimal value is

v[10] = 22.
3. Step-by-step execution of the second bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of j and k, the cells
v[7][k] and s[j][k], and the operation performed. All entries in row j = 0 are initialized
to 0.

SAPIENZA
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Author: Fabio Furini

4 5| 10 0 | k< wd]: v[4][5] « v[3][5] = 10, s[4][5] + 0

4 6| 12 0 | k< wd]: v[4][6] « v[3][6] = 12, s[4][6] « O

4 7| 16 0 | p[4] + v[4][0] = 13 + 0 < v[3][7] = 16: v[4][7] < 16, s[4][7] « O

4 8| 20 0 | p[4] + v[4][1] = 13 + 0 < v[3][8] = 20: v[4][8] « 20, s[4][8] O

4 9| 20 0 | p[4] + v[4][2] = 13 + 0 < v[3][9] = 20: v[4][9] + 20, s[4][9] O

4 10| 22 0 | p[4] + v[4][3] = 13 + 6 < v[3][10] = 22: v[4][10] < 22, s[4][10] + O
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This is the matrix v after the execution of the second DP algorithm:

o[j]k] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9 k=10
j=0 0 0 0 0 0 0 0 0 0 0 0
j=1 0 0 0 6 6 6 12 12 12 18 18
J=% 0 0 0 6 10 10 12 16 20 20 22
7j=3 0 0 0 6 10 10 12 16 20 20 22
j=4 0 0 0 6 10 10 12 16 20 20 22
This is the matrix s after the execution of the second DP algorithm:

sljllk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9 k=10
j=0 0 0 0 0 0 0 0 0 0 0 0
j=1 0 0 0 1 1 1 1 1 1 1 1
=2 0 0 0 0 1 1 0 1 1 1 1
1=3 0 0 0 0 0 0 0 0 0 0 0
j=4 0 0 0 0 0 0 0 0 0 0 0

4. We have the following matrix s:

sllk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9 k=10
j=0 0 0 0 0 0 0 0 0 0 0 0
j=1 0 0 0 1 1 1 1 1 1 1 1
j=2 0 0 0 0 1 1 0 1 1 1 1
j=3 0 0 0 0 0 0 0 0 0 0 0
j=4 0 0 0 0 0 0 0 0 0 0 0

We can reconstruct an optimal solution by starting from j = 4 and k£ = 10 as follows:

Author: Fabio Furini

UNIVERSITA DI ROMA

Iteration ‘ J ‘ k ‘ s[J][k] ‘ z[1] z[2] =[3] =z[4] ‘ Action
- - - - 0 0 0 0 j=4,k=10
1 4110 0 0 0 0 0 Jj<3
2 3110 0 0 0 0 0 Jj2
3 2110 1 0 1 0 0|z2]+1,k+<10—-4=6
4 216 0 0 1 0 0 j1
5 16| 1 # 1 0 0| z[]+1,k«<6-3=3
6 113] 1 2 1 0 0| z]<2k<3-3=0
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Thus, the vector
(2,1,0,0)

is an optimal solution. The optimal value is

v[4][10] = 22.

The optimal solution is not unique: (0,1, 1,0), with total weight 4 +6 = 10 and total
profit 10+ 12 = 22, is also optimal. Both DP algorithms find (2,1, 0, 0), because they
update the stored value only when it strictly improves.

Exercise 18.4 — The two DP algorithms for the UKP (4 item types, c = 9)

Consider the following UKP instance, where the knapsack has capacity ¢ = 9, each item
type is available in infinitely many copies, and the profits and weights associated with the
item types are:

Questions

1. Show the execution of the first bottom-up DP algorithm by reporting, for each itera-
tion, the values of the vector v and the values of the vector s.

2. Using the vector s, reconstruct an optimal solution in integer notation (x1,x9, ..., y),
and report the optimal value.

3. Show the execution of the second bottom-up DP algorithm by reporting, for each
iteration, the values of the matrices v and s.

4. Using the matrix s, reconstruct an optimal solution in integer notation (1, 2, ..., =y ),
and report the optimal value.
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1. Step-by-step execution of the first bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of k and j, the cells v[k]
and s[k], the current value of m, the current value of ¢, and the operation performed.

SAPIENZA
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k j ‘ v[k] ‘ s[k] ‘ m ‘ t ‘ Action

- -1 0 — | = | = |v[0]«0

1 - — — 0[]0 |m<«+<0,t<0

1 1| - — | 0| 0| w[l]=2>k=1: no update

1 2| - — | 0| 0| w2] =3>k=1: no update

1 3| - — | 0| 0| w[3]=6>k=1: no update

1 4 — | 0 | 0| w4 =7>k=1: no update

1 0 0 0 | 0 |v[1]«0,s[l]«0

2 - — — 0[]0 |m<«+0,t<0

2 1| - — | 5|1 |p[l]4+v[0]=54+0=5>m=0: m<«+5,t<+1

2 2| - — | 5 | 1 | w2]=3>k=2: no update

2 3| = — | 5 | 1 | w3 =6>k=2: no update

2 4 — | 5| 1| wH4]=7>k=2: noupdate

o — B 5 | 1| 2] <5 82«1

3 - — — 010 |m+«<0,t«0

3 1| — — | 5|1 |p[l]l4+vl]=54+0=5>m=0: m<+«+5,t<+1

3 2| — | — | 62| pR+v[0]=6+0=6>m=5 m+ 6t 2

3 3 6 | 2 | w[3] =6>k=3: no update

3 4| - 6 | 2 | wfd] =7>k=3: no update

3 — EBIEE 6 | 2 | 3] <6, s[3] « 2

4 - — 010 |m+<0,t«0

4 1| — | = [10] 1 |p]+v[2]=5+5=10>m=0: m+ 10,¢+ 1

4 2| — — [ 10| 1 |p[2]4+v[l]]=6+4+0=6<m=10: no update

4 3| - — |10 | 1 | w[3] =6 >k = 4: no update

4 4| — — |10 | 1 | w[4] =7 >k = 4: no update

4 — ORI 10 | 1| v[4] < 10, s[4] < 1

5 — — — 010 |m+<0,t«0

5 1] — | — |11 1| pll]+v[3]=5+6=11>m=0: m+« 11, ¢« 1

5 2| — — [ 11| 1| p[2]+v[2] =6+45=11 <m = 11: no update

5 3| — — | 11| 1 | w[3] =6 >k =5: no update

5 4| — — |11 | 1 | w[4] =7 >k =5: no update

5 — R 11| 1| u5] < 11, s[5] « 1

6 — — — 0[]0 |m<«+0,t<0

6 1| — | — |15|1 |[pl]+vd] =5+10=15>m = 0: m « 15,
t+1

6 2| — — | 15| 1| p[2] +v[3] =646 =12 < m = 15: no update

6 3| — — | 15| 1 | p[3]+v[0] =14+ 0 =14 < m = 15: no update

6 4| — — | 15| 1 | w4] =7 > k = 6: no update

6 — SN 15 | 1 | o[6] < 15, s[6] « 1

7T - — — 010 |m+«<0,t«<0

7 1] — | — |16|1|pA]+v5=5+11=16>m = 0: m « 16,
t+1

T 2| - — |16 | 1 | p[2]+v[4] =6+ 10 =16 < m = 16: no update

7 3| - — [ 16| 1 | p[3]+v[l] =144 0 =14 <m = 16: no update

7 4| — | — | 18] 4 | p[4]+v[0] =18+0 =18 > m = 16: m « 18,
<+ 4

7 — R 18 | 4 | o[7] < 18, s[7] « 4

g8 — — — 0[]0 |m<«+<0,t<0

8 1| — | — |20|1 |[p]+0v[6] =5+15=20>m =0: m « 20,
t+1
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8 2| — — 20| 1 | p2]+v[5]=6+11=17 <m = 20: no update

8 3| — — 20| 1| pB]+v[2]=14+5=19 <m = 20: no update

8 4| — — [ 20| 1| p[4]+v[1] =184 0 =18 <m = 20: no update

8 — BB 20 | 1 | v[8] < 20, s[8] « 1

9 - — — 010 |m+«<0,t«0

9 1| — | — | 23| 1 |p+of] =5+18=23>m=0: m « 23,
t+1

9 2| - — [ 23] 1| p[2]+v[6] =6+ 15=21 <m = 23: no update

9 3| - — [ 23| 1| p[3]+v[3] =144 6 =20 <m = 23: no update

9 4| — — [ 23| 1| p[4]+v[2] =18+45 =23 <m = 23: no update

o — I 23 | 1| v]9] < 23, s[9] « 1
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This is the vector v after the execution of the first DP algorithm:

| k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9
vlk] | 0 0 5 6 10 11 15 18 20 23

This is the vector s after the execution of the first DP algorithm:

Action
0 0 k=9
0 0|z« 1, ke9-2=7
0 1| zd]+ 1, k<7-7=0

—
t+
@
=
&
=6
©]
=
o~
)
R
8
=
8
S
=l
£
sl
o=

Thus, the vector
(1,0,0,1)

is an optimal solution. The optimal value is

v[9] = 23.
3. Step-by-step execution of the second bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of j and k, the cells
v[j][k] and s[j][k], and the operation performed. All entries in row j = 0 are initialized
to 0.
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4 9| 23 | 1 | p[4]+v[][2] =18+5>v[3][9] = 21: v[4][9] + 23, s[4][9] + 1
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This is the matrix v after the execution of the second DP algorithm:

o[j]lk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=09
7=0 0 0 0 0 0 0 0 0 0 0
j=1 0 0 5 5 10 10 15 15 20 20
j=2 0 0 5 6 10 11 15 16 20 21
j=3 0 0 ) 6 10 11 15 16 20 21
j=4 0 0 ) 6 10 11 15 18 20 23
This is the matrix s after the execution of the second DP algorithm:
sijllk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9
j= 0 0 0 0 0 0 0 0 0 0
j=1 0 0 1 1 1 1 1 1 1 1
j=2 0 0 0 1 0 1 0 1 0 1
j=3 0 0 0 0 0 0 0 0 0 0
j=4 0 0 0 0 0 0 0 1 0 1
4. We have the following matrix s:
sijllk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9
7=0 0 0 0 0 0 0 0 0 0 0
j=1 0 0 1 1 1 1 1 1 1 1
j=2 0 0 0 1 0 1 0 1 0 1
j=3 0 0 0 0 0 0 0 0 0 0
j=4 0 0 0 0 0 0 0 1 0 1

We can reconstruct an optimal solution by starting from j = 4 and k£ = 9 as follows:

UNIVERSITA DI ROMA

Author: Fabio Furini

Iteration ‘ J ‘ k ‘ s[j][k] ‘ z[1] z[2] =[3] =[4] Action
_ -] - o 0 0 0 j=4,k=9
1 49| 1 0 0 O [4 1, k9-7=2
2 42| o o 0 0. 1 je3
3 3l2] o 0O 0 0l 1 je2
4 212 0 0 0 0 1 j+1
5 12| 1 W o0 0 1|z« k<2-2=0
Thus, the vector
(17 07 07 1)
is an optimal solution. The optimal value is
v[4][9] = 23.
(. J
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Exercise 18.5 — The two DP algorithms for the UKP (5 item types, ¢ = 11)

Consider the following UKP instance, where the knapsack has capacity ¢ = 11, each item
type is available in infinitely many copies, and the profits and weights associated with the
item types are:

|j=1 j=2 j=3 j=4 j=5
10 16 17
6 9 10

w
Ne)

Dj
Wj

\)
ot

Questions

1. Show the execution of the first bottom-up DP algorithm by reporting, for each itera-
tion, the values of the vector v and the values of the vector s.

2. Using the vector s, reconstruct an optimal solution in integer notation (x1, za, ..., ),
and report the optimal value.

3. Show the execution of the second bottom-up DP algorithm by reporting, for each
iteration, the values of the matrices v and s.

4. Using the matrix s, reconstruct an optimal solution in integer notation (z1, z2, ..., zy),
and report the optimal value.

- J

1. Step-by-step execution of the first bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of k and j, the cells v[k]
and s[k], the current value of m, the current value of ¢, and the operation performed.

ko ‘ v[k] ‘ s[k] ‘ m ‘ t ‘ Action

T T T R I

1 - = = 0 m<0,t+0

1 1| - — 0 | 0| w[l]]=2>k=1: no update
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1 2 = = 0
1 3| - = 0
1 4 = 0
1 5 = 0
1 -1 0 0 0
2 = 0
2 1 = = 3
2 2 = = 3
2 3 = = 3
2 4| - = 3
2 5 = = 3
2 = 3 1 3
3 - = 0
3 1 = = 3
3 2 = = 3
3 3| - = 3
3 4| - = 3
3 5 = = 3
3 = 3 1 3
4 — | — = 0
4 1 = = 6
4 2 = = 6
4 3| - = 6
4 4| - = 6
4 5 = = 6
4 6 1 6
5 — | - = 0
5 1 = = 6
5 2 = = 9
5 3 = = 9
5 4| - = 9
5 5 = 9
) 9 2 9
6 — | — = 0
6 1 = = 9
6 2 = = 9
6 3| — - |10
6 4| — — | 10
6 5 = - |10
6 — | 10 3 | 10
7T =| = = 0
7T 1 = — |12
7T 2 = — | 12
7T 3 = - |12
7T 4| - — |12
7 5 = — |12
7 12 1 12
8 = = 0
8§ 1 = - |13

WL PP ONNDNNNDNNFRPR O, R R R PR ORPRRFRPRPRRRPORFRPRRPRPRPRPPRODOODOOO

_ O = = = B = = O W WwWw

w[2] =5 > k = 1: no update
w[3] = 6 > k = 1: no update
w[4] =9 > k = 1: no update
w[5] = 10 > k = 1: no update

pll] +v[0]=34+0=3>m=0: m<«+ 3,t«+ 1
w

=9 > k = 2: no update

=10 > k£ = 2: no update

v[2] 3, s[2] « 1

m+0,t+ 0

pll] +v[1]=34+0=3>m=0: m+3,t«+ 1
w[2] =5 > k = 3: no update

w[3] =6 > k = 3: no update

] =9 > k = 3: no update

|

p[l]+v[2] =34+3=6>m=0 m+6,t+ 1
w[2] =5 > k = 4: no update
w[3] =6 > k = 4: no update
w[4] =9 > k = 4: no update
]

w[5] = 10 > k = 4: no update

v[4] < 6, s[4] <1

m<+0,t+0

pll] +v[3]=34+3=6>m=0: m«+6,t <1
p2] +v[0]=940=9>m=06: m+«+ 9, ¢+« 2
w[3] =6 > k = 5: no update

[4] =9 > k = 5: no update

[6] =10 > k = 5: no update

v[b] < 9, s[5] + 2

m+0,t« 0

pll] +v[4]=34+6=9>m=0: m+9,t <« 1
p[2] +v[1]] =9+ 0 =9 <m = 9: no update
p[3] +v[0] =10+0 =10 > m = 9: m + 10,
t<« 3

w[4] =9 > k = 6: no update

w[5] = 10 > k = 6: no update

v[6] + 10, s[6] « 3

m<+0,t+0

P +0[5] =3+9=12>m =0 m ¢ 12, ¢t 1
p[2] +v[2] =9+ 3 =12 < m = 12: no update
p[3] +v[1] =10+ 0 = 10 < m = 12: no update
w[4] =9 > k = 7: no update

w[5] = 10 > k = 7: no update

o[7] + 12, s[7] + 1

m+0,t« 0

p[l] +v[6] =3+10 =13 > m = 0: m + 13,
t<1

g

g

Author: Fabio Furini
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8 2 =
8 3 =
8§ 4 =
8 5 =
8§ — | 13
9 — | —
9 1 =
9 2 =
9 3 =
9 4 =
9 5 =
9 — | 16
10 — | -
10 1 =
10 2 =
10 3 =
10 4 =
10 5 =
10 — | 18
1 - -
1 1 =
11 2 =
11 3 =
11 4 =
11 5 =
1 — | 19

13
13
13
13
13

15

15
15
16

16
16

16

18

18
18
18
18

19

19
19
19
19
19

R O R B~ B = =

— O s s =~ =

(\o}

— O NN NN

—_ = = =

p[2] +v[3] =9+ 3 =12 < m = 13: no update
p[3] +v[2] =10+ 3 =13 < m = 13: no update
w[4] = 9 > k = 8: no update

w[5] = 10 > k = 8: no update
v[8] + 13, s[8] + 1
m<0,t+0

pll] +v[7] =3+12=15>m = 0: m « 15,

t+1
p[2] +v[4] =9+ 6 = 15 < m = 15: no update
p[3] +v[3] = 10 + 3 = 13 < m = 15: no update

p[4] +v[0] =16 +0 = 16 > m = 15: m «+ 16,

t<4

w[5] = 10 > k = 9: no update
v[9] + 16, s[9] «+ 4
m<+0,t+0

p[l] +v[8] =3+ 13 =16 > m = 0: m « 16,

t+1

pl2] +u[5] = 9+9 =18 > m = 16: m « 18,

t+ 2

p[3] +v[4] =10+ 6 = 16 < m = 18: no update
p[4] + v[1] =16 + 0 = 16 < m = 18: no update
p[5] +v[0] =17+ 0 =17 < m = 18: no update
v[10] 4 18, s[10] « 2

m+0,t« 0

p[l] +v[9] =3+4+16 =19 > m = 0: m «+ 19,

t+1

p[2] +v[6] =9+ 10 = 19 < m = 19: no update
p[3] +v[5] =10+ 9 = 19 < m = 19: no update
pl4] +v[2] =16 + 3 = 19 < m = 19: no update
p[5] + v[1] =174+ 0 = 17 < m = 19: no update
[

o[11] 19, s[11] « 1

Author: Fabio Furini
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This is the vector v after the execution of the first DP algorithm:

| k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9 k=10 k=11
okl | 0 0 3 3 6 9 10 12 13 16 18 19

This is the vector s after the execution of the first DP algorithm:

O

| =1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9 k=10 k=11
s[k] | 0 0 1 1 1 2 3 1 1 4 2 1

2. We have the following vector s:

O

=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9 k=10 k=11
0 1 1 1 2 3 1 1 4 2 1

el

We can reconstruct an optimal solution by starting from k& = 11 as follows:

Iteration ‘ k ‘ s[k] ‘ xz[1] z[2] =[3] =z[4] =z[5] ‘ Action
- - - 0 0 0 0 0 k=11
1 11| 1 0 0 0 0|zl k<11-2=9
2 9 4 1 0 0 1 0| z[4]« 1, k+9-9=0

Thus, the vector
(1,0,0,1,0)

is an optimal solution. The optimal value is

v[11] = 19.
3. Step-by-step execution of the second bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of j and k, the cells
v[j][k] and s[j][k], and the operation performed. All entries in row j = 0 are initialized
to 0.
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This is the matrix v after the execution of the second DP algorithm:

o[j]lk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9 k=10 k=11
i=0 0 0 0 0 0 0 0 0 0 0 0 0
j=1 0 0 3 3 6 6 9 9 12 12 15 15
j=2 0 0 3 3 6 9 9 12 12 15 18 18
j=3 0 0 3 3 6 9 10 12 13 15 18 19
j=4 0 0 3 3 6 9 10 12 13 16 18 19
j=5 0 0 3 3 6 9 10 12 13 16 18 19

sillk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9 k=10 k=11
j=0 0 0 0 0 0 0 0 0 0 0 0 0
j=1 0 0 1 1 1 1 1 1 1 1 1 1
Jj= 0 0 0 0 0 1 0 1 0 1 1 1
VES 0 0 0 0 0 0 1 0 1 0 0 1
j=4 0 0 0 0 0 0 0 0 0 1 0 0
j=5 0 0 0 0 0 0 0 0 0 0 0 0
4. We have the following matrix s:
s[jl]lk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9 k=10 k=11
j=0 0 0 0 0 0 0 0 0 0 0 0 0
j=1 0 0 1 1 1 1 1 1 1 1 1 1
j=2 0 0 0 0 0 1 0 1 0 1 1 1
j=3 0 0 0 0 0 0 1 0 1 0 0 1
j=4 0 0 0 0 0 0 0 0 0 1 0 0
Jj= 0 0 0 0 0 0 0 0 0 0 0 0

Iteration ‘ J ‘ k ‘ s[7][k] ‘ z[1] x[2] =[3] =z[4] =z[5] ‘ Action
- - - - 0 0 0 0 0 j=5 k=11
1 5|11 0 0 0 0 0 0 j+—4
2 4111 0 0 0 0 0 0 Jj+3
3 [3]11] 1 o O o o0|z3<1,k<11-6=5
4 315 0 0 0 1 0 0 Jj2
5 2159 1 0 1 1 0 0| z[2]+1,k+5-5=0
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Thus, the vector
(0,1,1,0,0)

is an optimal solution. The optimal value is

v[5][11] = 19.

The optimal solution is not unique, and the two DP algorithms find different ones:
the first finds (1,0,0, 1,0), with total weight 24+ 9 = 11 and total profit 3 + 16 = 19;
the second finds (0, 1,1, 0,0), with total weight 5+6 = 11 and total profit 9+ 10 = 19.
These are the only two optimal solutions.
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Chapter 19

DP for the bounded knapsack problem

Exercise 19.1

Consider the following BKP instance, where the knapsack has capacity ¢ = 6, and the
profits, weights, and bounds associated with the item types are:

.
Il

&
NI NG RRRTEN =
— W Ot [\]

Questions

1. Show the execution of the bottom-up DP algorithm by reporting, for each iteration,
the values of the matrices v and s.

2. Using the matrix s, reconstruct an optimal solution in integer notation (x1,x2), and
report the optimal value.

. J

1. Step-by-step execution of the bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of j and k, the cells
v[j][k] and s[j][k], and the operation performed.
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o

max{0,4} =4
max{0,4} =4
v[0][2], 2p[1]+v[0][0]} = max{0,4,8}

v[0][0]}
v[0][1]}

+~0
0
+~0
0
0
0
0

]]]]]]] — =
S222888 1 135S
S S SSSSomam =
111l i1l la=Za=s=s
RN B IB S
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v
v
v
v
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(

max{o[0][5], p[L]+v[0][3], 2p[L]4+-0[0][1]} = max{0, 4,8}

8

max{0[0][6], p[1]+v[0][4], 2p[1]+v[0][2]} = max{0,4, 8}

max{4,5} =5

}
}

max{8,5} =8

max{8,9} =9

} =max{8,9} =9

}
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This is the matrix v after the execution of the DP algorithm:

v[jllk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6
7=0 0 0 0 0 0 0 0
J=1 0 0 4 4 8 8 8
j=2 0 0 4 ) 8 9 9
This is the matrix s after the execution of the DP algorithm:
sljllk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6
j=0 0 0 0 0 0 0 0
j=1 0 0 1 1 2 2 2
J= 0 0 0 1 0 1 1
2. We have the following matrix s:
siillk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6
J= 0 0 0 0 0 0 0
9= 0 0 1 1 2 2 2
7= 0 0 0 1 0 1 1

We can reconstruct an optimal solution by starting from j = 2 and k& = 6 as follows:

Iteration ‘ j ‘ k ‘ s[7][k] ‘ z[1] =z[2] ‘ Action
- - - - 0 0 k=6
1 216| 1 O 22) < 1, k«6-1-3=3
2 13| 1 W 1|zl 1,ke3-1-2=1

Thus, the vector
(1,1)

is an optimal solution. The optimal value is

v[2][6] = 9.
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Exercise 19.2

.

Consider the following BKP instance, where the knapsack has capacity ¢ = 7, and the
profits, weights, and bounds associated with the item types are:

Z
W = W | =
— = C0 | N

Questions

1. Show the execution of the bottom-up DP algorithm by reporting, for each iteration,

the values of the matrices v and s.

2. Using the matrix s, reconstruct an optimal solution in integer notation (x1,x2), and

report the optimal value.

J

1. Step-by-step execution of the bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of j and k, the cells

v[j][k] and s[j][k], and the operation performed.

ik | lllk] | slllk] | Action

0 0] o 0 | o[0][0] < 0, s[0][0] < O
0 1] o0 0 | o[0][1] « 0, s[0][1] « 0
0 2 0 0 v[0][2] <= 0, s[0][2] + O
0 3| 0 0 | o[0][3] « 0, s[0][3] « 0
0 4 0 0 v[0][4] < 0, s[0][4] « 0
0 5] 0 0 | o[0][5] < 0, s[0][5] « 0
0 6] 0 0 | o[0][6] « 0, s[0][6] « O
07| 0 0 | o[0][7] « 0, s[0][7] « 0
1 0 0 0 max{v[0][0]} =0

1 1 3 1 max{v[0][1], p[1]+v[0][0]} = max{0,3} =3

Author: Fabio Furini
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Author: Fabio Furini

1 2 6 2 max{v[0][2], p[1]4+v[0][1], 2p[1]+v[0][0]} = max{0,3,6} =
6

1 3 9 3 max{v[0][3], p[1]+v[0][2], 2p[1]+wv[0][1], 3p[1]+v[0][0]} =
max{0,3,6,9} =9

1L 4 9 3 | max{v[0][4], p[1]+v[0][3], 2p[1]+v[0][2], 3p[1]+v[0}[1]} =
max{0,3,6,9} =9

15 9 3 max{v[0][5], p[1]+v[0][4], 2p[1]4+v[0][3], 3p[1]+v[0][2]} =
max{0,3,6,9} =9

1L 6] 9 3 | max{v[0][6], p[1]+v[0][5], 2p[1]+v[0][4], 3p[1]+v[0][3]} =
max{0,3,6,9} =9

1 7 9 3 max{v[0][7], p[1]4+v[0][6], 2p[1]+[0][5], 3p[1]+v[0][4]} =
max{0,3,6,9} =9

2 0 0 0 max{v[1][0]} =0

2 1 3 0 max{v[1][1]} =3

2 2 6 0 max{v[1][2]} = 6

2 3 9 0 max{v[1][3]} =9

2 4 9 0 max{v[1][4], p[2]4+v[1][0]} = max{9,8} =9

2 5 11 1 max{v[1][5], p[2]4+v[1][1]} = max{9,11} = 11

2 6 14 1 max{v[1][6], p[2]4+v[1][2]} = max{9,14} = 14

2 7 17 1 max{v[1][7], p[2]+v[1][3]} = max{9,17} = 17
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This is the matrix v after the execution of the DP algorithm:

o[j]lk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7
7=0 0 0 0 0 0 0 0 0
j=1 0 3 6 9 9 9 9 9
Jj=2 0 3 6 9 9 11 14 17
This is the matrix s after the execution of the DP algorithm:
slillk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=T
7=0 0 0 0 0 0 0 0 0
j=1 0 1 2 3 3 3 3 3
J= 0 0 0 0 0 1 1 1
2. We have the following matrix s:
slillk] [ k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=T
J= 0 0 0 0 0 0 0 0
j= 0 1 2 3 3 3 3 3
7= 0 0 0 0 0 1 1 1

We can reconstruct an optimal solution by starting from j = 2 and k = 7 as follows:

Iteration ‘ J ‘ k ‘ s[7][k] ‘ z[1] =z[2] ‘ Action
- - - - 0 0 k=17
1 27| 1 O 2] — 1, k«7—1-4=3
2 1/3] 3 81 1|21« 3,k<3-3-1=0

Thus, the vector
(3,1)

is an optimal solution. The optimal value is

v[2][7] = 17.
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Exercise 19.3

Consider the following BKP instance, where the knapsack has capacity ¢ = 5, and the
profits, weights, and bounds associated with the item types are:

=
— = N | =
— o W |
— o | o

Questions

1. Show the execution of the bottom-up DP algorithm by reporting, for each iteration,
the values of the matrices v and s.

2. Using the matrix s, reconstruct an optimal solution in integer notation (x1,x2,x3),

and report the optimal value.

. J

1. Step-by-step execution of the bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of j and k, the cells
v[j][k] and s[j][k], and the operation performed.

j | oKl | sUllk] | Action

0 0| 0 0 | v[0][0] « 0, s[0][0] « O

0 1 0 0 v[0][1] - 0, s[0][1] «+ O

0 2 0 0 v[0][2] - 0, s[0][2] « O

0 3| o 0 | v[0][3] < 0, s[0][3] « 0

0 4 0 0 v[0][4] < 0, s[0][4] « 0

0 5| 0 0 | v[0][5] < 0, s[0][5] < O

1 0 0 0 max{v[0][0]} =0

1 1 2 1 max{v[0][1], p[1]4+v[0][0]} = max{0,2} =2
1 2 2 1 max{v[0][2], p[1]4+v[0][1]} = max{0,2} =2
1 3 2 1 max{v[0][3], p[1]+v[0][2]} = max{0,2} =2
1 4 2 1 max{v[0][4], p[1]+v[0][3]} = max{0,2} =2
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This is the matrix v after the execution of the DP algorithm:

v[jllk] | k=0 k=1 k=2 k=3 k=4 k=5
i=0 0 0 0 0 0 0
j=1 0 2 2 2 2 2
=9 0 2 3 5 5 5
j=3 0 2 3 5 6 7
This is the matrix s after the execution of the DP algorithm:
sllk] | k=0 k=1 k=2 k=3 k=4 k=5
j=0 0 0 0 0 0 0
j= 0 1 1 1 1 1
j=2 0 0 1 1 1 1
ji=3 0 0 0 0 1 1
2. We have the following matrix s:
sllk] | k=0 k=1 k=2 k=3 k=4 k=5
j=0 0 0 0 0 0 0
j=1 0 1 1 1 1 1
j=2 0 0 1 1 1 1
ji=3 0 0 0 0 1 1

We can reconstruct an optimal solution by starting from j = 3 and k = 5 as follows:

Iteration ‘ J ‘ k ‘ s[7][k] ‘ z[1] z[2] z[3] ‘ Action
- - - - 0 0 o0 k=5
1 |3]5] 1 0 OB 3]« 1, k+5-1-3=2
2 202 1 Ol 1|22« 1, k«2-1-2=0
3 110 O 0 1 1|/z[1]+0,k+<0—-0-1=0

Thus, the vector

(0,1,1)

is an optimal solution. The optimal value is

v[3][5] = 7.

Author: Fabio Furini
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Exercise 19.4

Questions

.

Consider the following BKP instance, where the knapsack has capacity ¢ = 8, and the
profits, weights, and bounds associated with the item types are:

&
W N Ot =
— Ut O [\]

1. Show the execution of the bottom-up DP algorithm by reporting, for each iteration,
the values of the matrices v and s.

2. Using the matrix s, reconstruct an optimal solution in integer notation (x1,x2), and
report the optimal value.

J

Sowtion |

1. Step-by-step execution of the bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of j and k, the cells
v[j][k] and s[j][k], and the operation performed.

j k| wlik] | sls][k] | Action
001 0 0 | w[0][0] « 0, s[o][0] « 0
0 1) 0 0 | w[0][1] « 0, s[o][1] < 0
0 2) 0 0 | v[0][2] 0, s[0][2] « O
0 3) 0 0 | v[0][3] « 0, s[0][3] « O
O 0 | v[0][4] -0, s[o][4] « O
0 51 0 0 | v[0][5] 0, s[o][5] « 0
0E) 0 | v[0]l6] < 0, s[0][6] « O
0 7| 0 0 | v[0][7] « 0, s[0][7] + O
0 8) 0 0 | v[0][8] « 0, s[0][8] « 0
Lol o | 0 | max{o]f0]} =0

L]0 | o | max{eol[)} =0

Author: Fabio Furini
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Author: Fabio Furini

1 2 5 1 max{v[0][2], p[1]4+v[0][0]} = max{0,5} =5

1 3 5 1 max{v[0][3], p[1]+v[0][1]} = max{0,5} =5

14 10 | 2 | max{e[0][4], plUl+el0][2], 2p(1]-o[o][0])
max{0, 5, 10} = 10

1 5 10 2 max{v[0][5], p[1]+v[0][3], 2p[1]+v[0][1]}
max{0,5,10} = 10

1 6 15 3 max{v[0][6], p[1]+v[0][4], 2p[1]+v[0][2], 3p[1]+v[0][0]}
max{0, 5, 10, 15} = 15

17 15 3 max{v[0][7], p[1]+v[0][5], 2p[1]+v[0][3], 3p[1]+v[0][1]}
max{0, 5, 10, 15} = 15

1 8 15 3 max{v[0][8], p[1]+v[0][6], 2p[1]4+v[0][4], 3p[1]+v[0][2]}
max{0,5,10,15} = 15

2 0 0 0 max{v[1][0]} =0

2 1 0 0 max{v[1][1]} =0

2 2 5 0 max{v[1][2]} =

2 3 5 0 max{v[1][3]} =5

2 4| 10 0 | max{v[1][4]} = 10

2 5 10 0 max{v[1][5], p[2]4+v[1][0]} = max{10,9} = 10

2 6 15 0 max{v[1][6], p[2]4+v[1][1]} = max{15,9} = 15

2 7 15 0 max{v[1][7], p[2]+v[1][2]} = max{15,14} = 15

2 8 15 0 max{v[1][8], p[2]4+v[1][3]} = max{15,14} = 15
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This is the matrix v after the execution of the DP algorithm:

v[jllk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=38
j=0 0 0 0 0 0 0 0 0 0
j=1 0 0 5 5 10 10 15 15 15
j=2 0 0 5 5 10 10 15 15 15

s[j][k]‘k:zo k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=28
j=0 0 0 0 0 0 0 0 0 0
j=1 0 0 1 1 2 2 3 3 3
a— 0 0 0 0 0 0 0 0 0
2. We have the following matrix s:
slillk] [ k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8
= 0 0 0 0 0 0 0 0 0
Jj= 0 0 1 1 2 2 3 3 3
U= 0 0 0 0 0 0 0 0 0

We can reconstruct an optimal solution by starting from j = 2 and k£ = 8 as follows:

Iteration ‘ J ‘ k ‘ s[7][k] ‘ z[1] =z[2] ‘ Action
- - - - 0 0 k=38
1 |2]8| o 0 Ol z[2] < 0,k 8—-0-5=8
2 18] 3 8 0|z« 3 k«8-3-2=2

Thus, the vector
(3,0)

is an optimal solution. The optimal value is

v[2][8] = 15.
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Exercise 19.5

Questions

.

the values of the matrices v and s.

and report the optimal value.

Consider the following BKP instance, where the knapsack has capacity ¢ = 9, and the
profits, weights, and bounds associated with the item types are:

N W = | =
o O DN

NN W W

1. Show the execution of the bottom-up DP algorithm by reporting, for each iteration,

2. Using the matrix s, reconstruct an optimal solution in integer notation (x1,x2,x3),

J

1. Step-by-step execution of the bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of j and k, the cells
v[j][k] and s[j][k], and the operation performed.

S
=5
=

)
=

=

_ O O O O OO oo o o |
O © 00O UL W= O
SO O OO OO oo oo

oo oo oo e o

O O OO OO OO OO

s[0][0] -0
s[0][1] «+ 0
s[0][2] + O
s[0][3] <0
s[0][4] <0
s[0][5] <~ 0
s[0][6] - 0
s[0][7] <0
s[0][8] <— 0
s[0][9] <- 0
}=0

Author: Fabio Furini
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1 1 0
1 2 0
1 3 4
1 4 4
1 5 4
1 6 8
1 7 8
1 8 8
1 9 8
2 0 0
2 1 0
2 2 0
2 3 4
2 4 5
2 5 5
2 6 8
2 7 9
2 8 9
2 9 9
3 0 0
3 1 0
3 2 3
3 3 4
3 4 6
3 5 7
3 6 8
3 7 10
3 8 11
3 9 12

N = = = O O

[\ [\V)

[\)

N O~ OO FMFEMEORFRFEOOO O

max{v[0][1]} =0

max{v[0][2]} =0

max{v[0][3], p[1]4+v[0][0]} = max{0,4} =4

max{v[0][4], p[1]4+v[0][1]} = max{0,4} =4

max{v[0][5], p[1]+v[0][2]} = max{0,4} =4

max{v[0][6], p[1]4+v[0][3], 2p[1]+v[0][0]} = max{0,4,8} =
8

max{v[1][0]} =0

max{v[1][1]} =0

max{v[1][2]} =0

max{v[1][3]} = 4

max{v[1][4], p[2]4+v[1][0]} = max{4,5} =5
max{v[1][5], p[2]4+v[1][1]} = max{4,5} =5
max{v[1][6], p[2]+v[1][2]} = max{8,5} = 8
max{v[1][7], p[2]+v[1][3]} = max{8,9} =9
max{v[1][8], p[2]+v[1][4]} = max{8,9} =9
max{v[1][9], p[2]+v[1][5]} = max{8,9} =9
max{v[2][0]} =0

max{v[2][1]} =0

max{v|[2][2], p[3]+v[2][0]} = max{0,3} =3
max{v[2][3], p[3]+v[2][1]} = max{4,3} =4
max{v[2][4], p[3]+v[2][2], 2p[3]+v[2][0]} = max{5,3,6} =
6

max{v[2][5], p[3]+v[2][3], 2p[3]+v[2][1]} = max{5,7,6} =

max{v[2][6], p[3]4+v[2][4], 2p[3]+v[2][2]} = max{8,8,6} =
8

max{v[2][7], p[3]+v(2][5], 2p[3]+v[2][3]} =
max{9,8, 10} = 10

max{v[2][8], p[3]+v[2][6], 2p[3]+v[2][4]} =
max{9,11,11} = 11

max{v[2][9], p[3]+v[2][7], 2p[3]+v[2][5]} =
max{9,12,11} = 12

Author: Fabio Furini
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This is the matrix v after the execution of the DP algorithm:

v[jllk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9
j=0 0 0 0 0 0 0 0 0 0 0
j=1 0 0 0 4 4 4 8 8 8 8
j=2 0 0 0 4 5 5 8 9 9 9
j=3 0 0 3 4 6 7 8 10 11 12
This is the matrix s after the execution of the DP algorithm:
sillk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9
j=0 0 0 0 0 0 0 0 0 0 0
j= 0 0 0 1 1 1 2 2 2 2
j=2 0 0 0 0 1 1 0 1 1 1
j=3 0 0 1 0 2 1 0 2 1 1
2. We have the following matrix s:
sillk] [ k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9
j=0 0 0 0 0 0 0 0 0 0 0
j=1 0 0 0 1 1 1 2 2 2 2
j=2 0 0 0 0 1 1 0 1 1 1
j=3 0 0 1 0 2 1 0 2 1 1

We can reconstruct an optimal solution by starting from j = 3 and k& = 9 as follows:

Iteration ‘ J ‘ k ‘ s[7][k] ‘ z[1] z[2] z[3] ‘ Action
- - - - 0 0 o0 k=9
1 |3]9] 1 0 OB 3]« 1,k+9-1-2=7
2 |2|7| 1 Ol 1|22« 1L ke7-1-4=3
3 113 1 1 1 1|z« 1,k+3-1-3=0

Thus, the vector

is an optimal solution.

(1,1,1)

The optimal value is

v[3][9] = 12.

Author: Fabio Furini
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Chapter 20

DP for the subset sum problem

Recurrence used in these exercises

The DP algorithm of the chapter «DP for the subset sum problem»: r(j, k) € {true, false}
tells whether the target value k is the total weight of a subset of the items 1,2,..., 7, and

true if k=0,

false ifj=0and k> 1,
T(jvk) =

r(7—1,k) if 7,k > 1 and w; > K,

r(j—Lk) Vr(—-1k—-—w;) if j,k>1and w; <k.

\

The answer is r(n, ¢). The matrix s stores s[j][k] = 1 if item j is used, that is, if r[j — 1][k]
is false and r[j — 1][k — wj] is true; a subset is reconstructed from j = n and k = ¢ with
;< s[jllk], k < k — s[j][k] w;.

. J

Exercise 20.1 — Exercise 1: Subset Sum Problem

Consider the following SSP instance, with target value ¢ = 7 and 3 items with weights:

Questions

1. Show the execution of the bottom-up DP algorithm by reporting, for each step, the
cells r[j][k] and s[j][k]; then write the matrices r and s.

2. Give the answer to the SSP instance and, if it is yes, reconstruct from the matrix s a
subset of total weight ¢, as a binary vector (1, z2,z3).

3. Using the last row of the matrix 7, list all the target values k € {1,2,...,7} that are
reachable with the 3 items.
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wz =5>0: r[
w3z =5>1: r|
wg =5>2: r[2
wg =5> 3: 7’[
wg =5 > 4 ’I‘[
r[2][5] V r[2][0] = T
r[2][6] V r[2][1]] = F
r[2][7] v r[2][2] = F

This is the matrix r after the execution of the DP algorithm:

The recurrence and the conventions are those of the box at the beginning of these exercises.

1. Step-by-step execution of the bottom-up DP algorithm. The row j =0 is [0][0] = T
and r[0][k] = F for k > 1, with s[0][k] = 0; T stands for true and F for false. Item j
is used (s[j][k] = 1) only if r[j — 1][k] is F.

rlsllk] | k =

k: k:

k:

j=0
j=1
j=2
j=3

HHH ™
HH = =|w
ESIES BES Bies | TS
HH = 9w

£S5 esBes Bies| o

HH /- H|

This is the matrix s after the execution of the DP algorithm:
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sPllk] [ k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7
7=0 0 0 0 0 0 0 0 0
j=1 0 0 1 0 0 0 0 0
j=2 0 0 0 1 0 1 0 0
j=3 0 0 0 0 0 0 0 1
2. Since r[3][7] = T, the answer is yes. Starting from j =3 and k = 7:
Tteration ‘ J ‘ k ‘ sly ‘ z[1] z[2] «[3] ‘ Action
= = | = = 0 0 0 k=17
1 3|7 1 0 0 P 23]« 1,keT7—5=2
2 22| o o O 1 | 22«0 k=2
3 1]2] 1 W 0 1 |z, ke2-2=0
The vector (1,0,1) selects the subset {1,3}, of total weight 2+ 5 =7 = ¢. It is the
only subset with total weight 7.
3. The last row r[3][-] is T exactly for k € {2,3,5,7}: these are the reachable target
values. The other values in {1,2,...,7} are not the total weight of any subset.

(& J

Exercise 20.2 — Exercise 2: Subset Sum Problem

Consider the following SSP instance, with target value ¢ = 9 and 3 items with weights:

Questions

1. Show the execution of the bottom-up DP algorithm by reporting, for each step, the
cells r[7][k] and s[j][k]; then write the matrices r and s.

2. Give the answer to the SSP instance and, if it is yes, reconstruct from the matrix s a
subset of total weight ¢, as a binary vector (z1, z2,z3).

3. Using the last row of the matrix 7, list all the target values k € {1,2,...,9} that are
reachable with the 3 items.

A J

The recurrence and the conventions are those of the box at the beginning of these exercises.

1. Step-by-step execution of the bottom-up DP algorithm. The row j = 0 is [0][0] = T
and r[0][k] = F for k > 1, with s[0][k] = 0; T stands for true and F for false. Item j
is used (s[j][k] = 1) only if r[j — 1][k] is F.
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k ‘ r[j][%] ‘ s[7][k] ‘ Action

T
F

=T

T
F

w3z =6>0:r
wy=6>1:r

wg=6>2:r

wg=6>3:r

6>4:r
w3z =6>5: 1

w3 =

0

M ™M

This is the matrix r after the execution of the DP algorithm:

rljl[k] |k =0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9

This is the matrix s after the execution of the DP algorithm:

slk] |[k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9
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2. Since 7[3][9] = T, the answer is yes. Starting from j =3 and k = 9:

Iteration ‘ J ‘ k ‘ sly ‘ z[1]  z[2] «[3] ‘ Action
_ S — 0 0 0 | k=9
1 319 1 0 0 1 | z[8]«1,k+<9-6=3
2 213 0 0 0 1 | z[2]+0,k=3
3 13| 1 0 0 1 |z« 1, k<3-3=0

The vector (1,0,1) selects the subset {1,3}, of total weight 3+ 6 = 9 = ¢. It is the
only subset with total weight 9.

3. The last row r[3][] is T exactly for k € {3,4,6,7,9}: these are the reachable target

values. The other values in {1,2,...,9} are not the total weight of any subset.
(& J

Exercise 20.3 — Exercise 3: Subset Sum Problem

Consider the following SSP instance, with target value ¢ = 7 and 3 items with weights:

Questions

1. Show the execution of the bottom-up DP algorithm by reporting, for each step, the
cells r[j][k] and s[j][k]; then write the matrices r and s.

2. Give the answer to the SSP instance and, if it is yes, reconstruct from the matrix s a
subset of total weight ¢, as a binary vector (z1, z2,x3).

3. Using the last row of the matrix 7, list all the target values k € {1,2,...,7} that are
reachable with the 3 items.

- /

The recurrence and the conventions are those of the box at the beginning of these exercises.

1. Step-by-step execution of the bottom-up DP algorithm. The row j =0 is 7[0][0] = T
and r[0][k] = F for k > 1, with s[0][k] = 0; T stands for true and F for false. Item j
is used (s[j][k] = 1) only if r[j — 1][k] is F.
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k | r[j][k] | s[j][k] | Action
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k| r[j][k] | slj][k] | Action

T
F
T
F
T
F

w3 =6>0:7r
w3 =6>1:7r

ws=6>2:r
wy=6>3:r

6>4:r
w3 =6>51r

w3 =

0

This is the matrix r after the execution of the DP algorithm:

k=4 k=5 k=6 k=7

k=3

2

rlflk] | k=0 k=1 k

This is the matrix s after the execution of the DP algorithm:

F, the answer is no: no subset of the items has total weight 7, and

2. Since r[3][7]

(2,4,6) are even, so every

there is nothing to reconstruct. Indeed, all the weights w

reachable target value is even, while ¢ = 7 is odd.
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-

3. The last row r[3][] is T exactly for k € {2,4,6}: these are the reachable target values.
The other values in {1,2,...,7} are not the total weight of any subset.

J

Questions

.

Exercise 20.4 — Exercise 4: Subset Sum Problem

Consider the following SSP instance, with target value ¢ = 8 and 4 items with weights:

1. Show the execution of the bottom-up DP algorithm by reporting, for each step, the
cells r[j][k] and s[j][k]; then write the matrices r and s.

2. Give the answer to the SSP instance and, if it is yes, reconstruct from the matrix s a
subset of total weight ¢, as a binary vector (z1, z2, z3,z4).

3. Using the last row of the matrix 7, list all the target values k € {1,2,...,8} that are
reachable with the 4 items.

J

The recurrence and the conventions are those of the box at the beginning of these exercises.

1. Step-by-step execution of the bottom-up DP algorithm. The row j = 0 is 7[0][0] = T
and r[0][k] = F for k > 1, with s[0][k] = 0; T stands for true and F for false. Item j
is used (s[j][k] = 1) only if r[j — 1][k] is F.
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k| r[j][k] | slj][k] | Action

T
T
F
F
T

T
T
F
F
T
T
T

wg=5>0:r
wy3=5>1:r

5>2:r
wy3=5>3:r

w3 =

wy=5>4:r

wy =7>0:1r

wyg=7>1:7r
wg=T7T>2:r

wy=7>3:r

Wy

wyg=7>5b:r

wyg =

o~ O O

0
0

HE A&

0 © b~ o0

;N M N M

This is the matrix r after the execution of the DP algorithm:

This is the matrix s after the execution of the DP algorithm:

8:

T, the answer is yes. Starting from j =4 and k =

2. Since r[4][8]

Iteration‘ J ‘ k ‘ s[7][k] ‘ xz[1] z[2] =«[3] =z[4] ‘ Action

—1L,k+8-7=1
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The vector (1,0,0, 1) selects the subset {1,4}, of total weight 1 +7 =8 = ¢. It is the
only subset with total weight 8.

3. The last row r[4][-] is T exactly for k € {1,4,5,6,7,8}: these are the reachable target

values. The other values in {1,2,...,8} are not the total weight of any subset.
- J

Exercise 20.5 — Exercise 5: Subset Sum Problem

Consider the following SSP instance, with target value ¢ = 8 and 4 items with weights:

Questions

1. Show the execution of the bottom-up DP algorithm by reporting, for each step, the
cells r[j][k] and s[j][k]; then write the matrices r and s.

2. Give the answer to the SSP instance and, if it is yes, reconstruct from the matrix s a
subset of total weight ¢, as a binary vector (z1, z2, z3,z4).

3. Using the last row of the matrix 7, list all the target values k € {1,2,...,8} that are
reachable with the 4 items.

. J

The recurrence and the conventions are those of the box at the beginning of these exercises.

1. Step-by-step execution of the bottom-up DP algorithm. The row j =0 is r[0][0] = T
and r[0][k] = F for k > 1, with s[0][k] = 0; T stands for true and F for false. Item j
is used (s[j][k] = 1) only if r[j — 1][k] is F.
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k | r[j][k] | s[j][k] | Action

FVF=F
FVF=F
FVF=F
FVF=F
FVF=F

r

r

r

r

r

r

F
T
F
F

wo=95>1:r

Wwo =9>2: 1
weg =5>3: 1

weg =5>4:r

1
0
0
0
0
0
0

0

(S

5

© b~ o0

A AN AN

k ‘ r[j][k] ‘ s[j][k] ‘ Action

F
T
F
F

=F

T
F
F

=T

w3 =6>0:7r

w3 =6>1:7r
w3 =6>2:7r

w3 =6>3:r

wy=6>4:r

w3 =6>5:7r

wyg=7>0: 71

wy=7>1:7r
wyg=T7T>2:r

wy=T7T>3:r

wyg=7>4:r
wyg=7>5b:r
Wy =

0

0
0

© b~ o

N N N

D~ o0

< <

This is the matrix r after the execution of the DP algorithm:
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This is the matrix s after the execution of the DP algorithm:

slilk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8
j=0 0 0 0 0 0 0 0 0 0
j=1 0 0 1 0 0 0 0 0 0
Jj=2 0 0 0 0 0 1 0 1 0
j=3 0 0 0 0 0 0 1 0 1
j=4 0 0 0 0 0 0 0 0 0

2. Since r[4][8] = T, the answer is yes. Starting from j =4 and k = 8:

Iteration‘ J ‘ k ‘ slj ‘x[l z[2] =z[3] =[4] ‘ Action

= = | = = 0 0 0 0 | k=8

1 48| o 0 0 0 PO x40, k=8

2 38| 1 0 o B 0 |23« 1,ke8-6=2

3 22| o O B0 1 0 |z2«0k=2

4 12| 1 W 0 1 0 |zl]«1,k«2-2=0

only subset with total weight 8.

The vector (1,0, 1,0) selects the subset {1, 3}, of total weight 2+ 6 =8 = ¢. It is the

3. The last row r[4][-] is T exactly for k € {2,5,6,7,8}: these are the reachable target
values. The other values in {1,2,...

,8} are not the total weight of any subset.
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Chapter 21

DP for the multiple-choice knapsack problem

Recurrence used in these exercises

The DP algorithm of the chapter «DP for the multiple-choice knapsack problemy»: v(h, k)
is the optimal value with the classes #1,..., _#, and capacity k, with v(h, k) = —o0 if no
feasible solution exists, and

;

0 if h =0,

—00 if h >1 and
v(h, k) = Vj e /h: w; >k,

max {pj+v(h—1,k—w;)} ifh>1and

i€ 71w <k .
L JEFhiwi< 3] c /h: wj < k.
with p; + (—o0) = —oo. The matrix s stores the item s[h][k] chosen in class h (0 if
v[h][k] = —00); an optimal solution is reconstructed from h = g and k = ¢ with j < s[h][k],
zj <1, k< k—wj.
- J

Exercise 21.1 — Exercise 1: Multiple-Choice Knapsack Problem

Consider the following MCKP instance, with a knapsack of capacity ¢ = 6 and 4 items
partitioned into ¢ = 2 classes: _#1 = {1,2}, #> = {3,4}. The profits and weights are:

W
= O | N
_ W [ W
W O | =

Questions

1. Show the execution of the bottom-up DP algorithm by reporting, for each step, the
cells v[h][k] and s[h][k]; then write the matrices v and s.

2. Using the matrix s, reconstruct an optimal solution, one item per class, and report
the optimal value.

3. Using the last row of the matrix v, find the smallest capacity for which the instance
is feasible, and compare it with Z‘}Lzl minje 7, wj.
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The recurrence and the conventions are those of the box at the beginning of these exercises.

1. Step-by-step execution of the bottom-up DP algorithm. The row h = 0 is v[0][k] = 0
and s[0][k] = 0 for every k; s[h][k] = 0 when v[h][k] = —oco. In case of ties the item
met first in ¢}, is kept.

h k ‘ v[h]] ‘ s[h][k] ‘ Action

1 0 —00 0 no item of _#; fits: —oo

1 1 —00 0 no item of _#; fits: —

1 2 4 1 max{p;+v[0][0]} = max{4} =4

1 3 4 1 max{p;+v[0][1]} = max{4} =4

1 4 6 2 max{p;+v[0][2], p2+v[0][0]} = max{4,6} =6

1 5 6 2 max{p;+v[0][3], p2+v[0][1]} = max{4,6} =6

1 6 6 2 max{p;+v[0][4], p2+v[0][2]} = max{4,6} =6

2 0 —00 0 no item of _#, fits: —oo

2 1| - 0 max{p3+v[1][0]} = max{—o0} = —oc0

2 2| - 0 max{ps+v[1][1]} = max{—o0} = —c0

2 3 7 3 max{p3+v[1][2], pa+v[1][0]} = max{7, —occ} =7
2 4 7 3 max{p3+v[1][3], pa+v[1][1]} = max{7, —c0} =7
2 5 10 4 max{pz+v[1][4], ps+v[1][2]} = max{9,10} =10
2 6 10 4 max{pz+v[1][5], ps+v[1][3]} = max{9,10} = 10

This is the matrix v after the execution of the DP algorithm:

v[h][k] | k=0 k=1 k=2 k=3 k=4 k=5 k=6
h=0 0 0 0 0 0 0 0
h=1 —00 —00 4 4 6 6 6
h=2 —00  —00 —00 7 7 10 10

This is the matrix s after the execution of the DP algorithm:

sh][k] | k=0 k=1 k=2 k=3 k=4 k=5 k=6
h=0 0 0 0 0 0 0 0
h=1 0 0 1 1 2 2 2
h=2 0 0 0 3 3 4 4
2. Starting from h = 2 and k = 6:
Iteration ‘ h ‘ k ‘ ‘ Selection ‘ Capacity
= = || = = k=6
1 6 2[4+ 1 | k+6—-3=3
2 113 z[1]«1 | k+3-2=1

The optimal solution is S = {1,4}, that is, the vector z = (1,0,0,1). Its total weight
is 243 =5 < ¢, and the optimal value is v[2][6] =4 + 6 = 10.

3. The last row v[2][-] is —oo for k£ < 3 and finite from k = 3 on, so the smallest capacity
for which the instance is feasible is 3. It equals 2}21:1 minje », wj =2+ 1= 3: the
lightest item of every class must fit.
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Exercise 21.2 — Exercise 2: Multiple-Choice Knapsack Problem

Consider the following MCKP instance, with a knapsack of capacity ¢ = 8 and 5 items
partitioned into ¢ = 2 classes: _#1 = {1,2}, #> = {3,4,5}. The profits and weights are:

‘j:1 ]:2‘]:3 j=4 j5=5
Dj 6 9 2 5 6
wj 2 4 1 3 5

Questions

1. Show the execution of the bottom-up DP algorithm by reporting, for each step, the
cells v[h][k] and s[h][k]; then write the matrices v and s.

2. Using the matrix s, reconstruct an optimal solution, one item per class, and report
the optimal value.

3. Using the last row of the matrix v, find the smallest capacity for which the instance
is feasible, and compare it with Z‘}L:l minje 7, wj.

AN J

The recurrence and the conventions are those of the box at the beginning of these exercises.

1. Step-by-step execution of the bottom-up DP algorithm. The row h = 0 is v[0][k] = 0
and s[0][k] = 0 for every k; s[h][k] = 0 when v[h]|[k] = —oco. In case of ties the item
met first in _¢#, is kept.

h k| vB][k] | s[h][k] | Action

1 0 —00 0 no item of ¢ fits: —oo

1 1 —00 0 no item of ¢#; fits: —oo

1 2 6 1 max{p;+v[0][0]} = max{6} =6

1 3 6 1 max{p; +v[0][1]} = max{6} =6

1 4 9 2 max{p;+v[0][2], p2+v[0][0]} = max{6,9} =9

1 5 9 2 max{p;+v[0][3], p2+v[0][1]} = max{6,9} =9

1 6 9 2 max{p1+v[0][4], p2+v[0][2]} = max{6,9} =9

1 7 9 2 max{p1+v[0][5], p2+v[0][3]} = max{6,9} =9

1 8 9 2 max{p;+v[0][6], p2+v[0][4]} = max{6,9} =9

2 0 —00 0 no item of ¢, fits: —oo

2 1| —o© 0 max{ps+v[1][0]} = max{—oc0} = —c0

2 2| —o0 0 max{ps+v[1][1]} = max{—oc0} = —o0

2 3 8 3 max{ps+v[1][2], pa+v[1][0]} = max{8,—c0} =8

2 4 8 3 max{ps+v[1][3], pa+v[1][1]} = max{8, —co} =8

2 5| 11 | 3 |max{psto[1]l4], patoll]2], ps+o1][0]} = max{il, 11, oo} = 11
2 6 11 3 max{ps+v[1][5], pa+v[1][3], ps+v[1][1]} = max{11,11, —oo} = 11
2 7| 14 4 max{p3-+v[1][6], pa+v[1][4], ps+v[l][2]} = max{11,14,12} = 14
2 8 14 4 max{ps+v[1][7], pa+v[1][5], ps+v[1][3]} = max{11,14,12} =14
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This is the matrix v after the execution of the DP algorithm:

][] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=38
h=0 0 0 0 0 0 0 0 0
h=1 —00  —00 6 6 9 9 9 9 9
h=2 —00 —00 @ —0 8 8 11 11 14 14
This is the matrix s after the execution of the DP algorithm:
s[Pllk] [ k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8
h=0 0 0 0 0 0 0 0 0 0
h=1 0 0 1 1 2 2 2 2 2
h=2 0 0 0 3 3 3 3 4 4
2. Starting from h =2 and k = 8:
Tteration ‘ h ‘ k ‘ J = s[h][¥] ‘ Selection ‘ Capacity
- - - - k=38
1 2 |8 4 a1 | k«8-3=5
2 1|5 2 22«1 | keb5-4=1

The optimal solution is S = {2,4}, that is, the vector z = (0,1,0,1,0). Its total
weight is 4 + 3 = 7 < ¢, and the optimal value is v[2][8] =9+ 5 = 14.

3. The last row v[2][-] is —oo for k£ < 3 and finite from k£ = 3 on, so the smallest capacity
for which the instance is feasible is 3. It equals Zi:l minje 4, wj =2+ 1= 3: the

lightest item of every class must fit.
(& J

Exercise 21.3 — Exercise 3: Multiple-Choice Knapsack Problem

Consider the following MCKP instance, with a knapsack of capacity ¢ = 8 and 6 items
partitioned into ¢ = 3 classes: #1 = {1,2}, #» = {3,4}, #3 = {5,6}. The profits and
weights are:

|j=1 j=2|j=3 j=4|j=5 j=6
D; 2 5 3 7 4 6
wj 2 5 1 2 4 5

Questions

1. Show the execution of the bottom-up DP algorithm by reporting, for each step, the
cells v[h][k] and s[h][k]; then write the matrices v and s.

2. Using the matrix s, reconstruct an optimal solution, one item per class, and report
the optimal value.

3. Using the last row of the matrix v, find the smallest capacity for which the instance
is feasible, and compare it with Zzzl minje 7, wj.
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The recurrence and the conventions are those of the box at the beginning of these exercises.
1. Step-by-step execution of the bottom-up DP algorithm. The row h = 0 is v[0][k] = 0
and s[0][k] = 0 for every k; s[h][k] = 0 when v[h][k] = —oco. In case of ties the item
met first in ¢}, is kept.
h k| v[h][k] | s[h][k] | Action
1 0 —00 0 no item of _#; fits: —oo
1 1 —00 0 no item of _#; fits: —oo
1 2 2 1 max{p;+v[0][0]} = max{2} =2
1 3 2 1 max{p;+v[0][1]} = max{2} =2
1 4 2 1 max{p;+v[0][2]} = max{2} =2
1 5 5 2 max{p1+v[0][3], p2+v[0][0]} = max{2,5} =5
1 6 5 2 max{p1+v[0][4], p2+v[0][1]} = max{2,5} =5
1 7 5 2 max{p;+v[0][5], p2+v[0][2]} = max{2,5} =5
1 8 5 2 max{p;+v[0][6], p2+v[0][3]} = max{2,5} =5
2 0 —00 0 no item of _# fits: —oo
2 1| - 0 max{p3+v[1][0]} = max{—occ} = —c0
2 2| - 0 max{ps+v[1][1], pa+v[1][0]} = max{—o0, —c0} = —c0
2 3 5 3 max{p3+v[1]2], pa+v[1][l]} = max{5, —c0} =5
2 4 9 4 max{ps+v[1][3], pa+v[1][2]} = max{5,9} =9
2 5 9 4 max{ps+v[1][4], pa+v[1][3]} = max{5,9} =9
2 6 9 4 max{p3+v[1][5], pa+v[l][4]} = max{8,9} =9
2 7 12 4 max{p3+v[1][6], pa+v[1][5]} = max{8,12} = 12
2 8 12 4 max{p3+v[1][7], ps+v[1][6]} = max{8,12} = 12
h k| v[h][k] | s[h][k] | Action
3 0 —00 0 no item of #3 fits: —oo
3 1 —00 0 no item of _Z3 fits: —oo
3 2 —00 0 no item of _Z3 fits: —oo
3 3| —o0 0 no item of _Z3 fits: —oo
3 4| -0 0 max{ps+v[2][0]} = max{—oc0} = —c0
3 5| —o0 0 max{ps+v[2][1], ps+v[2][0]} = max{—o0, —c0} = —0c0
3 6| — 0 max{ps+v[2][2], ps+v[2][1]} = max{—oc0, —c0} = —c0
3 7 9 5 max{ps+v[2][3], ps+v[2][2]} = max{9, —occ} =9
3 8 13 5 max{ps+v[2][4], ps+v[2][3]} = max{13,11} =13
This is the matrix v after the execution of the DP algorithm:
v[h][k] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=38
h=0 0 0 0 0 0 0 0 0 0
h=1 —00  —00 2 2 2 5 5 5 5
h=2 —00 —00 @ —00 5 9 9 9 12 12
h=3 -0 —00 —00 —00 —00 —00 @ —00 9 13
This is the matrix s after the execution of the DP algorithm:
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sh][k] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=38
h=0 0 0 0 0 0 0 0 0 0
h=1 0 0 1 1 1 2 2 2 2
h=2 0 0 0 3 4 4 4 4 4
h=3 0 0 0 0 0 0 0 5 5

2. Starting from h =3 and k = 8:

Tteration ‘ h ‘ k ‘ J = s[h][¥] ‘ Selection ‘ Capacity

— k=28
zp] 1 | k+8—4=4
2[4 1 | k+4—-2=2
z[l] 1 | k+2-2=0

w N~
= N W
o o 00 |
— ot |

The optimal solution is S = {1,4,5}, that is, the vector z = (1,0,0,1,1,0). Its total
weight is 24+ 2 + 4 = 8 < ¢, and the optimal value is v[3|[8] =2+ 7+ 4 = 13.

3. The last row v[3][-] is —oo for k < 7 and finite from k = 7 on, so the smallest capacity
for which the instance is feasible is 7. It equals 22:1 minje g, w; =2+14+4 =T
the lightest item of every class must fit.

Exercise 21.4 — Exercise 4: Multiple-Choice Knapsack Problem

Consider the following MCKP instance, with a knapsack of capacity ¢ = 7 and 5 items
partitioned into ¢ = 2 classes: _#1 = {1,2,3}, #2 = {4,5}. The profits and weights are:

=1 j=2 j=3|j=4 j=5
Dj 3 7 8 3 9
w; 2 3 4 4 5

Questions

1. Show the execution of the bottom-up DP algorithm by reporting, for each step, the
cells v[h][k] and s[h][k]; then write the matrices v and s.

2. Using the matrix s, reconstruct an optimal solution, one item per class, and report
the optimal value.

3. Using the last row of the matrix v, find the smallest capacity for which the instance
is feasible, and compare it with ZZ:I minje 7, wj.

- /

The recurrence and the conventions are those of the box at the beginning of these exercises.

1. Step-by-step execution of the bottom-up DP algorithm. The row h = 0 is v[0][k] = 0
and s[0][k] = 0 for every k; s[h][k] = 0 when v[h][k] = —oco. In case of ties the item
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met first in _¢#, is kept.

h k| v[h][k] | s[h][k] | Action

1 0 —00 0 no item of _#; fits: —oo

1 1 —00 0 no item of _#; fits: —oo

1 2 3 1 max{p;+v[0][0]} = max{3} =3

1 3 7 2 max{p;+v[0][1], p2+v[0][0]} = max{3,7} =7

1 4 8 3 max{p1+v[0][2], p2+v[0][1], p3+v[0][0]} = max{3,7,8} =8
1 5 8 3 max{p1+v([0][3], po2+v[0][2], p3+v[0][1]} = max{3,7,8} =8
1 6 8 3 max{p1+v[0][4], p2+v[0][3], ps+v[0][2]} = max{3,7,8} =8
17 8 3 max{p;+v[0][5], p2+v[0][4], p3+v[0][3]} = max{3,7,8} =8
2 0 —00 0 no item of _# fits: —oo

2 1 —00 0 no item of _# fits: —oo

2 2 —00 0 no item of _# fits: —oo

2 3 —00 0 no item of _# fits: —oo

2 4| - 0 max{ps+v[1][0]} = max{—oc0} = —c0

2 5| —o© 0 max{ps+v[1][1], ps+v[1][0]} = max{—o0, —c0} = —c0

2 6 6 4 max{ps+v[1][2], ps+v[1][1]} = max{6, —cc} =6

2 7 12 5 max{ps+v[1][3], ps+v[1][2]} = max{10,12} =12

This is the matrix v after the execution of the DP algorithm:

v[h][k] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7

h=0 0 0 0 0 0 0 0 0
h=1 -0 —00 3 7 8 8 8 8
h=2 —00 —00 —00  —00 @ —00 @ —00 6 12

This is the matrix s after the execution of the DP algorithm:

shhllk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7
h=0 0 0 0 0 0 0 0 0
h=1 0 0 1 2 3 3 3 3
=2 0 0 0 0 0 0 4 5
2. Starting from h =2 and k = T7:
Iteration ‘ h ‘ k ‘j:s[h][kz] ‘ Selection ‘ Capacity

— - | - - - k=7

1 7 5 a5l 1 |k« T—5=2

7 1] 2 1 2]« 1 | k«2-2=0

The optimal solution is S = {1,5}, that is, the vector z = (1,0,0,0,1). Its total
weight is 2+ 5 = 7 < ¢, and the optimal value is v[2][7] =3 4+ 9 = 12.

3. The last row v[2][-] is —oo for k£ < 6 and finite from k = 6 on, so the smallest capacity
for which the instance is feasible is 6. It equals 2}21:1 minje 4, wj = 2+ 4 = 6: the

lightest item of every class must fit.
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AN

Exercise 21.5 — Exercise 5: Multiple-Choice Knapsack Problem

Consider the following MCKP instance, with a knapsack of capacity ¢ = 9 and 6 items
partitioned into ¢ = 3 classes: _#1 = {1,2}, #» = {3,4}, #3 = {5,6}. The profits and
weights are:

| j=1 j=2|j=3 j=4|j=5 j=6
p; 3 6 2 7 3 6
w; 1 4 1 3 4 5

Questions

1. Show the execution of the bottom-up DP algorithm by reporting, for each step, the
cells v[h][k] and s[h][k]; then write the matrices v and s.

2. Using the matrix s, reconstruct an optimal solution, one item per class, and report
the optimal value.

3. Using the last row of the matrix v, find the smallest capacity for which the instance
is feasible, and compare it with Z‘}Lzl minje 7, wj.

J/

The recurrence and the conventions are those of the box at the beginning of these exercises.

1. Step-by-step execution of the bottom-up DP algorithm. The row h = 0 is v[0][k] = 0
and s[0][k] = 0 for every k; s[h][k] = 0 when v[h][k] = —oco. In case of ties the item
met first in ¢}, is kept.

Author: Fabio Furini
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h k| v[h][k] | s[R][k] | Action
1 0 —00 0 no item of _#; fits: —
1 1 3 1 max{p1+v[0][0]} = max{3} =3
1 2 3 1 max{p;+v[0][1]} = max{3} =3
1 3 3 1 max{p;+v[0][2]} = max{3} =3
1 4 6 2 max{p;+v[0][3], p2+v[0][0]} = max{3,6} =6
1 5 6 2 max{p;+v[0][4], p2+v[0][1]} = max{3,6} =6
1 6 6 2 max{p; +v[0][5], pa+v[0][2]} = max{3,6} =6
1 7 6 2 max{p; +v[0][6], p2+v[0][3]} = max{3,6} =6
1 8 6 2 max{p;+v[0][7], p2+v[0][4]} = max{3,6} =6
1 9 6 2 max{p;+v[0][8], p2+v[0][5]} = max{3,6} =6
2 0 —00 0 no item of _#, fits: —oo
2 1| - 0 max{p3+v[1][0]} = max{—oo} = —00
2 2 5 3 max{ps+v[1][1]} = max{5} =5
2 3 5 3 max{ps+v[1][2], pa+v[1][0]} = max{5, —oc0} =5
2 4 10 4 max{ps+v[1][3], pa+v[1][1]} = max{5,10} = 10
2 5 10 4 max{p3+v[1][4], pa+v[1][2]} = max{8,10} = 10
2 6 10 4 max{ps+v[1][5], pa+v[1][3]} = max{8,10} = 10
2 7 13 4 max{p3+v[1][6], pa+v[1][4]} = max{8,13} =13
2 8 13 4 max{ps+v[1][7], pa+v[1][5]} = max{8,13} = 13
2 9 13 4 max{ps+v[1][8], pa+v[1][6]} = max{8,13} =13
h k| v[h][k] | s[h][k] | Action
3 0 —00 0 no item of #3 fits: —oo
3 1 —00 0 no item of _#3 fits: —oo
3 2 —00 0 no item of _#3 fits: —oo
3 3 —00 0 no item of _Z3 fits: —oo
3 4| —o© 0 max{ps+v[2][0]} = max{—o0} = —o0
3 5| —o© 0 max{ps+v[2][1], ps+v[2][0]} = max{—o0, —c0} = —c0
3 6 8 5 max{ps+v[2][2], pe+v[2][1]} = max{8, —cc} =8
3 7 11 6 max{ps+v[2][3], ps+v[2][2]} = max{8,11} =11
3 8 13 5 max{ps+v[2][4], ps+v[2]|[3]} = max{13,11} =13
3 9 16 6 max{ps+v[2][5], ps+v[2][4]} = max{13,16} = 16

This is the matrix v after the execution of the DP algorithm:

Author: Fabio Furini

UNIVERSITA DI ROMA

v[h][k] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9
h=0 0 0 0 0 0 0 0 0 0 0
h=1 —00 3 3 3 6 6 6 6 6 6
h=2 —00 —00 5 ) 10 10 10 13 13 13
h=3 -0 —00 -0 —00 —00 @ —Q 8 11 13 16
This is the matrix s after the execution of the DP algorithm:
sh]lk] | k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9
h=0 0 0 0 0 0 0 0 0 0 0
h=1 0 1 1 1 2 2 2 2 2 2
h=2 0 0 3 3 4 4 4 4 4 4
h=3 0 0 0 0 0 0 5 6 5 6
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2. Starting from h = 3 and k = O:

Iteration ‘ h ‘ k ‘ J = s[h][k] ‘ Selection ‘ Capacity

— k=9
z[6] 1 | k+9—-5=4
2[4 1 | k+4-3=1
21«1 | ke1-1=0

[SURN CIT |
— N W |
= s o |
=

The optimal solution is S = {1, 4,6}, that is, the vector x = (1,0,0,1,0,1). Its total
weight is 1 +3+5 =9 < ¢, and the optimal value is v[3][9] =3+ 7+ 6 = 16.

3. The last row v[3][] is —oo for k < 6 and finite from k = 6 on, so the smallest capacity
for which the instance is feasible is 6. It equals Ei:l minje 4, w; =1+1+4=6:
the lightest item of every class must fit.
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Chapter 22

DP for the multidimensional knapsack
problem

Recurrence used in these exercises

The DP algorithm of the chapter «DP for the multidimensional knapsack problemy, with

m dimensions, the vector k = (k1,...,kp) of the capacities and the weight vector w; =
(wij, ..., wn;) of item j:
(0 if j =0,
v(j — 1, k) if j > 1 and

(i) wgj > kq for some d,
U\, =
max{v(j —1,k), if j>1and w; <k.

\

pj+v<j—1,k—wj>}

The optimal value is v(n, c). The tables s store s[j][k] = 1 if item j is selected; an optimal

solution is reconstructed from j = n and k = ¢ with z; < s[j][k], k < k — z;w;.
. J

Exercise 22.1 — Exercise 1: Multidimensional Knapsack Problem

Consider the following MDKP instance, with m = 2 dimensions, capacities ¢; = 3 and

co = 3, and 3 items with profits and weights:

j=1 j=2 j=3
D 9 8 6
wy 2 1 2
U]Qj 2 2 1

Questions

1. Execute the bottom-up DP algorithm: for each item j, write the matrices v[j][k1][k2]
and s[j][k1][k2], and show the computation of the cell k = c.
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value.

-

2. Using the tables s, reconstruct an optimal solution (x1, 2, x3) and report the optimal

3. How many cells does the table of the DP algorithm have, including the row j = 07
How many would it have with a third dimension of capacity c3 = 37

J

max{0, 8 4 0} = 8.

’U[2][l€1][]€2] kg =0 kg =1 k‘z =% kg =3
k1 =0 0 0 0 0
k=1 0 0 8 8
k1 =2 0 0 9 9
ki=3 0 0 9 9
S[2][k1][k2] kg =0 kQ =1 k2 =2 k‘g =3
k1=0 0 0 0 0
k=1 0 0 1 1
k1 =2 0 0 0 0
ki1=3 0 0 0 0

Item j = 3, with p3 = 6 and w;

(2,1): 0[3][(3,3)] = max{v[2][(3,3)], ps +

(
1

The recurrence and the conventions are those of the box at the beginning of these exercises.

1. The row j = 0 is v[0][k] = 0 for every k. In each matrix there is one row for each ky
and one column for each ks; in case of ties item j is not selected.

Item 7 = 1, with p; = 9 and w; = (2,2): v[1][(3,3)] = max{v[0][(3,3)], p1 +
v[0][(1,1)]} = max{0, 9+0} = 9; w; = (2,2) £ (0,0), so v[1][(0,0)] = v[0][(0,0)] = 0.
U[l][kl][kg] ]€2 =0 kg =1 kg =) kQ =
ki =0 0 0 0 0
ki=1 0 0 0 0
ki =2 0 0 9 9
ky =3 0 0 9 9
8[1][/€1][k2] kQ =0 k2 =1 ]{72 =y ]{)2 =g
ki=0 0 0 0 0
k=1 0 0 0 0
ki =2 0 0 1 1
ki=3 0 0 1 1
Item j = 2, with pp = 8 and we = (1,2): v[2][(3,3)] = max{v[1][(3,3)], p2 +

o[1][(2, )]} = max{9, 8 + 0} = 9; v[2][(1,2)] = max{v[1][(1,2)], p2 + [1][(0,0)]} =

v[2][(1,2)]} = max{9, 6 + 8} = 14.
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U[S][k‘l][kg] k‘2 =0 kg =1 k‘g =% k‘g =3
k1=0 0 0 0 0
ki=1 0 0 8 8
k1= 0 6 9 9
ki=3 0 6 9 14
8[3} [k‘l][kg] k‘g =0 k2 =1 k‘z =5 k‘g =3
k1 =0 0 0 0 0
ki=1 0 0 0 0
k1 =2 0 1 0 0
ki1=3 0 1 0 1
2. Starting from j = 3 and k = (3, 3):
Iteration ‘ J ‘ k ‘ z[1] z[2] =«[3] ‘ Action
- - - 0 0 0 |k=(33)
1 31,3 1 0 0 W 23«1, k< (3,3)—(2,1)=(1,2)
2 2 ,2 1 0 1 1 z[2] + 1, k + (1,2) — (1,2) = (0,0)
3 1 0 0 1 1 z[1] + 0, k = (0,0)
The vector (0,1, 1) is an optimal solution: its weights are 1 +2 =3 <¢; and 2+ 1 =
3 < ¢9, and the optimal value is v[3][(3,3)] = 8 + 6 = 14.
3. The table has (n+1)(c1 +1)(c2+1) =4-4-4 = 64 cells. A third dimension of capacity
c3 = 3 multiplies this number by c3 + 1 = 4, giving 256 cells: every new dimension
multiplies the number of states.

Exercise 22.2 — Exercise 2: Multidimensional Knapsack Problem

Consider the following MDKP instance, with m = 2 dimensions, capacities ¢; = 4 and
co = 3, and 3 items with profits and weights:

j=1 3j=2 j=3
Dbj 4 7 )
wlj 3 2 1
w2j 1 2 2

Questions

1. Execute the bottom-up DP algorithm: for each item j, write the matrices v[j][k1][k2]
and s[j][k1][k2], and show the computation of the cell k = c.

2. Using the tables s, reconstruct an optimal solution (x1, 2, x3) and report the optimal
value.

3. How many cells does the table of the DP algorithm have, including the row j = 07
How many would it have with a third dimension of capacity cg = 37
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The recurrence and the conventions are those of the box at the beginning of these exercises.

1. The row j = 0 is v[0][k] = O for every k. In each matrix there is one row for each k;
and one column for each ks; in case of ties item j is not selected.

Item 7 = 1, with p; = 4 and w; = (3,1): v[1][(4,3)] = max{v[0][(4,3)], p1 +

v[0][(1,2)]} = max{0, 4 + 0} = 4; »[1][(3,1)] = max{v[0][(3,1)], p1 + ©[0][(0,0)]} =
max{0, 44 0} = 4.

’U[l][kl][kg] kg =0 kg =1 k‘z =% kg =3
k1 =0 0 0 0 0
k=1 0 0 0 0
k1 =2 0 0 0 0
ki=3 0 4 4 4
ki=4 0 4 4 4
8[1][k1][k2] kQ =0 k2 =1 kQ =y kg =3
k1=0 0 0 0 0
ki=1 0 0 0 0
k1 =2 0 0 0 0
ki=3 0 1 1 1
k1 =4 0 1 1 1

Item j = 2, with po = 7 and wy = (2,2): v[2][(4,3)] = max{v[1][(4,3)], p2 +
v[1][(2,1)]} = max{4, T+0} = 7; wy = (2,2) £ (3,1), so v[2][(3,1)] = v[1][(3,1)] = 4.

’U[Q][k‘l][kz] k‘g =0 kg =1 k‘g =) k‘g =3
k1=0 0 0 0 0
ki=1 0 0 0 0
k1 =2 0 0 7 7
ki1=3 0 4 7 7
ki=4 0 4 7 7
S[Q][kl][kz] kg =0 kQ =1 kz =) kg =5
k1 =0 0 0 0 0
k=1 0 0 0 0
k1 =2 0 0 1 1
ki=3 0 0 1 1
k1 =4 0 0 1 1

Item j = 3, with p3 = 5 and w3 = (1,2): v[3][(4,3)] = max{v[2][(4,3)], p3s +
v[2][(3,1)]} = max{7, 5 +4} = 9.

’U[3][l€1][k2] ]{32 =0 kg =1l kz =) k‘g =3
k1=0 0 0 0 0
ki=1 0 0 ) )
ki =2 0 0 7 7
ki1=3 0 4 7 7
ki1=4 0 4 7 9
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8[3} [kl][kQ] k‘g =0 kQ =1 k‘2 =2 kg =
k1=0 0 0 0 0
k=1 0 0 1 1
k1 =2 0 0 0 0
ki1=3 0 0 0 0
ki=4 0 0 0 1
2. Starting from j = 3 and k = (4, 3):
Iteration ‘ J ‘ k ‘ z[1] =z[2] =z[3 ‘ Action
- - - 0 0 0 |k=(43)
1 3| (4,3 1 0 0 PN 23] 1, k< (4,3)—(1,2) = (3,1)
2 2 0 0 WO 1 | z[2]<0,k=(31)
3 1 (3, 1 0 1 |z« 1,k (3,1)—(3,1) =(0,0)
The vector (1,0, 1) is an optimal solution: its weights are 3+ 1 =4 <¢; and 1 +2 =
3 < ¢, and the optimal value is v[3][(4,3)] =4+ 5=09.
3. The table has (n+1)(c1 +1)(ca+1) = 4-5-4 = 80 cells. A third dimension of capacity
c3 = 3 multiplies this number by c3 + 1 = 4, giving 320 cells: every new dimension
multiplies the number of states.

(& J

Exercise 22.3 — Exercise 3: Multidimensional Knapsack Problem

Consider the following MDKP instance, with m = 2 dimensions, capacities ¢; = 3 and
co = 4, and 3 items with profits and weights:

j=1 j=2 j=3
D) 6 6 9
w14 2 1 2
UJQj 1 2 3

Questions

1. Execute the bottom-up DP algorithm: for each item j, write the matrices v[j][k1][k2]
and s[j][k1][k2], and show the computation of the cell k = c.

2. Using the tables s, reconstruct an optimal solution (x1, 2, x3) and report the optimal
value.

3. How many cells does the table of the DP algorithm have, including the row j = 07
How many would it have with a third dimension of capacity c3 = 37
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max{0, 6 + 0} = 6.

The recurrence and the conventions are those of the box at the beginning of these exercises.

1. The row j = 0 is v[0][k] = O for every k. In each matrix there is one row for each k;
and one column for each ks; in case of ties item j is not selected.

Item j = 1, with p; = 6 and w; = (2,1): v[1][(3,4)] =
v[0][(1,3)]} = max{0, 6 + 0} = 6; v[1][(2,2)] = max{v[0][(2,2)], pr + v[0][(0, )]} =

max{v[0][(3,4)], p1 +

’U[l][k’l][kfg] k’g =0 kQ =1 kz =¥ kg =53 kQ =4
k1 =0 0 0 0 0 0
k=1 0 0 0 0 0
ki1 =2 0 6 6 6 6
ki=3 0 6 6 6 6
S[l][k‘l][kg] kz =0 kg =1 ]{12 =) kg =53 kﬁg =dl
k1 =0 0 0 0 0 0
k=1 0 0 0 0 0
k1 =2 0 1 1 1 1
ki1 =3 0 1 1 1 1

v[1][(2,2)]} = max{6, 6 + 6} = 12.

Item j = 2, with po = 6 and ws =

(1,2): v[2][(3,4)] = max{v[1][(3,4)], p2 +

1)[2]“{1][]62] k‘2 =0 k‘g =1l kg =) kQ =K kg =4
k1 =0 0 0 0 0 0
ki=1 0 0 6 6 6
k1 =2 0 6 6 6 6
k1=3 0 6 6 12 12
S[2][k1][k2] k‘Q =0 kz =1 kg =¥ kz =3 k2 =4
k1 =0 0 0 0 0 0
ki=1 0 0 1 1 1
ki1 =2 0 0 0 0 0
k1 =3 0 0 0 1 1

Item j = 3, with p3 = 9 and w3 = (2,3): v[3][(3,4)] = max{v[2][(3,4)], p3 +
v[2][(1,1)]} = max{12, 9+ 0} = 12.

Author: Fabio Furini

11[3][/61][](:2] ‘ sz =0 k‘g =1l ]412 =% kg =5 kQ =4

k1 =0 0 0 0 0 0

k=1 0 0 6 6 6

k1 =2 0 6 6 9 9

ki1=3 0 6 6 12 12
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8[3][1451][]{}2] ‘ kz =0 kg =1 kg =% k‘g =5 k2 =4
k1 =0 0 0 0 0 0
ki=1 0 0 0 0 0
ki1 =2 0 0 0 1 1
ki1=3 0 0 0 0 0

2. Starting from j = 3 and k = (3,4):

Iteration ‘ j ‘ k ‘ T

1] z[2] =«[3] ‘ Action

K |
- - - - 0 0 0 |k=(34)
1 3134 o 0 0 [OW z[3] <0, k=(3,4)
2 2 13,4 | 1 0 W 0 |22l 1, k< (3,4) —(1,2) = (2,2)
3 1122 1 1 0 |z« 1k« (2,2)—(21)=(0,1)

The vector (1,1,0) is an optimal solution: its weights are 24+1=3 <¢; and 1 +2 =
3 < ¢g, and the optimal value is v[3][(3,4)] = 6 + 6 = 12.

3. The table has (n+1)(c1+1)(ca+1) =4-4-5 = 80 cells. A third dimension of capacity
c3 = 3 multiplies this number by c3 + 1 = 4, giving 320 cells: every new dimension
multiplies the number of states.

Exercise 22.4 — Exercise 4: Multidimensional Knapsack Problem

Consider the following MDKP instance, with m = 2 dimensions, capacities ¢; = 4 and
co = 3, and 4 items with profits and weights:

J=1 7j=2 j=3 j=4
D) 7 3 7 5
W4 2 1 1 2
w24 1 2 1 1

Questions

1. Execute the bottom-up DP algorithm: for each item j, write the matrices v[j][k1][k2]
and s[j][k1][k2], and show the computation of the cell k = ¢.

2. Using the tables s, reconstruct an optimal solution (x1,x2,x3,24) and report the
optimal value.

3. How many cells does the table of the DP algorithm have, including the row j = 07
How many would it have with a third dimension of capacity ¢z = 37

The recurrence and the conventions are those of the box at the beginning of these exercises.
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max{0, 74+ 0} = 7.

max{7, 3+ 0} = 7.

Item 7 = 1, with p; = 7 and w; = (2,1):
v[0][(2,2)]} = max{0, 7+ 0} = 7; v[1][(3,2)] = max{v[0][(3,2)], p1 + v[0][(1,1)]} =

v[1][(4,3)] = max{v[0][(4,3)], p1 +

1. The row j = 0 is v[0][k] = O for every k. In each matrix there is one row for each k;
and one column for each ko; in case of ties item j is not selected.

U[l][kl][kz] kg =0 kg =1 kz =y kQ =3
k1=0 0 0 0 0
ki=1 0 0 0 0
k1 =2 0 7 7 7
ki=3 0 7 7 7
ki=4 0 7 7 7
8[1“]{31][/{‘2] ]{32 =0 kg =1 kz =) k‘g =3
k1=0 0 0 0 0
ki=1 0 0 0 0
ki1 =2 0 1 1 1
k1 =3 0 1 1 1
ki=4 0 1 1 1

Item j = 2, with p» = 3 and ws = (1,2):
o[1][(3, D]} = max{7, 3+ 7} = 10; v[2][(3, 2)] = max{v[1][(3,2)], p2 + ©[1][(2,0)]} =

v[2][(4,3)] = max{v[1][(4,3)], p2 +

’U[2][/€1Hk2] ]{32 =0 kz =1 kg =) k‘g =3
k1=0 0 0 0 0
ki=1 0 0 3 3
ki =2 0 7 7 7
ki1=3 0 7 7 10
ki=4 0 7 7 10
8[2} [k‘l][kig] k‘g =0 k‘z =1 k/’g =) k‘g =3
k1=0 0 0 0 0
ki=1 0 0 1 1
ki =2 0 0 0 0
ki=3 0 0 0 1
ki1 =4 0 0 0 1

Item j = 3, with ps = 7 and w3
v[2][(3,2)]} = max{10, 7+ 7} = 14.

= (L1): v[3][(4,3)] = max{v[2]{(4,3)], ps +

Author: Fabio Furini

U[?)][k/’l][kg] ]{32 =0 kg =1 kg =) k‘g =3
k1=0 0 0 0 0
ki=1 0 7 7 7
ki =2 0 7 7 10
ki1=3 0 7 14 14
ki1=4 0 7 14 14
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Item j = 4, with py =

8[3“](51][]{2] k‘g =0 kQ =1 k‘2 =2 kg =
k1=0 0 0 0 0
ki=1 0 1 1 1
k1 =2 0 0 0 1
ki=3 0 0 1 1
k1 =4 0 0 1 1

v[3][(2,2)]} = max{14, 5+ 7} = 14.

5 and wy = (2,1): v[4][(4,3)] =

U[4][/€1Hk2] ]{32 =0 kg =1 kg =) k‘g =3
k1=0 0 0 0 0
ki=1 0 7 7 7
ki =2 0 7 7 10
ki =3 0 7 14 14
ki =4 0 7 14 14
8[4} [k‘l][kﬁg] k‘g =0 k‘g =1 k’g =) k‘g =3
k1=0 0 0 0 0
ki=1 0 0 0 0
ki =2 0 0 0 0
ki1=3 0 0 0 0
ki1=4 0 0 0 0

2. Starting from j =4 and k = (4, 3):

max{v[3][(4,3)], ps +

Iteration‘ j ‘ k

‘ s[j][k] ‘ z[1] z[2] =[3] z[4] ‘ Action

— - - - 0 0 0 0 |k=(43)

1 4143 | o 0 0 0 [0 2[4« 0,k=(4,3)

2 3143 1 0 0 AW 0 |z« 1,k (43) —(1,1)=(3,2)
3 2 (@32 o 0 O 1 0 |22/« 0,k=(32)

4 132 1 0 1 0 |zl ke (32— (21)=(11)

The vector (1,0,1,0) is an optimal solution: its weights are 2+ 1 = 3 < ¢; and
1+ 1 =2 < ¢y, and the optimal value is v[4][(4,3)] =7+ 7 = 14.

3. The table has (n 4+ 1)(c1 + 1)(ca +1) = 5-5-4 = 100 cells. A third dimension of
capacity c¢s = 3 multiplies this number by c3 + 1 = 4, giving 400 cells: every new

dimension multiplies the number of states.

Exercise 22.5 — Exercise 5: Multidimensional Knapsack Problem

Consider the following MDKP instance, with m = 2 dimensions, capacities ¢; = 4 and

co = 4, and 4 items with profits and weights:
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J=1 j=2 j=3 j=4
Pj 6 7 2 8
wi; 2 3 1 1
wa; 1 1 3 1

Questions

1. Execute the bottom-up DP algorithm: for each item j, write the matrices v[j][k1][k2]
and s[j][k1][k2], and show the computation of the cell k = ¢.

2. Using the tables s, reconstruct an optimal solution (x1,x2,x3,24) and report the
optimal value.

3. How many cells does the table of the DP algorithm have, including the row j = 07
How many would it have with a third dimension of capacity c3 = 37

. J

The recurrence and the conventions are those of the box at the beginning of these exercises.

1. The row j = 0 is v[0][k] = O for every k. In each matrix there is one row for each k;
and one column for each ko; in case of ties item j is not selected.

v[1][(4,4)] = max{v[0][(4,4)], p1 +

Item j = 1, with p; = 6 and w; = (2,1):
1) £ (0,2), so v[1][(0,2)] = v[0][(0,2)] = 0.

v[0][(2,3)]} = max{0, 6+0} = 6; w1 = (2,1)
U[l][kl][kg] k'g =0 kg =1 kQ =¥) kg =53 kQ =4
k1 =0 0 0 0 0 0
ki =1 0 0 0 0 0
ki1 =2 0 6 6 6 6
ki=3 0 6 6 6 6
k=4 0 6 6 6 6
5[1][k1][k2] kg =0 ]{72 =1 kQ =¥ kg =% k2 =4
k1=0 0 0 0 0 0
ki =1 0 0 0 0 0
ki1 =2 0 1 1 1 1
ki=3 0 1 1 1 1
ki =4 0 1 1 1 1

Item j = 2, with pp = 7 and wy = (3,1): v[2][(4,4)] = max{v[1][(4,4)], p2 +
o[A][(1, 3)]} = max{6, 7+ 0} = 7; v[2][(3,3)] = max{v[1][(3,3)], p2 + v[1][(0,2)]} =
max{6, 7+ 0} = 7.
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U[Q][/ﬁ][kg} k‘Q =0 k‘g =1 ]{12 =% k‘g =5 kg = 4
k1 =0 0 0 0 0 0
ki=1 0 0 0 0 0
k1 =2 0 6 6 6 6
ki1=3 0 7 7 7 7
ki =4 0 7 7 7 7
S[Q][kl][k‘g] kg =0 k‘g =1l kiz =) k‘g =3 k‘g =4
kr1=0 0 0 0 0 0
k=1 0 0 0 0 0
k1 =2 0 0 0 0 0
k1 =3 0 1 1 1 1
ki=14 0 1 1 1 1

max{7,2+0} = 7.

Item j = 3, with p3 = 2 and w3 = (1,3): v[3][(4,4)] = max{v[2][(4,4)], p3 +
v2][3, DI} = max{7, 2+ 7} = 9; v[3][(3,3)] = max{v[2][(3,3)], ps + v[2][(2,0)]} =

U[3][/€1][k2} k‘g =0 k‘g =1 ]{ig =% k‘g =5 kg =4
k1 =0 0 0 0 0 0
k=1 0 0 0 2 2
k1 =2 0 6 6 6 6
ki1=3 0 7 7 7 8
ki =4 0 7 7 7 9
8[3][]61][1{)2] kg =0 k‘g =1l kiz =) k‘g =3 k‘g =4
k=0 0 0 0 0 0
k=1 0 0 0 1 1
k1 =2 0 0 0 0 0
k1=3 0 0 0 0 1
ki =4 0 0 0 0 1

v[3][(3,3)]} = max{9, 8 + 7} = 15.

Item j = 4, with ps = 8 and ws = (1,1): v[4][(4,4)]

= max{v[3][(4,4)], ps +

Author: Fabio Furini
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U[4][I€1][k‘2} ki2 =0 k‘Q Sl Ifg =) k‘g =3 k‘g =4
k1 =0 0 0 0 0 0
ki=1 0 8 8 8 8
ki1 =2 0 8 8 8 10
k1=3 0 8 14 14 14
ki1 =4 0 8 15 15 15
8[4][161][]62] kg =0 k‘g =1l kz =) ]{?2 =3 kg =4
k1= 0 0 0 0 0
k=1 0 1 1 1 1
ki =2 0 1 1 1 1
ki =3 0 1 1 1 1
ki =4 0 1 1 1 1
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2. Starting from j =4 and k = (4,4):

Iteration‘ J ‘ k ‘S[j][k] ‘ z[l] =z[2] =z[3] =z[4] ‘ Action

= | - = 0 0 0 0 |k=(44

1 4144 1 0 0 0 W 2[4« 1,k (4,4) —(1,1)=(3,3)
2 3133 o0 0 0 PO 1 |2[3]«0 k=(3,3)

3 2 (3,3 1 0 1 0 1 |z2[2]« 1,k (3,3)—(3,1)=(0,2)
4 1102 o 00 1 0 1 |z[1]«0k=(0,2)

The vector (0,1,0,1) is an optimal solution: its weights are 3 +1 = 4 < ¢; and
1+ 1 =2 < ¢y, and the optimal value is v[4][(4,4)] =7+ 8 = 15.

3. The table has (n 4+ 1)(c1 + 1)(ca +1) = 5-5-5 = 125 cells. A third dimension of
capacity c¢s = 3 multiplies this number by c3 + 1 = 4, giving 500 cells: every new
dimension multiplies the number of states.
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Chapter 23

DP for the knapsack problem with setups

Recurrence used in these exercises

The DP algorithm of the chapter «DP for the knapsack problem with setups». The items
are numbered class by class, #, = {€p,—1 +1,..., 0}, tp = | 71|, and j = €1 + i is the
i-th item of class h:

—00 if i =0 and k < sp,
v(h—1,k —sp) — fa if1=0and k > sy,
. o i A
w(hyi, k) = u(h,i—1,k) if i > 1 and w; > k,
max {u(h,i— 1,k), if i > 1 and w; <k,
pj+u(h,i—1,k—wj)}
\
0 if h =0,
v(h, k) =

max {v(h — 1,k), u(h,tp, k)} if h>1.

The optimal value is v(q, c). The choice tables store s[h][i][k] = 1 if the i-th item of class
h is selected, and o[h][k] = 1 if class h is open. The reconstruction scans the classes from

h = q and k = ¢: an open class is scanned as in the KP, and then k decreases by sy,.
1\ J

Exercise 23.1 — Exercise 1: Knapsack Problem with Setups

Consider the following KPS instance, with a knapsack of capacity ¢ = 7 and 4 items
partitioned into ¢ = 2 classes: ¢ = {1,2} with fi = 2 and 51 = 1, ¢ = {3,4} with
fo =2 and ss = 1. The revenues and weights are:

| j=1 j=2|j=3 j=4
Dj 2 9 3 8
w; 2 1 2 1

Questions
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-

1. Execute the bottom-up DP algorithm and write the table of all the rows v[h][-] and
u[h][i][-], in the order of computation.

which classes are open, and report the optimal value.

Write the choice tables s and o, reconstruct an optimal solution (x1,x9,x3,x4), say

J

1. For each class h the DP algorithm computes the setup row u[h][0][-], the rows of the
items of class h, and the row v[h][-]. In case of ties the item is not selected and the
class stays closed. This is the table after the execution of the DP algorithm:

These are the computations of the cells

The recurrence and the conventions are those of the box at the beginning of these exercises.

Row k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7
v[0][k] 0 0 0 0 0 0 0 0
u[1][0][k] (setup) | —oo =2 =2 =2 =2 -2 -2 -2
K] G=1)| -0 -2 -2 0 0 0 0 0
ull][2][k] (j=2)| —oc0  —2 7 7 9 9 9 9
v[1][k] 0 0 7 7 9 9 9 9
u[2][0][k] (setup) | —oo =2 =2 5 5 7 7 7
2] G=3)| -0 -2 -2 5 5 8 8 10
ull2k] G=4)| -0 -2 6 6 13 13 16 16
v[2][k] 0 0 7 7 13 13 16 16

which it reads them:

used by the reconstruction, in the order in

Row k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7
sk GG =1) 0 0 0 1 1 1 1 1
s[1][2][k] (G = 2) 0 0 1 1 1 1 1 1
o[1][k] 0 0 1 1 1 1 1 1
s[2][1][k] (j = 3) 0 0 0 0 0 1 1 1
sl2][2][k] (G = 4) 0 0 1 1 1 1 1 1
o[2][K] 0 0 0 0 1 1 1 1
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Starting from h =2 and k = 7:

Iteration ‘ Stage ‘ k ‘ Choice ‘ z[1]  z[2] =«[3] =z[4] ‘ Action
= = = = 0 0 0 0 k=17
1 h=2|7] of2]1]=1 0 0 0 0 | class 2 open
2 j=4 |7 |s22M=1] 0 o o PN k—7-1=6
3 j=31|6|s[2[l]6]=1] O 0 1 1 |k+~6-2=4
= = 4 = 0 0 1 1 setup: k<4 —5s9=3
4 h=1]|3]| ofl][38]=1 0 0 1 1 | class 1 open
5 Jj= 3 | s[2)8]=1] 0 1 1 1 [ k+3-1=2
6 j=1|2|suRl=0o @O 1 1 1 |k=2
— — 2 — 0 1 1 1 setup: k< 2—s1 =1

The vector (0,1,1,1) is an optimal solution: both classes are open, and the items
{2,3,4} are selected. Its total weight is 1 +2 + 1+ s1 + s2 = 6 < ¢, and the optimal
value is v[2][7] =9+ 3 +8 — f1 — fo = 16.

Exercise 23.2 — Exercise 2: Knapsack Problem with Setups

Consider the following KPS instance, with a knapsack of capacity ¢ = 7 and 4 items
partitioned into ¢ = 2 classes: ¢ = {1,2} with fi = 4 and 51 = 2, ¢ = {3,4} with
fo =4 and ss = 1. The revenues and weights are:

| j=1 j=2|j=3 j=4
Dj 7 ) 9 2
wj 3 3 3 3

Questions

1. Execute the bottom-up DP algorithm and write the table of all the rows v[h][-] and
u[h][i][-], in the order of computation.

2. Write the choice tables s and o, reconstruct an optimal solution (x1,x2,x3,x4), say
which classes are open, and report the optimal value.

- J

The recurrence and the conventions are those of the box at the beginning of these exercises.

1. For each class h the DP algorithm computes the setup row u[h][0][-], the rows of the
items of class h, and the row v[h][-]. In case of ties the item is not selected and the
class stays closed. This is the table after the execution of the DP algorithm:
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Row k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7
O] [A] 0 0 0 0O 0 0 0
u[1][0][%] (setup) | —c0 —00 -4 -4 -4 -4 -4 -4
w[l)[1][k] G=1)| -0 -0 -4 -4 —A4 3 3 3
ul]2][k] G =2)| -0 —oc0 -4 -4 -4 3 3 3
W[1][K] 0 0 0 0 o 3 3 3
u[2][0][k] (setup) | —c0 -4 -4 -4 -4 -4 -1 -1
ul2][1][k] (7 =3)| -0 -4 -4 -4 5 5 5 5
ul2]2][k] j=4)| -0 -4 -4 -4 5 5 5 7
v[2][K] 0 0 0 0 5 5 5 7

These are the computations of the cells
which it reads them:

o v[2][7] = max{v[1][7], u[2][2][7]} = max{3, T} =7

o u[2][2)[7] = max{u[2][1][7], ps + u[2][1][4]} = max{5, T} =7
o uf2)[1]14] = max{ul2]0]4], ps + u[2[0][1]} = max{—4, 5} = 5
o ul2][0)[1] = v[1][0] = fo=0—4=—4

e v[1][0] = max{v[0][0], »[1][2][0]} = max{0, —oo} =0

reconstruction, in the order in

Row k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7
s[1)[1][k] (j=1) 0 0 0 0 0 1 1 1
s[[2][k] (G = 2) 0 0 0 0 0 0 0 0
o[1][k] 0 0 0 0 0 1 1 1
s[2)[1][k] (4 = 3) 0 0 0 0 1 1 1 1
s[2][2][k] (j = 4) 0 0 0 0 0 0 0 1
o[2][K] 0 0 0 0 1 1 1 1
Starting from h =2 and k = T7:
Iteration ‘ Stage ‘ k ‘ Choice ‘ xz[1] z[2] «[3] =z[4] ‘ Action

= = = 0 0 0 0 k=17

1 h=2171] o2][7]=1 0 0 0 0 | class 2 open

2 j=4 |7 |s@2M=1] 0 o o PN i—7-3=14

3 j=3|4|s2U4=1] 0 o PP 1 |k<4-3=1

— — 1 — 0 0 1 1 setup: k< 1—55=0

4 h=11]0| o[1][0]=0 0 0 1 1 | class 1 closed

The vector (0,0,1,1) is an optimal solution: only class 2 is open, and the items
{3,4} are selected. Its total weight is 3 +3 + s3 = 7 < ¢, and the optimal value is

R[N =9+2-f2=7.

Author: Fabio Furini
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Exercise 23.3 — Exercise 3: Knapsack Problem with Setups

Consider the following KPS instance, with a knapsack of capacity ¢ = 8 and 5 items
partitioned into ¢ = 2 classes: ¢ = {1,2} with fi =1 and s; =1, ¢ = {3,4,5} with
fo =2 and s9 = 2. The revenues and weights are:

<.
Il

w
— © |
[GUREN I TN
— © | o

Questions

1. Execute the bottom-up DP algorithm and write the table of all the rows v[h][-] and
u[h][i][-], in the order of computation.

2. Write the choice tables s and o, reconstruct an optimal solution (z1,x9,xs,z4,x5),
say which classes are open, and report the optimal value.

AN J

The recurrence and the conventions are those of the box at the beginning of these exercises.

1. For each class h the DP algorithm computes the setup row u[h][0][-], the rows of the
items of class h, and the row v[h][-]. In case of ties the item is not selected and the
class stays closed. This is the table after the execution of the DP algorithm:

Row k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8
[O][A] 0o 0 o0 0 0 0 0 0 0
u[1][0][k] (setup) | —oc0  —1 -1 -1 =1 -1 -1 -1 -1
wk G=1)| -0 -1 -1 -1 -1 2 2 2 2
w2 G=2)| —0 -1 8 8 8 8 11 11 1
v[1][K] 0 0 8 8 8 8§ 11 11 11
u[2][0][k] (setup) | —c0 —oc0 -2 = =2 6 6 6 6 9
uRI)k] G=3)| —00 —oc0 -2 3 6 11 11 11 11
u2] G=4)| —00 -0 -2 3 6 11 11 13 18
uRIBlK G=5)| —c0 —oc0 -2 7 12 15 20 20 22
v[2][K] 0 0 8 8§ 12 15 20 20 22

These are the computations of the cells used by the reconstruction, in the order in
which it reads them:

e v[2][8] = max{v[1][8], u[2][3][8]} = max{11l, 22} = 22

o u[2](3][8] = max{u[2][2][8], p5 + u[2][2][7]} = max{18, 22} = 22
o u[2][2][7] = max{u[2][1][7], ps + u[2][1][4]} = max{11, 13} = 13
o u[2][1][4] = max{u[2][0][4], ps + u[2][0][3]} = max{6, 3} =6

o u[2][0][4] =v[1][2] - fo=8—-2=6
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.

2] = max{w[1][1][2], p2 + u[1][1][1]} = max{—1, 8} =8

[1] = w[1][0][1]

= —1, since wy > 1

2. These are the choice tables computed by the DP algorithm:

Row k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=38
s[1][1][k] (G =1) 0 0 0 0 0 1 1 1 1
s[1)[2][k] ( = 2) 0 0 1 1 1 1 1 1 1
o[1][] 0 0 1 1 1 1 1 1 1
s2)[1][&] (j = 3) 0 0 0 1 0 1 1 1 1
s[2[2][k] (5 = 4) 0 0 0 0 0 0 0 1 1
s[2][3][k] ( =5) 0 0 0 1 1 1 1 1 1
0[2][k] 0 0 0 0 1 1 1 1 1
Starting from h =2 and k = 8:
Tteration ‘ Stage ‘ k ‘ Choice ‘ z[1] =[2] =[3] =z[4] =[5 ‘ Action
= = = = 0 0 0 0 0 k=38
1 h=2|8| o2]8 =1 0 0 0 0 0 | class 2 open
2 j=5|8|s2@8l=1] 0 o0 0o o PEk—8-1=7
3 j=4 |7 |s22M=1] 0 0o o P 1 |k<7-3=4
4 j=3|4|s24 =0 0 o PO 1 1 |k=4
= = 4 = 0 0 0 1 1 setup: k<4 —s9 =2
5 h=1|2| o1]2]=1 0 0 0 1 1 | class 1 open
6 j=22|s22=1| o @ 0 1 1 |k<2-1=1
7 j=1 |1 |su=0@o® 1 o0 1 1 |k=1
= = 1 = 0 1 0 1 1 setup: k<« 1—5s1=0

The vector (0,1,0,1,1) is an optimal solution: both classes are open, and the items
{2,4,5} are selected. Its total weight is 1 +3 + 1 4 s1 + s2 = 8 < ¢, and the optimal

value is v[2][8] =9+ 7+ 9 — f1 — fo = 22.

J

fo =1 and ss = 1. The revenues and weights are:

Exercise 23.4 — Exercise 4: Knapsack Problem with Setups

Consider the following KPS instance, with a knapsack of capacity ¢ = 8 and 5 items
partitioned into ¢ = 2 classes: ¢ = {1,2,3} with f; =2 and s; =1, #> = {4,5} with

Author: Fabio Furini

| j=1 j=2 j=3]|j=4 5
Dj 6 9 9 7 5
wj 1 1 4 3 4
Questions
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1. Execute the bottom-up DP algorithm and write the table of all the rows v[h][-] and
u[h][i][-], in the order of computation.

2. Write the choice tables s and o, reconstruct an optimal solution (z1,z2, 23,24, 5),
say which classes are open, and report the optimal value.

- /

The recurrence and the conventions are those of the box at the beginning of these exercises.

1. For each class h the DP algorithm computes the setup row u[h][0][-], the rows of the
items of class h, and the row v[h][-]. In case of ties the item is not selected and the
class stays closed. This is the table after the execution of the DP algorithm:

Row k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8
O] K] o o0 o0 0 0 0 0 0 0
u[1][0][k] (setup) | —oo —2 —2 —2 —2 -2 -2 -2 -2
WUk G=1)| -0 -2 4 4 4 4 4 4 4
w1)2[K] G=2)| —o0 -2 7 13 13 13 13 13 13
W8]k G=3)| -0 -2 7 13 13 13 16 22 22
v[1][K] 0 0 7 13 13 13 16 22 22
u[2][0][k] (setup) | —oc0  —1 -1 6 12 12 12 15 21
u2I[k] G=4)| -0 -1 -1 6 12 12 13 19 21
u2l] G=5)| —c0 -1 -1 6 12 12 13 19 21
v[2][K] 0 0 7 13 13 13 16 22 22

These are the computations of the cells used by the reconstruction, in the order in
which it reads them:

e v[2][8] = max{v[1][8], u[2][2][8]} = max{22, 21} = 22

e v[1][8] = max{v[0][8], u[1][3][8]} = max{0, 22} = 22

o u[1][3][8] = max{u[1][2][8], ps + u[1][2][4]} = max{13, 22} = 22
o u[1][2][4] = max{u[1][1][4], p2 + u[1][1][3]} = max{4, 13} = 13
o u[1][1][3] = max{u[1][0][3], p1 + u[1][0][2]} = max{-2, 4} =4
o W] 0][2] = oO][1] — i =0 —2 = —2

2. These are the choice tables computed by the DP algorithm:

Row k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=32
S[AE G =1) 0 0 1 1 1 1 1 1 1
s[1[2][k] (G = 2) 0 0 1 1 1 1 1 1 1
s[1[3][k] (j = 3) 0 0 0 0 0 0 1 1 1
o[1][k] 0 0 1 1 1 1 1 1 1
s[2I[1][k] (G = 4) 0 0 0 0 0 0 1 1 0
s[2][2][k] (j = 5) 0 0 0 0 0 0 0 0 0
o[2][k] 0 0 0 0 0 0 0 0 0
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Starting from h =2 and k = 8:

Iteration ‘ Stage ‘ k ‘ Choice ‘ z[1] z[2] z[3] <z[4] =z[5] ‘ Action
= = = = 0 0 0 0 0 | k=38
1 h=2|8 | o[2][8 =0 0 0 0 0 0 | class 2 closed
2 h=1|8 | o[l]8 =1 0 0 0 0 0 | class 1 open
3 j=318 |s[13]8=1| 0 0 1 0 0 |k«8—-4=14
4 j=2 |4 |s24=1| o I 1 0 0 |k<4-1=3
5 j=1(3|sus=1@ 1 1 0 0 |k<3-1=2
2 — 1 1 1 0 0 setup: k< 2—s; =1

The vector (1,1,1,0,0) is an optimal solution: only class 1 is open, and the items
{1,2,3} are selected. Its total weight is 1 + 144+ s; = 7 < ¢, and the optimal value
isv[2][8] =6+9+9— f1 =22.

Exercise 23.5 — Exercise 5: Knapsack Problem with Setups

Consider the following KPS instance, with a knapsack of capacity ¢ = 9 and 5 items
partitioned into ¢ = 2 classes: #1 = {1,2} with fi =3 and s; = 2, ¢, = {3,4,5} with
fo =2 and s = 2. The revenues and weights are:

|j=1 j=2]j=3 j=4 j=5
Dj 6 5 8 6 5
w; 3 1 1 4 3

Questions

1. Execute the bottom-up DP algorithm and write the table of all the rows v[h][-] and
u[h][#][-], in the order of computation.

2. Write the choice tables s and o, reconstruct an optimal solution (z1,z2, 3, T4, 25),
say which classes are open, and report the optimal value.

A J

The recurrence and the conventions are those of the box at the beginning of these exercises.

1. For each class h the DP algorithm computes the setup row u[h][0][-], the rows of the
items of class h, and the row v[h][-]. In case of ties the item is not selected and the
class stays closed. This is the table after the execution of the DP algorithm:
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Tteration ‘ Stage ‘ k Choice ‘ z[1] =[2] z[3] x[4] =[5 ‘ Action
= = = = 0 0 0 0 0 k=9
1 h=219 | o2]9 =1 0 0 0 0 0 | class 2 open
2 j=509|s2@9=0] 0 0o o0 o PO k=9
3 j=4 |9 |s229=0] 0 0o o PO o0 |k=9
4 j=39|s2Mo=1] 0 o PN 0 0 |k<9-1=38
= 8 = 0 0 1 0 0 setup: k<8 —5s9 =206
5 116 | ofl][6] =1 0 0 1 0 0 | class 1 open
6 j=2|6|s26l=1| o P 1 0 0 |k<6-1=5
7 j=1|5|supl=1 @ 1 1 0 0 |k<5-3=2
2 = 1 1 1 0 0 setup: k+2—51=0

The vector (1,1,1,0,0) is an optimal solution: both classes are open, and the items
{1,2,3} are selected. Its total weight is 3+ 1+ 1+ s1 + s2 =9 < ¢, and the optimal

value is v[2][9] =6+ 5+ 8 — f1 — fo = 14.

Author: Fabio Furini
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Chapter 24

DP for the multiple knapsack problem

Recurrence used in these exercises

The DP algorithm of the chapter «DP for the multiple knapsack problem», with m knap-

sacks, the vector k = (k1, ..., ky,) of their residual capacities and the unit vectors e;:
0 if 7 =0,
v(j—1,k) if 7 > 1 and
v(j, k) = w; > k; for all 4,
max {v(j — 1, k), if > 1 and
pj + max v(j —1,k—wje;)} w; <k; for some 1.
ZwJSkZ

The optimal value is v(n, ¢). The tables s store s[j][k] = 7 if item j is inserted into knapsack
i, and 0 if it is left out; an optimal solution is reconstructed from j = n and k = ¢ with
aj < slj]lk] and, if a; =i > 1, k « k — wje;.

- J

Exercise 24.1 — Exercise 1: Multiple Knapsack Problem

Consider the following MKP instance, with m = 2 knapsacks of capacities ¢; = 3 and

co = 2, and 3 items with profits and weights:

Questions

1. Execute the bottom-up DP algorithm: for each item j, write the matrices v[j][k1][k2]
and s[j][k1][kz], and show the computation of the cell k = c.

2. Using the tables s, reconstruct an optimal solution as the vector (ai,as,as) of the
knapsacks, and report the optimal value.

3. Solve by enumeration the KP with the same items and capacity ¢; + co = 5, and
compare its optimal value with the optimal value of the MKP.

e
A
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The recurrence and the conventions are those of the box at the beginning of these exercises.

1. The row j = 0 is v[0][k] = O for every k. In each matrix there is one row for each
k1 and one column for each ko; in s, 0 means that item j is left out, and 1 or 2 the
knapsack into which it is inserted. In case of ties the first option is kept: item j left
out, then knapsack 1.

Item j = 1, with p; = 8 and w; = 2: v[1][(3,2)] = max{v[0][(3,2)], p1 +
]} = max{0,8 + 0,8 + 0} = 8 v[1]{(0,2)] =

v[0][(1,2)], ;1 + ©[0][(3,0)

max{v[0][(0, 2)], p1 + v[0][(0,0)]} = max{0, 8 + 0} = 8.
o[1[k][ko] | ko =0 ko=1 ky=2
k1 =0 0 0 8
ki=1 0 0 8
ky =2 8 8 8
ki =3 8 8 8
s{U[ki]ko] | ko =0 ko=1 ko=2
k1=0 0 0 2
k=1 0 0 2
k1 =2 1 1 1
ki=3 1 1 1

Item j = 2, with po = 7 and we = 3: v[2][(3,2)] = max{v[1][(3,2)], p2+v[1][(0,2)]} =
max{8, 7+ 8} = 15.

v[2|[k1][k2] | ke =0 ko=1 ko=2
k1 =0 0 0 8
ki=1 0 0 8
ky =2 8 8 8
ki =3 8 8 15
s[2][k1][k2] | ke =0 ko=1 ko=2
k1 =0 0 0 0
k=1 0 0 0
ky =2 0 0 0
k1 =3 0 0 1

Item j = 3, with ps = 6 and ws = 3: v[3][(3,2)] = max{v[2][(3,2)], p3+v[2][(0,2)]} =
max{15, 6 + 8} = 15.

1)[3] [kl][k‘z] ‘ kg =0 k)g =1 kg =2
k1=0 0 0 8
ki=1 0 0 8
k1= 8 8 8
k=3 8 8 15
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5[3] [k‘l][k‘Q] ‘ kg =0 kg =1 k‘g =2
k1=0 0 0 0
ki=1 0 0 0
k1 =2 0 0 0
ki =3 0 0 0

2. Starting from j = 3 and k = (3,2):

Iteration ‘ J ‘ k ‘ al2] a3 ‘ Action

‘ all]
- — - - 0 0 0 |k=(32)
1 3132 o0 0 0 MO a3 <0, k=(32)
2 2 32| 1 0 P 0 | a2« 1 k<« (0,2
3 10,2 | 2 90 1 0 |all] <2 k<« (0,0

The vector (2,1,0) is an optimal solution: knapsack 1 contains the items {2}, of total
weight 3 < ¢, and knapsack 2 the items {1}, of total weight 2 < ¢5. The optimal
value is v[3][(3,2)] = 7+ 8 = 15.

3. The KP with capacity 5 has optimal value 15, equal to the optimal value of the MKP:
here the upper bound given by the total capacity is tight.

Exercise 24.2 — Exercise 2: Multiple Knapsack Problem

Consider the following MKP instance, with m = 2 knapsacks of capacities ¢; = 4 and
co = 3, and 3 items with profits and weights:

W 0o | W

Questions

1. Execute the bottom-up DP algorithm: for each item j, write the matrices v[j][k1][k2]
and s[j][k1][k2], and show the computation of the cell k = ¢.

2. Using the tables s, reconstruct an optimal solution as the vector (ai,as,as) of the
knapsacks, and report the optimal value.

3. Solve by enumeration the KP with the same items and capacity ¢; + co = 7, and
compare its optimal value with the optimal value of the MKP.

AN J

The recurrence and the conventions are those of the box at the beginning of these exercises.

1. The row j = 0 is v[0][k] = O for every k. In each matrix there is one row for each
k1 and one column for each ko; in s, 0 means that item j is left out, and 1 or 2 the
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knapsack into which it is inserted. In case of ties the first option is kept: item j left
out, then knapsack 1.

Item j = 1, with p; = 7 and wy = 4: v[1][(4,3)] = max{v[0][(4, 3)], p1 +v[0][(0,3)]} =
max{0, 740} = 7; v[1][(4,0)] = max{v[0][(4, 0)], p1 +v[0][(0,0)]} = max{0, 7+0} =

7.
’U[l][lﬂl][kz] ]CQ =0 kQ = 1 k’g =y k2 =3
k1 =0 0 0 0 0
ki=1 0 0 0 0
k1 =2 0 0 0 0
ki=3 0 0 0 0
ki=4 7 7 7 7
S[l“]ﬂl][kg] ]ﬂg =0 k2 =1 ]€2 =y) kg =3
k1=0 0 0 0 0
ki=1 0 0 0 0
k1 =2 0 0 0 0
k1 =3 0 0 0 0
k=4 1 1 1 1

Item j = 2, with po = 3 and w2 = 3: v[2][(4,3)] = max{v[1][(4,3)], p2 +

o[A][(1,3)], p2 + o[1][(4,0)]} = max{7,3 + 0, 3 + 7 = 10 0[2][(4,0)] =

max{v[1][(4,0)], p2 + v[1][(1,0)]} = max{7, 3+ 0} =
U[?][kl][kg] kz =0 kg =1 kg =y kz =3
ki =0 0 0 0 3
k=1 0 0 0 3
ky =2 0 0 0 3
k=3 3 3 3 3
ki=4 7 7 7 10
8[2} [k‘l][kig] k‘g =0 k‘z =1 k/’g =5 k‘g =3
k1=0 0 0 0 2
ki=1 0 0 0 2
ki =2 0 0 0 2
k1=3 1 1 1 1
ki1=4 0 0 0 2

Item j = 3, with p3 = 8 and w3 = 3: v[3][(4,3)] = max{v[2][(4,3)], p3 +
v[2][(1,3)], p3 + v[2][(4,0)]} = max{10, 8 + 3, 8 + 7} = 15.

U[?)][k/’l][kg] ]{32 =0 kg =1 kg =) k‘g =3
k1=0 0 0 0 8
ki=1 0 0 0 8
ki =2 0 0 0 8
ki1=3 8 8 8 11
ki1=4 8 8 8 15
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S[S][kl][kz] k‘g =0 kQ =1 k2 =2 k‘Q =
k1 =0 0 0 0 2
k=1 0 0 0 2
k1=2 0 0 0 2
ki =3 1 1 1 1
ki=4 1 1 1 2
2. Starting from j = 3 and k = (4, 3):
Iteration ‘ J ‘ k ‘ all] af2] a3 ‘ Action
- - - 0 0 0 |k=(4,3)
1 3 2 0 0 [ af3] < 2, k< (4,0)
2 2 0 0 IO 2 | a2« 0, k=(4,0)
3 1 1 W 0 2 |afl]«< 1, k< (0,0)
The vector (1,0, 2) is an optimal solution: knapsack 1 contains the items {1}, of total
weight 4 < ¢;, and knapsack 2 the items {3}, of total weight 3 < ¢5. The optimal
value is v[3][(4,3)] = 7+ 8 = 15.
3. The KP with capacity 7 has optimal value 15, equal to the optimal value of the MKP:
here the upper bound given by the total capacity is tight.
. J

Exercise 24.3 — Exercise 3: Multiple Knapsack Problem

Consider the following MKP instance, with m = 2 knapsacks of capacities ¢; = 5 and
co = 2, and 3 items with profits and weights:

\)
w Ot | N

j=1

pj
Wj

\V]
= O [ W

Questions

1. Execute the bottom-up DP algorithm: for each item j, write the matrices v[j][k1][k2]
and s[j][k1][k2], and show the computation of the cell k = c.

2. Using the tables s, reconstruct an optimal solution as the vector (ai,as,as) of the
knapsacks, and report the optimal value.

3. Solve by enumeration the KP with the same items and capacity ¢; + co = 7, and
compare its optimal value with the optimal value of the MKP.

The recurrence and the conventions are those of the box at the beginning of these exercises.

1. The row j = 0 is v[0][k] = O for every k. In each matrix there is one row for each
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k1 and one column for each ko; in s, 0 means that item j is left out, and 1 or 2 the
knapsack into which it is inserted. In case of ties the first option is kept: item j left
out, then knapsack 1.

Item j = 1, with p; = 2 and w; = 2: v[1][(5,2)] = max{v[0][(5,2)], p1 +
v[0][(3,2)], p1 + v[0][(5 0)]} = max{0,2 + 0,2 + 0} = 25 W[1][(1,2)] =
max{o[0)[(1,2)], p1 + o[0][(1, 0]} = max{0, 2+ 0} = 2.

v[1][k][ko] | ko =0 ka=1 ky=2
ki=0 0 0 2
k=1 0 0 2
k1 =2 2 2 2
ki =3 2 2 2
k=4 2 2 2
ki=5 2 2 2
s[1][k1][k2] | ko =0 ko=1 ko=2
ki1=0 0 0 2
k=1 0 0 2
ki = 1 1 1
ki =3 1 1 1
k1 = 1 1 1
k1=5 1 1 1

Item j = 2, with po = 5 and wa = 3: v[2][(5,2)] = max{v[1][(5,2)], p2+v[1][(2,2)]} =
max{2, 5+ 2} = 7; we = 3 fits in no knapsack, so v[2][(1,2)] = v[1][(1,2)] = 2.

v[2|[k1][k2] | ke =0 ko=1 ko=2
k=0 0 0 2
k=1 0 0 2
ki =2 2 2 2
ki =3 5 5 7
kp=4 5 5 7
ki =5 7 7 7
s2)lki]lka] | ko=0 ko=1 ko=2
k1 =0 0 0 0
ki =1 0 0 0
ky =2 0 0 0
kp=3 1 1 1
ki =4 1 1 1
ki=5 1 1 1

Item j = 3, with p3 = 9 and ws = 4: v[3][(5, 2)] = max{v[2][(5,2)], ps+v[2][(1,2)]} =
max{7, 9+ 2} = 11.
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’U[3} [k‘1][/€2] k‘g =0 ]{12 =1 k‘g =2
ki1=0 0 0 )
ki=1 0 0 2
k1 =2 2 2 2
ki =3 5 5 7
ki=4 9 9 11
ki =5 9 9 11
8[3] [kl][kg] kg =0 kQ =1 k‘Q =)
k1=0 0 0 0
ki=1 0 0 0
ki =2 0 0 0
ki1 =3 0 0 0
ki1 =4 1 1 1
k1=5 1 1 1

2. Starting from j = 3 and k = (5,2):

Iteration ‘ J ‘ k ‘S[j][kf] ] al2] al3] ‘ Action

‘ al
_ | - — o 0o 0 |k=(2)
1 35,2 1 0 0 P a3« 1,k (1,2)
2 2112 | o 0 O 1 |a2 <0 k=(12)
3 1] (2| 2 90 0 1 |all] <2 k<« (1,0)

The vector (2,0, 1) is an optimal solution: knapsack 1 contains the items {3}, of total
weight 4 < ¢, and knapsack 2 the items {1}, of total weight 2 < ¢3. The optimal
value is v[3][(5,2)] =9+ 2 = 11.

3. The KP with capacity 7 has optimal value 14 > 11, with the items {2,3} of total
weight 7 < 7. These items cannot be divided between the two knapsacks of capacities
5 and 2: the KP with the total capacity gives only an upper bound on the optimal
value of the MKP.

- J

Exercise 24.4 — Exercise 4: Multiple Knapsack Problem

Consider the following MKP instance, with m = 2 knapsacks of capacities ¢; = 4 and

co = 3, and 4 items with profits and weights:

<.
Il

lj=1 j=2 j=

O W
= O |

1 2
pj 5 2
’LUj 2 1

Questions

1. Execute the bottom-up DP algorithm: for each item j, write the matrices v[j][k1][k2]
and s[j][k1][k2], and show the computation of the cell k = c.
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2. Using the tables s, reconstruct an optimal solution as the vector (ay, as,as, as) of the
knapsacks, and report the optimal value.

3. Solve by enumeration the KP with the same items and capacity ¢; + co = 7, and
compare its optimal value with the optimal value of the MKP.

- /

The recurrence and the conventions are those of the box at the beginning of these exercises.

1. The row j = 0 is v[0][k] = O for every k. In each matrix there is one row for each
k1 and one column for each ko; in s, 0 means that item j is left out, and 1 or 2 the
knapsack into which it is inserted. In case of ties the first option is kept: item j left
out, then knapsack 1.

Item j = 1, with p; = 5 and w1 = 2: 9[1][(4,3)] = max{U[O][(4,3)],p1 +

v[0][(2,3)], p1 + v[0][(4,1)]} = max{0,5+ 0,5+ 0} = 5; = 2 fits in no knap-
sack, so v[1][(0,0)] = v[0][(0,0)] = 0.

U[l][kl][kg] ]fg =0 ]{)2 =1 kg =y kQ =X

k1=0 0 0 5 5

ki=1 0 0 5 5

ki1 =2 5 ) ) 5

ki=3 5 5 ) 5

ki1 =4 5 5 ) 5

8[1][k1][k2] kQ =0 k2 =1 kQ =y kg =3

k1=0 0 0 2 2

ki=1 0 0 2 2

k1 =2 1 1 1 1

k1 =3 1 1 1 1

ki1 =4 1 1 1 1
Item j = 2, with po = 2 and w2 = 1 v[2][(4,3)] = max{v[1][(4,3)], p2 +

v[1]((3,3)], p2 + v[1][(4, )]} = max{5,2 + 52+ 5} = 7 o2[0,1)] =

max{v[1][(0, 1)], p2 + v[1][(0,0)]} = max{0, 2+ 0} = 2.

’U[2][]€1][/€2] kg =0 kg =1l kg =) k‘g =3

kr1=0 0 2 ) 7

ki=1 2 2 7 7

ki =2 5 7 7 7

k1=3 7 7 7 7

ki=4 7 7 7 7

8[2][/€1][k2] kz =0 kg =1 ]€2 =y kz =3

k1=0 0 2 0 2

k1= 1 1 1 1

ki1 =2 0 2 1 1

k1 =3 1 1 1 1

k1= 1 1 1 1

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 130


https://github.com/fabiofurini/combinatorial-optimization
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Combinatorial Optimization

Item j = 3, with p3 = 6 and ws = 2: v[3][(4,3)] = max{v[2][(4,3)], p3 +
v[2][(2,3)], p3 + Wl2][(4, D]} = max{7,6 + 7,6 + 7} = 13; [3][(0,3)] =
max{v[2][(0,3)], ps + v[2][(0,1)]} = max{7, 6 + 2} = 8.

U[?)][/fl][kz] kg =0 kz =1 kz =y kQ =3

k1=0 0 2 6 8

ki=1 2 2 8 8

k1= 6 8 1 13

k1 =3 8 8 13 13

ki1=4 11 13 13 13

8[3} [kl][kg] kQ =0 k2 =1 Ifg =y ]{)2 =g

k1=0 0 0 2 2

k=1 0 0 2 2

k1 =2 1 1 1 1

ki=3 1 1 1 1

ky =4 1 1 1 1

Item j = 4, with py = 6 and wy = 4: v[4][(4, 3)] = max{v[3][(4, 3)], p++v[3][(0,3)]} =
max{13, 6 + 8} = 14.

U[4][/€1Hk2] 1{32 =0 kg =1 kg =) k‘g =3
k1=0 0 2 6 8
ki=1 2 2 8 8
ki=2 6 8 11 13
ki =3 8 8 13 13
ki =4 11 13 13 14
3[4} [kl][k‘g] kQ =0 kg =1 kz =) k‘g =3
k1=0 0 0 0 0
ki=1 0 0 0 0
ki1 =2 0 0 0 0
ki=3 0 0 0 0
ki =4 0 0 0 1
2. Starting from j =4 and k = (4, 3):
Iteration ‘ j ‘ k ‘ ‘ all] al2] a[3] al4] ‘ Action
— — — — 0 0 0 0 | k=(43)
1 4143 1 0 0 0 P a4« 1, k<« (0,3)
2 3| (0,3) 2 0 0 2 1 | a[3]«2 k+ (0,1)
3 2| (0,1) | 2 0 P 2 1 | a2« 2 k< (0,0
4 11,0 ]| o0 00 2 2 1 |a[l]«0 k=(0,0)

The vector (0,2,2,1) is an optimal solution: knapsack 1 contains the items {4}, of
total weight 4 < ¢1, and knapsack 2 the items {2,3}, of total weight 1 4+ 2 = 3 < ¢s.
The optimal value is v[4][(4,3)] =6 + 2+ 6 = 14.

. The KP with capacity 7 has optimal value 14, equal to the optimal value of the MKP:
here the upper bound given by the total capacity is tight.

Author: Fabio Furini

SAPIENZA

UNIVERSITA DI ROMA

131


https://github.com/fabiofurini/combinatorial-optimization
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Combinatorial Optimization

Exercise 24.5 — Exercise 5: Multiple Knapsack Problem

Consider the following MKP instance, with m = 2 knapsacks of capacities ¢; = 5 and

co = 3, and 4 items with profits and weights:

[ j=1 j=2 j=3 j=4
Dbj ) 3 7 2
wj 4 4 2 2

Questions

1. Execute the bottom-up DP algorithm: for each item j, write the matrices v[j][k1][k2]
and s[j][k1][k2], and show the computation of the cell k = c.

2. Using the tables s, reconstruct an optimal solution as the vector (ay, as,as, as) of the
knapsacks, and report the optimal value.

3. Solve by enumeration the KP with the same items and capacity ¢; + co = 8, and
compare its optimal value with the optimal value of the MKP.

- /

The recurrence and the conventions are those of the box at the beginning of these exercises.

1. The row j = 0 is v[0][k] = 0 for every k. In each matrix there is one row for each
k1 and one column for each ko; in s, 0 means that item j is left out, and 1 or 2 the
knapsack into which it is inserted. In case of ties the first option is kept: item j left
out, then knapsack 1.

Item j = 1, with p; = 5 and wy = 4: v[1][(5, 3)] = max{v[0][(5,3)], p1 +v[0][(1,3)]} =
max{0, 5+ 0} = 5; v[1][(5,1)] = max{v[0][(5,1)], p1 +v[0][(1,1)]} = max{0, 5+ 0} =

d.
U[l][kl][kg] kg =0 kQ = 1 kg =y kg =3
k1=0 0 0 0 0
k=1 0 0 0 0
ki =2 0 0 0 0
ki=3 0 0 0 0
ki =4 5 5 ) 5
ki1=5 5 5 5) 5
8[1][/€1][k2] kQ =0 k2 =1 kg =y kQ =3
k1=0 0 0 0 0
k=1 0 0 0 0
k1 =2 0 0 0 0
ki=3 0 0 0 0
ki1 =4 1 1 1 1
k1=5 1 1 1 1
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Item j = 2, with py = 3 and wy = 4: v[2][(5, 3)] = max{wv[1][(5,3)], p2 +v[1][(1,3)]}
max{5, 3+ 0} = 5; v[2][(5,1)] = max{v[1][(5,1)], p2 +v[1][(1,1)]} = max{5, 3+ 0}

D.
U[Q][/ﬁ:l][kg] kQ =0 kQ =1 kg =y kg =3
k1=0 0 0 0 0
ki=1 0 0 0 0
k1 =2 0 0 0 0
ki=3 0 0 0 0
ki1 =4 ) 5 ) 5
k1=5 5 5 ) 5
8[2} [k’l][kg] ]{?2 =0 kz =1 1{32 =) k‘g =3
k1=0 0 0 0 0
ki=1 0 0 0 0
ki1 =2 0 0 0 0
ki1=3 0 0 0 0
ki1=4 0 0 0 0
ki=5 0 0 0 0

Item j = 3, with p3 = 7 and w3 = 2: v[3][(5,3)] = max{v[2][(5,3)], p3 +

v[2][(3,3)], p3 +v[2][(5,1)]} = max{5, 7+ 0, 7+ 5} = 12.

v3][(3,3)], pa + 0[3][(5, D} = max{12, 2+ 7,

’U[3][/€1Hk‘2] kQ =0 kz =1 kg =y kQ =X
k1=0 0 0 7 7
ki=1 0 0 7 7
k1 =2 7 7 7 7
ki=3 7 7 7 7
ki = 7 7 12 12
ki=5 7 7 12 12
8[3} [k‘l][kg] k‘g =0 k‘g =1 k/’g =) k‘g =3
k1=0 0 0 2 2
ki=1 0 0 2 2
ki =2 1 1 1 1
k1=3 1 1 1 1
ki=14 1 1 2 2
ki=5 1 1 2 2
Item j = 4, with py = 2 and wy = 2: v[4][(5,3)] = max{v[3][(5,3)], ps +

247} =12.

Author: Fabio Furini

U[4][]€1Hk2] kg =0 kz =1 kz =y kQ =3
k1=0 0 0 7 7
ki=1 0 0 7 7
k1 =2 7 7 9 9
ki=3 7 7 9 9
ki1=4 9 9 12 12
ki=5 9 9 12 12
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8[4} [kl][kQ] k‘g =0 kQ =1 k‘2 =2 kg =
k1=0 0 0 0 0
ki=1 0 0 0 0
k1 =2 0 0 1 1
ki=3 0 0 1 1
ki=4 1 1 0 0
ki=5 1 1 0 0
2. Starting from j =4 and k = (5, 3):
Tteration ‘ J ‘ k ‘ ‘ all] al2] a[3] al4] ‘ Action
- ] - - 0O 0 0 0 |k=(523)
1 4063 | o 0 0 0 PO a[4] <0, k=(53)
2 3| (5,3 | 2 0 0 BB o0 | a3 «2 ke (51)
3 21 (,1)| 0 o WO 2 0 |a2«0k=(51)
4 1] (61| 1 W 0 2 0 |al]elke(11)

The vector (1,0,2,0) is an optimal solution: knapsack 1 contains the items {1}, of
total weight 4 < ¢;, and knapsack 2 the items {3}, of total weight 2 < ¢5. The optimal
value is v[4][(5,3)] =5+ 7 = 12.

3. The KP with capacity 8 has optimal value 14 > 12, with the items {1, 3,4} of total
weight 8 < 8. These items cannot be divided between the two knapsacks of capacities
5 and 3: the KP with the total capacity gives only an upper bound on the optimal
value of the MKP.
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Chapter 25

DP for the uncapacitated lot sizing problem

Exercise 25.1

Consider the following ULS instance with m = 4 periods, where the demands, the setup
costs, the variable production costs, and the holding costs are:

t 1 2 3 4

dy 30 10 40 10
sce | 50 80 70 60
Vet 2 3 1 2
hey 1 2 2 1

Questions

1. Show the execution of the bottom-up DP algorithm by reporting, for each iteration,
the values of the matrix ¢, of the vector v, and of the vector r.

2. Using the vector r, reconstruct an optimal solution (z1,zs,...,x,,), and report the
optimal value.

1. Step-by-step execution of the bottom-up DP algorithm

First, the matrix ¢ is computed. For each step, the table shows the values of j and ¢,
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the current value of u, the cell ¢[j][t], and the operation performed; the cell ¢[j][t] is
highlighted in - when assigned.
j ot | u | cljlt] | Action
1 112 u + ve[l] = 2, g < sc[l]4wvc[l] - d[1] = 50+2 - 30 = 110,
c[1][1] « 110
1 23 u 4 uthe[l] = 241 =3, g « g+u-d[2] = 110+3-10 = 140,
c[1][2] « 140
1 3|5 u 4 uthel2] = 342 =5, g < g+u-d[3] = 140+5- 40 = 340,
c[1][3] + 340
1 4|7 u 4 uthel3] =542 =7, g ¢ g+u-d[4] = 340+7- 10 = 410,
c[1][4] < 410
2 2|3 u <+ vef2] = 3, g « sc[2]4wvc[2] - d[2] = 80+3 - 10 = 110,
c[2)[2] + 110
2 3|5 u 4 u+he[2] = 342 =5, g + g+u-d[3] = 110+5-40 = 310,
c[2][3] + 310
2 4|7 u 4 uthe[3] =542 =7, g < g+u-d[4] = 310+7- 10 = 380,
c[2][4] + 380
3 3|1 u <+ vef3] = 1, g « sc[3]+vcf3] - d[3] = T0+1 - 40 = 110,
c[3][3] + 110
3 4|3 u 4 utheld] = 142 = 3, g « g+u-d[4] = 110+3-10 = 140,
c[3)[4] + 140
4 42 u +— veld] = 2, g « sc[d]+vcld] - d[4] = 60+2 - 10 = 80,
B
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This is the matrix c:

For each step of the DP algorithm, the table shows the values of ¢ and j, the cells v][t]
and r[t], the current value of b, and the current value of a. The cell of b is highlighted
in [red when updated; the cell of a is highlighted in [blue when updated; the cells of

cilit] | t=1 t=2 t=3 t=4
j=11] 110 140 340 410
j=2 — 110 310 380
i=3 = — 110 140
j=4 — - — 80

v[t] and r[t] are highlighted in [blue| when assigned.

t g ‘ v[t] ‘ r[t] ‘ b ‘ a ‘ Action

- - - | - |-|v0«o0
= | = 400 | 0 | b4 +00,a+0

1 1| — | — [PII0 I v[0]+c[1][1] = 0+110 = 110 < +o0: b + 110, a « 1
— 1110 | 1 | 110 | 1 | v[l]« b=110,r[l] ¢ a=1
= | = — | 400 | 0 | b<+00,a<+0

2 1] - 140 | v[0]+c[1][2] = 0-+140 = 140 < +o00: b ¢ 140, a + 1
2| — | — | 140 | 1 | v[1]+¢2][2] = 110+110 = 220 > 140: no update
— PO 140 | 1 | w[2] « b=140, 72 «a=1
= | = — | 400 | 0 | b+ +00,a+0

3 1| — | — [7340 [ v[0]+c[1][3] = 04340 = 340 < +o00: b+ 340, a 1
2| — | — | 340 | 1 | v[1]+c[2][3] = 110+310 = 420 > 340: no update
3| - 950 BN v[2]+c[3][3] = 140+110 = 250 < 340: b + 250, a « 3
— JEE0NEI 250 | 3 | v[3] « b =250, r[3] < a=3
= | = — | 400 | 0 | b<+00,a<+0

4 1| — | — |40 v[0]+c[1][4] = 0+410 = 410 < +o0: b < 410, a « 1
2| — | — | 410 | 1 | v[1]4¢[2][4] = 1104380 = 490 > 410: no update
3| - 980 W8N v[2]+c[3][4] = 140-+140 = 280 < 410: b + 280, a « 3
4| - 280 | 3 | v[3]-+c4][4] = 250+80 = 330 > 280: no update
— BRI 280 | 3 | o[4] « b =280, r[4] « a =3

Author:
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This is the vector v after the execution of the DP algorithm:

= = | = 0 0 0 0 t=4
1 41 3 0 0 50 0 [t=3-1=
2 2| 1 | 40 0 50 0 |t=1-1=0

e t = 4, r[4] = 3: the last production run of periods 1,...,4 is in period 3 and
covers the demands of periods 3,...,4, so z[3] - ds + ds = 40 + 10 = 50

e t =2 r[2] = 1: the last production run of periods 1,...,2 is in period 1 and
covers the demands of periods 1,...,2, so z[1] - d; + d2 = 30 + 10 = 40

Thus, the vector
(40,0, 50,0)

is an optimal solution. The setups are in periods 1, 3, the inventories are (s1,...,$4) =
(10,0,10,0), and the total cost is

50+70+2-40+3-0+1-50+2-0
N——

setup prod:lrction
+1-10+2-0+2-104+1-0=120+4 130 + 30 = 280.
hoEng

The optimal value is
v[4] = 280.
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Exercise 25.2

Consider the following ULS instance with m = 4 periods, where the demands, the setup
costs, the variable production costs, and the holding costs are:

t 1 2 3 4

dy 30 40 10 20
scg | B0 80 80 50
Vet 1 3 2 1
hey 1 1 1 2

Questions

1. Show the execution of the bottom-up DP algorithm by reporting, for each iteration,
the values of the matrix ¢, of the vector v, and of the vector r.

2. Using the vector r, reconstruct an optimal solution (z1,zs,...,x,,), and report the
optimal value.

- J

1. Step-by-step execution of the bottom-up DP algorithm

First, the matrix ¢ is computed. For each step, the table shows the values of j and ¢,
the current value of u, the cell ¢[j][t], and the operation performed; the cell c[j][t] is
highlighted in 'blue when assigned.

j ot ‘ u ‘ clj1t] ‘ Action

1 11} 80 | u <« vc[l] =1, g < sc[l]4+vc[l] - d[1] = 50+1 - 30 = 80,
c[1][1] < 80

1 2|2 P60 u uthel] = 141 =2, g « g+u-d[2] = 80+2 - 40 = 160,
c[1][2] « 160

1 3|3 0100 | u uthe[2] =2+1=3, g « g+u-d[3] = 160+3-10 = 190,
c[1][3] < 190

1 4|4 POI0N u « uthe[3] =3+1 =4, g < g+u-d[4] = 190-+4-20 = 270,
c[1][4] + 270
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u + vef3] = 2, g < sc[3]4wvc[3] - d[3] = 80+2 - 10 = 100,
¢[3][3] « 100
U uthe[3] = 241 =3, g ¢ g+u-d4] = 100+3-20 = 160,
c[3][4] + 160

u < vc[d] = 1, g < sc[4]+vc[4] - d[4] = 50+1-20 = 70,
c[4][4] « 70

2 2|3 u <+ vef2] = 3, g < sc[2]4wvc[2] - d[2] = 80+3 - 40 = 200,
c[2][2] + 200

2 3|4 u 4 u+the[2] = 341 =4, g < g+u-d[3] = 200+4 - 10 = 240,
c[2][3] «+ 240

2 4|5 u  uthe[d] = 4+1 =5, g ¢ g+u-d[4] = 240+5-20 = 340,
c[2][4] + 340
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This is the matrix c:

For each step of the DP algorithm, the table shows the values of ¢ and j, the cells v][t]
and r[t], the current value of b, and the current value of a. The cell of b is highlighted
in [red when updated; the cell of a is highlighted in [blue when updated; the cells of

cilit] | t=1 t=2 t=3 t=4
j=1 80 160 190 270
j=2 — 200 240 340
i=3 = — 100 160
j=4 — - — 70

v[t] and r[t] are highlighted in [blue| when assigned.

t g ‘ v[t] ‘ r[t] ‘ b ‘ a ‘ Action
|

- - - | - |-|v0«o0
= | = — | 400 | 0 | b<+00,a<+0
1 1| — | — [80 W v[0]+c[1][1] = 0+80 = 80 < +00: b « 80, a « 1
— BB 80 | 1| o[l b=80, 7]« a=1
= | = — | 400 | 0 | b<+00,a<+0
o 1| — | — [FI60NMEN v]0]+c[1][2] = 0+160 = 160 < +oco: b ¢ 160, a + 1
2| — | = | 160 | 1 | v[1]+c[2][2] = 80+200 = 280 > 160: no update
— JEEONIEN 160 | 1 | v[2] < b=160, r[2] < a=1
= | = — | 400 | 0 | b+ +00,a+0
3 1| — | — [P200 (Wi v[0]+c[1][3] = 0+190 = 190 < +oo: b ¢ 190, a + 1
2| — | — | 190 | 1 | v[1]+¢[2][3] = 80+240 = 320 > 190: no update
30 — | — | 190 | 1 | v[2]4+¢[3][3] = 160+100 = 260 > 190: no update
— pESOE| 190 | 1| o[3] ¢« b=190, 73|« a=1
= | = — | 400 | 0 | b<+00,a<+0
4 1| — | — [poroum v[o]-+c[1][4] = 0+270 = 270 < +o0: b « 270, a + 1
2| — | = | 270 | 1 | v[1]4+c[2][4] = 80+340 = 420 > 270: no update
3| — | — | 270 | 1 | v[2]4+¢[3][4] = 1604160 = 320 > 270: no update
4 — | — oGl o[3]4c[4][4] = 190+70 = 260 < 270: b 260, a + 4
— DBEONIE 260 | 4 | v[4] « b =260, r[4] « a =4
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This is the vector v after the execution of the DP algorithm:

We can reconstruct an optimal solution as follows:

Iteration ‘ t ‘ r[t] ‘ z[1] z[2] z[3] =z[4] ‘ tr[t] -1

= =| = 0 0 0 0 t=4
1 41 4 0 0 0 20 (t=4-1=3
2 311 | 80 0 0 20 [t=1-1=0

o t =4, r[4] = 4: period 4 produces only its own demand, so z[4] < dy = 20

e t = 3, r[3] = 1: the last production run of periods 1,...,3 is in period 1 and
covers the demands of periods 1, ..., 3, so z[1] < d1 +d2+ds = 30+40+10 = 80

Thus, the vector
(80,0,0,20)

is an optimal solution. The setups are in periods 1, 4, the inventories are (s1,...,S4) =
(50,10,0,0), and the total cost is

90 +50+1-80+3-0+2-0+1-20
N—— ~

setup production
+1-50+1-10+1-0+2-0 =100+ 100 4 60 = 260.
holding

The optimal value is
v[4] = 260.
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Exercise 25.3

Consider the following ULS instance with m = 5 periods, where the demands, the setup
costs, the variable production costs, and the holding costs are:

t 1 2 3 4 5

dy 10 30 40 30 40
sc, | 70 80 50 80 50
e 1 1 1 1 2
hey 1 1 2 1 2

Questions

1. Show the execution of the bottom-up DP algorithm by reporting, for each iteration,
the values of the matrix ¢, of the vector v, and of the vector r.

2. Using the vector r, reconstruct an optimal solution (z1,zs,...,x,,), and report the
optimal value.

- J

1. Step-by-step execution of the bottom-up DP algorithm

First, the matrix ¢ is computed. For each step, the table shows the values of j and ¢,
the current value of u, the cell ¢[j][t], and the operation performed; the cell c[j][t] is
highlighted in |blue when assigned.

j ot ‘ u ‘ cljllt] ‘ Action

1 11} 80 | u < vc[l] =1, g < sc[l]4+vc[l] - d[1l] = 70+1 - 10 = 80,
c[1][1] < 80

1 2|2 140 | u« uthell] = 1+1 =2, g + g+u-d[2] = 80+2 - 30 = 140,
c[1]]2] + 140

1 3|30 260 | u< uthel2] =2+1=3, g+ g+u-d[3] = 140+3- 40 = 260,
c[1][3] + 260

1 4|5 410 | u < uthc3] =3+2=25, g < g+u-d[4] = 260+5-30 = 410,
c[1][4] « 410
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1 5|6 u <— uthe[d] = 541 =6, g ¢ g-+u-d[5] = 410+6 - 40 = 650,
1[5] < 650

2 2|1 u < vef2] = 1, g « sc[2]4wvc[2] - d[2] = 80+1 - 30 = 110,
c[2][2] + 110

2 3|2 u 4 uthe2] =141 =2, g < g+u-d[3] = 110+2-40 = 190,
c[2][3] + 190

2 4|4 u 4 u+the[3] =242 =4, g < g+u-d[4] = 190+4 - 30 = 310,
c[2][4] «+ 310

2 5|5 u < ut+he[d] = 4+1 =5, g + g+u-d[5] = 310+5- 40 = 510,
c[2][5] + 510

3 3|1 u < vc[3] =1, g < sc[3]+vc[3] - d[3] = 50+1-40 = 90,
cf83] « 90

3 4|3 u < utheld] = 142 = 3, g < g+u - d[4] = 90+3 - 30 = 180,
c[3][4] + 180

3 5|4 u  utheld] = 341 = 4, g « g+u-d[5] = 180-+4-40 = 340,
c[3][5] + 340

4 4|1 u < vcd] = 1, g <+ sc[d]+vc[4] - d[4] = 80+1 - 30 = 110,
c[4][4] «+ 110

4 52 U uthe[d] = 141 =2, g ¢ g+u-d[5] = 110+2- 40 = 190,
c[4][5] + 190

5 5|2 u — vel5] = 2, g « scl5|+uc5] - d[5] = 50+2 - 40 = 130,
- 5][5] « 130
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This is the matrix c:

cilit] | t=1 t=2 t=3 t=4 t=5

j=1
J=2
j=3
j=4
j=23

80 140 260 410 650
— 110 190 310 510
= — 90 180 340
- - — 110 190
- - - — 130

For each step of the DP algorithm, the table shows the values of ¢ and j, the cells v[t]
and r[t], the current value of b, and the current value of a. The cell of b is highlighted
in [red when updated; the cell of a is highlighted in |blue  when updated; the cells of
v[t] and r[t] are highlighted in [blue| when assigned.

t J ‘ v[t] ‘ r[t] ‘ b ‘ a ‘ Action

- - - | | — | v[0] <0
- | = — | 400 | 0 | b+ +00,a+0

1 1| — | — [ 80 | 1 | v[0]+c[1][1] = 0+80 =80 < 4o00: b <+ 80, a + 1
— PEOE 80 | 1| w1« b=80,r[]a=1
= | = — | 400 | 0 [ b +0o0,a+0

2 1| — | — [7140° N v[0]+c[1][2] = 0-+140 = 140 < +o00: b ¢ 140, a « 1
2| — | — | 140 | 1 | v[1]4¢[2][2] = 804110 = 190 > 140: no update
— AN 140 | 1 | v[2] <« b=140,r[2] « a=1
= | = — | 400 | 0 | b<+00,a<+0

31| — | — [72607 W v[0]+c[1][3] = 0+260 = 260 < +oo: b + 260, a « 1
2| — | — | 260 | 1 | v[1]4¢[2][3] = 80+190 = 270 > 260: no update
3| — | — ["2300BH v[2]+c[3)[3] = 140+90 = 230 < 260: b « 230, a « 3
— B0 230 | 3 | v[3] < b=230,r[3] «—a=3
=| = — | +00 | 0| b4 +400,a<+0

4 1| — | — 4107 v[0]+c[1][4] = 0+410 = 410 < +o0: b < 410, a « 1
2 | — | — 11890 [ 2| v[1]+c[2][4] = 80+310 = 390 < 410: b« 390, a « 2
3| — | — [ 320 [ 3 o[2]+c[3][4] = 140+180 = 320 < 390: b + 320, a + 3
4 — | = 320 | 3 | v[3]+c[4][4] = 230+110 = 340 > 320: no update
— 320N 320 | 3 | v[4] « b =320, r[4] < a=3
= = — | 400 | 0 | b+ +00,a+ 0

5 1| — | — (V6500 v[0]-+c[1][5] = 0+650 = 650 < +oc0: b < 650, a + 1
2| — | — 1590 |2 v[1]+c[2][5] = 80+510 = 590 < 650: b ¢ 590, a + 2
3| — | — | 480 [ 8 v[2]+c[3][5] = 140+340 = 480 < 590: b « 480, a « 3
4| — | — [ 420 | 4| o[3]+c[4][5] = 230+190 = 420 < 480: b + 420, a + 4
5| — | — | 420 | 4 | v[4]4+c[5][5] = 3204130 = 450 > 420: no update
— WO 120 | 4 | o[5] « b =420, r[5] « a =4
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This is the vector v after the execution of the DP algorithm:

We can reconstruct an optimal solution as follows:

Iteration ‘ t ‘ r[t] ‘ z[1] z[2] =[3] x[4] =z[5] ‘ tr[t] -1

= = = 0 0 0 0 0 b=

1 51 4 0 0 0 0 0 (t=4-1=
2 31 3 0 0 140 70 0 |[t=3-1=
3 21140 0 40 70 0 |t=1-1=0

e t =5, r[5] = 4: the last production run of periods 1,...,5 is in period 4 and
covers the demands of periods 4,...,5, so z[4] + ds + ds = 30+ 40 = 70

e t =3, r[3] = 3: period 3 produces only its own demand, so z[3] < d3 = 40

e t =2, r[2] = 1: the last production run of periods 1,...,2 is in period 1 and
covers the demands of periods 1,...,2, so z[1] + d; + d2 = 10 + 30 = 40

Thus, the vector
(40, 0,40, 70,0)
is an optimal solution. The setups are in periods 1, 3, 4, the inventories are

(s1,...,85) = (30,0,0,40,0), and the total cost is
i70+50+80+1'40+1-0—|—1-40+1'70—1-2-0

setup production
+1-30+1-0+2-0+1-40+4+2-0 =200+ 150 4 70 = 420.
hoEng

The optimal value is
v[5] = 420.
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Chapter 26

DP for the capacitated lot sizing problem

Exercise 26.1

Consider the following CLS instance with m = 3 periods, where the demands, the setup
costs, the variable production costs, the holding costs, and the capacities are:

t 1 2 3
dy 1 2 3
sct 10 5 8
V¢t 1 1 2
hey 1 1 2
capy 2 4 4

Questions

1. Show the execution of the bottom-up DP algorithm by reporting, for each iteration,
the values of the matrices v and r.

2. Using the matrix r, reconstruct an optimal solution (z1,z2,...,2Zy), and report the
optimal value.

- J

1. Step-by-step execution of the bottom-up DP algorithm
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For each step of the DP algorithm, the table shows the values of ¢t and k, the cells
v[t][k] and r[t][k], and the operation performed. The cells are computed for increasing
values of ¢ and, for each fixed value of ¢, for increasing values of k € {0,1,..., Diy1m}.
We recall that f;(0) =0 and fi(z) = s¢; + vegx for > 1.

t k ‘ vl[t][k] ‘ r[t][k] ‘ Action

00| 0 0 | v[0][0] « 0, r[0][0] « 0

0 1| 40 0 v[0][1] = +o0, r[0][1]

0 2| 40 0 v[0][2] = +o0, r[0][2]

0 3| 40 0 v[0][3] — 400, r[0][3]

0 4| 4 0 v[0][4] = +o0, r[0][4] +

0 5| 40 0 v[0][5] 400, r[0][5]

0 6| 400 | 0 | v[0][6] « 400, r[0][6] «

1 0| 11 1 min{v[0][1]+ f1(0), v[0][0]+ f1(1)}+hec1 - 0 = min{+oc0,0+11}+1 -0 = 11,
first minimum at z =1

1 1] 13 2 min{v[0][2]+ f1(0), v[0][1]+f1(1), v[0][0]+ f1(2) }+he1 - 1 = min{+oo, +o0,
0+12}+1 -1 = 13; first minimum at x = 2

1 2| +o0 0 the candidates use the cells v[0][1], ..., v[0][3], which are all +o0: v[1][2]
+00

1 3| +o0 0 the candidates use the cells v[0][2], ..., v[0][4], which are all +o0o: v[1][3] +
400

1 4] 40 0 the candidates use the cells v[0][3], ..., v[0][5], which are all +oo: v[1][4] +
+0o0

1 5| 400 0 the candidates use the cells v[0][4], ..., v[0][6], which are all +oo: v[1][5]
400

2 0| 18 2 min{v[1][2]+ f2(0), v[1][1]+ f2(1), v[1][0]+ f2(2) }+hce - 0 = min{+oo, 1346,
114+7}41 - 0 = 18; first minimum at z = 2

2 1| 20 3 min{v[1][3]+ f2(0), v[1][2]+ f2(1), v[1][1]+ f2(2), v[1][0]+ f2(3) }+hece - 1 =
min{+4o00, 400, 13+7,11+8}+1 - 1 = 20; first minimum at x = 3

2 2 22 4 | min{o[1][4]+/2(0), v[1][3]+/f2(1), v[1][2]+/2(2), v [1][1]+f2(3),
v[1][0]4+f2(4) }+hee - 2 = min{+o0, +00, +00, 1348, 1149} +1 - 2 = 22; first
minimum at x =4

2 3] 2 4 | min{o[1][5]+/2(0), v[1][4]+f2(1), v[1)[3]+f2(2), v[1][2]+2(3),
v[1])[1]4+f2(4) }+he2 - 3 = min{+4o0, 400, 400, +00,134+9}+1 - 3 = 25;
first minimum at z = 4

300 25 0 | min{o[2][3]+/3(0), v[2][2)+f3(1), v[2][1]+f3(2), v[2][0]+ f3(3) }+-hes - O =

min{25+40, 22410, 20+12, 184+14}+2 - 0 = 25; first minimum at z =0
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These are the matrices v and r obtained during the execution of the DP algorithm (a
dot marks a pair (¢,k) with & > Dy 1 ,,, which is not a state):

o]k} 0 1 2 3 4 5 6

t=0]| 0 400 +00 +00 +00 +00 400
t=11[11 13 400 +00 +0oo +00
t=21(18 20 22 25

t=3 1|25 . . .

rt][k][0 123456

t=0/0000000

=1(120000 -
t=21(2344 - - -
t=310 ... ...

The optimal value of the CLS instance is v[3][0] = 25.

2. Using the matrix r, we can reconstruct an optimal solution as follows:

Tteration ‘ t ‘ k ‘ rle][k] | z[1] =z[2] «[3] ‘ k<« k+d[t] — z[t]

- |-|-| = |0 o o0 |t=3k=0
1 310 0 0 0 0 |[k=0+3-0=3
2 2|3 4 0 4 0 |[k=3+2-4=1
3 11 2 2 4 0 |[k=14+1-2=0
Thus, the vector
(2,4,0)
is an optimal solution. The setups are in periods 1, 2, the inventories are (s,...,S3) =
(1,3,0), and the total cost is
10+5+1-241-4+2-0
~——
setup production
+1-1+1-3+2-0=15+6+4=25.
hof(i,ing
The optimal value is
v[3][0] = 25.
(& J
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Exercise 26.2

Consider the following CLS instance with m = 4 periods, where the demands, the setup
costs, the variable production costs, the holding costs, and the capacities are:

t 1 2 3 4
dy 3 1 1 2
scy 5 6 10 10
Vet 2 1 1 1
he; |1 1 2 2
cap; |4 3 3 2

Questions

1. Show the execution of the bottom-up DP algorithm by reporting, for each iteration,
the values of the matrices v and r.

2. Using the matrix r, reconstruct an optimal solution (z1,z2,...,2Zy), and report the

optimal value.

- J

1. Step-by-step execution of the bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of ¢ and k, the cells
v[t][k] and r[t][k], and the operation performed. The cells are computed for increasing
values of t and, for each fixed value of ¢, for increasing values of k € {0, 1,..., Diy1m}-
We recall that f;(0) = 0 and fi(z) = s¢; + vegx for @ > 1.

t k ‘ vl[t][k] ‘ [t][%] ‘ Action

00| 0 0 | v[0][0] < 0, r[0][0] < O
0 1| 40 0 v[0][1] = 400, r[0][1]
0 2| 4+ 0 v[0][2] = +o0, r[0][2]
0 3| 40 0 v[0][3] = 400, r[0][3]
0 4| 40 0 v[0][4] ¢ 400, r[0][4]
0 5| 4+ 0 v[0][5] = 400, r[0][5]
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0 6| 4+ 0 v[0][6] +— +o0, r[0][6] + O
0 7] 4+ 0 v[0][7] = o0, T[0][7] + O

1o 1 3 | min{v[0][3]+/1(0), v[0][2]+f1 (1), v[0][1]+f1(2), v[0][0]+ f1(3) }+her - O =
min{+o00, 400, +00,0+11}+1 - 0 = 11; first minimum at x = 3
1 1] 14 4 | min{v[0][4]+1(0), v[0][3]+/1 (1), v[0][2]+ 1 (2), v[0][1]+ f1(3),

v[0][0]4+f1(4)}+her - 1 = min{+o0, 400, +00, +00,0+13}+1 - 1 = 14;
first minimum at x = 4

1 2| +o0 0 the candidates use the cells v[0][1], ..., v[0][5], which are all +o0: v[1][2]
+o00

1 3| +o0 0 the candidates use the cells v[0][2], ..., v[0][6], which are all +o0: v[1][3] +
+o0

1 4] 40 0 the candidates use the cells v[0][3], ..., v[0][7], which are all +oo: v[1][4] +
+0o0

2 0| 14 0 | min{v[1][1]4f2(0), v[1][0]+ f2(1) }+hcz - 0 = min{1440, 114+7}+1 -0 = 14;
first minimum at z =0

2 1 20 2 min{v[1][2]+ f2(0), v[1][1]+ f2(1), v[1][0]+ f2(2) }+hce - 1 = min{+oo, 1447,
114+8}+41 - 1 = 20; first minimum at z = 2

2 2| 22 3 min{v[1][3]+ f2(0), v[1][2]+ f2(1), v[1][1]+ f2(2), v[1][0]+ f2(3) }+hece - 2 =
min{+o00, +00,144+8,114+9}+1 - 2 = 22; first minimum at = = 3

2 3| 26 3 | min{v[1][4]+/2(0), v[1][3]+f2(1), v[1][2]+f2(2), v[1][1]+f2(3) }-he2 - 3 =
min{+o0, +00, +00, 144+9}+1 - 3 = 26; first minimum at x = 3

3 0| 20 0 | min{v[2][1]+£3(0), v[2][0]+ f3(1)}+hes - 0 = min{20+0, 14+11}+2 - 0 = 20;
first minimum at z =0

3 1| 24 0 min{v[2][2]+ f3(0), v[2][1]+ f3(1), v[2][0]+ f3(2) }+hcs - 1 = min{22+40,
20+11,14412}+2 - 1 = 24; first minimum at z =0

3 2] 30 0 | min{o[2][3]+3(0), v[2][2)+f3(1), v[2][1]+f3(2), v[2][0]+ f3(3) }+-hes - 2 =
min{2640, 22+11, 20+12, 14+13}+2 - 2 = 30; first minimum at z =0

4 0] 30 0 min{v([3][2]+ f4(0), v[3][1]+fa(1), v[3][0]+ fa(2) }+hcs - 0 = min{3040,

24+11,20412}+42 - 0 = 30; first minimum at z =0
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These are the matrices v and r obtained during the execution of the DP algorithm (a
dot marks a pair (¢,k) with & > Dy 1 ,,, which is not a state):

o]0 1 2 3 4 5 6 7

t=0| 0 400 +00 +00 +00 +00 400 400
t=11[11 14 400 +o0 +© . - .
t=2 |14 20 22 26

t=3120 24 30

t=4 1|30 . .

rt][k]|0 1234567

t=0{00000000
t=1(34000 - - -

t=20233 . - - -
t=31000 - . - ..
t=410 - - . ...

The optimal value of the CLS instance is v[4][0] = 30.

2. Using the matrix r, we can reconstruct an optimal solution as follows:

Tteration ‘ t ‘ k ‘ r[t][k] ‘ z[1] z[2] =z[3] =«[4] ‘ k « k + d[t] — z[t]

- |-|-| = 0o o o0 o0 |t=4k=0

1 410 0 0 0 0 0 [k=04+2-0=2

2 312 0 0 0 0 0 |[k=24+1-0=3

3 2|3 3 0 3 0 0 |[k=34+1-3=1

4 1|1 4 4 3 0 0 |[k=143—-4=0
Thus, the vector

(47 37 07 0)

is an optimal solution. The setups are in periods 1, 2, the inventories are (s1,...,S4) =

(1,3,2,0), and the total cost is

5+6+2-4+1-34+1-0+1-0
——

setup production
+1-1+1-3+2-2+2-0=11+11+8=30.
holding

The optimal value is

v[4][0] = 30.
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Chapter 27

DP for the coin change problem

Exercise 27.1

Consider the following CCP instance, where the amount of change to return is ¢ = 6, and
the denominations are

w = (1,4).

Questions

1. Show the execution of the bottom-up DP algorithm by reporting, for each iteration,
the values of the array v and the array s.

2. Using the array s, reconstruct an optimal solution in integer notation (z1,z2), and
report the optimal value.

- J

1. Step-by-step execution of the bottom-up DP algorithm

For each step of the DP algorithm, the table shows the amount of change k, the cells
v[k] and s[k], and the operation performed; s[k] is the index j of the denomination of
the coin used. In case of ties the smallest index is kept, because m is updated only
when the value is strictly smaller.

‘ ‘ s[k] ‘ Action
| 0 | 0 |v[0]«0,s[0]«0
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D T W N =
W N = W N =

== N ==

min{1l +v[0]} = min{l} =1
min{1 + v[1]} = min{2} = 2
min{1 + v[2]} = min{3} = 3
min{1 + v[3], 1 + v[0]} = min{4,1} =1
min{1l + v[4], 1 + v[1]} = min{2,2} = 2
min{1l + v[5], 1 +v[2]} = min{3,3} =3

Author: Fabio Furini
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This is the array v after the execution of the DP algorithm:

k|01 23 456
o[k] |0 1 2 3 1 2 3

This is the array s after the execution of the DP algorithm:

k|01 23 456

skl |01 1 1 2 11
2. We have the following array s:

k |01 23 456

s[k] ‘ 0

—
—_
—
[\)
—_
—

We can reconstruct an optimal solution by starting from k& = 6 as follows:

Tteration ‘ k ‘ slk] | z[1] z[2] ‘ k <k — wgp

= =| = 0 0 k=6
1 6 1 1 0 |[k=6—-1=5
2 5 1 2 0 |k=5—-1=4
3 4 2 2 1 | k=4—-4=0
Thus, the vector
(2,1)

is an optimal solution: its total value is 2-1+1-4 =6 = ¢. The optimal value is

v[6] = 3.

(& J

Exercise 27.2

Consider the following CCP instance, where the amount of change to return is ¢ = 11, and
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-

the denominations are

Questions

1. Show the execution of the bottom-up DP algorithm by reporting, for each iteration,

the values of the array v and the array s.

2. Using the array s, reconstruct an optimal solution in integer notation (z1,z2), and

report the optimal value.

J

1. Step-by-step execution of the bottom-up DP algorithm

For each step of the DP algorithm, the table shows the amount of change k, the cells
v[k] and s[k], and the operation performed; s[k] is the index j of the denomination of
the coin used. In case of ties the smallest index is kept, because m is updated only
when the value is strictly smaller. The value +o00 denotes an amount of change that

cannot be returned, for which s[k] = 0.

‘ v[k] ‘ s[k] ‘ Action

v[0] + 0, s[0] « 0

no denomination w; < 1: v[1] <= 400

no denomination w; < 2: v[2] < 400
min{1 + v[0]} = min{1} =1

min{1 + v[1]} = min{4o00} = 400

min{1 + v[2], 1 + v[0]} = min{4o00,1} =1
min{1 + v[3], 1 + v[1]} = min{2, +oco} = 2

© 00 O UL WD = O|
o
_— N == O FRNO RO OO

[1]
[2],
3], [1]
min{1l + v[4], 1 4+ v[2]} = min{+oc0, 400} = +00
2 min{1 + v[5], 1 + v[3]} = min{2,2} =2
3 min{l + v[6], 1 + v[4]} = min{3, +oo} =3
10| 2 min{l + v[7], 1 4+ v[5]} = min{+oc0, 2} =2
1] 3 min{1 + v[8], 1 + v[6]} = min{3,3} =3
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This is the array v after the execution of the DP algorithm:

k |J]o 1 23 456 7891011
v[k] |0 +00 400 1 400 1 2 +o0 2 3 2 3

This is the array s after the execution of the DP algorithm:

k|01 23
slk] [0 0 0 1

=~
ot
D
N

8§ 9 10 11
11 2 1

o
[\
—_
o

2. We have the following array s:

k|01 23
slk] [0 0 0 1

=
ot
(<))
\]

8 9 10 11
11 2 1

(e}
[\)
—_
(e}

We can reconstruct an optimal solution by starting from k£ = 11 as follows:

= = | = 0 0 k=11
1 11| 1 1 0 [k=11-3=8
2 8 1 2 0 k=8-3=5
3 5 2 2 1 k=5—-5=0
Thus, the vector
(2,1)

is an optimal solution: its total value is 2-3 4+ 1-5 = 11 = ¢. The optimal value is

o[11] = 3.

(& J

Exercise 27.3

Consider the following CCP instance, where the amount of change to return is ¢ = 7, and
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the denominations are

Questions

1. Show the execution of the bottom-up DP algorithm by reporting, for each iteration,
the values of the array v and the array s.

2. Using the array s, reconstruct an optimal solution in integer notation (x1,x3), or
explain why the instance is infeasible, and report the optimal value.

- J

1. Step-by-step execution of the bottom-up DP algorithm

For each step of the DP algorithm, the table shows the amount of change k, the cells
v[k] and s[k], and the operation performed; s[k] is the index j of the denomination of
the coin used. In case of ties the smallest index is kept, because m is updated only
when the value is strictly smaller. The value +o00 denotes an amount of change that
cannot be returned, for which s[k] = 0.

[k] ‘ s[k] ‘ Action

0 | v[0] « 0, s[0] « 0O

0 | no denomination w; < 1: v[l] < 400
1 | min{l 4 v[0]} = min{1} =1

0 | min{l+ v[1]} = min{4+occ} = +o0
2 | min{l +v[2], 1 +v[0]} = min{2,1} =1
0 | min{1l+v[3], 1+ v[1]} = min{+o0, 400} = 00
1 | min{l 4 v[4], 1 +v[2]} = min{2,2} =2

0 [5], 1 4+ v[3]} = min{+o0, 400} = +00

S

N O U W= O
;

min{l + v[5
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This is the array v after the execution of the DP algorithm:

k Jo 12 34 56 7
UUC]‘O +o0o 1 400 1 400 2 400

This is the array s after the execution of the DP algorithm:

k|01 234567
sk] [0 0 1 0 20 1 0

2. Since v[7] = 400, the instance is infeasible: no combination of coins of denomina-
tions w = (2,4) returns an amount of change exactly equal to ¢ = 7. Indeed, every
denomination is even, so every amount of change that can be returned is even, while
c =7 is odd.

Since s[7] = 0, there is no solution to reconstruct. The optimal value is

(& J

Exercise 27.4

Consider the following CCP instance, where the amount of change to return is ¢ = 12, and
the denominations are

w=(3,7).

Questions

1. Show the execution of the bottom-up DP algorithm by reporting, for each iteration,
the values of the array v and the array s.

2. Using the array s, reconstruct an optimal solution in integer notation (1, z2), and
report the optimal value.
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1. Step-by-step execution of the bottom-up DP algorithm

For each step of the DP algorithm, the table shows the amount of change k, the cells
v[k] and s[k], and the operation performed; s[k] is the index j of the denomination of
the coin used. In case of ties the smallest index is kept, because m is updated only
when the value is strictly smaller. The value +o00 denotes an amount of change that
cannot be returned, for which s[k] = 0.

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 162


https://github.com/fabiofurini/combinatorial-optimization
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Combinatorial Optimization

‘ v[k] ‘ s[k] ‘ Action

= = R O N N =

—
)
W~

— O MEHONMFEOOROOO

v[0] - 0, s[0] <0

no denomination w; < 1: v[1] <= 400

no denomination w; < 2: v[2] < 400

min{1 + v[0]} = min{1} =1

min{1 + v[1]} = min{4o00} = +o0

min{1l + v[2]} = min{4o00} = +o0

min{l + v[3]} = min{2} =2

min{1 + v[4], 1 + v[0]} = min{4o00,1} =1

min{1 + v[5]
(6]
[7]
(8]
[9]

5], 1+ v[1]} = min{+o0, 400} = +00
min{1 + v[6], 1 + v[2]} = min{3, +00} =3
min{1 + v[7

min{1l + v[8], 1 4+ v[4]} = min{+oo, 00} = +c0

; 1]
: 2]
,1+2[3]} = min{2,2} =2
; [4]
min{1 + v[9], 1 + v[5]} = min{4, +oc0} =4

Author: Fabio Furini
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This is the array v after the execution of the DP algorithm:

ko 1 23 4 567 8910 11 12
v[k:HO—I—oo—l—ool—&—oo—l—ole—i—oo?, 2 +oo 4

This is the array s after the execution of the DP algorithm:

k|01 234
slk][0 0 0 10

ot
(«2)
N

8§ 9 10 11 12
01 1 0 1

[es)}
—
()

2. We have the following array s:

k |01234
slk][0 0 0 10

ot
D
-3

8 9 10 11 12
01 1 0 1

)
—
[\)

We can reconstruct an optimal solution by starting from k£ = 12 as follows:

Iteration‘ k ‘s[k] z[1] =«

2] ‘ k‘<—k—w5[k]

|
= = | = 0 0 k=12
1 12| 1 1 0 [k=12—-3=9
2 9 1 2 0 k=9-3=6
3 6 1 3 0 k=6—-3=3
4 3 1 4 0 k=3-3=0

Thus, the vector
(4,0)

is an optimal solution: its total value is 4 - 3 = 12 = ¢. The optimal value is

v[12] = 4.

(& J

Exercise 27.5

Consider the following CCP instance, where the amount of change to return is ¢ = 9, and
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the denominations are

Questions

1. Show the execution of the bottom-up DP algorithm by reporting, for each iteration,
the values of the array v and the array s.

2. Using the array s, reconstruct an optimal solution in integer notation (x1, x2, 3), and
report the optimal value.

- J

1. Step-by-step execution of the bottom-up DP algorithm

For each step of the DP algorithm, the table shows the amount of change k, the cells
v[k] and s[k], and the operation performed; s[k] is the index j of the denomination of
the coin used. In case of ties the smallest index is kept, because m is updated only
when the value is strictly smaller. The value +o00 denotes an amount of change that
cannot be returned, for which s[k] = 0.

k ‘ vlk] ‘ s[k] ‘ Action

0] 0 | 0 |w[0]«o0,s0]«0

1| 400 | 0 | nodenomination w; < 1: v[1] + 400

2| 1 1 | min{l 4 v[0]} = min{1} =1

3| 1 2 | min{1l +[1], 1 +v[0]} = min{+o0,1} =1

4| 2 1 | min{l 4+ v[2], 1 4+ v[1]} = min{2, +oo} = 2

51 2 1 | min{l+9[3], 1 +v[2]} = min{2,2} =2

6 2 2 | min{1 +v[4], 1+ v[3]} = min{3,2} =2

7 1 3 | min{1l+v[5], 1 +v[4], 1 +v[0]} = min{3,3,1} =1
8| 3 1 | min{l 4 v[6], 1 + v[5], 1 + v[1]} = min{3,3, +o00} =3
9| 2 1 | min{l 4+ o[7], 1+ v[6], 1 +v[2]} = min{2,3,2} =2
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This is the array v after the execution of the DP algorithm:

k |0 123456789
v[k]|0 400 1 1 2 22 1 3 2

This is the array s after the execution of the DP algorithm:

k |0123456789
sk][00001 2112311

2. We have the following array s:

k |01234567389
sk][001 2112311

We can reconstruct an optimal solution by starting from k& = 9 as follows:

k=29
2 7 3 k=7—7=

=

Ne)

=
—l= o
S @ @
— N>l en}

=yl

|

Ne)

|

[N}

|

\]

Thus, the vector
(1,0,1)

is an optimal solution: its total value is 1-2+1-7 =9 = ¢. The optimal value is

v[9] = 2.
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Chapter 28

DP for the rod cutting problem

Exercise 28.1

Consider the following RCP instance, where the rod has length n = 6, and the profits
associated with the possible piece lengths are:

|j=1 j=2 j=3 j=4 j=5 j=6
P | 2 5 7 8 10 13

Questions

1. Show the execution of the first bottom-up DP algorithm by reporting, for each itera-
tion, the values of the vector v and the values of the vector s.

2. Using the vector s, reconstruct an optimal solution in integer notation (x1, za, ..., ),
and report the optimal value.

3. Show the execution of the second bottom-up DP algorithm by reporting, for each
iteration, the values of the matrices v and s.

4. Using the matrix s, reconstruct an optimal solution in integer notation (1, z2, ..., zy),

and report the optimal value.
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1. Step-by-step execution of the first bottom-up DP algorithm
For each step of the DP algorithm, the table shows the values of ¢ and j, the cells
v[f] and s[¢], the current value of m, and the current value of ¢. The cell of m is
highlighted in 'red when updated; the cell of ¢ is highlighted in [blue when updated;
the cells of v[¢] and s[¢] are highlighted in 'blue when assigned.
L g ‘ v[{] ‘ s[] ‘ m ‘ t ‘ Action
~ O - |- |- |0
- | = 00| m+«0,t+0
1 1| — | — [P0 pl1)+v[0]=2+0=2>0m 2 t«1
e 2 | 1| e m=2 1] t=1
— — — 00| m<«<0,t<0
2 1] — 4 |1 pll]+v[1]=24+2=4>0: m<+4,t1
2| — 5 | 2 | p[2] +v[0]=54+0=5>4: m<5,t<+2
— 8 2 512 | o2 m=5,s2t=2
- = — 00| m<«<0,t<0
3 1| — | = [ 7 L] pl]+v2]=245=7>0m<«+7,t+1
2| - — | 7 | 1 |p[2]+wv[l] =54+2=7=m: no update
3| — — | 7| 1 |p[3]+v[0]=7+0=7=m: no update
- 7 1 | 7|1 |v8«m="7s3+t=1
- | = - 010 | m«0,t+0
4 1| — — 19 | 1 |pl]4+v8]=24+7=9>0:m<«+9,t« 1
2| — | — 102 p[2] +v[2] =5+5=10>9: m « 10, ¢ < 2
3| — | — |10] 2 |pB]+v[l]=7+2=9< 10: no update
4| — | — |10]| 2 | p[4]+v[0] =8+ 0 =8 < 10: no update
— 10 | 2 |10 | 2 | v[4] «+ m =10, s[4] + t =2
— | = — 010 | m«0,t«0
5 1| — | — [P0 p[1]+v[d] =2+10=12>0: m« 12, t < 1
2 — | — |12 |1 | pl2]+v[3] =5+ 7=12= m: no update
3| — | — [12] 1 | p[3]+v[2] =7+45=12= m: no update
4| — | = | 12| 1 | pA]+v[l] =8+2=10< 12: no update
51 — | — [ 12| 1 | p[5] +v[0] =10+ 0 = 10 < 12: no update
— R 12| 1| v m=12, s[5« t=1
- | = — 00| m«0,t+0
6 1| — | — (RN pl]+vb]=2+12=14>0: m+ 14, t < 1
2| — | — 11502 p[2] +v[4] =5+10=15> 14: m « 15, t « 2
3| — | — | 15| 2 | pB]+v[3] =7+7=14 < 15: no update
4 | — | — | 15| 2 | p[4] +v[2] =8+ 5 =13 < 15: no update
51 — | — | 15| 2 | pB]+v[1] =10+ 2 =12 < 15: no update
6 | — | — | 15| 2 | p[6] +v[0] =134 0 =13 < 15: no update
T2 15 | 2 | v[6] « m = 15, s[6] « t =2
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This is the vector v after the execution of the DP algorithm:

£=0 £=1 £=2 (=3 (=4 £=5 (=6
o] 0 2 5 7 10 12 15

2. We have the following vector s:

€:

| ¢=1 2
\ 1 2

sf]

We can reconstruct an optimal solution for a rod of length n = 6 as follows:

Iteration ‘ J ‘ slj] ‘ x[1] z[2] =[3] z[4] =z[5] =[6] ‘ Update of j
- - - 0 0 0 0 0 0 j=6
1 6| 2 0 1 0 0 0 0|j=6—-2=4
2 41 2 0 2 0 0 0 0|j=4-2=2
3 21 2 0 3 0 0 0 0]j=2-2=0
Thus, the vector
(0,3,0,0,0,0)

is an optimal solution. The optimal value is
v[6] = 15.

3. Step-by-step execution of the second bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of j and ¢, the cells
v[7][¢] and s[j][¢], and the operation performed. The cells are computed for increasing

values of j and, for each fixed value of j, for increasing values of £.

Author: Fabio Furini
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n owon oW N == — < 15 © <10 © 0,0,
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6 5| 12 0 | j> ¢ o[6][5] « v[5][5] = 12, s[6][5] 0
6 6 p[6] +[6][0] = 1340 < v[5][6] = 15: v[6][6] « v[5][6] = 15, 5[6][6] ¢ O
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These are the matrices v and s obtained during the execution of the DP algorithm:

v[f]lf] | €=0 £=1 £=2 (=3 (=4 ¢{=5 (=6
7=0 0 —oc0o —00o —00 —00 —00 —00
j=1 0 2 4 6 g 10 12
j=2 0 2 5 710 12 15
i=3 0 2 5 710 12 15
j= 0 2 5 710 12 15
j=5 0 2 5 710 12 15
j=6 0 2 5 710 12 15
il | 2=0 £=1 (=2 =8 [=d =3 =G
j=0 0 0 0 0 0 0 0
j=1 0 1 1 1 1 1 1
j=2 0 0 1 1 1 1 1
j=3 0 0 0 0 0 0 0
j=4 0 0 0 0 0 0 0
j=5 0 0 0 0 0 0 0
j=6 0 0 0 0 0 0 0

The optimal value of the RCP instance is v[6][6] = 15.

4. Using the matrix s, we can reconstruct an optimal solution as follows:

Iteration ‘ J ‘ 14 ‘ s[7]1¢] ‘x[l] x[2] z[3

2
o

8
<

x[6] ‘ Action

1

N O Ut W N

6

N DD N Wk Ot

6

N = OO OO

0
0
0
0

l
1
1
1

0
0
0
0
0
0
0

W = OO oo

S O O O o o o
S O O O O o o
e oo e e o
S O OO o oo

j<5
j4
j«3
72
l<+ 4
f <2
l<+0
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Thus, the vector
(0,3,0,0,0,0)

is an optimal solution. The optimal value is

v[6][6] = 15.

(& J

Exercise 28.2

Consider the following RCP instance, where the rod has length n = 5, and the profits
associated with the possible piece lengths are:

|j=1 j=2 j=3 j=4 j=5
pi| 1 4 6 8 9

Questions

1. Show the execution of the first bottom-up DP algorithm by reporting, for each itera-
tion, the values of the vector v and the values of the vector s.

2. Using the vector s, reconstruct an optimal solution in integer notation (x1,x9, ..., Zy),
and report the optimal value.

3. Show the execution of the second bottom-up DP algorithm by reporting, for each
iteration, the values of the matrices v and s.

4. Using the matrix s, reconstruct an optimal solution in integer notation (1, x2, ..., =y ),
and report the optimal value.

AN J

1. Step-by-step execution of the first bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of £ and j, the cells
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v[f] and s[¢], the current value of m, and the current value of ¢t. The cell of m is
highlighted in 'red when updated; the cell of ¢ is highlighted in |blue when updated;
the cells of v[¢] and s[¢] are highlighted in 'blue when assigned.
¢ g ‘ v[¢] ‘ s[] ‘ m ‘ t ‘ Action
- -l - |- |-|v0<«o0
- | = 0| 0| m<«<0,t+<0
1 1| — | — D00 o] +v[0]=1+0=1>0: m« 1, ¢t 1
— e |1 | e m=1, st =1
- | = - 0| 0| m<+<0,t+<0
2 1| — 2 P 1 pl]+9[1]=141=2>0:m++2,t+1
2| — 4 12| pl2+0[0]=44+0=4>2 m« 4, t«2
—| 4 2 | 4|2 |02 m=4 2]« t=2
=| = — 10 ]0|m«<0,t<0
3 1| — | — SR o[ rof2] =144=5>0: m« 5, £ 1
2 | = — | 5| 1 |p2]+v[l]]=4+1=>5=m: no update
3| - 6B p[3] +0[0] =6+0=6>5 m<«6, t+ 3
- 6 3 | 6|3 |v3+m=6,s3«t=3
- | = — 0| 0| m<«<0,t+<0
4 1| — | — | 7 L |pl]+vB8]=146=7>0 m<+7,t<1
2| — | — [ 8 12 pj2] +0[2) =4+4=8>T: m« 8, t« 2
3| — | — | 8|2 |pB]+v[l]]=6+1=7< 8 no update
4| — 8 | 2 | p[4] +v[0] =8+ 0= 8= m: no update
- 8 2 8 | 2 |v[d]+ m=28, s[4] + t=
— | = — 0| 0| m<+<0,t1+<0
5 1] — | — [P9 pll]+ 0[] =1+8=9>0: m« 9, t« 1
2| — | — [1012 p[2+v[3] =4+6=10>9: m « 10, t « 2
3| — | — [10] 2 | p[3] +v[2] =644 =10= m: no update
4 | — | — | 10| 2 | p[4] +v[1]] =8+ 1=9 < 10: no update
5|/ — | — | 10| 2 | p[5]+v[0] =9+ 0=9 < 10: no update
— ORI 10 | 2 | w5« m=10, s[5 < t =2
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This is the vector v after the execution of the DP algorithm:

2. We have the following vector s:

=1 /¢
1

I
o | o
~
I
w | w
~
I
RN
~
I
b | o

slf]

We can reconstruct an optimal solution for a rod of length n = 5 as follows:

Iteration ‘ J ‘ s[4] ‘ z[1] z[2] z[3] =[4] z[5] ‘ Update of j

: |- 0 0
1 5| 2 0 g
% 3| 3 0 1

Thus, the vector
(0,1,1,0,0)

is an optimal solution. The optimal value is
v[5] = 10.
3. Step-by-step execution of the second bottom-up DP algorithm
For each step of the DP algorithm, the table shows the values of j and ¢, the cells

v[7][¢] and s[j][¢], and the operation performed. The cells are computed for increasing
values of j and, for each fixed value of j, for increasing values of /.
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¢ | o5l | sille) | Action
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These are the matrices v and s obtained during the execution of the DP algorithm:

v[f]lf] | €=0 £=1 £=2 (=3 (=4 (=5
7=0 0 —o0o —o00 —00 —00 —00
j=1 0 1 2 3 4 5
j=2 0 1 4 5 8 9
j=3 0 1 4 6 8 10
j= 0 1 4 6 8 10
j=5 0 1 4 6 8 10

j=0 0 0 0 0 0 0
j=1 0 1 1 1 1 1
j=2 0 0 1 1 1 1
j= 0 0 0 1 0 1
j= 0 0 0 0 0 0
j= 0 0 0 0 0 0

The optimal value of the RCP instance is v[5][5] = 10.

4. Using the matrix s, we can reconstruct an optimal solution as follows:

Iteration ‘ J ‘ 14 ‘ s[7114] ‘ z[1] «[2] «[3] z[4] =z[5] ‘ Action
1 515 0 0 0 0 0 05«4
2 415 0 0 0 0 0 07«3
3 3|95 1 0 0 1 0 0l 2
4 312 0 0 0 1 0 0|72
5 2|2 1 0 1 1 0 00«0
Thus, the vector
(0,1,1,0,0)
is an optimal solution. The optimal value is
v[5][5] = 10.
- J
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Exercise 28.3

associated with the possible piece lengths are:

Consider the following RCP instance, where the rod has length n = 5, and the profits

[j=1 j=2 j=3 j=4 j=5

p; | 3 5 8 9

10

Questions

and report the optimal value.

iteration, the values of the matrices v and s.

and report the optimal value.

&

1. Show the execution of the first bottom-up DP algorithm by reporting, for each itera-
tion, the values of the vector v and the values of the vector s.
2. Using the vector s, reconstruct an optimal solution in integer notation (x1, zg, . ..

3. Show the execution of the second bottom-up DP algorithm by reporting, for each

4. Using the matrix s, reconstruct an optimal solution in integer notation (z1, 2, . . .

7CC7L)7

7xn)ﬂ

J

1. Step-by-step execution of the first bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of £ and j, the cells
v[f] and s[¢], the current value of m, and the current value of ¢. The cell of m is
highlighted in ‘red when updated; the cell of ¢ is highlighted in |blue when updated;
the cells of v[¢] and s[¢] are highlighted in 'blue when assigned.

¢ 5| v | sl ‘ m ‘ t ‘ Action

| — | = | v[0]«0

| o4 |
_‘0‘_
_‘_‘_

| 0|0 |m«0,t«0
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1 1| — | — [P p]+0[0]=3+0=3>0: m«3, t1
- 3 1 | 3 |1 |vl]+m=3s[l]«t=1
- | = - 0| 0| m<+<0,t«<0

2 1| — | — |6 |1 |p[l]+9[]]=3+3=6>0: m<«6,t«1
2 — | 6 | 1|p2+v0=5+0=5<6: no update
- 6 1 | 6 |1 |v2+m=6,s2«t=1
- | = - 0| 0| m<«<0,t+<0

3 1| — | — PO o] +0[2] =346=9>0: m« 9, ¢t 1
2| — | — 19| 1]|p2+v[l]=5+3=8<9: no update
31 — | — 19 ]1]p3+v[0]=8+4+0=8<9: no update
— 9 1 | 9 |1 |vB]l+m=9,s3]+t=1
- | = — 0| 0| m<«<0,t«<0

4 1| — | - PR pl) o8] =3+9=12>0: m« 12, t 1
2| — | — |12 |1 |p2]+v[2] =5+6=11< 12: no update
3| - 12 | 1 | p[3] +v[1] =8+ 3 =11 < 12: no update
4 | — | — [ 12| 1 | p[4] +v[0] =94 0=9 < 12: no update
— PR 12| 1| o4 m=12 s[4]«t=1
| — | = |o0]0|meoteo

5 1| — | — [156 Pl p[1]+v[4]=3412=15>0: m+ 15, ¢t + 1
2| — | — |15| 1 | p2]+v[3] =5+9=14 < 15: no update
3| — | — | 15| 1| p[B]+v[2] =8+6=14 < 15: no update
4 | — | — | 15| 1 | p[4]+v[1] =9+ 3 =12 < 15: no update
51 — | — | 15| 1 | p5]+v[0] =10+ 0= 10 < 15: no update

B 15| 1| o m=15 s« t=1

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 179


https://github.com/fabiofurini/combinatorial-optimization
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Combinatorial Optimization

This is the vector v after the execution of the DP algorithm:

2. We have the following vector s:

1 =2 ¢
1 1

Il
— w
~
Il
il SN
~
Il
— (@)

| ¢
s[f] |

We can reconstruct an optimal solution for a rod of length n = 5 as follows:

Iteration ‘ J ‘ slj] ‘ z[1] =z[2] z[3] z[4] =z[5] ‘ Update of j

- - - 0 0 0 0 0 j=25
1 5| 1 # o0 0 0 O0|j=5-1=4
2 4| 1 2 0 0 0 0|j=4-1=3
3 3| 1 3 0 0 0 0|j=3-1=2
4 21 1 4 0 0 0 0O|lj=2-1=1
) 1] 1 5 0 0 0 0lj=1-1=0
Thus, the vector
(5,0,0,0,0)

is an optimal solution. The optimal value is
v[5] = 15.

3. Step-by-step execution of the second bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of j and ¢, the cells
v[7][¢] and s[j][¢], and the operation performed. The cells are computed for increasing
values of j and, for each fixed value of j, for increasing values of £.
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These are the matrices v and s obtained during the execution of the DP algorithm:

v[f]lf] | €=0 £=1 £=2 (=3 (=4 (=5
7=0 0 —o0o —o00 —00 —00 —00
j=1 0 3 6 9 12 15
j=2 0 3 6 9 12 15
i=3 0 3 6 9 12 15
j= 0 3 6 9 12 15
j=5 0 3 6 9 12 15

sl | =0 =1 (=2 (=3 (=4 (=5
i=0 0 0 0 0 0 0
j=1 0 1 1 1 1 1
j=2 0 0 0 0 0 0
j= 0 0 0 0 0 0
j= 0 0 0 0 0 0
j= 0 0 0 0 0 0

The optimal value of the RCP instance is v[5][5] = 15.

4. Using the matrix s, we can reconstruct an optimal solution as follows:

Iteration ‘j ‘ 14 ‘ s[7114] ‘ z[1] «x[2

&
2
)

e

x[5] ‘ Action

—_
ot
ot

0|5+ 4
0]j+3
07«2
07«1
0|4+« 4
0|f«+ 3
0|4+ 2
0]/«+ 1
0|4+ 0

— o= RN W

0
0
0
0
1
1
1
1
1

=N W ks Ot Ot Ot Ot

0
0
0
0
1
2
3
4
)

© 00 J O UL = W N

O O O O O oo oo
O O OO O oo oo
O OO OO oo oo
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Thus, the vector
(5,0,0,0,0)

is an optimal solution. The optimal value is

v[5][5] = 15.

(& J

Exercise 28.4

Consider the following RCP instance, where the rod has length n = 6, and the profits
associated with the possible piece lengths are:

|j=1 j=2 j=3 j=4 j=5 j=6
p; | 2 6 7 11 13 17

Questions

1. Show the execution of the first bottom-up DP algorithm by reporting, for each itera-
tion, the values of the vector v and the values of the vector s.

2. Using the vector s, reconstruct an optimal solution in integer notation (x1,x9, ..., Zy),
and report the optimal value.

3. Show the execution of the second bottom-up DP algorithm by reporting, for each
iteration, the values of the matrices v and s.

4. Using the matrix s, reconstruct an optimal solution in integer notation (1, x2, ..., =y ),
and report the optimal value.

AN J

1. Step-by-step execution of the first bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of £ and j, the cells
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v[f] and s[¢], the current value of m, and the current value of ¢t. The cell of m is
highlighted in 'red when updated; the cell of ¢ is highlighted in |blue when updated;
the cells of v[¢] and s[¢] are highlighted in 'blue when assigned.

L g ‘ v[¢] ‘ s[] ‘ m ‘ t ‘ Action

- -l - |- |- |v0«o0
- | = 0| 0| m<«<0,t+<0

1 1| — | — [P0 ] +v[0]=2+0=2>0: m« 2, ¢t 1
I 2 | 1| v em=2 sl t=1
- | = - 0 | 0| m<+<0,t«<0

2 1| — 4 11| pll]+v[1]=24+2=4>0: m<«4,t+1
2 6 [ 2| pl2] +v[0] =6+0=6>4 m<« 6, ¢ 2
- 6 2 | 6|2 |v2+<m=6,s2«t=2
- = - 0| 0| m«<0,t«<0

3 1| — | — P8 402 =246=8>0: m« 8, ¢t 1
2 — | — | 8|1 ]|p2+v[l]=6+2=8=m: no update
3| — | — | 8] 1]|pB+v[0]=74+0=7<8: no update
- 8 1 | 8 |1 |vB]l+m=8,s3]+<t=1
- | = — 0| 0| m<«<0,t+<0

4 1| — | — [0 p1) o8] =2+8=10>0: m+« 10, t 1
2| — | — 11212 p[2] +v[2] =6+6=12>10: m « 12, t 2
3| — | — |12] 2 | pB]+v[l] =7+2=9 < 12: no update
4 | — | — | 12| 2 | p[4] +v[0] =114 0 =11 < 12: no update
— R 12| 2 | o4 m=12 s[4« t=2
— | = — 0| 0| m<+<0,t1+<0

5 1| — | — [ pll] +v[d] =2+12=14>0: m 14, t < 1
2| — | — |14 |1 |p2]+v[3] =6+8=14= m: no update
3| — | — | 14| 1| p[3]+v[2]=7+6=13 < 14: no update
4| — | — | 14| 1 | p[4]+v[1] =11+ 2 =13 < 14: no update
51 — | — | 14| 1| pb+v[0]=13+0=13 < 14: no update
— B 14| 1| e m=14, s[5« t=1
- | = — 0| 0| m<«+<0,t+<0

6 1| — | — [P p[1]+of5]=2+14=16>0: m ¢ 16, t + 1
2| — | — P18 102 p2 +v[4] =6+12=18 > 16: m ¢ 18, t + 2
3| — | — | 18] 2 | p[3]+v[3] =7+ 8=15< 18: no update
4| — | — | 18] 2 | p[4] +v[2] =114 6 =17 < 18: no update
51 — | — | 18| 2 | pb]+v[l] =13+2 =15 < 18: no update
6| — | — | 18| 2 | p[6] +v[0] =17+ 0 =17 < 18: no update

WIE 18 | 2 | v[6] « m =18, s[6] « ¢ =2

Author: Fabio Furini
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This is the vector v after the execution of the DP algorithm:

£=0 £=1 £=2 (=3 (=4 £=5 (=6
o] 0 2 6 8 12 14 18

2. We have the following vector s:

€:

| ¢=1 2
\ 1 2

sf]

We can reconstruct an optimal solution for a rod of length n = 6 as follows:

Iteration ‘ J ‘ slj] ‘ x[1] z[2] =[3] z[4] =z[5] =[6] ‘ Update of j
- - - 0 0 0 0 0 0 j=6
1 6| 2 0 1 0 0 0 0|j=6—-2=4
2 41 2 0 2 0 0 0 0|j=4-2=2
3 21 2 0 3 0 0 0 0]j=2-2=0
Thus, the vector
(0,3,0,0,0,0)

is an optimal solution. The optimal value is
v[6] = 18.

3. Step-by-step execution of the second bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of j and ¢, the cells
v[7][¢] and s[j][¢], and the operation performed. The cells are computed for increasing

values of j and, for each fixed value of j, for increasing values of £.

Author: Fabio Furini

SAPIENZA

UNIVERSITA DI ROMA

185


https://github.com/fabiofurini/combinatorial-optimization
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Combinatorial Optimization

¢ | o5l | sille) | Action

O
[e9]
i
o O O o O O o O
SRR 114 U
- ASINTENE) AENTENCE) IEN)
— gy =y =2
- —~ GENGFINCE ) S IR
/_\ 11/_\ PR w @w ® P
LorlEsl Lo R 4@ =
NN =) 1l 2e% oo T
=== L TET [T o Il
o D I B NN =N I ——— —_——
. T =S ———
n on oW on o — = 5 — 0,0 ., 2, B, B8
P Y P o=== == —=
N S O~ w8 — NN &M, 0, M, A
DR Sz = S == =
AR
SR = itttz L3 X hohd
e R o — TN SENENE) =N
R e e A e A Py AN =™ N == — = ——
SESESESES e S = ™ ™ = == o nw o
S s commxNT TIccomTTT|CcececeTRR|occe (FR(eooo
18888871l dflll®isslidllasws eeeeﬂ&& eeeeﬂ -
sl gy es = lammo ~ — - Mmmmﬂﬂﬁ Wmmmmﬂﬂ Soam = Mw
sl il lglzg ! 1l gzl 11 || SSS5_ " L |EEEES |28 ss® FE
" HANMIFIO = ® s AN FO =[N ®» aNMFDO| N n o n FIOO|u o ux n WO|nun n n 9 ED
—T1T—1—11 "} f e e e = Y11 = o & & N — — ~ ~ Q1 <
cococoboo |28 aT|c NIRRT | SNSRI TT|SHNCSORNND|ISNS 6 LXTS S 6 —E
eeeeee__vvvuv>____vvvv>::__uvvv______:<v,/w_<v_:________<v_<v,____:____ (=N
o — —_— —_—— — —— — — —— — — — —— — — —
]]]]]]0>>>>>0 01>>>>2 012<_<_<_<_0123 O — N <f O — N N < AW
laER IS5 |5eayeadEmeasn | Sese e e e lh| o aa | oo o N3
sS85 55el sttt ttH|SRt+++ 4SS+ +++HITTFTF I L ISTSITII(TEEES
A I T I o IR T I A il IS I il IR
W% Mm m, m, w, % T | R T | I V| (1 (I | o Il
ST TileesEamEr |t manF|2ds A an | Stldsgogrm |2l tgg| 290 S
e i N R SN I I WS IO RGCNGENGENGAIGr MG WG s s I ===l RTrIN T I T I IrIN TN vl vl REENC=RC-NE=IC=)
/_\/_\/_\/_\F\/_\/_\ 2 2 D D o o S 22 2D 2 o o S 22 D = o UUUUWMMUUUUUMWUUUUU
CEARTR T S+ +++++H | VS H IS F (TS HH (SIS H 4 IS
S22 NEEEE S| AN T IIITTN|NAAADTISD|AAAANATEEIAAANNBSBIANNNAN
IS S S R R B S P P P T e T T S S T H e R T B T T S P S T S s e T T S P P T B T T S TR S B O e
g
=
&3
°c?P 7777 {|leaYTerwmdlovo i iR o0 R IR 0003 R R|ON00 LT RO © 0 3
<
=
o]
O O O O O oo R R e B B B R | AN AN AN AN AN AN N M M N MMM A AR N AR SR N LS U S U N 10 10 10 10 10 10 1O © © © © © L_hb
=



https://github.com/fabiofurini/combinatorial-optimization
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Combinatorial Optimization

6 5| 14 0 | j> ¢ o[6][5] « v[5][5] = 14, s[6][5] < 0
6 6 p[6] +0[6][0] = 1740 < v[5][6] = 18: v[6][6] + v[5][6] = 18, 5[6][6] + O
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These are the matrices v and s obtained during the execution of the DP algorithm:

v[f]lf] | €=0 £=1 £=2 (=3 (=4 ¢{=5 (=6
7=0 0 —oc0o —00o —00 —00 —00 —00
j=1 0 2 4 6 g 10 12
j=2 0 2 6 § 12 14 18
ji=3 0 2 6 8§ 12 14 18
j= 0 2 6 8§ 12 14 18
j=5 0 2 6 8§ 12 14 18
j=6 0 2 6 8§ 12 14 18
il | 2=0 £=1 (=2 =8 [=d =3 =G
j=0 0 0 0 0 0 0 0
j=1 0 1 1 1 1 1 1
j=2 0 0 1 1 1 1 1
j=3 0 0 0 0 0 0 0
j=4 0 0 0 0 0 0 0
j=5 0 0 0 0 0 0 0
j=6 0 0 0 0 0 0 0

The optimal value of the RCP instance is v[6][6] = 18.

4. Using the matrix s, we can reconstruct an optimal solution as follows:

Iteration ‘ J ‘ 14 ‘ s[7]1¢] ‘x[l] x[2] z[3
1 616

2
o

8
<

x[6] ‘ Action

j<5
j4
j«3
72
l<+ 4
f <2
l<+0

0 0
0 0
0 0
0 0
0
0
0

W = OO oo
O O O O o oo
SN NCNCENE
OO O oo oo
O OO O o oo

l
1
1
1

N O O s W N
NN DN Wk Ot
N = OO OO
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Thus, the vector
(0,3,0,0,0,0)

is an optimal solution. The optimal value is

v[6][6] = 18.

(& J

Exercise 28.5

Consider the following RCP instance, where the rod has length n = 6, and the profits
associated with the possible piece lengths are:

|j=1 j=2 j=3 j=4 j=5 j=6
p; | 1 5 8 9 12 14

Questions

1. Show the execution of the first bottom-up DP algorithm by reporting, for each itera-
tion, the values of the vector v and the values of the vector s.

2. Using the vector s, reconstruct an optimal solution in integer notation (x1,x9, ..., Zy),
and report the optimal value.

3. Show the execution of the second bottom-up DP algorithm by reporting, for each
iteration, the values of the matrices v and s.

4. Using the matrix s, reconstruct an optimal solution in integer notation (1, x2, ..., =y ),
and report the optimal value.

AN J

1. Step-by-step execution of the first bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of £ and j, the cells
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v[f] and s[¢], the current value of m, and the current value of ¢t. The cell of m is
highlighted in 'red when updated; the cell of ¢ is highlighted in |blue when updated;
the cells of v[¢] and s[¢] are highlighted in 'blue when assigned.

14 j‘v[€] ‘ s[] ‘ m‘ t ‘Action

- -l - |- |- |v0«o0
- | = 0| 0| m<«<0,t+<0

1 1| — | — D00 o] +v[0]=1+0=1>0: m« 1, ¢t 1
1| | em=1, sl et=1
- | = - 0 | 0| m<+<0,t«<0

2 1| — 2 P 1 pl]+9[1]=141=2>0:m++2,t+1
2 | — 5 [ 2| pl2] +0[0] =5+0=5>2 m«5,t 2
— 2 | 5|2 |v2l<m=5s72«t=2
- = - 0| 0| m«<0,t«<0

3 1| — | — e [l +u[2] =145=6>0: m«6, ¢t 1
2 — | — | 6 |1]p2+v[l]]=541=6=m: no update
3| — 8 BN p[3] +0[0] =8+0=8>6: m« 8, t+ 3
- 8 3 | 8 |3 |vBl+m=8, s3]« t=3
- | = — 0| 0| m<«<0,t+<0

4 1| — | — |9 [ L |pl]+vB8]=14+8=9>0: m<+9,¢t<«1
2| — | — 1012 p[2] +v[2] =5+5=10>9: m + 10, t «— 2
3| — | — |10] 2| pB]+v[l]=8+1=9< 10: no update
4 — | — |10] 2 | p4]+v[0] =9+0=09 < 10: no update
— |10 | 2 |10 | 2 | v[4] < m =10, s[4] « t =2
— | = — 0| 0| m<+<0,t1+<0

5 1] — | — (A0 pl] + 04 =1+10=11>0: m ¢ 11, t « 1
o | — | — (18312 | p[2] +o[3] =5+8=13>11: m« 13, t « 2
3| — | — [13] 2 | p[3]+v[2] =8+ 5= 13 = m: no update
4 | — | — | 13| 2 | p[4 +v[]] =941 =10 < 13: no update
51 — | — | 13| 2 | pB+v[0] =12+ 0= 12 < 13: no update
— Bl 13| 2 | 5~ m=13, s[5« t=2
- | = — 0| 0| m<«+<0,t+<0

6 1| — | — [ p[1]+ o5 =1+13=14>0: m ¢ 14, t « 1
2| — | — 115 2N pl2] + v[4] =5+ 10=15> 14: m « 15, t ¢ 2
3| — | — |16 18 p[3] +v[3] =8+8=16>15 m <« 16, t < 3
4 | — | — [ 16| 3 | p[4 +v[2] =9+ 5 =14 < 16: no update
51 — | — |16 3 | pb]+v[1] =12+ 1= 13 < 16: no update
6| — | — |16 | 3 | p[6] +v[0] =14+ 0 =14 < 16: no update

16 | 3 | 16 | 3 | v[6] «+ m =16, s[6] «+ t =3
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This is the vector v after the execution of the DP algorithm:

(=0 (=1 (=2 (=3 (=4 (=5 £=6
off] 0 1 5 8 10 13 16

2. We have the following vector s:

| t=1 ¢=2 ¢
" 2

I
w | w
~
I
RN
~
I
o | o
~
I
w | o

slf]

We can reconstruct an optimal solution for a rod of length n = 6 as follows:

- - O 0 0 0 0 0 j=6
1 6| 3 0 0 1 0 0 0]j=6-3=3
2 31 3 0 0 2 0 0 0]7j=3-3=0
Thus, the vector
(0,0,2,0,0,0)

is an optimal solution. The optimal value is
v[6] = 16.
3. Step-by-step execution of the second bottom-up DP algorithm

For each step of the DP algorithm, the table shows the values of j and ¢, the cells
v[7][¢] and s[j][¢], and the operation performed. The cells are computed for increasing
values of j and, for each fixed value of j, for increasing values of £.
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6 5| 13 0 | j> ¢ v6][5] < v[5][5] = 13, s[6][5] « 0
6 6 p[6] +0[6][0] = 14+0 < v[5][6] = 16: v[6][6] « v[5][6] = 16, 5[6][6] + O
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These are the matrices v and s obtained during the execution of the DP algorithm:

v[f]lf] | €=0 £=1 £=2 (=3 (=4 ¢{=5 (=6
7=0 0 —oc0o —00o —00 —00 —00 —00
j=1 0 1 2 3 4 5 6
j=2 0 1 5 6 10 11 15
j=3 0 1 5 8§ 10 13 16
j= 0 1 5 8§ 10 13 16
j=5 0 1 5 8§ 10 13 16
j=6 0 1 5 8§ 10 13 16
il | 2=0 £=1 (=2 =8 [=d =3 =G
j=0 0 0 0 0 0 0 0
j=1 0 1 1 1 1 1 1
j=2 0 0 1 1 1 1 1
j=3 0 0 0 1 0 1 1
j=4 0 0 0 0 0 0 0
j=5 0 0 0 0 0 0 0
j=6 0 0 0 0 0 0 0

The optimal value of the RCP instance is v[6][6] = 16.

4. Using the matrix s, we can reconstruct an optimal solution as follows:

Iteration ‘ J ‘ 14 ‘ s[7]14] ‘ z[1] =[2] x[3] =z[4] z[5] z[6] ‘ Action

1 |6]6] 0 | o 0 0 0 0 O0]j<s

5(6] 0| 0 0 0 0 0 0]j«4

3 l4/6] 0 | 0 0 0 0 0 0|j<3

4 (36| 1 | o oMl o o0 0|3

5 |33 1| 0o o0l 2 0 0 0[t«o0
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Thus, the vector
(0,0,2,0,0,0)

is an optimal solution. The optimal value is

v[6][6] = 16.

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 195


https://github.com/fabiofurini/combinatorial-optimization
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

	16 Principles of dynamic programming
	Knapsack problems
	17 DP for the 0/1 knapsack problem
	18 DP for the unbounded knapsack problem
	19 DP for the bounded knapsack problem
	20 DP for the subset sum problem
	21 DP for the multiple-choice knapsack problem
	22 DP for the multidimensional knapsack problem
	23 DP for the knapsack problem with setups
	24 DP for the multiple knapsack problem

	Lot sizing problems
	25 DP for the uncapacitated lot sizing problem
	26 DP for the capacitated lot sizing problem

	Miscellaneous problems
	27 DP for the coin change problem
	28 DP for the rod cutting problem


