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Chapter 9

Formulations of knapsack problems

9.1 Knapsack: Dantzig and Martello-Toth upper bounds

Upper bounds used in these exercises

The bounds of Chapter 9 «Formulations of knapsack problemsy», for a KP instance with
the items sorted by non-increasing efficiency. The split item s € ¢ and the residual
capacity rc are

s—1 s s—1
ijgc and ij>c, TCZC—ZU/]'- (K1)
j=1 j=1 g=1

The Dantzig upper bound for z(ILPkp) is
= re
UBp = Z; i+ {ps wJ . (K2)
]:

The Martello-Toth upper bound for z(ILPkp) is UByr = max{UBy, UB; }, where

s—1 s—1
UBp =Y p;+ {rc pS“J and UBy =) p;+ { s — (ws — rc) pSIJ . (K3)
= W41 = Ws—1

(& J

Exercise 9.1 — Upper bounds for the 0/1 Knapsack Problem (1)

We consider a knapsack capacity ¢ = 11 and a set . = {1,2,3,4,5} of 5 items (n = 5)
with the following profits and weights:

Questions
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Combinatorial Optimization

1. Check if the items are sorted by non-increasing efficiency otherwise sort them in this
order.

2. Compute the Dantzig and the Martello-Toth upper bound and determine which one

is stronger for this KP instance.

- J

We use the split item and the residual capacity (K1), the Dantzig bound (K2) and the
Martello-Toth bound (K3) of the box at the beginning of the chapter.

1. The items are sorted by non-increasing efficiency since we have:
B 6 14 6 2
3 — 3 — 9 — 5 T 2

2. The split item is s = 3 since:

2 3
> w;j=3+3=6<11 and » w;=3+3+9=15>11
j=1 j=1

and the residual capacity is:

2
rc=c—2wj=11—3—3=5
The Dantzig upper bound:

5 70
UBD—ij {pg —J =846+ {14 §J =14+ {gJ 21
The Martello-Toth upper bound is:

2
6
UB0:ij+ e i—iJ =8+6+ 53J =14+6=20

2
6
UBy =Y pj+ |ps— (ws — re) 5—22 =846+ {14—(9—5) §J =14+ 6 =20

UBMT:maX{ UBy, UB; }:max{ 20, 20 }:20

For this KP instance, the Martello-Toth upper bound is stronger than Dantzig upper
bound since we have:

UBMT < UBp
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Exercise 9.2 — Upper bounds for the 0/1 Knapsack Problem (2)

We consider a knapsack capacity ¢ = 8 and a set .# = {1,2,3,4} of 4 items (n = 4) with
the following profits and weights:

‘jzl j=2 j=3 j=4

Dj 40 42 25 12
wj 4 7 5 3

Questions

1. Check if the items are sorted by non-increasing efficiency otherwise sort them in this
order.

2. Compute the Dantzig and the Martello-Toth upper bound and determine which one
is stronger for this KP instance.

AN J

We use the split item and the residual capacity (K1), the Dantzig bound (K2) and the
Martello-Toth bound (K3) of the box at the beginning of the chapter.

1. The items are sorted by non-increasing efficiency since we have:

40 42 25 12
= > 2 > £ > =
4 — 7 — 5 = 3

2. The split item is s = 2 since:
2
wi=4<8 and » w;=4+T7=11>8
j=1
and the residual capacity is:

rc=c—w1 =8—-4=4

The Dantzig upper bound is:
TC 4
UBp =p1 + {pz —J =40 + {42 ?J =40 + [24] =64
w2

The Martello-Toth upper bound is:
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25
UBozp1+{rcp—3J:40+{4—J:4O+L20J:60
w3 5
Y41 40
UB; =p1 + pz—(wg—rc)w— =40+ 42—(7—4)Z =40+ |12] = 52
1

UBMT:maX{ UB,, UB; }:max{ 60, 52 }=60

For this KP instance, the Martello-Toth upper bound is stronger than Dantzig upper
bound since we have:

UBumT < UBp

\ J

Exercise 9.3 — Upper bounds for the 0/1 Knapsack Problem (3)

We consider a knapsack capacity ¢ = 15 and a set . = {1,2,3,4} of 4 items (n = 4) with
the following profits and weights:

‘jzl j=2 j=3 j=4

D; 24 17 12 6
w; 10 8 6 5

Questions

1. Check if the items are sorted by non-increasing efficiency otherwise sort them in this
order.

2. Compute the Dantzig and the Martello-Toth upper bound and determine which one
is stronger for this KP instance.

(& J

We use the split item and the residual capacity (K1), the Dantzig bound (K2) and the
Martello-Toth bound (K3) of the box at the beginning of the chapter.

1. The items are sorted by non-increasing efficiency since we have:

N

0 - 8 — 6 — 5
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2. The split item is s = 2 since:
2
w;=10<15 and Y w;=10+8=18>15
j=1
and the residual capacity is:

rc=c—w; =15—-10=5
The Dantzig upper bound is:

UBp =p1 + 192E =24 + 17§ =24+ 85 =34
w2 8 8

The Martello-Toth upper bound is:

12
UBy = p1 + {rc p‘”’J =24+ {5 J =24+ |10 = 34
w3 6

24 49
UB; =p; + \\pQ—(wg—Tc) leJ =24 + {17—(8—5) 10J =924 + {5J =33

UBMT:max{ UBy, UB; }:max{ 34, 33 }:34

For this KP instance, the Martello-Toth upper bound is as strong as the Dantzig
upper bound since we have:

UBMmT = UBp

(& J

Exercise 9.4 — Upper bounds for the 0/1 Knapsack Problem (4)

We consider a knapsack capacity ¢ = 9 and a set .# = {1,2,3,4,5,6} of 6 items (n = 6)
with the following profits, weights:

=1 j=2 j=3 j=4 j=5 j=6

;i 6 5 8 9 6 7
w; 2 3 6 7 5 9

Questions

1. Check if the items are sorted by non-increasing efficiency otherwise sort them in this
order.
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2. Compute the Dantzig and the Martello-Toth upper bound and determine which one
is stronger for this KP instance.

. J

We use the split item and the residual capacity (K1), the Dantzig bound (K2) and the
Martello-Toth bound (K3) of the box at the beginning of the chapter.

1. The items are sorted by non-increasing efficiency since we have:

6 5 8 9 6 S 7
2 — 3 — 6 — 7 — 5 79
2. The split item is s = 3 since:
2 3
> wj=2+3=5<9 and > w;=2+3+6=11>9
j=1 j=1

and the residual capacity is:

2
rc:c—ij:9—2—3:4
=1

The Dantzig upper bound is:
4
UBD—Zp] py —|=6+5+ |8 | =11+ |—| =16

The Martello-Toth upper bound is:

2
36
UBo =) pj+ |1 Z—iJ — 65~ 4—J :11+{7J =16

2
P2 ) 14
UB1:ij+ ps — (w3 — rc) v, | =6+5+ {8—(6—4) §J =11+ bJ =15

UBMT:maX{ UBy, UB; }:max{ 16, 15 }:16

For this KP instance, the Martello-Toth upper bound is as strong as the Dantzig
upper bound since we have:

UBumt = UBp
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Exercise 9.5 — Upper bounds for the 0/1 Knapsack Problem (5)

We consider a knapsack capacity ¢ = 21 and a set .# = {1,2,3,4,5,6} of 6 items (n = 6)
with the following profits, weights:

Questions

1. Check if the items are sorted by non-increasing efficiency otherwise sort them in this
order.

2. Compute the Dantzig and the Martello-Toth upper bound and determine which one
is stronger for this KP instance.

- J

We use the split item and the residual capacity (K1), the Dantzig bound (K2) and the
Martello-Toth bound (K3) of the box at the beginning of the chapter.

1. The items are sorted by non-increasing efficiency since we have:

24 25 13 10 9

[\
=)
oo
N |
—
o
[SSRI )

2. The split item is s = 4 since:

3 4
> w;=2+6+8=16<21 and Y w;=2+6+8+7=23>21
j=1 j=1

and the residual capacity is:

3
rc:c—ij:21—2—6—8:5

j=1
The Dantzig upper bound is:
’ re 5 50
UBp = ; — | =24+25+13 10 — | =62 — | =69
; ;pﬁ{p“wJ e % 7J +{7J

The Martello-Toth upper bound is:
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3
Ps 9 g
IB_E i+ — | =24+254+13+ |5 —| =624 || =
0 j:1p] re J 5+ 13 {5 1OJ 6 {2J 66

w3

3
UB; = ij + [ pa — (wq — 1c) p_sJ
j=1

13 27
=24+254+13 + {10—(7—5) gJ =62+ {ZJ = 68

UBMszax{ UBy, UB; }zmax{ 66, 68 }=68

For this KP instance, the Martello-Toth upper bound is stronger than the Dantzig
upper bound since we have:

UBMT < UBp

9.2 ILP models of the knapsack variants

Exercise 9.6 — ILP model of the Subset Sum Problem

The Subset Sum Problem (SSP) and its ILPggp model are in Chapter 9 «Formulations of
knapsack problems». We consider a target value ¢ = 16 and a set & = {1,2,...,6} of 6
items (n = 6), with the following weights:

|j=1 j=2 j=3 j=4 j=5 j=6
wi |2 4 5 8 9 13

Questions
1. Write the ILPggp model of the chapter for this instance.

2. Solve the model with Gurobi. Give the optimal value, an optimal solution and the
associated solution of the SSP, and say whether the optimal solution is unique.

(& J

1. The model has 6 binary variables and one linear constraint (besides the domains of

the variables). The ILPggp model for this instance is:

max 2x17 +4x0 +5x3 +8x4 +9x5 +13x6
subject to 227 +4x9 +5x3 +8x4 +92x5 +13x < 16

x1, x2, xs3, X4, Ts5, T € {Oal}
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2. Gurobi returns the optimal value z(ILPggp) = 16. An optimal solution is

The selected items have total weight 2 + 5+ 9 = 16. Since z(ILPggp) = ¢ = 16, the
answer to the SSP is yes, with the subset S = {1,3,5}.

Enumerating the 22 subsets of weight at most 16 shows that S is the only subset of

weight exactly 16: the optimal solution is unique.
. J

Exercise 9.7 — ILP model of the Bounded Knapsack Problem

The Bounded Knapsack Problem (BKP) and its ILPggp model are in Chapter 9 «For-
mulations of knapsack problems». We consider a knapsack of capacity ¢ = 18 and a set
S ={1,2,...,5} of 5 items (n = 5), with the following profits, weights and available copies:

j=1
P; 5 12 11
5
3

N W |~
N OO W~ [ Ot

Questions
1. Write the ILPgkp model of the chapter for this instance.

2. Solve the model with Gurobi. Give the optimal value, an optimal solution and the
associated solution of the BKP, and say whether the optimal solution is unique.

- J

1. The model has 5 integer variables and one linear constraint (besides the domains of
the variables). The ILPgkp model for this instance is:

max dx; +12x9 +11lxg +7x4 +4x5

subject to bx; +Txy +3x3 +3x4 +8x5 < 18

m

{0,1,2,3}
{0,1,2}

I, z3

m

X2, T4, T5

2. Gurobi returns the optimal value z(ILPpkp) = 47. An optimal solution is

It takes three copies of item 3 and two copies of item 4: the total weight is 3-34+2-3 =
15 < 18 and every ; is at most b;.

Enumerating the 68 feasible vectors of copies shows that the optimal solution is unique.
- J
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Exercise 9.8 — ILP model of the Unbounded Knapsack Problem

The Unbounded Knapsack Problem (UKP) and its ILPykp model are in Chapter 9 «For-
mulations of knapsack problems». We consider a knapsack of capacity ¢ = 19 and a set

& ={1,2,...,5} of 5 items (n = 5), each available in an unlimited number of copies, with
the following profits and weights:

|j=1 j=2 j=3 j=4 j=5
D 4 9 7 5 8
w; 4 5 6 6 9

Questions
1. Write the ILPykp model of the chapter for this instance.

2. Solve the model with Gurobi. Give the optimal value, an optimal solution and the

associated solution of the UKP, and say whether the optimal solution is unique.

AN J

1. The model has 5 integer variables and one linear constraint (besides the domains of
the variables). The ILPykp model for this instance is:

max 4x1 +9x9 +7x3 +5x4 +8x5
subject to 427 +5x9 +6x3 +6x4 +92x5 < 19

x1, z2, z3, T4, T5 € ZL>o

2. Gurobi returns the optimal value z(ILPykp) = 31. An optimal solution is

16'1:1, x2:3, .%'320, i‘4=0, 57520
It takes one copy of item 1 and three copies of item 2: the total weight is 1-4+3-5 =
19 < 19.

The capacity constraint gives x; < IA)j = |c/wj], that is by =4, by =3, by =3, by =
3, b5 = 2. Enumerating the 54 feasible vectors of copies within these bounds shows

that the optimal solution is unique.
\ J

Exercise 9.9 — ILP model of the Multidimensional Knapsack Problem

The Multidimensional Knapsack Problem (MDKP) and its ILPypgp model are in Chapter 9
«Formulations of knapsack problems». We consider a 2-dimensional knapsack (k = 2) with
capacities ¢; = 17 and ¢o = 14, and a set .# = {1,2,...,5} of 5 items (n = 5), with the
following profits and weights:
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Jj=1 7j=2 j=3 j=4 j=5
Dj 10 8 11 6 9
wlj 9 9 3 6 3
’ng 5 5 2 3 9

Questions
1. Write the ILPypgp model of the chapter for this instance.

2. Solve the model with Gurobi. Give the optimal value, an optimal solution and the
associated solution of the MDKP, and say whether the optimal solution is unique.

- /

1. The model has 5 binary variables and k& = 2 linear constraints, one for each dimension
(besides the domains of the variables). The ILPypgp model for this instance is:

max 10x; +8xz2 +11x3 +6x4 + 95

subject to 9x1 +9x92 +3xz3 +6x4 +325 < 17
521 +5x9 +2x3 +3x4 +925 < 14

x1, z2, z3, Z4, x5 € {0,1}
2. Gurobi returns the optimal value z(ILPypkp) = 26. An optimal solution is
z1=0, Z2=0, 23=1, 24=1, 25=1
The associated subset is S = {3,4,5}, with weight 12 < 17 in dimension 1 and 14 < 14

in dimension 2.

Enumerating the 16 feasible subsets shows that the optimal solution is unique.
(& J

Exercise 9.10 — ILP model of the Multiple Knapsack Problem

The Multiple Knapsack Problem (MKP) and its ILPyxp model are in Chapter 9 «Formu-
lations of knapsack problems». We consider m = 2 knapsacks with capacities ¢; = 12 and
co = 14, and a set & = {1,2,...,5} of 5 items (n = 5), with the following profits and
weights:

|j=1 j=2 j=3 j=4 j=5
D) 10 12 6 4 9
w; 9 4 5 7 8

Questions
1. Write the ILPygp model of the chapter for this instance.

2. Solve the model with Gurobi. Give the optimal value, an optimal solution and the
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associated solution of the MKP, and say whether the optimal solution is unique.

- J

1. The model has nm = 10 binary variables, m = 2 capacity constraints and n = 5
assignment constraints (besides the domains of the variables). With so many variables
we write one constraint per line. The ILPykp model for this instance is:

max 10xq11 + 12291 + 6231 +4 241 + 951
+10x12 + 12222 + 6 232 + 4 242 + 9 T52

subject to  9x11 + 4221 + 5231 + 7241 + 8251 < 12
9219+ 4290 + 5230 + 7Tx40 + 859 < 14
r11 + Z12 < 1
ZT21 + T22 < 1
31 + 232 < 1
T41 + T42 < 1
Z51 + T52 < 1
T11, T21, T31, --., T52 e {0,1}

2. Gurobi returns the optimal value z(ILPykp) = 37. An optimal solution is
Zon=1, Zsn=1, Z1a=1, Zga =1,

with all the other variables equal to 0. The associated solution of the MKP is
(S1,52) = ({2,5},{1,3}): knapsack 1 has weight 4 + 8 = 12 < 12, knapsack 2
has weight 9 + 5 = 14 < 14, and item 4 is left out.

Enumerating the 81 feasible assignments of the items to the knapsacks shows that the
optimal solution is unique.

Exercise 9.11 — ILP model of the Multiple-Choice Knapsack Problem

The Multiple-Choice Knapsack Problem (MCKP) and its ILPycxp model are in Chapter 9
«Formulations of knapsack problems». We consider a knapsack of capacity ¢ = 14 and
aset . = {1,2,...,7} of 7 items (n = 7), partitioned into ¢ = 3 classes ¢ = {1,2},
o =1{3,4,5} and #3 = {6, 7}, with the following profits and weights:

|j=1 j=2 j=3 j=4 j=5 j=6 j=7
Dj 6 4 12 7 11 12 6
W 6 6 4 3 6 3 8

Questions

1. Write the ILPyckp model of the chapter for this instance.
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2. Solve the model with Gurobi. Give the optimal value, an optimal solution and the
associated solution of the MCKP, and say whether the optimal solution is unique.

- J

1. The model has 7 binary variables, one capacity constraint and ¢ = 3 class constraints
(besides the domains of the variables). The ILPy\jcxp model for this instance is:

max 6x; +4x0 +1223 +7x4 +11x5 +122¢ +627
subject to 61 +6x2 +4x3 +3x4 +6x5 +376 +8x7 < 14
r1 +x2 =1
T3 +x4 +5 =1

T +ax7 = 1

{0,1}

m

X1, €2, zs3, X4, Ts5, Z6, X7
2. Gurobi returns the optimal value z(ILPyckp) = 30. An optimal solution is
F1=1, #3=0, G3=1, #4=0, F5=0, Fg=1, F7=0

The associated subset is S = {1,3,6}: one item per class, with total weight 6+4+3 =
13 < 14.

Only 4 of the 12 choices of one item per class fit in the knapsack; enumerating them

shows that the optimal solution is unique.
\ J

Exercise 9.12 — ILP model of the Knapsack Problem with Setups

The Knapsack Problem with Setups (KPS) and its ILPxpg model are in Chapter 9 «For-
mulations of knapsack problems». We consider a knapsack of capacity ¢ = 19 and a set
S ={1,2,...,6} of 6 items (n = 6), partitioned into ¢ = 2 classes _#; = {1,2,3} and
o = {4,5,6}, with setup costs fi = 4, fo = 2, setup weights s; = 1, s = 4, and the
following revenues and weights:

|j=1 j=2 j=3 j=4 j=5 j=6
11
4

N
w
co
ot
=~

Dj
Wj

N
D
w
(=]
N

Questions
1. Write the ILPkps model of the chapter for this instance.

2. Solve the model with Gurobi. Give the optimal value, an optimal solution and the

associated solution of the KPS, and say whether the optimal solution is unique.
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1. The model has 6 variables x;, ¢ = 2 variables y,, one capacity constraint and n = 6
linking constraints x; < yp, written as x; — y, < 0 (besides the domains of the
variables). The ILPkpg model for this instance is:

max 4x; +3xy +8x3 +5xy4 +4xs +1lag —4y;r —2ys

subject to Tx1 +6x9 +3x3 +6x4 +7x5 +4x6 +y1 +4ys < 19
z1 — Y <0
Z2 — U <0
&3 — <0
x4 —y2 <0
Ts5 —y2 <0
Z6 —y2 <0
x1, Z2, z3, T4, Ts, T6 e {0,1}
v, y2 € {0,1}

2. Gurobi returns the optimal value z(ILPkps) = 18. An optimal solution is
:il:Oy j}2:07 :i3:]-a 3'}4:1, 2135:0, '%6:]-7 :gl:]-? g2:1

The associated subset is S = {3,4,6}, which activates both classes: the total weight
is3+6+4+1+4+4=18 <19, and the valueis 8 +5+11 -4 — 2 =18.

Enumerating the 27 feasible subsets shows that the optimal solution is unique.
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Chapter 10

Formulations of packing problems

'd N\
Formulations used in these exercises. The model ILPgpp of the chapter Formulations

of packing problems, with the set of bins & = {1,...,m}:

min Z Ub (B0)
be#
subject to Z B = 1 Vje S, (B1)
be#
—ijij—l—cybzo, Vb € A, (B2)
jes
z;p € {0,1}, Vje . Z, Vbe B, (B3)
w € {0,1}, Vb e A. (B4)

The relaxations LP-Ogpp and LPppp of the chapter relax (B3) and (B4) into xj, > 0 and
yp > 0, with also y, < 1 in LPgpp. For every instance and every valid m the two relaxations
have the same optimal value

. W
Z(LP—OBPP) = Z(LPBPP) = ZJECM, (B5)
attained by Z;, = % and g, = zﬂi Z)j ; an optimal dual solution is fi; = % and T, = % (and

S\b =0 for LPBPP)-

\ J

Exercise 10.1 — ILP model of the Bin Packing Problem (1)

We consider a bin capacity ¢ = 10 and a set % = {1,2,...,5} of 5 items (n = 5), with the
following item weights:

The packing patterns {1,4}, {2,3} and {5} are a feasible solution.

Questions
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1. Explain why m = 3 is a valid upper bound on the number of bins used in any optimal
solution.

2. Count the variables and the constraints (besides the domains of the variables) of the
ILPgpp model with m = 3.

3. Write the ILPgpp model with m = 3 for this instance.

4. Solve the model with Gurobi. Give the optimal value, an optimal solution and the
associated packing patterns, and say whether the optimal solution is unique.

& J

1. The given packing patterns have weights 9, 9 and 2, all at most ¢ = 10: they are
a feasible solution with 3 bins. Hence z(ILPppp) < 3, and m = 3 is a valid upper
bound.

2. There are mn = 3-5 = 15 assignment variables x5, and m = 3 activation variables ys,
so 18 binary variables. There are n = 5 assignment constraints and m = 3 capacity
constraints, so 8 linear constraints.

3. With & = {1,2,3} the ILPgpp model is:

min Yy +y2 + Y3

subject to 11 + x12 + 713 = 1
Z21 + 22 + Z23 1
z31 + T32 + T33 1
Ta1 + Tag + Ta3 1
Z51 + T52 + T53 = 1
—6211 — 521 —4w31 — 32 — 2251 +10ys > 0
—6x12 —5x22 — 4732 —3T42 — 250 +10y2 > 0
—6x13 —Hxo3 —4x33 — 3143 — 253 +10y3 > O
Z11, 12, 13, .-, T53 e {01}
Y1, Y2, Y3 € {0,1}

4. Gurobi returns the optimal value z(ILPgpp) = 2. The lower bound [W] =9

confirms it. An optimal solution is

Zuu=1, =1, Zaa=1, Zao=1, Tsa=1, y1=92=1, y3=0,
with all the other variables equal to 0. The packing patterns are P, = {1,3} (weight
10) and P> = {2,4,5} (weight 10).

The partition of the items is unique: item 1 can share a bin only with weight at most
4, and only {1,3} leaves a second bin of weight at most 10. The optimal solution of
the model is not unique: the two patterns can go into any two of the 3 bins, which

gives 3 - 2 = 6 optimal solutions.
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Exercise 10.2 — LP relaxations of the BPP model (1)

We consider a bin capacity ¢ = 12 and a set & = {1,2,...,5} of 5 items (n = 5), with the
following item weights:

We use m = 3 bins: the packing patterns {1,3}, {2,4} and {5} are feasible.

Questions

1. Solve the two LP relaxations LP-Ogpp and LPgpp with Gurobi and compare their
optimal values with formula (B5).

2. Write the primal solution and the dual solution given by the chapter for this instance,
and verify that they are feasible and have the same objective value.

3. Derive the lower bound on the number of bins, and decide whether it is equal to the

optimal value.

& J

We use the value (B5) of the relaxations and the primal and dual solutions given with it in
the box at the beginning of the chapter.

1. Gurobi returns z(LP-Ogpp) = % and z(LPppp) = % The formula gives the same

value:
DjesWi T+6+5+4+3 25

c 12 12
The upper bounds ¥y, < 1 do not change the optimal value.

2. The primal solution is Z, = % for every j and b, and g, = 32% = % for every b.

o Assignment: ) , Zj, =3 - % =1 for every item j.

e Capacity: — > w;&jp + 128 = —% +12- 52 = 0 for every bin b.

e Bounds: 0 < % <1, so 7, < 1 holds as well.

The dual solution is 7, = 1—12 for every bin and fi; = %
.7 _ 1 _ 5 _ 1 _ 1
H1 = 12’ H2 = ok M3 = 12’ M4—3, ,u5_4.

Every constraint p; — w; m, < 0 holds with equality, since % — wj 1—12 = 0, and every

constraint c7 < 1 holds with equality, since 12 - % =1

Primal value: >, i, = 3-22 = 2. Dual value: b= 23 The two values are equal,
so by LP Weak Duality both solutions are optimal.

3. Since z(ILPppp) is an integer, z(ILPppp) > {%1 = 3. The feasible solution of the
statement uses 3 bins, so z(ILPgpp) = 3 (Gurobi gives the same value): the rounded
bound is equal to the optimal value.
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Exercise 10.3 — Feasible solutions of the BPP model (1)

We consider a bin capacity ¢ = 10 and a set & = {1,2,...,6} of 6 items (n = 6), with the
following item weights:

We use the ILPgpp model with m = 3 bins. The following candidate solutions give the
items in each bin (all the variables not listed are equal to 0):

a) bin 1: {1,3}, bin 2: {2,4,5}, bin 3: {6}, and y1 = y2 = y3 = 1;

(
(b) bin 1: {1,2,4}, bin 2: {3,5}, bin 3: {6}, and y1 = yo = y3 = 1;

(d) bin 1: {1,4,5}, bin 2: {2,3,6}, bin 3: {6}, and y1 =y2 =y3 = 1;

1

)
)
(c) bin 1: {1,4,5}, bin 2: {2,3,6}, bin 3 empty, and y; = y2 = y3 = 1;
)
(e) wjp = 5 for every item j and every bin b, and y; = yo = y3 = %

Questions

1. For each candidate, check the assignment constraints and the capacity constraints of
the model.

2. Decide which candidates are feasible for the ILPgpp model and which are feasible for
its relaxation LPppp, and give the objective value of the feasible ones.

3. Use the candidates to find the optimal value of the instance.

- J

1. (a) Every item is in exactly one bin. The loads are 9, 9, 2 against the capacities 10,
10, 10. All the capacity constraints hold.

(b) Every item is in exactly one bin. The loads are 12, 6, 2 against the capacities
10, 10, 10. The capacity constraint of bin 1 is violated.

(c) Every item is in exactly one bin. The loads are 10, 10, 0 against the capacities
10, 10, 10. All the capacity constraints hold.

(d) Item 6 is in 2 bins: the assignment constraint of item 6 is violated. The loads
are 10, 10, 2 against the capacities 10, 10, 10. All the capacity constraints hold.

(e) Every item is in exactly one bin. The loads are 230, 230, 20 against the capacities
230, 230, 20 All the capacity constraints hold.

2. (a) Feasible for ILPgpp, hence for LPgpp, of value 3.
(b) Infeasible for both models: bin 1 contains weight 12 > 10.

(c) Feasible for both models, of value 3. Bin 3 is empty but counted: setting y3 =0
keeps all the constraints satisfied and gives value 2.
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(d) Infeasible for both models: item 6 is packed twice.

(e) Feasible for LPppp, of value 3 - % = 2, but not for ILPgpp, since the variables

are fractional. Every capacity constraint holds with equality: 23—0 =10- %

3. Candidate (c) with y3 = 0 uses 2 bins, with patterns {1,4,5} and {2,3,6}, both of
weight 10. The lower bound [%1 = 2 shows that no solution uses fewer

bins: z(ILPgpp) = 2. The value 2 of candidate (e) is the value % = 2 of the LP
relaxations.

Exercise 10.4 — The bounds y, < 1 and the choice of m (1)

We consider a bin capacity ¢ = 10 and a set & = {1,2,...,3} of 3 items (n = 3), with the
following item weights:

The two relaxations differ only in the upper bounds ¥, < 1.
Questions

1. Solve LP-Ogpp, LPppp and ILPppp with m = 3 using Gurobi, and explain why the
bounds y, < 1 do not change the value of the relaxation.

2. Show that the upper bounds z;, < 1 are valid but implied by the other constraints.
3. Repeat the computation with m = 2. Explain the result.

4. Repeat the computation with m = 1, and compare the two relaxations.

. J

1. Gurobi gives z(LP-Oppp) = z(LPppp) = % and z(ILPgpp) = 3. The optimal solution
of the chapter has g, = % = % < 1: it satisfies the bounds y, < 1, so adding them
cuts off no optimal solution of LP-Ogpp. In general % @ <
z(ILPgpp) < m.

< 1 whenever

2. For every item j and bin b, the assignment constraint and z;, > 0 give

ZL‘jb S Zl‘jk = 1L

ke#

Every point that satisfies the assignment constraints and the non-negativity con-
straints already satisfies xj, < 1.

3. With m = 2 the ILPgpp model is infeasible (Gurobi): every item has weight 6 > § =
5, so no two items share a bin and 3 bins are needed. The relaxations are feasible,
with value % and 91 = g = % = % < 1. A value m < z(ILPgpp) makes the model
wrong, and the relaxation does not reveal it.
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4. With m = 1, LP-Ogpp is still feasible, with 1 = % and value % Instead LPgpp
is infeasible (Gurobi): the capacity constraint and the assignment constraints give
10y; > 18, that is y; > g > 1, against y; < 1. Here the bounds y, < 1 do make a

difference: they detect that one bin cannot hold all the items.

Exercise 10.5 — Integrality gap of the BPP model (1)

Given ¥ € Z>1, the chapter considers the BPP instances with capacity ¢ = 29 and n items
of weight w; = ¥ + 1. We take ¥ = 4 and n = 4, that is ¢ = 8 and the weights:

Questions

1. Use m = 4 and Gurobi to compute z(LPppp) and z(ILPgpp), and explain the value
of Z(ILPBPP>.

z(LPgpp)

2(ILPgpp) and

2. Compute the absolute gap z(ILPppp) — z(LPppp) and the ratios

[2(LPBpp)]

S(CPppp) and compare them with the value % of the chapter.

3. Find the smallest 9 for which the ratio Z&2BPR) io at mogt 1L,
Z(ILPBPP) 20

4. Consider the second family of the chapter with n = 6: capacity ¢ = 6 and 6 items of

weight § + 1 = 4. Compute the ratio % with Gurobi.

- J

We use the value (B5) of the relaxations and the primal and dual solutions given with it in

the box at the beginning of the chapter.

1. Gurobi gives z(LPppp) = %5 = g and z(ILPgpp) = 4. Every item has weight
5> § =4, so two items never fit in the same bin, and each item needs its own bin.

2. The absolute gap is 4 — % = % The ratios are
Z(LPBPP) _ % _ § and ’VZ<LPBPP)—‘ _ § _ §
z(ILPgpp) 4 8 z(ILPgpp) 4 4

Both are at least %, as the chapter proves for every instance.

3. For this family the ratio is

Z(LPBPP) _ % _ 19+ 1
Z(ILPBPP) n 29 '

The condition % < % is 209 + 20 < 22¢, that is ¥ > 10. The smallest value is
¥ = 10, with ¢ = 20 and items of weight 11.
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4. Gurobi gives z(LPgpp) = %4 =4 and z(ILPgpp) = 6, since again no two items share
2
3.

a bin. The ratio is 4/6 = %. In general it is # =1+ 1 which tends to 3.

Exercise 10.6 — ILP model of the Cutting Stock Problem (CSP)

We consider a Cutting Stock Problem with bins of capacity ¢ = 10 and a set .# = {1, 2,3}
of 3 items, with the following weights w; and required copies d;:

‘jzl j=2 j=3

w; |6 5 3
dj | 3 1 2

We use the ILPcsp model of the chapter, with integer variables x j for the number of copies
of item j packed in bin b and binary variables 1y for the used bins.

Questions

1. Find a feasible solution with 4 bins, and count the variables and the constraints
(besides the domains) of the ILPcgp model with m = 4.

2. Write the ILPcgp model with m = 4 for this instance.
3. Solve the model with Gurobi: give the optimal value and the content of the used bins.

4. Compute the weight bound [}, djw;/c| and the optimal value of the LP relaxation
(Gurobi), and explain the gap with the optimal value.

5. How many binary variables would the ILPgpp model need on the extended set of
items, with the same m?

. /

1. Each copy of item 1 in its own bin, with a copy of item 3 in two of them, and item 2
alone: the bins {1,3}, {1,3}, {1}, {2} have weights 9, 9, 6, 5, all at most 10. Hence
m = 4 is a valid upper bound. The model has mn = 4 -3 = 12 integer variables
xjp and m = 4 binary variables y,, so 16 variables, and n +m = 3 +4 = 7 linear
constraints.

2. The ILPcgp model is:
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min = y1 + Y2 + Y3+ ya

subject to x11 + x12 + 13 + T14 = 3
To1 + T22 + Tog + Tog 1
x31 + T32 + X33 + T34 = 2
—6x11 — 5791 —3w31 +10y; > 0
—6x12 —5720 —3w32+10y2 > 0
—6x13 —Hxo3 —3w33+10y3 > 0
—6214 — 5224 — 3234 +10ys > 0
T11, 12, 13, ..., T34 € Zx>o
Y1, Y2, Y3, Ya c {0,1}

3. Gurobi returns z(ILPcgp) = 4. The used bins of the solution found contain the copies
{2} (weight 5); {1} (weight 6); {1,3} (weight 9); {1,3} (weight 9).

4. The total weight is 3 ;djw; = 3-6+1-5+2-3 = 29, so the weight bound is

%8} = 3, and Gurobi gives the optimal value % for the LP relaxation, with x; > 0
and 0 < yp < 1. Both are smaller than the optimal value 4: two copies of item 1 never
share a bin (6 + 6 > 10), and item 2 does not fit with a copy of item 1 (6 + 5 > 10),

so the three copies of item 1 and item 2 need four different bins.

5. The extended set of items has Zj d; = 6 copies, so the ILPgpp model would have
4-6 = 24 binary variables xj, and 4 variables 1, against the 12 integer variables of the
ILPcgp model; it would also have many equivalent solutions, obtained by exchanging
copies of the same item.
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Chapter 11

Formulations of coloring problems

'd \
Formulations used in these exercises. The model ILPycp of the chapter Formulations

of coloring problems, with the set of colors € = {1,..., k}:

min Z Ye (Co)

cE?
subject to vac = il Yo eV, (C1)
ce?
—Zye — Tye T Ye = 0, Vee €, V{u,v} € E, (C2)
Zye € {0, 1}, YveV, Vee €, (C3)
ye € {0,1}, Vee €. (C4)

The relaxations LP-Oycp and LPycp of the chapter relax (C3) and (C4) into x,. > 0 and
Yy > 0, with also y. < 1 in LPycp. For every graph with at least one edge and every valid
k, an optimal solution of both relaxations is

(wev), Gh=p=1, (C5)

-i'vl = 531)2 =

| =

with all the other variables equal to 0, and z(LP-Oycp) = z(LPvcp) = 2. An optimal dual
solution chooses one edge {u,v} € E and sets fi, = fiy = 1, Teuy = 1 for every color c,

and all the other dual variables equal to 0.
(& J

Exercise 11.1 — ILP model of the Vertex Coloring Problem (1)

We consider the following graph G = (V, E) with 5 vertices (n = 5) and 5 edges (m = 5):
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E= {{17 2}7 {27 3}7 {374}7 {47 5}7 {17 5}}
The color classes {1,3}, {2,4} and {5} are a feasible coloring.
Questions

1. Explain why & = 3 is a valid upper bound on the number of colors of an optimal
solution.

2. Count the variables and the constraints (besides the domains) of the ILPycp model
with k = 3.

3. Write the ILPycp model with k = 3 for this graph (write the edge constraints for all
the colors ¢ at once).

4. Solve the model with Gurobi. Give the optimal value and an optimal coloring, and
count the optimal partitions of the vertices into color classes.

AN J

1. The given classes contain no edge: they are a feasible coloring with 3 colors. Hence
z(ILPycp) < 3 and k = 3 is valid.

2. There are kn = 3-5 = 15 variables x,. and k = 3 variables y., so 18 binary variables.
There are n = 5 assignment constraints and km = 3 -5 = 15 edge constraints, so 20
linear constraints.

3. With ¢ = {1, 2,3} the ILPycp model is:
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min Y1 +y2 + 3

subject to 11 + x12 + 713 =
T21 + X2 + T3

T31 + 32 + T33 =

Vv
© O O O O O O O O O O O O O O F Ko FEoERoE

T41 + T42 + T43

T51 + T52 + X53

v

—x11 — 21+ N

Vv

—X21 — 31 +

v

—x31 — T41 + N

Y

—T41 — T51 + Y1

v

—T11 — T51 + Y1

—X12 — 22 + Y2

—T22 — X32 + Y2 >
—T32 — T42 + Y2 >
—Z42 — T52 + Y2 >
—T12 — Ts2 + Y2 >
—x13 — T23 + Y3 >
—T93 — T33 + Y3 >
—x33 — T43 + Y3 >
—Z43 — T53 + Y3 >
—x13 — T53 + Y3 >
r11, T12, 13, ..., 53 € {0,1}
Y1, Y2, Y3 € {0,1}

4. Gurobi returns z(ILPycp) = 3. Two colors are not enough: the cycle has an odd
number of vertices, and colors that alternate along it would give the same color to
vertices 1 and 5. An optimal coloring is @1 = {1, 3}, Q2 = {2,4}, Q3 = {5}, that is

Z11=1, 31 =1, Toa=1, Teo=1, Tsz=1, h=P2=9y3=1.

By enumeration there are 5 optimal partitions: one class is a single vertex, and the
other four vertices form two pairs of non-adjacent vertices in a unique way. With the
3! = 6 permutations of the colors, the model has 30 optimal solutions.

Exercise 11.2 — LP relaxations of the VCP model (1)

We consider the following graph G = (V, E) with 4 vertices (n = 4) and 6 edges (m = 6):

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 26


https://github.com/fabiofurini/combinatorial-optimization
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Combinatorial Optimization

AN

V={1,...,4},
E={{1,2}, {1,3}, {1.4}, {2,3}, {2,4}, {3.4}}.

The graph is complete, and we use k = 4 colors.

Questions

1. Solve LP-Oycp, LPycp and ILPycp with Gurobi.
2. Write the primal solution (C5) for this graph and verify that it is feasible for LPycp.

3. Write the dual solution of the chapter built on the edge {1,2} and verify that it is
feasible for D(LP-Oycp), with the same objective value.

4. Compute the absolute gap and the ratio between the LP bound and the optimal value.
What happens on the complete graph with n vertices?

J/

We use the primal solution (C5) and the dual solution built on one edge, given in the box
at the beginning of the chapter.

1. Gurobi gives z(LP-Oycp) = 2(LPycp) = 2 and z(ILPycp) = 4: all the vertices are
pairwise adjacent, so they need 4 different colors.
2. The solution is Zy1 = Ty2 = % forv=1,...,4, Ty3 = Tps = 0, §1 = ¥ = 1 and
Y3 =ga=0.
e Assignment;: % + % =1 for every vertex.
e Edges, colors 1 and 2: §j.—Zye—Type = 1—%—% = 0. Colors 3and 4: 0—0—0 = 0.
e Bounds: 0 < g, <1 for every color.

Its value is 41 + 92 = 2.

3. The dual solution is fi; = fig = 1, i3 = jig = 0, Ty 0y = 1 for ¢ = 1,...,4, and all
the other 7., = 0.

e Vertices 1 and 2: the edge {1,2} is incident to both, 5o fiy = c5(p) Fee = 1—1 =
0 for every color.

e Vertices 3 and 4: 0 — 0 = 0, since no edge incident to them has a non-zero value.

e Colors: ZeEE 7ee = 1 <1 for every color.

Its value is i1 + fio = 2, equal to the primal value: by LP Weak Duality both solutions
are optimal.

Author: Fabio Furini

SAPIENZA

UNIVERSITA DI ROMA

27


https://github.com/fabiofurini/combinatorial-optimization
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Combinatorial Optimization

4. The absolute gap is 4 — 2 = 2 and the ratio is % = % On the complete graph

with n vertices the optimal value is n and the LP bound is still 2: the gap n— 2 grows
without limit and the ratio % tends to 0.

Exercise 11.3 — Feasible solutions of the VCP model (1)

We consider the following graph G = (V, E) with 5 vertices (n = 5) and 5 edges (m = 5):

V={l,....5},
E = {{172}7 {273}7 {374}7 {475}7 {175}}‘

We use the ILPycp model with k& = 3 colors. The candidate solutions are (variables not
listed are 0):

(a) color 1: {1,3}, color 2: {2,4}, color 3: {5}, and y1 = y2 =y3 = 1;
(b) color 1: {1,3}, color 2: {2,4,5}, and y; = y2 =1, y3 = 0;

(
(d

)
)
c¢) color 1: {1,3}, color 2: {2,4}, color 3: {5}, and y; = y2 =1, y3 = 0;
) Xyl = Tyz = % for every vertex v, and y; =y =1, y3 = 0;
)

(€) Tye = % for every vertex v and color ¢, and y; = yo = y3 = %

Questions

1. For each candidate, check the assignment constraints and the edge constraints, and
name a violated constraint when there is one.

2. Decide which candidates are feasible for ILPvcp and which for LPycp, and give the
value of the feasible ones.

3. Which candidates are optimal for LPycp? Use Gurobi to confirm the optimal value
of the relaxation.

- J

1. (a) Every vertex has one color, and no edge has both endpoints in the same class:

all the constraints hold.

(b) The edge {4,5} has both endpoints with color 2: the constraint —z49 —x52+y2 >
Oreads —1—-1+1=-1<0.
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(c) Vertex 5 takes color 3 but y3 = 0: the constraint —x43 — 53 + y3 > 0 reads
0—14+0=-1<0.

(d) Each vertex has % + % = 1; for colors 1 and 2 every edge gives 1 — % — % =0, for
color 3 it gives 0: all the constraints hold.
(e) Each vertex has 3 - % = 1; every edge and color give % = % = % = 0: all the

constraints hold.

(a) Feasible for ILPycp and for LPycp, of value 3.
(b) Infeasible for both models.

(c) Infeasible for both models.
(d)

)

d
(e

3. The value of every feasible solution of LPycp is at least 2, and Gurobi gives

Feasible for LPycp only (fractional variables), of value 2.

Feasible for LPycp only, of value 3 - % = 2,

z(LPycp) = 2: candidates (d) and (e) are both optimal for the relaxation. Can-
didate (d) is the solution of the chapter; (e) shows that the optimal solution of the
relaxation is not unique. Candidate (a) is optimal for ILPycp, whose value is 3.

Exercise 11.4 — Dual solutions of the VCP relaxations (1)

We consider the following graph G = (V, E)) with 6 vertices (n = 6) and 9 edges (m =9):

E= {{172}’ {1’3}7 {2’3}’ {475}7 {476}7
{5,6}, {1,4}, {2,5}, {3,6}}.

We use k = 3 colors. Every vertex has degree 3.

Questions

1. Write the constraints of the dual D(LP-Oycp) associated with the variable z1. and
with the variable y., for a color c.

2. Verify that the dual solutions of the chapter built on the edge {1,4} and on the edge
{2, 3} are feasible, and give their value.

3. Verify that fi, = é = de|gE(‘U ) for every vertex and 7. = é for every color and edge is

also an optimal dual solution.
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N\

4. Add the bounds y. < 1, with dual variables A\, < 0. Give an optimal solution of

D(LPvcp), and compare the two relaxations with the optimal value (use Gurobi).

J

-

We use the primal solution (C5) and the dual solution built on one edge, given in the box
at the beginning of the chapter.

1. The edges incident to vertex 1 are {1,2}, {1,3} and {1,4}. The constraint of z1. and

the constraint of y. are

Pl = Te{1,2} — Tef1,3} — Tef1,4} < 0, Z?Tce <L
ecE

. For the edge {1,4}: fi1 = jig = 1 and 7y 4y = 1 for ¢ = 1,2,3. Vertices 1 and 4 give

1 —1 =0, the other vertices give 0 — 0 = 0, and every color gives > 7. = 1. The
value is 2.

For the edge {2,3} the check is the same with vertices 2 and 3: also this solution is
feasible, of value 2. Both are optimal, since z(LP-Oycp) = 2.

. Every vertex has 3 incident edges, so fi, — )¢ 5(v) Wep = % -3 % = 0. Every color

gives Y cpfee =9 % = 1. The value is
=6 3=
My = 37 °
veV

the optimal value: this dual solution spreads the weight on all the edges, instead of
choosing one.

. The previous dual solutions with 5\6 = 0 for every color satisfy > 7. + 5\6 <1 and

have value 2. Gurobi gives z(LP-Oycp) = z(LPvcp) = 2 and z(ILPycp) = 3: the
bounds y. < 1 do not strengthen the relaxation, which stays at 2 while the graph
needs 3 colors (it contains the triangle {1,2,3}).

J

Exercise 11.5 — Integrality gap of the VCP model (1)

We consider the following graph G = (V, E') with 6 vertices (n = 6) and 10 edges (m = 10):

Author: Fabio Furini
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AN

The graph is a cycle on the vertices 1,...,5 with vertex 6 adjacent to all of them. The
classes {1, 3}, {2,4}, {5}, {6} are a feasible coloring, so we use k = 4.

Questions
1.

2.

. Solve the relaxation again with & = 6. Does a larger k change the bound?

E= {{172}a {273}’ {3’4}7 {475}’ {175}7
{1,6}, {2,6}, {3,6}, {4,6}, {5,6}}.

Compute z(LPycp) and z(ILPycp) with Gurobi, and explain the optimal value.

z(LPvcp)

Compute the absolute gap and the ratio LPvon)”

On the complete graph with n vertices, find the smallest n for which the ratio is at
most +.
5

J/

We use the primal solution (C5) and the dual solution built on one edge, given in the box
at the beginning of the chapter.

1.

. The absolute gap is 4 — 2 = 2 and the ratio is

. With & = 6 Gurobi gives again z(LPycp) = 2. The value 2 does not depend on k:

Gurobi gives z(LPycp) = 2 and z(ILPycp) = 4. The cycle 1,...,5 needs 3 colors,
and vertex 6, adjacent to all its vertices, needs a fourth one.

2(LPvop) _ 1
2(ILPycp) = 2°

the solution of the chapter uses only colors 1 and 2, whatever the number of colors.

On the complete graph the ratio is %, and % < % means n > 10. The smallest value
is n = 10.

Author: Fabio Furini
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Chapter 12

Formulations of clique problems

max E By

The clique formulation TLP{fp:

max E Ty

veV

subject to Z Ty < 1, VQ € 9,
vEQ

x, € {0,1}, Yo e V.

for each edge {u,v} € E:

Formulations used in these exercises. The models of the chapter Formulations of clique
problems, where E is the set of non-edges of G' and Q the set of the maximal stable sets of
G (the maximal cliques of the complement graph). The edge formulation ILPycp:

subject to  x, + x, < 1, V{u,v} € E,
x’l) 6 {07 1}7 V’U G V

The relaxation LPyjcp relaxes (M2) into 0 < z,, < 1; the relaxation LPE/I%P relaxes (M5)
into x, > 0, since (M4) gives z,, < 1. The models ILPyggp and ILPS[%SP of the MSSP are
(M0)—(M2) with (M1) written on the edges of G, and (M3)—(M5) with (M4) written on the
maximal cliques of G. The model ILPY¥p of the VWMCP is (M0)—(M2) with the objective
function max ) i, wy, #,. The model ILPYY, of the EWMCP adds a binary variable

(Mo)

(M3)
(M4)

(M5)

max Z Tuw Yur (M6)
{uv}eE
subject to  Yup < Ty, V{u,v} € E, (M7)
Yuv < Ty, V{u,v} € E, (M8)
Ty + 2y < 1, V{u,v} € E, (M9)
z, € {0,1}, Yo eV, (M10)
Yuv € {0, 1}, V{u,v} € E. (M11)
L b,
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Exercise 12.1 — ILP model of the Maximum Clique Problem (MCP)

We consider the graph G = (V, E) with V = {1,...,6} and the 7 edges

E = {{1,2}, {1,3}, {2,3}, {2,4}, {3,5}, {4,5}, {5,6}}.

! O—®
Questions

1. Write the non-edges of G. How many variables and constraints does the ILPpcp
model have?

2. Write the ILPpcp model of G.
3. Solve the model with Gurobi: give z(ILPycp) and the optimal solution. Is it unique?

4. Which ILP model of the Maximum Stable Set Problem on G do you obtain? Explain.

(& J

Solution
1. G has (g) — 7 = 8 non-edges:
E = {{1,4}, {1,5}, {1,6}, {2,5}, {2,6}, {3,4}, {3,6}, {4,6}}.

The model has n = 6 binary variables and one constraint per non-edge: 8 linear
constraints.

2. The ILPycp model is:

max T +T2 +r3 +T4 +2T5 +Tg

subject to 7 + x4 <1
T + x5 <1
x1 +xg < 1
) + x5 <1
T2 +x6 < 1
x3 +x4 <1
T3 +x < 1
T4 +xzg < 1
r1, T2, w3, x4, T5, g € {0,1}
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3. Gurobi returns z(ILPyicp) = 3 with &1 = 23 = 3 = 1 and &4 = &5 = Zg = 0: the
clique {1,2,3}. The enumeration of the cliques shows that it is the only triangle, and
no clique has 4 vertices (only vertices 2, 3 and 5 have degree 3). The optimal solution
is unique.

! —©

4. The same model: its constraints are written on the edges of G, whose edge set is E,
and x, + x, < 1 says that at most one endpoint of every edge of G is selected. It is
the edge formulation of the MSSP on G, and o(G) = w(G) = 3.

Exercise 12.2 — The complement graph and the clique formulation (MCP)

We consider the graph G = (V, E) with V = {1,...,6} and the 7 edges

E = {{1,4}, {1,5}, {2,4}, {2,5}, {2,6}, {3,6}, {4,6}}.

Q
2 6

Questions
1. Write the edges of the complement graph G and draw it next to G.
2. List the maximal cliques of G.

3. Write the clique formulation ITLP{}¢p and compare its number of constraints with the
ILPycp model.

4. Show that every constraint of ILPyicp is implied by a constraint of ILPI(\j/IIéP.

5. Solve both models with Gurobi and give a maximum clique of G.
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Solution

1. G has the (g) — 7 = 8 non-edges of G:

E={{1,2}, {1,3}, {1,6}, {2,3}, {3,4}, {3,5}, {4,5}, {5,6}}.

2. The maximal cliques of G are the two triangles {1,2,3} and {3,4,5}, which share
vertex 3, and the two edges {1,6} and {5,6}: vertex 6 is adjacent in G only to 1 and
5, which are not adjacent there.

3. The clique formulation has one constraint per maximal clique of G:

max x1 +22 +23 +T4 +T5 + T

subject to x1 4+ 9 +x3 <1
x3 +x4 +a5 <1
1 +xg < 1
5 +xg < 1
x1, X2, xs, T4, x5, Z6 S {071}

It has 4 constraints, against the 8 constraints of ILPycp (one per edge of G).

4. Every edge of G lies in a maximal clique, and the variables are non-negative:

constraint of ILPyicp implied by
1 +a2 <1 1+ x2+23<1
1 +x3 <1 1+ a2 +23 <1
1 +x6 <1 1 +x6 < 1
To+x3 <1 1 +x0+1x3 <1
z3+x4 <1 r3+Ta+25 <1
3+ x5 <1 T3+ x4 +a5 <1
T4+ w5 <1 z3+Ta+25 <1
x5+ 26 < 1 T5+ 16 < 1

5. Both models give the optimal value 3, with the clique {2,4,6} of G: it is a stable set
of G, and it is the unique maximum clique (enumeration).

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 35


https://github.com/fabiofurini/combinatorial-optimization
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Combinatorial Optimization

Exercise 12.3 — LP bounds: edge versus clique formulation (MCP)
We consider the graph G = (V, E) with V = {1,...,7} and the 9 edges

E= {{172}7 {1’4}7 {175}’ {176}7 {277}7
{3,4}, {3,5}, {5,6}, {5,7}}.

Questions

1. Write the LPyicp model (edge formulation with 0 < z,, < 1). Show that z, = L for

2
every vertex is feasible, and compute z(LPyjcp) with Gurobi.

2. List the maximal cliques of G and write the LP{&p model.

3. Is the point z, = 3 feasible for LP{p? Compute z(LP{}tp) with Gurobi, and prove
the value by summing some constraints.

4. Find w(G) and compare the two LP bounds.

Solution

1. The 12 non-edges give the model
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max T +T2 +T3 +T4 +T5 +Tg +T7

subject to 1z +x3

VAN VAN

T + a7

IA

T2 +x3

IN

T2 + x4

IN

X9 + x5

IN

T + Z¢

IN

&3 + T

IA

x3 +x7

IN

T4 +T5

T4 + x¢

IN

T4 + x7

IA

T + X7

IA

z1

IN

T2

IN

x3

IN

T4

IN

Ts5

IA

L6

G G G G G G T VA VAT VU A G g

IA

Ty

vV
o

xi, T2, I3, T4, T5, e, €Tr

every constraint reads % —i—% =1 <1, and the value is % Gurobi returns

%: the point is optimal.

2. The 6 maximal cliques of G (maximal stable sets of G) are {1,3,7}, {2,3,6}, {2,4,5},
{2,4,6}, {3,6,7}, {4,6,7}, and the model is

max xp +x2 +x3 +x4 +T5 +T6 +I7

subject to 1z + x3 +a7 < 1
T2 + 3 + 6 <1

2 +x4 +x5 <1

x + x4 + xg <1

T3 ‘x5 +a7 <1

T4 +x6 +27 <1

xi, T, X3, T4, T5, xg, x7 >0

3. No: 71 + 23+ 27 = % > 1. Gurobi returns z(LPE/ILCP) = 3. The three constraints
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of {1,3,7}, {2,3,6}, {2,4,5} cover every vertex at least once; summing them, every
variable appears with coefficient at least 1, so ZZ:1 x, < 3 for every feasible point.

4. The triangle {1,5,6} is the unique maximum clique (enumeration), so w(G) = 3.

The edge formulation gives % (and L%J = 3 after rounding down, since w(G) is an

integer); the clique formulation gives 3 directly, with no gap.

Exercise 12.4 — Clique number, LP bound and chromatic number (MCP)

The wheel W5 has the vertices V' = {1,...,6}: the vertices 1,...,5 form a cycle, and vertex
6 is adjacent to all of them.

Questions
1. List the maximal stable sets of Wj, that is, the maximal cliques of Wi.

2. Write the LP{p model and its dual D(LP{%p), and say which coloring formulation
the dual relaxes.

3. Find a primal solution and a dual solution of value % What can you conclude?

4. Deduce w(W5) and x(Ws) from the integrality of the two numbers, and write the
chain of the chapter.

Solution

1. A stable set contains at most 2 vertices of the cycle, never two consecutive ones, and
vertex 6 is adjacent to all the others. The maximal stable sets are {1,3}, {1,4}, {2, 4},

{2,5}, {3,5}, {6}.
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2. With one constraint per maximal stable set:

max 1 +%2 +I3 +%4 +T5 +Tg

subject to 1 + x3 <1
T + x4 <1

) + x4 <1

x2 - 2 <1

T3 + x5 <1

rg < 1

zi, ®2, T3, T4, s, Te = 0

With a non-negative dual variable mg per constraint (index ) written as its vertices),
the dual D(LP{{p) is

min 73 +m4 +7eg +mos + w35 + T

subject to w13 + g > 1
T4 + a5 > 1

T3 + 735 > 1

14 + 724 > 1

25 + T35 > 1

e > 1

T3, 714, T24, 725, 735, 76 = 0

It is the LP relaxation of the stable set formulation ILP%,%P of the VCP, with the
maximal stable sets: every vertex must be covered by a chosen stable set.

3. The primal point &, = -+ = 25 = %, Z¢ = 1 satisfies all the constraints and has value
% +1= % The dual point 7g = % for the five pairs and g = 1 covers every vertex
of the cycle with % + % = 1 and vertex 6 with 1, and has value % Equal values: by

weak duality both are optimal, and z(LP{}¢p) = T (Gurobi agrees).

4. w(Ws) < I and w(Ws) is an integer, so w(W5) < 3; the triangle {1,2, 6} gives w(W5) =
3. x(Ws) > §, so x(W5) > 4; the coloring {1,3},{2,4}, {5}, {6} gives x(W5) = 4.
The chain reads

7
w(Ws) =3 < z(LPS&p) = 5 < x(Ws) =4

Exercise 12.5 — Feasibility in the two formulations (MCP)

We consider the cycle Cg with the vertices V' = {1,...,6} and the edges
{1,2},{2,3},{3,4},{4,5},{5,6}, {1, 6},
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and the five points = (z1,...,z¢):
111111
~a =b ~C
=(=,=,=y=y == =(1,1,0,0,0,0 =(1,0,1,0,0,0
44 (27272’27272)7 Y ( 9y 9y 9y Y Y )7 r ( ) 9y ? ) Y )7
111 111111
~d —e
=(=,-,-,0,0,0 =(zy5v5,5:5, 3 .
T (272727 ) 9y )’ T (373’3737373)
Questions

1. Write the constraints of LPycp and of LPE/{LCP for Cg.
2. For each point, decide whether it is feasible for LPycp, for LPS[LCP and for ILPpcp.
3. What do the values of the feasible points say about the two LP bounds?

4. Compute the two LP bounds with Gurobi and compare them with w(Cj).

1. With the 9 non-edge constraints, the LPy;cp model is
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max T +T2 +T3 +T4 +T5 +Tg

subject to x; + 3

IN A

T + T4

IN

T + x5

IN

T2 + T4

IA

T3 + x5

IN

T + X6

IN

€3 + x5

T3 + Zg

IN

T4 + x6

IA

I

IN

T2

IN

T3

IN

Tq

IN

Ts

VAN
e e e S Sy —y

IA

Le

v
o

r1, T2, X3, T4, Ty, T
With one constraint per maximal stable set of Cg, the LP{p model is

max T +T2 +T3 +T4 +T5 +Tg

subject to +x3 + x5 <1
T + x4 +xzs <1

1 + x4 <1

1) + x5 <1

T3 +x6 < 1

zi, ®2, T3, T4, s, T = 0

2. e x“% feasible for LPyicp; the clique inequality of {1,3,5} gives % > 1, so infeasible
for LP{}¢.p and TLPyicp.

e z’: feasible for all three models: it is the clique {1,2}.

e I x1+x3 =2 > 1 violates a non-edge constraint: infeasible for all three models
(every constraint of LPyjcp is implied by LPS[LCP).

e z%: feasible for LPycp and LPI(\Z/ILCP, not for ILPycp (fractional).

e x°: feasible for LPycp and LPS[%P, not for ILPy\icp (fractional).

3. &% has value 3, so z(LPycp) > 3. In LP{[2p the best feasible point among the five is

z¢, of value 2; % has value % and Z° has value 2.
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4. Gurobi returns z(LPycp) = 3 and z(LP{{tp) = 2. The second value is proved by
summing the constraints of {1,3,5} and {2,4,6}, which give >.°_, z, < 2. Cs has
no triangle, so w(Cs) = 2: the clique formulation closes the gap, the edge formulation
leaves 3 against 2.

Exercise 12.6 — ILP models of the Maximum Stable Set Problem (MSSP)

We consider the graph G = (V, E) with V = {1,...,6} and the 7 edges
E:{{172}7 {173}7 {176}7 {273}7 {374}7 {475}7 {576}}

We look for a maximum stable set of G.

Questions

1. How many variables and constraints does the edge formulation ILPyiggp of G have?
Write it.

2. Solve the model with Gurobi: give z(ILPyssp) and an optimal solution. Is it unique?
3. Write the maximal cliques of G’ and the clique formulation TLP§Kqp.

4. Compare the optimal values of the LP relaxations of the two formulations (Gurobi).

Solution

1. There are n = 6 binary variables and one constraint x, + x, < 1 per edge of G: 7
linear constraints. The ILPyssp model is:

max x1 +%2 +x3 +%4 +T5 +Tg

subject to x1 + o <1
1 + x3 <1
T +xg < 1
T2 +x3 <1
T3 + x4 <1
T4 +T5 <1
z5 +x6 < 1
r1, 2, x3, x4, x5 6 € {0,1}
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2. Gurobi returns z(ILPyssp) = 3 with the stable set {2,4,6}. The optimal solution is
unique.

3. The maximal cliques of G are the triangle {1,2,3} and the edges {1,6}, {3,4}, {4,5},
{5,6}: 5 cliques instead of 7 edges, since the three edges of the triangle are replaced
by 1 4+ 29 + 23 < 1. The ILP{qsp model is:

max T +T2 +T3 +T4 +25 +Tg

subject to x1 4+ 9 +x3 <1
1 +xg < 1
r3 + x4 <1
T4 +25 <1
5 +xg < 1
x1, ®2, T3, x4, x5, 1z € {0,1}

Its optimal value is again 3.

4. The LP relaxation of the edge formulation, with 0 < z, < 1, has optimal value 3;

the LP relaxation of the clique formulation has optimal value 3. On this graph both
1
2
formulation but violates x1 + x5 + x3 < 1, and the bound does not change because

bounds are equal to a(G) = 3: the point x, = 5, of value 3, is feasible for the edge

the integer optimum also has value 3.

Exercise 12.7 — ILP model of the vertex-weighted maximum clique problem

We consider the graph G = (V, E) with V' = {1,...,6} and the 7 edges

E={{1,2}, {1,3}, {2,3}, {2,4}, {3,5}, {4,5}, {5,6}}.
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and the vertex weights

Questions

1. Write the ILPYMp model of the vertex-weighted maximum clique problem on this
instance.

2. Solve the model with Gurobi: give the optimal value and the optimal clique. Is it
unique?

3. Compare the optimal clique with the maximum clique of GG, and explain the difference.

- /

1. G has (g) — 7 = 8 non-edges, one constraint each:

max 2x; +3x0 +4x3 +6x4 +5x5 +7xg

subject to a1 + x4 <1
x1 + 5 <1
2 +xg < 1
T + x5 <1
T2 +x6 < 1
z3 +x4 <1
3 +xg < 1
T4 +z6 < 1
1, T2, T3, X4, x5, z¢ € {0,1}

2. Gurobi returns the optimal value 12 with Z5 = Zg = 1: the clique {5,6}, of weight
5+ 7 = 12. The enumeration of the cliques gives the second best value 11 (clique
{4,5}): the optimal solution is unique.

3. The maximum clique of G is the triangle {1,2,3}, with 3 vertices but weight only
2+3+4=29. The two models have the same constraints, hence the same feasible
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solutions (the cliques of G); only the objective function changes, and the light vertices
of the triangle lose against the heavy edge {5,6}.

Exercise 12.8 — ILP model of the edge-weighted maximum clique problem

We consider the graph G = (V, E) with V' = {1,...,5} and the 7 edges
E:{{172}7 {1’3}7 {273}’ {274}7 {374}7 {375}7 {475}}-

o

and the edge weights

edge | {1,2} {1,3} {2,3} {24} {3,4} {3,5} {4,5}
raw | 2 3 1 4 2 5 6

Questions

1. Count the variables and the constraints of the ILPEYp model of the edge-weighted
maximum clique problem on this instance, and write it.

2. Solve the model with Gurobi: give the optimal value, the optimal clique and the
variables ¥, equal to 1.

3. Verify the result by listing the maximal cliques of G with their total edge weight.

4. Explain why the constraints v, > x, + x, — 1 are not needed in the model.

A J

1. There are n = 5 variables x,, and m = 7 variables y,,, so 12 binary variables. There
are 2m = 14 constraints Yy, < Ty, Yur < T, and one constraint per non-edge, 3 of

them: 17 linear constraints. The model is:

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 45


https://github.com/fabiofurini/combinatorial-optimization
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Combinatorial Optimization

max 2y12 +3y13 + Y23 +4y24 + 2y34 + 5y35 + 6ys5

subject to Y12 — 21
Y12 — X2
Y13 — T1
Y13 — T3
Y23 — X2
Y23 — T3
Y24 — X2
Y24 — T4
Y34 — T3
Y3q — T4
Y35 — T3
Y35 — Ts
Yas5 — T4
Y45 — T5
T+ 24
A
T2 + T5

Z1, X2, L3, L4, Tp

Y12, Y13, Y23, Y24, Y34, Y35, Y45

(2—®
%
—®
3. The maximal cliques of G and their weights are:

e {1,2,3}: 2+3+1=6;
o {2,3,4}: 1+44+2=T,
e {3,4,5}: 24+5+6=13;

value is 13, attained only by {3,4,5}.

negative weights.

AN VAN /AN /AN /A /AN /AN /AN /A N /AN /AN VAN VAN VAN VAN VAR VAN

_ B R O O O O O O O ©o o o o o o o

{0, 1}
{0,1}

2. Gurobi returns the optimal value 13 with 23 = &4 = 25 = 1 and ¢34 = 935 = 4a5 = 1,
all the other variables equal to 0: the clique {3,4,5}, of weight 2 + 5+ 6 = 13.

Every clique is contained in one of them and the weights are positive, so the optimal

4. If both endpoints of {u,v} are selected, the constraints allow y,, = 1, and since
rup > 0 the objective function prefers y,, = 1 to y,, = 0: every optimal solution
has Yy, = min{z,, x, }. The constraint y,, > x, + z, — 1 would be needed only with
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Chapter 13

Formulations of routing problems

'd \
Formulations used in these exercises. The models of Chapter 13 «Formulations of

routing problemsy, on the arcs A = {(4,4) : 4,j € ¥, i # j}. The model TLP}Z:

min Z @l a0 (TO)
(1,j)€A
subject to Z Tan = 1l VieV, (T1)
JEV, j#i
Z Tij = 1, Vj € v, (TQ)
i€V it
w—uj+m—1)zy <n-—2, Vi, j € ¥V \ {1}, i #j, (MTZ)
Tij € {Oa 1}5 V(Zaj) € 4, (Tg)
1<u; <n-—1, Vie v\ {1}. (T4)
The model TLPRE?:
min Z dij Tij (TO)
(1,5)€A
subject to Z mys = 1l VieV, (T1)
JEV, j#i
Z Tij = 1, Vj e v, (TQ)
i€V, i#tj
S <81, vS SV \{1}, |5] =2, (SEC)
i€S jES, j#i

The assignment relaxation LP-Otgp keeps only (T0), (T1), (T2) and x;; > 0. The relax-
ations LPYZ and LPREY relax (T3) into x;; > 0 (the bounds z;; < 1 are implied by (T1)).

The model ILPaTsp of the asymmetric TSP is the model ILP%}], with distances d;; that
may differ from dj;.
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Exercise 13.1 — The MTZ model of the TSP (1)

N\

We consider a TSP instance with ¥ = {1,...,4} (n = 4 cities) and the symmetric distance

matrix
dij |1 2 3 4
11— 3 5 4
213 — 4 6
315 4 — 2
414 6 2 —

Questions

1. Count the variables and the constraints (besides the domains) of the ILP%%E;Z model

. Write the TLPYSZ model for this instance.
. List the distinct tours with their lengths, and give the optimal tour o.

. Write the values of the variables x;; and w; that represent o, and verify the con-

. Solve the LP relaxation LPYgi# with Gurobi and compare its value with the optimal

for n = 4.

straints (MTZ) one by one.

value.
J

1.

2.

There are n(n — 1) = 12 binary variables z;; and n — 1 = 3 continuous variables w;.
There are 2n = 8 degree constraints and (n — 1)(n — 2) = 6 constraints (MTZ), so 14
linear constraints.

With A = {(¢,4) : 4,5 € ¥, i # j} the model is:

Author: Fabio Furini
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min 3zo+5x13+4214+ 3221 +4223+6x24+ 5231
+4x30 + 2234 + 4241 + 6742 + 2243

subject to 12 + 213 + T14 = 1
T21 + T23 + T24 1
x31 + 32 + T34 1
Tq1 + T2 + T43 1
To1 + 731 + ZTa1 1
T12 + %32 + T42 = 1
Z13 + T23 + Z43 = 1
T14 + To4 + T34 = 1
Ug — U3 + 3 x93 < 2
U — Ug + 3T24 < 2
u3 — ug + 339 < 2
U3 — Ug + 3 T34 < 2
Ugy — U + 3 Tyo < 2
Uy — U3 + 3 X453 < 2
12, 13, T14, ---, T43 € {01}
U2, U3, U4 > 1
u2, U3, U4 < 3

3. Starting from city 1, and counting each tour once (one direction), the distinct tours

are 7(";1)! =3:

tour length

(1,2,3,4) 3+4+2+4=13
(1,2,4,3) 3+6+2+5=16
(1,3,2,4) 5+4+6+4=19

The optimal tour is o = (1,2,3,4), of length L(o) = 13.
4. The tour uses the arcs
x12=1, @3 =1, w34=1, 241 =1

and all the other z;; are 0. The positions after city 1 are ug = 1, uz = 2, ug = 3. The
constraints (MTZ) give:

e (1,7)=(2,3): 1-243-1=2<2

o (i,j)=(2,4):1-343-0=-2<2

e (1,7)=(3,2):2—-143-0=1<2
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O (7’3]):(&4) 2-34+3-1=2<2
e (i,j) =(4,2):3—-1+3-0=2<2
e (i,7) =(4,3):3-2+3-0=1<2

All of them hold; the selected arcs (i, 7) with 4, j # 1 hold with equality.

5. Gurobi gives z(LPYSZ) = 12, against the optimal value 13: the relaxation leaves a
gap of 1.

. J

Exercise 13.2 — The DFJ model of the TSP (1)

We consider a TSP instance with ¥ = {1,...,4} (n = 4 cities) and the symmetric distance
matrix

dij |1 2 3 4

1 (- 3 5 4

213 — 4 6

315 4 — 2

414 6 2 —
Questions

1. Count the subtour elimination constraints of the ILPRES model for n = 4, and write

them.

2. The arcs (1,2), (2,1), (3,4), (4,3) satisfy the degree constraints. Find the subtour
elimination constraint they violate.

3. Do the same for the arcs (1,3), (3,1), (2,4), (4,2), which form two subtours both of
length 22.

4. Solve with Gurobi the assignment relaxation LP-Opgp (degree constraints only), the

relaxation LPRES and the model TLPRE?, and compare the values.

- J

1. The sets are the subsets S C {2,3,4} with |S| > 2: there are 2"~! —n = 4 of them.
The constraints are

S={2,3}: xa3+w32<1
S=1{2,4}: stz <1
§={3,4}: z3a+243<1
S =1{2,3,4} : w3+ Toa + T32 + T34 + Taz + 243 < 2

2. The arcs form the subtours 1 — 2 — 1 and 3 — 4 — 3, of total length 10. The subtour
on {3,4} does not contain city 1: for S = {3,4} the constraint reads xz4+x43 = 2 > 1.
The other three constraints hold, for instance S = {2,3,4} gives 0+0+14+0+4+14+0 =
2<2.
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3. The arcs form 1 —+ 3 — 1 and 2 — 4 — 2. The subtour without city 1 is on {2,4}:
Tog + 42 = 2 > 1. One set S is enough for every solution with subtours, because one
of the subtours never contains city 1.

4. Gurobi gives z(LP-Otsp) = 10 for the assignment relaxation, z(LPR2{2) = 13 and
2(ILPRES) = 13, attained by the tour (1,2,3,4). The subtour elimination constraints

raise the bound from 10 to 13, which is the optimal value.
. J

Exercise 13.3 — Feasible solutions of the TSP models (1)

We consider a TSP instance with ¥ = {1,...,5} (n = 5 cities) and the symmetric distance
matrix

dj |1 2 3 4 5
1]- 2 3 3 7
212 — 4 12 6
313 4 — 6 11
413 12 6 — 5
517 6 11 5 -—

Consider the following candidate solutions (the arcs not listed have z;; = 0):

(
(

a) the arcs of the tour (1,3,2,5,4), with ug =2, ug =1, ug = 4, us = 3;

b) the arcs of the same tour, with us =1, uz =2, ugy =3, us = 4;

(c) the arcs (1,2), (2,3), (3,1), (4,5), (5,4), with ug = 1, uz = 2, ug = 3, us = 4;

(d) xi; = % for every arc (i,7), with ug = ug = ug = us = 1.

)
)
)
)

Questions
1. Check the degree constraints for every candidate.

2. For every candidate, decide whether it satisfies the constraints (MTZ) with the given
positions, and whether its arc variables satisfy the subtour elimination constraints.
Name a violated constraint when there is one.

3. Which candidates represent a feasible solution of the integer models? For candidate
(c), show that no choice of the positions u; satisfies the constraints (MTZ).

4. Give the objective value of candidate (d), and compare it with the optimal value and
with z(LPY$#) (use Gurobi).

- J

1. In (a), (b) and (c) every city has one outgoing and one incoming arc. In (d) every
city has 4 outgoing and 4 incoming arcs of value %: both sums are 1. All the degree

constraints hold.

2. (a) The arcs form a tour, and the positions are those of the tour: every selected arc
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(4,7) with 4,7 # 1 gives u; = u; + 1, and every constraint holds. The subtour
elimination constraints hold too.

(b) The arcs are the same tour, so the subtour elimination constraints hold. The
positions are wrong: the arc (3, 2) is selected and ug—ug+4x30 = 2—1+4 =5 > 3.

(c) With the given positions the arc (5,4) gives us — ug + 454 =4—3+4 =15 > 3.
The subtour on S = {4,5} violates x45 + z54 < 1, since x45 + 54 = 2.

(d) Every arc has z;; = %, so with u; = 1 every constraint (MTZ) reads 4-7 = 1 < 3.
A set S contains |S|(|S| —1) arcs, of total value w < |S]—1 since |S| < 4:
all the subtour elimination constraints hold.

3. Only (a) and (b) are integer and form a tour. Candidate (a) is feasible for both integer
models; the arcs of (b) are feasible for ILPR?, and become feasible for ILPYSZ with
the positions of (a). Candidate (d) is feasible only for the two relaxations.

For (c), the selected arcs (4,5) and (5,4) force us > ug+1 and ug > us+1. Summing
gives 0 > 2, which is impossible: no positions work, because the subtour 4 — 5 — 4
does not contain city 1.

4. The value of (d) is one quarter of the sum of d;; over all the arcs, that is % = %.

It is larger than the optimal value L((1,3,2,5,4)) = 21, so it does not improve the
bound z(LP¥gPZ) = 20 given by Gurobi; it shows only that the relaxations contain

fractional points far from every tour.
(& J

Exercise 13.4 — Comparing the TSP relaxations (1)

We consider a TSP instance with ¥ = {1,...,5} (n = 5 cities) and the symmetric distance
matrix

dj |1 2 3 4 5
1|- 5 12 2 9
215 — 2 8 12
3112 2 9 9
412 8 9 — 5
519 12 9 5 —

Questions

1. Count the variables and the constraints (besides the domains) of the three relaxations:
LP-Orsp (degree constraints only), LPY# and LPREL.

2. Solve the three relaxations with Gurobi and report their optimal solutions.

3. Find the optimal tour by enumerating the 12 distinct tours, and compute the gap
z—LB

B of each bound.

4. Show that the optimal solution of LPY4? found by Gurobi lies in the weak region of

Proposition 13.3 of the chapter, and that it violates subtour elimination constraints.
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1. All three use the 20 arc variables; the MTZ relaxation adds the 4 positions. The

constraints are:

relaxation variables constraints
LP-Orgp (degree constraints only) 20 10

TR 20 4 4 10 +12
IRRL 20 10+ 11

2. e LP-Opgp: value 20, with x15 = 293 = %39 = 41 = T54 = 1: the subtours
1-5—-4—1,2—3—2.

MTZ. 43 g — _ — _ _ 1 — —
o LPTSP : value DX with T4 = T23 = T32 = T45 = 3, T51 = 3, T12 = T21 =

1
33‘35:1‘41:%‘53:1‘54:1andUQ:’LL3ZU4ZU5:1.

w

O LP%&]}: value 23, with z19 = x93 = 35 = 241 = 254 = 1, which is the tour
(172737574)~

3. The optimal tour is o = (1,2, 3,5,4), of length L(o) = 23. The gaps are:

bound value gap from 23
LP-Orgp (degree constraints only) 20 15.0%
LPN¥IZ = 7.0%
LR 23 0.0%

The DFJ relaxation closes the gap on this instance.

4. Every arc (i,7) with 4,7 # 1 has z;; < % = z—j, and all the positions are 1: this is
the weak region of Proposition 13.3, where every constraint (MTZ) reads 4z;; < 3.

For S = {2,3} the arcs inside S have total value 3 > 1: the subtour elimination

constraint of S is violated, and the DFJ relaxation cuts this point off.
- J

Exercise 13.5 — Adding subtour elimination constraints (1)

We consider a TSP instance with ¥ = {1,...,5} (n = 5 cities) and the symmetric distance

matrix

dj |1 2 3 4 5
1 |- 4 10 2 8
2 4 — 11 2 5
310 11 — 4 2
412 2 4 - 2
518 5 2 2 -

We start from the degree constraints only, and we add the subtour elimination constraints
one at a time, only when they are violated.

Questions
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1. Solve the assignment relaxation LP-Opgp (degree constraints only) with Gurobi, and
describe its optimal solution.

2. Add the subtour elimination constraint of the subtour that does not contain city 1,
solve again and repeat, until the solution is a tour. Give the value of each relaxation.

3. Compute the optimal value by enumeration and the gap ZEIéB of each relaxation

solved, together with the MTZ relaxation.

. /

1. Gurobi gives value 12 with 14 = 1, 201 = 1, 235 = 1, 2490 = 1, 53 = 1. The arcs
form the subtours 1 -4 — 2 — 1 and 3 — 5 — 3. It satisfies the degree constraints
but it is not a tour: the iterations below start from this solution.

2. Iteration 1
Gurobi gives value 12 with 14 = 1, 01 = 1, 35 = 1, x40 = 1, z53 = 1. The arcs form
the subtours 1 -4 — 2 — 1 and 3 — 5 — 3. The subtour on S = {3, 5} violates its
constraint, which we add:
T35 + x53 < 1.

Iteration 2

Gurobi gives value 16 with 10 =1, 901 = 1, 34 = 1, 45 = 1, z53 = 1. The arcs form
the subtours 1 — 2 — 1 and 3 -+ 4 — 5 — 3. The subtour on S = {3,4,5} violates
its constraint, which we add:

T34 + T35 + T43 + T45 + T53 + T54 < 2.

Iteration 3

Gurobi gives value 17 with x10 = 1, 295 = 1, 34 = 1, 41 = 1, 253 = 1. The arcs
form the tour (1,2,5,3,4). No subtour elimination constraint is violated, and the
procedure stops.

3. Enumeration gives the optimal tour (1,2, 5, 3,4), of length 17, which is the tour found

at the last iteration. Gurobi gives z(LPY4?) = 14. The gaps are:

relaxation value gap from 17
LP-Opsp (degree constraints only) 12 41.7%
Li2AaZ 14 21.4%
with 1 subtour elimination constraint 16 6.2%
with 2 subtour elimination constraints 17 0.0%

Two subtour elimination constraints, out of the 11 of the DFJ model, are enough to
close the gap.
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A

Exercise 13.6 — ILP model of the asymmetric TSP (ATSP)

We consider an ATSP instance with ¥ = {1,...,4} (n = 4 cities) and the asymmetric
distance matrix

dij |1 2 3 4
1|- 8 7 5
218 — 3 6
319 8 — 8
412 9 9 -

where d;; is the distance from city ¢ to city j.

Questions

1. Count the variables and the constraints of the ILPspsp model of the chapter (the
DFJ model on the arcs, with d;; # dj; allowed), and write it for this instance.

2. Solve with Gurobi the model with only the degree constraints. Describe the solution
and find the subtour elimination constraint that it violates.

3. Solve the ILP argp model with Gurobi: give the optimal tour and its length.

4. List the lengths of all the tours, each in its direction, and verify the result. Compare
the optimal tour with the same tour travelled backwards.

J/

1. There are n(n—1) = 12 binary variables x;;, 2n = 8 degree constraints and 2" 1 —n =
4 subtour elimination constraints, one for every S C {2, 3,4} with |S| > 2. The model
is:

Author: Fabio Furini
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min 8z + 7713+ 5214 + 8221 + 323 + 6224 + 9231
+8 232 + 8x34 + 241 + 942 + 9243

subject to 12 + 213 + T14 =
T91 + 23 + X24
T31 + x32 + T34
T41 + T42 + T43

To1 + x31 + T4

T2 + 32 + T42
T13 + T23 + X43 =

T14 + T24 + T34 =

IN

T23 + T32

IN

To4 + T42

IN

T34 + T43

[ T S e S S S e S

IA

T3 + To4 + T32 + T34 + T42 + T43

m

12, 13, 14, ..., T43

{0,1}

2. Gurobi returns the value 18 with 14 = x93 = 239 = 47 = 1: two subtours, 1 —4 — 1
and 2 — 3 — 2. The subtour on S = {2,3} uses 2 > |S| — 1 = 1 arcs inside S: it
violates the constraint xo3 + 139 < 1.

3. Gurobi returns z(ILParsp) = 21 with the tour & = (1,2,3,4), that is Z12 = To3 =
T34 = T41 = 1, of length 8 + 3 4+ 8 + 2 = 21. The MTZ model gives the same value.

4. The (n —1)! = 6 tours from city 1 are:

tour length

( ) 8+3+8+42=21
( ) 84+6+94+9=32
( ) T+8+6+2=23
(1,3,4,2) 7+8+9+8=132
( )
( )

9+9+3+9=26
9+9+8+8=30

The minimum 21 is attained only by (1,2, 3,4): the optimal tour is unique. Travelled
backwards it is the tour (1,4, 3,2), of length 30: in the ATSP the two directions are
different solutions.
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Chapter 14

Formulations of scheduling problems

4 )
Formulations used in these exercises. The model ILPpc,,.. of the chapter Formula-

tions of scheduling problems, with the set of machines J# = {1,...,m}:
min Chpax (PO)
subject to Z T = L Vie 7, (P1)
he#
— > i jn + Cmax 0, Vhe#t, (P2
i€ s
xjp € {0,1}, Vje 7, Yhe, (P3)
Crnax = 0. (P4)

The relaxation LP-0p|c,,,, relaxes (P3) into xj, > 0; the relaxation LPpjc,,. also has
xjp < 1. For every instance

2jesti

m

2(LP-0p|Cpax) = 2(LP piCruax) = (P5)

attained by Z, = %; an optimal dual solution is 75, = % and fi; = % The inequalities

> tj-‘

m

are valid for the model ILPpc,,...-

& J

Exercise 14.1 — ILP model of P||Cpax (1)

We consider m = 2 identical machines and a set ¢ = {1,...,5} of 5 jobs (n = 5) with the
following processing times:

Questions
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1. Count the variables and the constraints (besides the domains) of the ILP pj¢,,.... model
for this instance.

2. Write the ILP p| ., model for this instance.

3. Compute the lower bound max {maxj tj, {z;fj

-‘ } on the makespan.

4. Solve the model with Gurobi, give an optimal schedule, and say how many optimal
solutions the model has.

AN J

1. There are nm = 5 -2 = 10 binary variables x;, and the continuous variable Cyax, S0

11 variables. There are n = 5 assignment constraints and m = 2 load constraints, so
7 linear constraints.

2. With 7 = {1, 2} the model is:

min  Chpax

subject to x11 + z192 =
T21 + X292
T31 + T32

T41 + T42

T51 + T52

e S S S

v

—Tx11 — 5221 —4x31 — 3241 — 3251 + Crax

v

—Tx12 — 5222 — 4232 — 342 — 352 + Cax

m

{0,1}

r11, 12, 21, ---, I52
Cmax

v
o

3. The total processing time is 74+ 5+4 + 3 + 3 = 22, so

max {7, [22/2]} = max{7,11} = 11.

4. Gurobi gives z(ILP P”Cmax) = 11, equal to the lower bound. An optimal schedule is
J1 = {1,3} and JQ = {2,4, 5}, with loads 11 and 11: .f'u = 1, 52'31 = 1, 5322 = 1, 5342 =
1; Ts2 = 17 Cmax =11.
By enumeration of the 2° = 32 assignments, the partition of the jobs is unique: job 1

can share a machine only with job 3. Exchanging the two machines gives the second
optimal solution of the model, so there are 2 optimal solutions.

Exercise 14.2 — LP relaxation of the P|Cp,.x model (1)

We consider m = 3 identical machines and a set ¢ = {1,...,6} of 6 jobs (n = 6) with the
following processing times:

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 58


https://github.com/fabiofurini/combinatorial-optimization
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Combinatorial Optimization

\jzl j=2 j=3 j=4 j=5 j=6

tj| 8 6 5 4 4 2

Questions
1. Solve LP-0p| ., With Gurobi and compare its value with formula (P5).

2. Write the primal and the dual solutions of the chapter for this instance, and verify
feasibility and equal objective values.

3. Solve the ILP p|c,,... model with Gurobi, and compute the ratio ﬁ%ﬁn“g. Compare

it with L.
m

- J

We use the value (P5) of the relaxations, the primal and dual solutions given with it and
the valid inequalities (P6) of the box at the beginning of the chapter.

. b
) = %, and the formula gives 2t _ 29 the same value.
max m 3

Adding the bounds z;, < 1 does not change it.

L. Gurobi gives z(LP-0pjc

2. Primal: Z;, = % for every job and machine, and Ciax = 23—9. Each job has 3% =1, and
each machine has load %Z 5 t; = % = Cax: all the constraints hold with equality.
Dual: 7 = % for every machine and fi; = %, that is

.8 s o .5 4 _ 4 _ 2
,U1—3, U2 = 4, #3—3, M4—37 ,U5—3, M6—3-

Every constraint p; — t;m, < 0 holds with equality, and ), 75, = 3 % = 1. The dual
value is > iy = %, equal to the primal value: both solutions are optimal.

3. Gurobi gives z(ILPp|c,

max)

= 10 (for instance J; = {1,6}, Jo = {2,4}, J3 = {3,5},
2

29
with loads 10, 10, 9). The ratio is {5 = %, much larger than %: the worst case of the
chapter needs one very long job.

Exercise 14.3 — Feasible solutions of the P||C},,x model (1)

We consider m = 2 identical machines and a set ¢ = {1,...,5} of 5 jobs (n = 5) with the
following processing times:

Consider the following candidate solutions of the ILPp)c, .. model, given by the jobs on
each machine:

(a) machine 1: {1,3}, machine 2: {2,4,5}, and Cpax = 10;
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(b) machine 1: {1,2}, machine 2: {3,4,5}, and Cryax = 10;
(c) machine 1: {1,2}, machine 2: {3,4,5}, and Cpax = 12;
(d) zj1 =xj = % for every job j, and Cpax = 10;

)

(e) machine 1: {1,3,5}, machine 2: {2,4,5}, and Cpax = 12.

Questions
1. For each candidate, check the assignment constraints and the load constraints.

2. Decide which candidates are feasible for ILPpc,... and which for LPpc,,,.. For
the feasible ones, give the value and the smallest value of Cpax that keeps the same
assignment feasible.

3. Find the optimal value of the instance, and decide which candidates are optimal for
ILP p||Cypax OF for LP pjcy,,,. (use Gurobi).

A J

1. (a) Every job is on one machine. The loads are 10 and 10, and Cpax = 10: the load

constraints hold.

(b) Every job is on one machine. The loads are 11 and 9, and Cpax = 10: the load
constraint of machine 1 is violated, since 11 > 10.

(c) Every job is on one machine. The loads are 11 and 9, and Cpax = 12: the load
constraints hold.

(d) Every job is on one machine. The loads are 10 and 10, and Cpax = 10: the load
constraints hold.

(e) Job 5 is on both machines: its assignment constraint gives 2 # 1. The loads are
12 and 10, and Cpax = 12: the load constraints hold.

2. (a) Feasible for both models, of value 10, which is also the largest load.
(b) Infeasible for both models.

(c) Feasible for both models, of value 12; the largest load is 11, so Cpax = 11 keeps
the assignment feasible and is better.

d) Feasible for LPp only, of value 10: the fractional assignment balances the
||Crnax
loads exactly.

(e) Infeasible for both models.

3. The lower bound is [20/2] = 10 and candidate (a) attains it: z(ILPpjc,..) = 10,
and (a) is optimal. Gurobi gives 2(LPp)c,,,.) = 10, so (a) and (d) are both optimal

for the relaxation: on this instance there is no integrality gap.
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Exercise 14.4 — Valid inequalities and symmetry for P|Cpax (1)

A

We consider m = 3 identical machines and a set ¢ = {1,...,6} of 6 jobs (n = 6) with the
following processing times:

t; | 12 3 3 2 2 2
Questions
1. Compute 2(LPpjc,,.,) With Gurobi.
2. Add the valid inequality Cihax > [%-‘ and solve the relaxation again. Then add
the valid inequalities Cax > t; instead, and solve again.
3. Compute the optimal value with Gurobi, and compare it with the three bounds.
4. Count, by enumeration, the optimal solutions of the model without and with the

symmetry-breaking constraints »_t;z;n > > tjzjny1 (h=1,2).

J

1.

2.

We use the value (P5) of the relaxations, the primal and dual solutions given with it and
the valid inequalities (P6) of the box at the beginning of the chapter.

Gurobi gives z(LPp|c,..) = 24/3 = 8.

The inequality Cinax > [24/3] = 8 does not change the bound: Gurobi gives again 8,
since 24/3 is already an integer. The inequalities Cpax > t; include Cpax > 12, and
Gurobi gives 12: the long job alone fixes the bound.

. Gurobi gives Z(ILPPHC’maX) = 12: job 1 alone on one machine, the other jobs on the

other two machines. The LP bound 8 has gap % = 50.0%; with the inequalities
Cmax > t; the bound is 12, equal to the optimal value.

. Without the symmetry-breaking constraints: job 1 must be alone (any other job would

give a load larger than 12), it can be on any of the 3 machines, and the other 5 jobs
can be split in any way between the other two machines, whose loads stay at most
12. This gives 3 - 2° = 96 optimal solutions.

With the constraints the loads must be non-increasing. The enumeration gives 18
optimal solutions: job 1 on machine 1 with the other jobs split so that machine 2 has
load at least machine 3, plus the solution with all the short jobs on machine 1 and
job 1 on machine 2 (loads 12, 12, 0). The constraints remove most, but not all, of the
equivalent solutions.

Author: Fabio Furini
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Exercise 14.5 — Integrality gap of the P|Cy.x model (1)

We consider m = 2 identical machines and a set ¢ = {1,...,3} of 3 jobs (n = 3) with the
following processing times:

Questions
1. Compute z(LPpjic,,....) and 2(ILP pjc,,..) with Gurobi, and explain the optimal value.

. 2(LPp||Cmasx)
2. Compute the absolute gap and the ratio P pyon)”
3. Add both valid inequalities (P6) and solve the relaxation again. How much of the gap
is closed?

4. Consider the family of the chapter with m = 3 machines, one job of time M = 10 and
3 jobs of time 1. Compute the ratio with Gurobi, and its limit for M — +oo0.

AN J

We use the value (P5) of the relaxations, the primal and dual solutions given with it and
the valid inequalities (P6) of the box at the beginning of the chapter.

1. Gurobi gives 2(LPpjc,.,.) = % = % and z(ILPpjc,,..) = 8. The two jobs of time 5

on the same machine give load 10; otherwise the job of time 3 shares a machine with
a job of time 5, with load 8.

13
2. The absolute gap is 8 — % = %, and the ratio is % = %, which is larger than % = %

3. The inequalities give Cpax > max{5, [%]} = 7, and Gurobi gives 7. The gap goes

from % to 1: the rounding closes one third of it, and the remaining unit comes from

the integer assignment.

4. Gurobi gives z(LPp|c,...) = % = % and z(ILPpjc,,..) = 10, the long job. The
3

1
i0is & — 13 itjg Mtm 1 1 : 1
ratio is {5 = 55. In general it is <* = - + 47, which tends to 5 as M — +oo.
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Chapter 15

Formulations of lot sizing problems

'd \
Formulations used in these exercises. The models of Chapter 15 «Formulations of

lot sizing problems», on the periods T' = {1,...,m}, with D} = Z];:t ds. The big-M
formulation ILPcr.sp:

min Z (sctye + vep xy + heyg st) (LO)
teT

subject to  s;_1 + ¢ = di + sy, VteT, (L1)

2 < My ys, VteT, (L2)

x < capy, VteT, (L3)

50 = 8m =0, (L4)

xt € Lo, VteT, (L5)

st € Lo, VteT, (L6)

v € {0,1}, VieT.  (L7)

Big-M values in (L2): Mg*™ = D,,,, M{® = cap;, and the strong value M, =
min{capt, D¢, }. The shortest-path formulation MIP%}I)JSP, where zwvy, is the fraction of
the demands of the periods t, ...,k produced in period ¢:

m
min Z sy + Z Z CUt 2V (S0)

teT teT k=t
subject to Z zuig = 1, (S1)
k=1
t—1 m
szu,t—l - sztk =0, vteT \ {1}7 (82)
u=1 k=t
> zvw <, vteT, (S3)
k=t
Z Dy 2z < capy, VteT, (S4)
k=t
zvy, > 0, Vi,keT, k>t, (S5)
y € {0,1}, VteT, (S6)
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with the costs

k  s—1
cog, = veg Dy + Z Z hey ds. (S7)
s=t+1 u=t
The LP relaxations relax the domains into z¢,s; > 0 and 0 < y; < 1: they are the models
LP‘é‘;‘ép, Lpgag’sgp and LP o of ILPcrsp with the three big-M values, and the model
LP¢rsp of MIP¢ygp.
The model ILPyrg of the uncapacitated lot sizing problem (ULS) is ILPcpsp without the
capacity constraints (L3) and with M; = Dy, in (L2).
The model ILPgLSP of the lot sizing problem with several products p € P and setup times
(MLS), with sdps = S3F_, dy:

min Z Z (scpt Ypt + VCpt Tpt + hcpt Spt) (PO)
peEP teT

subject to  spi—1 + Tpr = dps +5pt, VpE P, VteT, (P1)

Z (Stpt Ypt + Vtpe Tpr) < capy, vieT, (P2)
peP

Zpt < Mpt Y, Vpe P, VteT, (P3)

S5 = S = b Vpe P, (P4)

Tpt € L0, Vpe P, VteT, (P5)

Spt € Li>0, Vpe P, VteT, (P6)

ypt € {0,1}, Vpe P, VteT, (P7)

with the strong big-M values My, = min{|(cap; — stpt)/vipt], Sdpem}-
The model ILP{p with overtime (LS-OT) adds 3_,cr(cwq pu + copvy) to (PO), replaces
cap; with pi; 4+ vy in (P2), uses caply + cap? in place of cap; in the big-M values, and adds:

e < capl VteT, (01)
v < cap?, vteT, (02)
pt € Z>o, VteT, (03)
v € Z>o, VteT. (04)

The model ILPEPqp with unsatisfied demand (LS-UD) adds > pep 2t Cupt Ept to (PO),
replaces dp; with dp; — ey in (P1), and adds:

Ept < dpt, Vpe P, VteT, (Ul)
Ept € ZZ()? Vpe P, VteT. (UQ)

With one product the index p is dropped.

Exercise 15.1 — The big-M formulation of lot sizing (1)

We consider a capacitated lot sizing instance with m = 4 periods, sg = s4 = 0 and the
following data:
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period t 1 2 3 4
demand d; 1 4 1 3
capacity cap; 4 4 4 4

setup cost sc; 40 40 40 40
production cost veg | O 0 0 0
holding cost hcy 5 5 5 5

Questions

setups and its cost.
.

1. Compute the big-M values M&e™ M;* and the strong value M; for every period.
2. Write the big-M formulation ILPcpgp with the strong values M;.
3. Count the variables and the constraints (besides the domains) of the formulation.

4. Solve the formulation with Gurobi, and give the optimal plan, its inventories, its

J

We use the big-M values and the costs (S7) of the box at the beginning of the chapter.

1. The demands of the periods ¢, ..., m give D ,,, and the strong value is the smaller of
the two:
period t ‘ 1 2 3 4
Miem = Dy 4 9 8 4 3
M = cap; 4 4 4 4
M; = min{cap;, Dy} |4 4 4 3

2. With the strong values the formulation is:

Author: Fabio Furini
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min

subject to

(s1,..

3. There are m = 4 variables x4, 4 variables s, ..

4. Gurobi gives z(ILPcrsp) =

40y; +40y2 +40y3 +40ys + 551 + 582 + 583
+5 54

r1 — S1

S1+ T2 — S2
So + x3 — 83
83+ x4 — S4
z1— 4y

x2 — 4y

xz3 —4ys

T4 —3Ya

x1

x2

€3

X4

S4

x1, T2, T3, T4
81, S2, 53, S4

Y1, Y2, Y3, Y4

constraints and the constraint s4 = 0, so 13 linear constraints.

AN AN VAN VA N VAN VAN VAN VAN |

m

., 84 and 4 variables y, so 12 variables
(so = 0is a constant). There are 4 balance constraints, 4 big-M constraints, 4 capacity

130, with the plan & = (2,4,0,3), the inventories
.,84) = (1,1,0,0) and the setups g = (1,1,0,1). The cost is 3 - 40 for the
setups plus 5- (1 + 1) = 10 for the holding, that is 130. By enumeration of the plans,
the optimal plan is unique.

O B~ A B A O O O O W KR A R

ZZO
ZZO
{0,1}

following data:

Questions

Exercise 15.2 — Big-M values and LP bounds for lot sizing (1)

period ¢ 1 2 3 4
demand d; 1 4 1 3
capacity capy 4 4 4 4

setup cost sc; 40 40 40 40
production cost veg | O 0 0 0
holding cost hc; 5 5 5 5

We consider a capacitated lot sizing instance with m = 4 periods, s9 = s4 = 0 and the

Author: Fabio Furini
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1. Compute the cost of the best plan when the setups are ignored.

2. Solve with Gurobi the LP relaxations LP&S,, LPglyp and LP%tiosr},g of the big-M
formulation, and give the values of y; in their optimal solutions.

3. Explain the values of y; using the big-M constraints.
4. Compute the optimal value with Gurobi, and the gap zféB of every bound.

A J

We use the big-M values and the costs (S7) of the box at the beginning of the chapter.

1. Without the setups the best plan produces in every period its demand, = (1,4, 1, 3):
there is no inventory and the production cost is zero, so the bound is 0.

2. Gurobi gives:

relaxation value Y

LP{{%p (My = Dy ) e (é» 3 %’?
ca

LP(%IIJ)SP (Mt = capt) 90 (Z’ 1, 1 1)

LPgref (M = min{cap, Dym}) 100 (3,1,1,1)

3. In all three solutions the plan is the lot-for-lot plan @ = (1,4,1,3), which has no
holding cost. The setup variables take the smallest value allowed by the big-M con-
straints, y; = J\%: for instance, in period 1 we get i, i and i. The smaller My, the
larger 3¢ and the higher the bound.

4. Gurobi gives z(ILPcrgp) = 130. The gaps are:

bound value gap from 130
without setups 0 undefined
LIPETE 670 74.6%
ca;
LPg%f;S% 90 44.4%
LPqrsp 100 30.0%
. J

Exercise 15.3 — Feasible solutions of the lot sizing formulation (1)

We consider a capacitated lot sizing instance with m = 4 periods, sg = s4 = 0 and the
following data:
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period t 1 2 4
demand d; 1 4 3
capacity cap; 4 4 4
setup cost sc; 40 40 40 40
production cost ve; | 0 0 0
holding cost hcy 5 b 5

straints:

straints with sg = s4 = 0.

with Gurobi.

-

We use the big-M formulation with the strong values M; = min{cap;, D¢} = (4,4,4,3).
Consider the following candidates (x,y), with the inventories given by the balance con-

= (2, = (
( (

(c) = (5,0,1,3), y = (

(d) = =(2,4,0,3), y =(1,1,0,0);

(e) x=1(2,4,0,2), y =(1,1,0,1);

(f)  =(1,4,1,3), y = (3,1, 7,1);

Questions
1. Compute the inventories si,...,s4 of every candidate and check the balance con-

2. Check the big-M constraints and the capacity constraints, and decide which candidates
are feasible for ILPqr,gp and which for its LP relaxation.

3. Give the cost of the feasible candidates, and compare them with z(LP¢; §5) computed

Pstrong

J

(¢) 1 =5 > cap; = 4: infeasible.
(d) x4 =3 > Myys = 3-0: infeasible.

all the inventories are non-negative and s4 = 0.

all the inventories are non-negative and s4 = 0.

all the inventories are non-negative and s4 = 0.

0,0,0,0): all the inventories are non-negative and s4 = 0.

1. (a) (s1,...,84) =(1,1,0,0):
(b) (s1,...,84) = (0,0,0,0): all the inventories are non-negative and s4 = 0.
(¢) (s1y...,84) =(4,0,0,0):
(d) (s1,...,54) = (1,1,0,0):
(e) (s1,...,84) =(1,1,0,—1): s4 <0, the demand is not satisfied.
(f) (s1,...,84) = (
2. (a) All the constraints hold: feasible for both models.
(b) All the constraints hold: feasible for both models.
)
)
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(e) Infeasible, because of the balance constraints.

(f) All the constraints hold: feasible for the LP relaxation only, since y; and ys are
fractional.

3. Candidate (a) costs 3-40+5- (14 1) = 130 and (b), the lot-for-lot plan with four
setups, costs 4 - 40 = 160. Candidate (f) costs 40 - (1 +1+ 2 +1) = 100. Gurobi
gives z(LPS(’giosr;g) = 100: candidate (f) is an optimal solution of the relaxation, and
(a) is the optimal plan of the instance.

Exercise 15.4 — The shortest-path formulation of lot sizing (1)

We consider a capacitated lot sizing instance with m = 4 periods, sg = s4 = 0 and the
following data:

period t 1 2 3 4
demand d; 1 4 1 3
capacity cap; 4 4 4 4
setup cost sc; 40 40 40 40
production cost ve; | O 0 0 0
holding cost hcy 5 5 5 5

Questions
1. Compute the demands D, and the costs cvy, of the shortest-path formulation.
2. Write the shortest-path formulation for this instance.

3. Solve its LP relaxation LPg} ¢p with Gurobi, and compare the bound with z(LP%iOSrg)
of the big-M formulation.

4. The optimal plan is & = (2,4, 0,3). Write it as a combination of paths of the network,
and verify its quantities and its cost.

- J

We use the big-M values and the costs (S7) of the box at the beginning of the chapter.

1. The production cost is zero, so cvy is only holding cost:

Dt,k: CUt
t\Nt |1 2 3 4|1 2 3 4
1 1 5 6 9,0 20 30 75
2 4 5 8 0 5 35
3 1 4 0 15
4 3 0

2. The variable zvy, is the arc from node ¢t — 1 to node k, with cost cvy,. The formulation
is:
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min  40y; +40y2 + 40y3 + 40 y4 + 20 zv12 + 30 zv13 + 75 zv14
+5 zv93 + 35 2v94 + 15 zU3y

subject to  zwi + 2via + 2v13 + ZV14 = 1
ZU11 — RV22 — ZV23 — ZVU24 = 0
ZU19 + 2V29 — 2V33 — 2U34 0
2V13 + 2V23 + 233 — 2V44 = 0
211 + 2012 + 2V13 + 2014 — Y1 < 0
292 + 223 + 2V24 — Y2 < 0
2v33 + 2U34 — Y3 < 0
244 — Y4 < 0
zZv11 + 5 2v12 + 6 2v13 + 9 2v14 < 4
4 zv99 + 5 zv93 + 8 zU9y < 4
2033 + 4 2v34 < 4
3 2V44 < 4
ZU11, ZV12, ZU13, ..., 2V44 > 0
Y1, Y2, Y3, Y4 € {0,1}

3. Gurobi gives z(LP%PI)JSP) = 112, with zv1; = %, ZU13 = %, U9y = %, 2044 = % The
bound is better than z(LPgiosnf?) = 100, and the optimal value is 130.

4. With the quantities fixed to &, Gurobi gives zvy; = %, ZU13 = %, ZU93 = %, 2vg4 = 1,
all the others 0. These arcs decompose into the paths

e 0 — 1 — 3 — 4 with weight 7, which is the plan (1,5,0,3);
e 0 — 3 — 4 with weight %, which is the plan (6,0, 0, 3);
The combination gives x1 = %-1—1—%-6:2, To = %-5:47 B = %~3+%-3:3. The

single paths may exceed the capacity: only the combined quantities must respect it.
The cost is 3-40+0-3 +30-¢+5-5+0-1 =130

(& J

Exercise 15.5 — Comparing the lot sizing formulations (1)

We consider a capacitated lot sizing instance with m = 5 periods, sg = s5 = 0 and the

following data:

period t 1 2 3 4 5
demand d; 2 1 3 3 3
capacity capy 4 4 4 4 4
setup cost sc; 40 40 40 40 40
production cost ve; | O 0 0 0 O
holding cost hc; 10 10 10 10 10
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Questions
1. Compute the three big-M values of every period.

2. Compute with Gurobi the bound without setups, the three LP bounds of the big-M
formulation and the LP bound of the shortest-path formulation.

3. Compute the optimal value with Gurobi, using both formulations with integer setups,

z—LB
i of every bound.

and the gap

4. Compare the number of variables of the two formulations, and comment on the price
of the stronger bound.

A J

We use the big-M values and the costs (S7) of the box at the beginning of the chapter.

period t ‘ 1 2 3 4 5
| Mgem = Dy 12 10 9 6 3
M = cap; 4 4 4 4 4
M; = min{cap;, Dt} | 4 4 4 4 3

2. Gurobi gives:

bound value

without setups 0

LIPS, 84
Wiz . 120
LRI 130
LIRS oy 160

Each bound improves the previous one.

3. Both formulations give z(ILPcrsp) = 170, with the unique optimal plan & =
(3,0,3,3,3). The gaps are:

bound value gap from 170
without setups 0 undefined
LIPETE 84 102.4%
i
LPgPI’JSP 160 6 é‘VO
CLSP -27/0

4. The big-M formulation has 16 variables (z;, s; and y;); the shortest-path formulation
has w +m = 20 variables (zvy; and y;). The number of variables zvy, grows like
m?: the stronger bound is paid with a larger model.
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Exercise 15.6 — ILP model of the uncapacitated lot sizing problem

and the following data:

We consider an uncapacitated lot sizing instance (ULS) with m = 4 periods, sgp = s4 = 0

period t ‘ 1 2 4
demand d; 1 4 3
setup cost scg 40 40 40 40
production cost veg | 0 0 0
holding cost hc; 5 b 5

Questions

Explain why it is larger.
.

1. Compute the big-M values Dy ,, and write the ILPyr,s model for this instance.
2. Count the variables and the constraints (besides the domains) of the model.
3. Solve the model with Gurobi, and give the optimal plan, its inventories and its cost.

4. Add the capacity cap; = 4 in every period: Gurobi gives the optimal value 130.

J

+553 4+ Hsy

subject to x7 — s1
S1 + T2 — S2
So + T3 — S3

S§3+ T4 — S4

z1 =9
T2 — 8Y2
x3 —4ys3
xg —3Ya
S4

X1, T2, T3, T4
S1, 52, S3, S4

Y, Y2, Y3, Ya

1. The big-M values are Dy 4 = (9, 8,4, 3). The ILPyrs model is:

40y, +40ys +40ys +40y4 + 551 + 5 s2

2. There are 3m = 12 variables x4, s¢, y¢ (so = 0 is a constant), 4 balance constraints, 4
big-M constraints and the constraint s4 = 0: 9 linear constraints.

= 1
4
1

= 3

< 0

< 0

< 0

< 0

= 0

€ Zso
Z>

(0,13
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3. Gurobi gives z(ILPyrs) = 110 with the plan & = (6, 0,0, 3), the inventories (5, 1,0, 0)
and the setups in the periods 1 and 4: the cost is 2-40 +5- (5 + 1) = 110. By
enumeration of the plans, the optimal plan is unique.

4. The plan (6,0,0,3) produces 6 > 4 units in period 1, so it is not feasible with the
capacities. The capacitated problem has fewer feasible plans, hence a larger optimal
value: the ULS is a relaxation of the CLS.

Exercise 15.7 — ILP model of lot sizing with several products and setup times

We consider a lot sizing problem with |P| = 2 products, m = 3 periods, the capacity
capy = 10 in every period, vey = 0, spp = sp3 = 0 and the following data:

product 1 product 2
periodt | 1 2 3| 1 2 3
dpt 2 3 1| 3 1 3
Vlpt 11 1] 2 2
Stpt 11 1} 1 1 1
SCpt 20 20 20|30 30 30
hep 4 4 4|1 3 3 3

Questions
1. Compute the strong big-M values M.
2. Write the ILPgLSP model with the strong big-M values for this instance.

3. Solve the model with Gurobi: give the optimal plan of each product, its cost and the
time used in each period.

- J

1. With My, = min{|(caps — stpt)/vtpt|, Sdpim}: for product 1, |9/1] = 9 and sdis3
(6,4,1), so My, = (6,4,1); for product 2, |9/2| = 4 and sdy3 = (7,4,3), so My =
(4,4,3).

2. The ILPE; ¢p model is:
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min  20y11 + 20y12 + 20y13 + 30 y21 + 30 Y22 + 30 yo3
+4 511 + 4512+ 4513+ 3521 + 3522 + 3523
subject to x11 — s11 =
$11 + T12 — S12

S12 + x13 — S13

2
3
1
To1 — 821 = 3
$91 + T2 — S22 1

3

S92 + 23 — So3 =

IA
—_
o

T11 + 2221 + Y11 + Y21

IN
—_
=)

T12 + 2222 + Y12 + Y22

IA
—_
o

13 + 223 + Y13 + Y23

IN

11 — 6Y11

IN

12 — 4 Y12

IA

13 — Y13

IN

T21 — 4 ya1

T2 — 4 Y22

IN

T23 — 3 Y23

513

IA
©O O O o o o o o

523

Z11, %12, *13, L21, T2, T23 € Z>o
811, S12, S13, S21, S22, S23 € Zxo

Y11, Y12, Y13, Y21, Y22, Y23 e {0,1}

3. Gurobi gives z(ILP&; gp) = 134, and the optimal solution is unique. Product 1 follows
the plan (2,4,0) with the inventories (0,1,0), product 2 the plan (3,1,3) with the
inventories (0,0,0). The times used in the periods, setups included, are (10,8, 7), all
at most 10: in period 1 the capacity is saturated, so product 2 needs a setup in every
period.

(& J

Exercise 15.8 — ILP model of lot sizing with overtime

We consider a lot sizing problem with overtime, one product, m = 5 periods, sg = s5 = 0,

production time vt; = 1, setup time st; = 0, ve; = 0 and the data

period ¢ 1 2 3 4 5

demand d; 2 1 3 3 3
setup cost sc; 40 40 40 40 40
holding cost hey | 10 10 10 10 10

In every period the normal hours are cap)’ = 2, at the cost cw; = 1 per unit, and the
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overtime is cap? = 2, at the cost co; = 5 per unit.

Questions
1. Show that the instance has no feasible plan without overtime.
2. Compute the strong big-M values and write the ILngSP model for this instance.

3. Solve the model with Gurobi: give the optimal plan, the working times and the cost.

. J

1. The total demand is 12, while the normal hours of the 5 periods give at most 5-2 = 10
units: some overtime is needed.

2. With M; = min{cap}’ + cap?, Di5} and D;5 = (12,10,9,6,3) we get M; =
(4,4,4,4,3). The model is:
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min  40y; +40y2 +40y3 +40y4 +40ys5 + 10 51
+10s2 + 1053 + 1054 + 1055 + p1 + p2
+pus + pa+ s + 501 +5ve + 513
+5v4 + Sy

subject to x1 — s1
$1+ X2 — S2
So + 3 — S3
S§3+ T4 — S4

S4 + x5 — S5

1 — M1 — N

o — U2 — 12

L3 — H3 — V3

Ty — 4 — Vg

L5 — U5 — Vs

z1—4y

z2 —4y2

z3 —4ys3

xg —4ys

x5 —3Ys

M1

2

H3

M4

M5

41

)

V3

Vg

Vs

S5

T1, T2, T3, T4, Ts

81, 82, 83, 54, S5

M1, M2, M35 ...y Vb

Y1, Y2, Y3, Y4, Ys
3. Gurobi gives 2(ILPQqp) = 198, and the optimal solution is

(VAN VAN VAN VAN VAN VAN VAN

(/AN VAN VAN /AN VAN VAN /AN VAN VAR VAN VAN VAN VAN
O NNNNNNDNDNDNDRNOSO O O O O O O O O W oW wHE N

N N
Y,
o o

ZZO
{0,1}

m M M M

unique: the plan
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& = (3,0,3,3,3), the inventories (1,0,0,0,0), the normal hours (2,0, 2,2,2) and the
overtime (1,0,1,1,1). The cost is 4 - 40 for the setups, 10 - 1 for the holding, 1 - 8 for
the normal hours and 5 - 4 for the overtime: 198.

following data:

Questions

cost.

Exercise 15.9 — ILP model of lot sizing with unsatisfied demand

We consider a capacitated lot sizing instance with m = 4 periods, sg = s4 = 0 and the

period t 1 2 3 4
demand d; 1 4 1 3
capacity cap; 4 4 4 4
setup cost sc; 40 40 40 40
production cost veg | O 0 0 0
holding cost hcy 5 5 5 5

A unit of demand may be left unsatisfied, at the penalty cu; = 18 per unit.

1. Write the ILPEDsp model with the strong big-M values for this instance.

2. Solve the model with Gurobi: give the optimal plan, the unsatisfied demand and the

3. Without unsatisfied demand the optimal value is 130 (Gurobi). Explain the saving.

1. The strong big-M values are My = min{cap;, Dy 4} = (4,4,4,3). The model is:

Author: Fabio Furini
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min 40y; +40y2 +40y3 +40ys + 551 + 552
+583+ 584+ 181 4+ 189 4+ 183 + 18¢y4

subject to x1 —s1+ €1
§1+x2 — S2 + €2
So + x3 — 83 + €3
3+ %4 —S4+¢€4
x1
€2
z3
T4
x1—4y
x2 — 4y
x3 —4ys
T4 —3Y4
€1
€2
€3
€4
S4
x1, T2, T3, T4
S1, S2, 83, S4
€1, €2, €3, &4

Y1, Y2, Y3, Y4

2. Gurobi gives z(ILPZPsp) = 113, and the optimal solution is unique: the plan & =
(0,4,4,0), the inventories (0,0,3,0) and the unsatisfied demand & = (1,0,0,0). The

costis 2-404+5-34+18-1=113.

3. Leaving unsatisfied the demand dq = 1 removes the setup of period 1: the penalty 18
is smaller than what the first period costs in the optimal plan of the CLS, and the

value drops from 130 to 113.

AN VAN VA N VAN VA N VAN VAN VAN VAN VAN VAN VAN |

m M M Mm

S W = B~ =2 ©O O ©O O B bk kM Pk W B®> =

ZZO
{0,1}
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