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Chapter 9

Asymptotic notation

In the exercises of this chapter the asymptotic notations are used with the definitions and the
limit criteria of the chapter « Asymptotic notations, summarized below. The limits of functions
of a natural variable (sequences) are computed with the results of the course Mathematical
Analysis 1 (https://fabiofurini.github.io/mathematical-analysis-1/).

( A
Given two functions f and g of a natural variable,

e we write f(n) = o(g(n)) if for all ¢ € Ry there exists n; € N such that
0< f(n) <cg(n),  Vn=mny;

e we write f(n) = O(g(n)) if there exist ¢ € R5 and ny € N such that
0< f(n) <cg(n), Vn > nq;

e we write f(n) = ©(g(n)) if there exist ¢1,cz € Rsg and n; € N such that

0<cig(n) < f(n) <czg(n),  Yn2>ny

e we write f(n) = Q(g(n)) if there exist ¢ € Rs¢ and n; € N such that

0<cg(n) <fln),  Ynz>mn;

e we write f(n) =w(g(n)) if for all ¢ € R there exists n; € N such that

0<cg(n) < f(n), Vn > nq.

\ J

( N\
Limit criterion: given two asymptotically positive functions f and g of a natural variable

such that the limit of % exists, we have

gy =07 T el
ngrfoog(?:m&oorm — f(n)=0(g(n)),
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g(n)

Jm om0 o = ) = (o0,
fn) _ _

RETOO o) +oo <<= f(n)=w(g(n))

When the ratio % has no limit (for example when it contains sinn or cosn), these criteria

cannot be applied and we use the definitions.
(& J

Exercise 9.1 — Asymptotic notation (E1)

Consider the following asymptotically non-negative function of a natural variable:

f:N=R,  f:ne—5nt—19n+12n?

Questions

1. Prove that:

- J

1. (a) To prove that

5nt —19 n® 4+ 12 n% = O(n?)
we determine ¢ € Ryg and ny € N such that
0§5n4—19n3+12n2§cn4, Vn > n.
First, we observe that
5n' —19n3 +12n% = n? (5n% — 19n + 12) = n? (5n — 4) (n — 3),

hence
0<5n*—19n3+12n2  VYn>3

(for n = 2 the value is f(2) = —24 < 0). With n > 1, dividing by n*, the
inequality f(n) < cn* is equivalent to

Since
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we have s 1
n n

By choosing for example ¢ = 5 and n; = 3, we have
0<5n*—19n3+12n2<5n',  Vn>3.

Since the functions are asymptotically positive, an alternative way is to compute
the limit

5n*—19n3 + 12 n? 19 12
T e S L Lu T (5—+2):56R>0.
n

n—+o00 n4 n—+00 n

b) To prove that
(
5n* —19 n® 4+ 12 n% = O(n")

we determine ¢ € R+ and ny € N such that
0§5n4—19n3—|—12n2§cn6, Vn > ni.

From part (a), 0 < 5n* — 19 n + 12 n? < 5n* for all n > 3. Since n* < nS for
n > 1, we also have 5 n* — 19 n3 4+ 12 n? < 5 nS. By choosing for example ¢ = 5
and n; = 3, we have

0<5n*—19n3+12n? <5nb, Vn > 3.

Since the functions are asymptotically positive, an alternative way is to compute
the limit

lim . = lim
n—-4o0o n n——4o00

5nt—19n+12n? <5 19 12)—0*.

nZ p3  pt
(c) To prove that
5nt —19n® 4+ 1212 = O(n?)
we determine ci,co € Ry and ny € N such that
0§cln4§5n4—19n3+12n2§02n4, Vn > nj.

For the upper bound, by part (a), 5 n* — 19 n3 +12n? < 5n? for all n > 1. For
the lower bound, we observe that

5nt —19n3 +12n2 —nt =4nt — 1903 + 12n% = n? (4n — 3) (n — 4),

which is non-negative for n > 4 (for n = 3 it is equal to —81 < 0). Hence
n* <5n* —19n3 + 12 n? for all n > 4. By choosing for example ¢; =1, cp = 5
and n; = 4, we have

0<n*<snt—19n*+12n2<5n%  Vn>4

The limit computed in part (a) gives the same result: it is equal to 5 € Rxg.
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(d) To prove that
5nt—19n® + 12 n? # O(n°)

we proceed by contradiction and we suppose that there exist ¢; € Ryg and
ny € N such that

0§01n6§5n4—19n3+12n2, Vn > nj.

With n > 1, dividing by n% and since ¢; > 0, this is equivalent to

5 19 12

0<01§—2— Vn > nq.
n

nd ' nt’
Passing to the limit as n — 400, we obtain 0 < ¢; < 0, which is impossible.
Therefore

5nt —19n® 4 12 n% £ 0(nd).

Alternatively, the limit computed in part (b) is equal to 0T, so that f(n) = o(n®)
by the limit criterion. Then, with the constant ¢ = ¢; in the definition of o, we
would have f(n) < c;n® for all sufficiently large n, against the lower bound

c1nb < f(n).

Exercise 9.2 — Asymptotic notation (E2)

Consider the following asymptotically non-negative function of a natural variable:

f N>R, fin— 3n24+n3(2—sinn)

Questions
1. Prove that:
(a) 3n?+n3(2—sinn) = O(nd);
(b) 3n24n3(2 —sinn) # o(n?);
(¢) 3n%+n3(2—sinn) # w(n?).

The ratio

3n? +n3 (2 —si 3
ol Smn)=—+2—sinn, n>1,
n

3

n

does not have a limit as n — +oo, since it oscillates. Therefore the limit criteria cannot be

applied, and we use the definitions. Since —1 < sinn < 1, we have 1 < 2 —sinn < 3, and
therefore 1 +% < %4—2 —sinn <3+ % Since 0 < % < 3 for n > 1, we obtain

1§§—|—2—sinn§6, Vn > 1.
n
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1. (a) To prove that
3n? +n? (2 —sinn) = O(n?)

we determine cq,cy € Ry and n; € N such that
3 2 3 : 3
0<cin’<3n*+n’(2—sinn) <cyn’, Yn > nj.
With n > 1, dividing by n? and since ¢; > 0, this is equivalent to
3 .
0<ecr £ —+42—sinn < ¢, Vn > nj.
n

By the bounds above, by choosing for example ¢; = %, co =6 and ny =1, we
have

—

OS§n3§3n2—|—n3(2—sinn)§6n3, Vn > 1.

(b) To prove that
3n% +n3 (2 —sinn) # o(n?)
we recall that o(n?) requires that for every ¢ € R~ there exists n; € N such that
0<3n?+n®(2—sinn) <cn?, Vn > nq,

that is, dividing by n® > 0, %+2—sinn < cfor allm > ny. Since %+2—sinn >1
for every n > 1, for ¢ = 1 there is no n; with this property. Therefore

3n% +n3 (2 —sinn) # o(n?).
Equivalently, the ratio is bounded from below by 1 and cannot converge to 0.
(¢) To prove that
3n? +n? (2 —sinn) # w(nd)

we recall that w(n?) requires that for every ¢ € Rsq there exists n; € N such
that
0 <cn®<3n?+n32—sinn), Vn > nq,

that is, dividing by n® > 0, ¢ < %+2—sinn for all n > n;. Since %+2—sinn <6
for every n > 1, for ¢ = 6 there is no n; with this property. Therefore

3n? 4+ n3 (2 —sinn) # w(n?).

Equivalently, the ratio is bounded from above by 6 and cannot diverge to +oo.

Exercise 9.3 — Asymptotic notation (E3)

Consider the following asymptotically non-negative function of a natural variable:

fF*N—=R, fin—=3n®—7n?>+2n
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Questions

1. Prove that:

3

) O(n”);
) 3n3 —7n%+2n=0(n°);
(c) 3n3 —7n%+2n=0(n);
) (n”)

(d) 3n3—7n%+2n#06(0N).

. /

1. (a) To prove that

n
n
n

?

3n® —7n*+2n=0(n?)
we determine ¢ € R+ and n; € N such that
0§3n3—7n2—|—2n§cn3, Vn > nj.
First, we observe that
3 —Tn2+2n=n(Bn?’ - +2)=nBn-1)(n-2),

hence
0<3n*—7n*4+2n, VYn>2

(for n = 1 the value is f(1) = —2 < 0). With n > 1, dividing by n?, the

inequality f(n) < cn? is equivalent to

7 2
3——+—2§c, Vn > nj.
non
Since . 5 -
4+ 5 =", Ve,
n o n n
we have

2
3- 142 <3 w1
n n

By choosing for example ¢ = 3 and n; = 2, we have
0§3n3—7n2—|—2n§3n3, Vn > 2.

Since the functions are asymptotically positive, an alternative way is to compute
the limit

P —7n? 42 2
T L (3—Z+—2)=36R>0.
n n

n—-+o0o n3 n—-+0o00
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(b) To prove that
3n3—7n?+2n=0n°

we determine ¢ € R+ and n; € N such that
0§3n3—7n2+2n§cn5, Vn > nq.

From part (a), 0 < 3 n —7n?+4+2n < 3n3 for all n > 2. Since n® < n® for
n > 1, we also have 3 n® — 7 n? + 2 n < 3 n®. By choosing for example ¢ = 3
and n; = 2, we have

0§3n3—7n2+2n§3n5, Vn > 2.

Since the functions are asymptotically positive, an alternative way is to compute
the limit

lim = lim — - —
n?2 nd3 ni

n—-+4oo n5 n—-+4oo

3n®—7n’+2n , <3_7 2)_0#

(¢) To prove that
3n3 —7n?+2n=0(n%

we determine ci,co € Ry and ny € N such that
O§61n3§3n3—7n2—|—2n§02n3, Vn > n.

For the upper bound, by part (a), 3 n3 —7n%?+2n < 3 n3 for all n > 1. For
the lower bound, we observe that

3nd—Tn?P+2n-—n>=2n>—Tn?4+2n=n(2n% - Tn+2),

where the roots of 2n? — Tn + 2 are Lﬁ, that is, about 0.31 and 3.19; hence
2n2 — Tn + 2 > 0 for every integer n > 4 (for n = 4 it is equal to 6, for n = 3
it is equal to —1). Hence n® < 3 n3 — 7n? 4 2 n for all n > 4. By choosing for
example ¢; = 1, co = 3 and n; = 4, we have

0§n3§3n3—7n2+2n§3n3, Vn > 4.

The limit computed in part (a) gives the same result: it is equal to 3 € Rxg.

(d) To prove that
3n3 —7n?+2n#06(nd

we proceed by contradiction and we suppose that there exist ¢; € R and
n1 € N such that

0§61n5§3n3—7n2—|—2n, Vn > nq.

With n > 1, dividing by n° and since ¢; > 0, this is equivalent to

3 7 2

0<a<——

— 4+ — Vn > nj.
n2 n3 4 =
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Passing to the limit as n — 400, we obtain 0 < ¢; < 0, which is impossible.
Therefore

3n3 —7Tn?+2n+#0(nd).

Alternatively, the limit computed in part (b) is equal to 0T, so that f(n) = o(n®)
by the limit criterion. Then, with the constant ¢ = ¢; in the definition of o, we
would have f(n) < c;n® for all sufficiently large n, against the lower bound

c1n® < f(n).

Exercise 9.4 — Asymptotic notation (£4)

Consider the following asymptotically non-negative function of a natural variable:

f:N—=R, finen? (34 cosn)

Questions
1. Prove that:
(a) n?(3+cosn) = O(n?);

(b) n2 (3 + cosn) # o(n?);

(c) n2 (3 + cosn) # w(n?).

[\

- J

The ratio

2
3
n(:—;osn):S—i—cosn, n>1,

does not have a limit as n — +oo, since it oscillates. Therefore the limit criteria cannot be
applied, and we use the definitions. Since —1 < cosn < 1, we have

2<3+4cosn <4, Vn > 1.

1. (a) To prove that
n? (3 4 cosn) = O(n?)

we determine cq,cy € Ry and n; € N such that
0<¢ n2§n2(3—|—cosn)§02 n?, Vn > ny.
With n > 1, dividing by n? and since ¢; > 0, this is equivalent to
0<cp <3+cosn < ey, Vn > ni.

By the bounds above, by choosing for example ¢; = 2, co = 4 and n; = 1, we
have

0§2n2§n2(3+cosn)§4n2, Vn > 1.
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(b)

a

To prove that
n? (3 + cosn) # o(n?)

we recall that o(n?) requires that for every ¢ € Rsq there exists n; € N such that

0 <n?(3+cosn) < cn? Vn > nq,

that is, dividing by n? > 0, 3 + cosn < ¢ for all n > ny. Since 3 + cosn > 2 for
every n > 1, for ¢ = 2 there is no n; with this property. Therefore

n? (3 + cosn) # o(n?).

Equivalently, the ratio is bounded from below by 2 and cannot converge to 0.

To prove that
n? (3 4 cosn) # w(n?)

we recall that w(n?) requires that for every ¢ € Ryq there exists n; € N such
that
0 <cn? <n?(3+cosn), Vn > ny,

that is, dividing by n? > 0, ¢ < 3 4 cosn for all n > ny. Since 3 + cosn < 4 for
every n > 1, for ¢ = 4 there is no ny with this property. Therefore

n? (3 + cosn) # w(n?).

Equivalently, the ratio is bounded from above by 4 and cannot diverge to —+oc.

J

Exercise 9.5 — Asymptotic notation (£5)

(a)
(b)
(c)

-

Consider the following asymptotically non-negative function of a natural variable:

Questions

1. Prove that:

fN—=R, fin—2n®—8n*+3nd

2n° —8nt+3nd=0(nd);
2n5 —8nt+3n3=0(nd);
205 —8n*+3n#£0(n).

.

1. (a)

To prove that
2n° —8n*+3nd =0(n’)

Author: Fabio Furini
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we determine ¢ € R+ and n; € N such that
0§2n5—8n4+3n3§cn5, Vn > nq.
First, we factorize:
2n° —8nt +3n3=n3(2n% —8n +3),

where the roots of 2n? — 8n + 3 are 2+ @, that is, about 0.42 and 3.58. Hence
f(n) > 0 for every integer n > 4 (for n = 4 the factor 2n? — 8n + 3 is equal to 3;
for n = 3 we have f(3) = —81 < 0). With n > 1, dividing by n°, the inequality
f(n) < end is equivalent to

8 3
2——+—2§c, Vn > nj.
non
Since g 5 3_g
242 =2, Vax1,
noomn n
we have

K
2--+5<2 VaxLl
n n

By choosing for example ¢ = 2 and ny = 4, we have
0§2n578n4+3n3§2n5, Vn > 4.

Since the functions are asymptotically positive, an alternative way is to compute
the limit
2n° —8n*+3nd 8 3
lim + = lim (2——+ — | =2¢€R..
n  n?

n—-+00 n5 n—-+4o0o

(b) To prove that
2n° —8nt +3n3 =01

we determine ¢y, cy € Ry and n; € N such that
0§61n5§2n5—8n4+3n3§02n5, Vn > ni.

For the upper bound, by part (a), 2 n° — 8 n* +3 n3 < 2 n® for all n > 1. For
the lower bound, we observe that

2n5 —8n*+3n%—n®=n°—8n*+3n®=n3(n%-8n+3),

where the roots of n? — 8n + 3 are 4 £ /13, that is, about 0.39 and 7.61. Hence
n® < 2nd—8n*+3 n3 for every integer n > 8 (for n = 8 the factor n? —8n+3 is
equal to 3, for n = 7 it is equal to —4). By choosing for example ¢; = 1, ¢3 = 2
and n; = 8, we have

0§n5§2n5—8n4+3n3§2n5, Vn > 8.

The limit computed in part (a) gives the same result: it is equal to 2 € Rxg.
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(c) To prove that
2n° —8nt +3n3#0(nd)

we proceed by contradiction and we suppose that there exist co € Ryg and
n1 € N such that

O§2n5—8n4+3n3§02n3, Vn > nj.
With n > 1, dividing by n?, this is equivalent to
0§2n2—8n+3562, Vn > ni.

Since 2n? — 8n + 3 — 400 as n — 400, the middle expression cannot remain
bounded by the constant co: this is a contradiction.

Alternatively, we compute the limit

2 5_8 4 3 3
lim i noon = lim (2n2—8n+3):—|—oo,

n—r—+oo n3 n—-+oo

so that f(n) = w(n?®) by the limit criterion. Then, with the constant ¢ = cp
in the definition of w, we would have f(n) > can? for all sufficiently large n,
against the upper bound f(n) < can3. Hence f(n) # ©(n?).

Exercise 9.6 — Asymptotic notation (E6)

Consider the following asymptotically non-negative function of a natural variable:

f:N—=>R, fin—nd4—sinn)+5n?

Questions
1. Prove that:
(a) n3 (4 —sinn) +5n? = O(n3);
(b) n3 (4 —sinn) +5n? # o(n?);
(c) n3 (4 —sinn) + 5n? # w(n).

The ratio 5 )
N
il Sm3”)+5" d—sinn+ >, n>1,
n n

does not have a limit as n — +oo, since it oscillates. Therefore the limit criteria cannot be
applied, and we use the definitions. Since —1 < sinn < 1, we have 3 < 4 —sinn < 5. Since
O<%§5forn21,weobtain

3§4—sinn+§§10, Vn > 1.
n

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 12


https://github.com/fabiofurini/algorithms
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Algorithms

1. (a) To prove that
n3 (4 —sinn) 4+ 5 n? = O(n?)

we determine cq, cy € Ry and n; € N such that
O§c1n3§n3(4—sinn)+5n2§ch3, Yn > nj.

With n > 1, dividing by n? and since ¢; > 0, this is equivalent to
: 5
O0<c <4—sinn+ — < co, Vn > n.
n

By the bounds above, by choosing for example ¢; = 3, co = 10 and n; = 1, we
have
0<3n3><n*(@d—sinn)+5n°<10n%  vn>1.

(b) To prove that
n3 (4 —sinn) + 5 n? # o(n?)

we recall that o(n3) requires that for every ¢ € Rs there exists n; € N such that
0§n3(4—sinn)+5n2<cn3, Vn > nq,

that is, dividing by n3 > 0, 4—sinn+% < cfor all n > n;. Since 4—sinn+% >3
for every n > 1, for ¢ = 3 there is no n; with this property. Therefore

n3 (4 —sinn) + 5 n? # o(n?).
Equivalently, the ratio is bounded from below by 3 and cannot converge to 0.
(¢) To prove that
n3 (4 — sinn) + 5 n? # w(n?)

we recall that w(n?) requires that for every ¢ € Rsq there exists n; € N such
that
0<ecn?®<nd(4—sinn)+5n? Vn > nq,

that is, dividing by n3 > 0, ¢ < 4—sin n+% for all n > ny. Since 4—sin n+% <10
for every n > 1, for ¢ = 10 there is no n; with this property. Therefore

n3 (4 —sinn) + 5 n? # w(n?).

Equivalently, the ratio is bounded from above by 10 and cannot diverge to +oo.
(& J

Exercise 9.7 — Asymptotic notation (E7)

Consider the following asymptotically non-negative function of a natural variable:

f N>R, fin—4an* —n3—6n?
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Questions
1. Prove that:
(a) 4nt—n3—6n? =0(nt);
(b) 4n* —n® — 6 n% = O(n);
(c) 4n* —n® —6n% # O(n?).

. J

1. (a) To prove that

4nt—n3—6n?=0(n

we determine ¢ € R+ and n; € N such that

0§4n4—n3—6n2<cn4, Vn > nj.

First, we factorize:
4n* —n® —6n? =n?(4n®>—n—6),

where the roots of 4n?> —n — 6 are %ﬁ, that is, about —1.11 and 1.36. Hence
f(n) > 0 for every integer n > 2 (for n = 2 the factor 4n® —n — 6 is equal to 8;
for n = 1 we have f(1) = —3 < 0). With n > 1, dividing by n*, the inequality
f(n) < cn? is equivalent to

1 6
4————2§c, Vn > nj.
nomn
Since 1 6 46
—— o =-TT2<0, W1,
n n? n?
we have
1 6
4———— <4, Vn > 1.
n o n

By choosing for example ¢ = 4 and n; = 2, we have
0§4n4—n3—6n2§4n4, Vn > 2.

Since the functions are asymptotically positive, an alternative way is to compute

the limit

4 4 3 2 1
lim 2% =% =67 (4———£>=4€R>0.

n——+o0 n n——+00 n n?2

(b) To prove that
4n* —n®—6n?=0(nh

we determine ¢y, cy € Ry and n; € N such that

0§cln4§4n4—n3—6n2§02n4, Vn > ni.
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For the upper bound, by part (a), 4 n* —n? —6 n? < 4n? for all n > 1. For the
lower bound, we observe that

4n* —n®—6n?—3nt=n'—nP-6n>=n’>(n-3)(n+2),

which is non-negative for every integer n > 3 (it is equal to 0 for n = 3 and
positive for n > 4). Hence 3 n* <4n*—n3—6n2 for every n > 3; we choose
n1 = 4, but n; = 3 would also work. By choosing for example ¢; = 3, cg = 4
and n; = 4, we have

0§3n4§4n4—n3—6n2§4n4, Vn > 4.

The limit computed in part (a) gives the same result: it is equal to 4 € Rs.

(¢) To prove that
4n* —n® —6n?#0O(n?)

we proceed by contradiction and we suppose that there exist co € Ry and
n1 € N such that

0§4n4—n3—6n2§02n2, Vn > nj.
With n > 1, dividing by n?, this is equivalent to
0§4n2—n—6§02, Vn > nj.

Since 4n? —n — 6 — +o0o0 as n — 400, the middle expression cannot remain
bounded by the constant co: this is a contradiction.

Alternatively, we compute the limit

4 4 3 6 2
lim i n2 o lim (4 n?—n— 6) = 400,
n—-+0o00 n n——+0o

so that f(n) = w(n?) by the limit criterion. Then, with the constant ¢ = co
in the definition of w, we would have f(n) > can? for all sufficiently large n,
against the upper bound f(n) < can?. Hence f(n) # ©(n?).

Exercise 9.8 — Asymptotic notation (E8)

Consider the following asymptotically non-negative function of a natural variable:

f:N—=R, fin—n*1+sin?n)

Questions
1. Prove that:

(a) n* (1 +sin?n) = O(n?);
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(b) n* (1 +sin?n) # o(nt);
(c) n* (1 +sin?n) # w(n?).

. J/
The ratio

n* (1 + sin®n)
o
does not have a limit as n — +oo, since it oscillates. Therefore the limit criteria cannot be

=1+sin2n, n>1,

applied, and we use the definitions. Since 0 < sin?n < 1, we have
1§1—|—sin2n§2, Vn > 1.

1. (a) To prove that
n (14 sin?n) = O(n?)

we determine ¢y, cy € Ry and n; € N such that
0<e¢ n4§n4(1+sin2n)§02 n?, Vn > ny.
With n > 1, dividing by n* and since ¢; > 0, this is equivalent to
0<c1§1—|—sin2n§cQ, Vn > nj.

By the bounds above, by choosing for example ¢; = 1, co = 2 and n; = 1, we
have
0§1n4§n4(1+sin2n)§2n4, Vn > 1.

(b) To prove that
n* (14 sin®n) # o(n?)

we recall that o(n?) requires that for every ¢ € R~ there exists n; € N such that
0§n4(1+sin2n)<cn4, Vn > nq,

that is, dividing by n* > 0, 1 4sin?n < ¢ for all n > ny. Since 1 +sin?n > 1 for
every n > 1, for ¢ = 1 there is no ny with this property. Therefore

nt (14 sin®n) # o(n?).

Equivalently, the ratio is bounded from below by 1 and cannot converge to 0.

(c) To prove that
n* (14 sin®n) # w(n?)

we recall that w(n?) requires that for every ¢ € Ryq there exists n; € N such
that
0§cn4<n4(1+sin2n), Vn > nq,

that is, dividing by n* > 0, ¢ < 1+ sin?n for all n > n;. Since 1+ sin?n < 2 for
every n > 1, for ¢ = 2 there is no ny with this property. Therefore

nt (1 + sin® n) # w(n?).

Equivalently, the ratio is bounded from above by 2 and cannot diverge to —+oo.
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Exercise 9.9 — Asymptotic notation (E9)

Consider the following asymptotically non-negative function of a natural variable:

f:N=R,  f:in—6n—11n’+4n

Questions
1. Prove that:

(a) 6n3 —11n2+4n=0(
(b) 603 —11n2+4n=0(
(c) 613 —11n2+4n=0(n3);
(d) 6% —11n%44n # O(n*).

. J

1. (a) To prove that

6n3 —11n%+4n=0(n3
we determine ¢ € R+ and n; € N such that
O§6n3—11n2+4n§cn3, Vn > nj.
First, we observe that
6n° —11n*+4n=n(6n>—1ln+4) =n(2n—1)(3n —4),

hence
0<6n3—11n2+4n, VYn>2

for n = 1 the value is f(1) = —1 < 0). With n > 1, dividing by n?, the
( g

inequality f(n) < cn? is equivalent to

11 4
6__+_2§67 vn>n1

n

Since 11 4 4-11
—— 5 =<0, V¥a>1,
n n n

we have

11 4

6—-—+— <6, Yn > 1.
n o n
By choosing for example ¢ = 6 and ny = 2, we have
0§6n3—11n2+4n§6n3, Vn > 2.

Since the functions are asymptotically positive, an alternative way is to compute
the limit

3 _11n%2+4 11 4
lim 27 Baro® (6——+—)=6€]R>0.

n—-+o00 n3 n—+00 n n2
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(b)

To prove that
6n3 —11n?+4n=0(n%

we determine ¢ € R+ and n; € N such that
0§6n3—11n2+4n§cn4, Vn > nj.

From part (a), 0 < 6 n® — 11 n2 44 n < 673 for all n > 2. Since n® < n* for
n > 1, we also have 6 n®> — 11 n? + 4 n < 6 n*. By choosing for example ¢ = 6
and n; = 2, we have

0§6n3—11n2+4n§6n4, Vn > 2.

Since the functions are asymptotically positive, an alternative way is to compute
the limit

. 6n*—11n?+4n , 6 11 4 N
lim = lim ([—-——=+—= ) =0".
n—-+oo n4 n—-+oo n n2 n3

To prove that
6n° —11n*4+4n=0(n

we determine ci,co € Ry and ny € N such that
0<cn®<6n®—11n°+4n<cynd, Vn > nj.

For the upper bound, by part (a), 6 n® — 11 n? +4n < 6 n3 for all n > 1. For
the lower bound, we observe that

6n3—11n2+4n—-5n>=nd—11n2 +4n=nn%—-1ln+4),

where the roots of n? —11n+4 are %, that is, about 0.38 and 10.62; hence
n? — 11n +4 > 0 for every integer n > 11 (for n = 11 it is equal to 4, for n = 10
it is equal to —6). Hence 5 n® < 6 n® — 11 n? +4 n for all n > 11. By choosing
for example ¢y = 5, co = 6 and ny = 11, we have

0<5nd<6n®—11n2+4n<6n? Vn > 11.

The limit computed in part (a) gives the same result: it is equal to 6 € Rxg.

To prove that
67 — 11 n? +4n # 0(n?)

we proceed by contradiction and we suppose that there exist ¢; € Ry and
n1 € N such that

0§cln4§6n3—11n2+4n, Vn > nj.

With n > 1, dividing by n* and since ¢; > 0, this is equivalent to

6 11 4
0<a<—-—-—5+
n

— Vn > nj.
n2 nS’ -
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Passing to the limit as n — 400, we obtain 0 < ¢; < 0, which is impossible.
Therefore

6 n® — 11 n% 44 n # 0(n*).

Alternatively, the limit computed in part (b) is equal to 0T, so that f(n) = o(n*)
by the limit criterion. Then, with the constant ¢ = ¢; in the definition of o, we
would have f(n) < c;n? for all sufficiently large n, against the lower bound

cint < f(n).

Exercise 9.10 — Asymptotic notation (E£10)

Consider the following asymptotically non-negative function of a natural variable:

f: N>R, finen? (24 cos’n)

Questions
1. Prove that:

(a) n? (2 + cos?n) = O(n?);
(b) n? (2 + cos?n) # o(n?);
(c) n% (2 + cos?n) # w(n?).

- J

The ratio

2 2
n* (2 + cos“n
#:2—1—00821@ n>1,
n

does not have a limit as n — +oo, since it oscillates. Therefore the limit criteria cannot be
applied, and we use the definitions. Since 0 < cos?n < 1, we have

2 <2+ cos’n <3, Vn > 1.

1. (a) To prove that
n? (2 4 cos’n) = O(n?)

we determine cq,cy € Ry and n; € N such that
0<¢ n2§n2(2—|—cos2n)§62n2, Vn > njy.
With n > 1, dividing by n? and since ¢; > 0, this is equivalent to
O<61§2+Cos2n§02, Vn > n.

By the bounds above, by choosing for example ¢; = 2, co = 3 and n; = 1, we
have

0§2n2§n2(2+cos2n)§3n2, Vn > 1.
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(b) To prove that
n? (2 4 cos?n) # o(n?)

we recall that o(n?) requires that for every ¢ € R there exists n; € N such that

0 < n?(2+ cos’n) < cn?, Vn > nq,

that is, dividing by n? > 0, 2 + cos?>n < ¢ for all n > ny. Since 2 + cos?n > 2
for every n > 1, for ¢ = 2 there is no n; with this property. Therefore

n? (2 + cos®n) # o(n?).

Equivalently, the ratio is bounded from below by 2 and cannot converge to 0.

(¢) To prove that
n? (2 + cos®n) # w(n?)

we recall that w(n?) requires that for every ¢ € Ryq there exists n; € N such
that
0§cn2<n2(2+0032n), Vn > nq,

that is, dividing by n? >0, c <2+ cos’n for all n > ny. Since 2 + cos’n < 3
for every n > 1, for ¢ = 3 there is no n; with this property. Therefore

n? (2 + cos?n) # w(n?).

Equivalently, the ratio is bounded from above by 3 and cannot diverge to —+oo.

Exercise 9.11 — Asymptotic notation (E11)

Given a € Ry and b € R, consider the following asymptotically non-negative function of a
natural variable:
fN—->R, f:n—an+b.

Questions

1. Prove, using the definitions, that for all a € R<y and b € R:
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The key remark is the following: if n > 21b]

==, then |b| < §n, and therefore
1 a. .

—an=an—_-n<an-—

2 2

3
bl <an+b<an+ b <an+on=2an.

2
To have n > 1 as well (so that we can divide by n), we use the threshold

e 2]

1. (a) To prove that a n 4+ b= O(n), we determine ¢ € R- and n; € N such that

0<an+b<cn, Vn > nj.

With n > 1, dividing by n, this is equivalent to

b
0§a+_§c7

Vn > nj.
n

By the key remark, 5§ < a + % < %a for all n > @ (the upper value is reached
when b > 0 and n = %’)

Thus, by choosing for example ¢ = %a > 0 and
_ 2[b|
ny max{l,[ o -‘},We have

a

3 21b
0§an+b§§an, Vnzmax{l,[ﬂ-‘}.

(b) To prove that a n + b = O(n?), we determine ¢ € R+ and n; € N such that

0§an+b§cn2, Vn > nj.

With n > 1, dividing by n?, this is equivalent to

For the left inequality we need an + b > 0, that is, n > —g; together with n > 1
this gives the threshold max {1, —g}. For the right inequality, for all n > 1 we
have

a b _a b
+5< -+
n n?>-n

— < b|.
n2_a+||

Thus, by choosing for example ¢ = a+ [b| > 0 and n; = [max {1, —%H, we have

0<an+b< (a+]b])n? VnZ[max{l,—S}-‘,
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(c) To prove that a n + b= ©(n), we determine c1,co € Rsg and n; € N such that
0<cn<an+b<cn, Vn > nj.

With n > 1, dividing by n and since ¢; > 0, this is equivalent to
b
O0<ci<a+ — < co, Vn > nq.
n

By the key remark, § < a + % < %a for all n > @ (the lower value is reached

208 2

when b < 0 and n > the upper one when b > 0 and n = %%). Thus, by

choosing for example ¢; = %a >0, ¢ = %a >0 and n; = max{l, {@] }’ e

have
1 3 |b]
0<-an<an+b<-an, Vn > max< 1, | — .
2 2 a

An alternative way is to compute the limit

. an-+b . b
lim =a+ lim — =a¢€Ryg.
n—-+oo n n—+oo N

—0

(d) To prove that a n+b # ©(n?), we proceed by contradiction and we suppose that
there exist ¢; € Rsg and n; € N such that

0§01n2§an+b, Vn > ni.

With n > 1, dividing by n? and since ¢; > 0, this is equivalent to

a b
O<61§—+—2, Vn > n.
n o n
Passing to the limit as n — 400, we obtain 0 < ¢; < 0, which is impossible: the
inequality cannot hold for arbitrarily large n, since ¢ is a positive constant.

Exercise 9.12 — Asymptotic notation (E£12)

Given a € Rsg, b € R and ¢ € R, consider the following asymptotically non-negative
function of a natural variable:

fF N—=>R, fin—an?+bn+ec

Questions
1. Prove, using the definitions, that for all a € R<g, b € R and ¢ € R:

(a) an?+bn+c=0(n?);
(b) an®+bn+c#O0(n3).

SAPIENZA

UNIVERSITA DI ROMA

Author: Fabio Furini 22


https://github.com/fabiofurini/algorithms
https://fabiofurini.github.io/
https://www.diag.uniroma1.it/

Algorithms

1. (a)

To prove that a n? + b n + ¢ = O(n?), we determine cj,c2 € Rsg and n; € N
such that
0<cin’<an’+bn+c<cyn? Yn > n.

With n > 1, dividing by n? and since ¢; > 0, this is equivalent to
b ¢
0<61§a+—+—2§62, Vn > ni.
n o n

We bound the two terms % and -5 separately.

° IfnzM,thenmg%,hence—%gégg.
a n n

4
e Ifn>2 %',thenn22%andl%§%,hence—%ﬁﬁ;g%.
Therefore, for alanQmax{%', %'},
Veeo—comta g o L e Lol
a—-a—-a<a+—+—=<a+-a+-a.
2 4~ n n2~ 2 4
:ia :%a
Thus, by choosing for example clz;lla>0, 02=71a>0and
b
m:max{l, [2max{u, M}w},
a a
we have 1 7
nganQSan2+bn+c§1an2, Vn > nj.
An alternative way is to compute the limit
21 b
lim w:a—l— lim — + lim < =a € Ryyg.
n—+oo n? n—+oo N n—+oo M2
—~— ~—
—0 —0

To prove that a n? +b n + ¢ # ©(n?), we proceed by contradiction and we
suppose that there exist ¢; € Ryg and ny € N such that

0§01n3§an2+bn+c, Vn > ni.

With n > 1, dividing by n® and since ¢; > 0, this is equivalent to

b c

== T = Yn > nj.
W b =

a
0<ep < —+4
n

Passing to the limit as n — 400, we obtain 0 < ¢; < 0, which is impossible: the
inequality cannot hold for arbitrarily large n, since ¢ is a positive constant.
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Exercise 9.13 — Asymptotic notation (E£13)

Consider four asymptotically positive functions f, g, p and ¢ of a natural variable and the
following implications:

Questions

1. Prove that the implication (9.1) is true and write its contraposition.

2. Prove that the converse of the implication (9.1) is not true, that is,
f(n)-g(n) =0O(p(n)-q(n)) =+ f(n)=06(p(n)) and g(n)=0(q(n)).

3. Prove that the implication (9.2) is true and write its contraposition.

4. Prove that the converse of the implication (9.2) is not true, that is,

f(n) +g(n) =0O(p(n) +q(n)) = f(n)=0(p(n)) and g(n)=O(q(n)).

A J

1. If f(n) = ©(p(n)) and g(n) = ©(g(n)), there exist c1,c € Rxg, ng € N and c3,¢4 €
R<o, n1 € N such that

0<cip(n) < f(n) <ep(n), Vn>npy and 0 <c3q(n) < g(n) <caqn), Yn > n;.

Since all the terms are non-negative, we can multiply the two chains of inequalities
term by term:

0< g%g p(n) q(n) < f(n)-g(n) < Q% p(n)q(n),  Vn =max{ng,n1},
> >

and, as a consequence, f(n) - g(n) = O(p(n) - q(n)).

It follows that “f(n) = ©(p(n)) and g(n) = O(g(n))” is a sufficient condition for
“f(n) - g(n) = ©(p(n) - q(n))”, and the latter is a necessary condition for the former.
By contraposition of (9.1) we have

f(n)-g(n) #0O(p(n) -q(n)) = f(n) #06(p(n) or g(n)# 6O (q(n)).

2. A counterexample is enough. Let

f(n)=n?+1, g(n) =n?*—1, p(n) =n, q(n) = nd.
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The four functions are asymptotically positive (g(n) > 0 for n > 2). We have
f(n)-gn)=@m*+1)(n* ~1)=n"~1 and  p(n)-q(n) =n’,

and n* — 1 = O(n*): by choosing ¢; = %, co = 1 and n; = 2, we have 0 < %n‘l <
n*—1<n*foraln>2 (the lower bound is equivalent to nt > 2). On the other
hand,
P 2
-1
lim n = 400 and lim n73 = (7
n—-4o00 n n—-4oo n

so that n? + 1 = w(n) and n? — 1 = o(n3); hence
n? +1+# 0(n) and n? —1+#0(n?)

(a function that is w(n) exceeds ca n for every constant c, and a function that is o(n?)
is smaller than ¢; n® for every constant cj, for all sufficiently large n).

3. If f(n) = @(p(n)) and g(n) = @(q(n)), there exist c1,co € Rug, ng € N and c3,c4 €
R<0, n1 € N such that

0<cip(n) < f(n) <cap(n), ¥n>ng and 0 < czq(n) < g(n) < csq(n), Yn >ni.
Adding the two chains of inequalities, we obtain

0<ec1p(n)+czqn) < f(n) +g(n) <cap(n)+cagq(n),  ¥n>max{ng,ni}.
Since p(n) > 0 and g(n) > 0 for these values of n, this implies
0 < min{c1, 3} (p(n) + q(n)) < f(n) + g(n) < max{cz, c4} (p(n) + q(n)),
—_——— —_————

>0 >0
Vn > max{ng, n1},

and, as a consequence, f(n)+ g(n) = ©(p(n) + q(n)).

It follows that “f(n) = (p (n) ) and g(n) = @(q(n))” is a sufficient condition for
“f(n)+g(n) =0(p ( )+4q(n))”, and the latter is a necessary condition for the former.
By contraposition of (9.2) we have

f(n) +g(n) #O(p(n) +q(n)) = f(n) #06(p(n)) or g(n)# O(q(n)).

4. A counterexample is enough. Let

f(n) =5n3, g(n) =T7n, p(n) = n3, q(n) = n?.

We have 5 n® + 7 n = ©(n3 4+ n?): by choosing ¢; = 3, ¢co = 7 and ny = 1, we have

5
Og§(n3+n2)§5n3+7n§7(n3+n2), Vn > 1,
since % (n®+n?) < %-Qn?’ =5n3 and 7n < 2n%+4+7n? for n > 1. On the other hand,
5n3 = 0O(n?) (with ¢; = ¢ = 5), but

so that 7 n = o(n?) and therefore 7 n # ©(n?).
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Exercise 9.14 — Asymptotic notation (E£14)

Consider two asymptotically non-negative functions f and g of a natural variable and the
following equivalences:

fn)=0©(g9(n)) <= f(n)=0(g(n)) and f(n)=Q(g(n)), (9:3)
f(n)=0(g(n)) <= g(n)=Q(f(n)), (9.4)
f(n)=o(g(n)) <= g(n)=w(f(n)), (9-5)
f(n)=06(g9(n)) <= g(n)=0(f(n)) (9.6)

Questions

1. Prove that the equivalence (9.3) is true.
2. Prove that the equivalence (9.4) is true.
3. Prove that the equivalence (9.5) is true.

4. Prove that the equivalence (9.6) is true.

A J

1. If f(n) = ©(g(n)), there exist c1,c2 € Rso and ny € N such that

0<cig(n) < f(n) <czg(n),  Vn=>ny,
and therefore
0< f(n) <cag(n), Vn>n = f(n)=0(g(n)),
0<Cl g(n) < f(n), ¥n2n1 = f(n)=Q(g(n)).

Conversely, if f(n Q( )) there exist ¢; € Ryg and n; € N such that 0 <
c19(n) < f(n) for all n > ny, and if f(n) = (g( )), there exist co € Ry and ny € N
such that 0 < f(n) < cag(n ) for all n > ng. Combining the two inequalities, we have

0<cig(n) < f(n)<ecag(n),  Vn>max{n,n} = f(n)=0(g(n)).

It follows that “f(n) = ©(g(n))” is a necessary and sufficient condition for “f(n) =
O(g(n)) and f(n) = 2(g(n))".

2. (a) If f(n) = O(g(n)), there exist ¢ € R>o and ny € N such that 0 < f(n) < cg(n)
for all n > ny. Dividing by ¢ > 0,

0<=f(n) <g(n), Vn>ni = g(n)=Q(f(n)),
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(b) If g(n) = Q(f(n)), there exist ¢ € Rsg and ny € N such that 0 < ¢ f(n) < g(n)
for all n > n;. Dividing by ¢ > 0,

0< f(n) <=yg(n), Vn>ny = f(n)=0(g(n)).

It follows that “f(n) = O(g(n))” is a necessary and sufficient condition for “g(n) =

Q(f(n))”.

3. (a) Let f(n) = o(g9(n)). To prove that g(n) = w(f(n)), we fix c € Rso. By the
deﬁmtlon of f(n) = ( ) with the constant % > 0, there exists n; € N such
that

1
0<f(n)<-g(n), V¥nzm = 0<cf(n)<g(n), Vnzm.

Since c is arbitrary, g(n) = w(f(n)).

(b) Let g(n) = w(f(n)). To prove that f(n) = o(g(n)), we fix ¢ € Rso. By the
definition of g(n) = w(f(n)) with the constant 1 > 0, there exists n; € N such
that

05%f(n)<g(n), Vn>n1 = 0< f(n)<cg(n), Vn > nj.

Since ¢ is arbitrary, f(n) = o(g(n)).
It follows that “f(n) = o(g(n))” is a necessary and sufficient condition for “g(n) =

w(f(n))”.

4. (a) If f(n) = O(g(n)), there exist c1,c3 € Rsg and ny € N such that
0<cig(n)<fn) <cgn), Yn > nq.
Dividing the left inequality by ¢; and the right inequality by co, we obtain
1 1

0<—f(n) <g(n) <

f(n), VYn > nj.
(&) C1

Since é >0 and é > 0, this proves that g(n) = ©(f(n)).
(b) If g(n) = G(f(n)), the same argument, with the roles of f and g exchanged,
gives f(n) = ©(g(n)).

It follows that “f(n) = ©(g(n))” is a necessary and sufficient condition for “g(n) =
@(f(n))”.
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Exercise 9.15 — Asymptotic notation (E15)

Consider three asymptotically non-negative functions f, g and h of a natural variable and
the following implications (transitivity):

f(n) =O(g(n)) and g(n) =O(h(n)) = f(n)=0O(h(n)), (9.7)
fn) = 0(g(n)) and g(n)=O(h(n)) = f(n)=O(h(n)), (9.8)
fn) =Q(g(n)) and g(n) = Qh(n)) = f(n)=Q2(h(n)), (9.9)
f(n) =o(g(n)) and g(n) =o(h(n)) = f(n)=o(h(n)), (9.10)
f(n)=w(g(n)) and g(n)=w(h(n)) = f(n)=w(h(n)) (9.11)

Questions

1. Prove that the implication (9.7) is true and write its contraposition.
2. Prove that the implication (9.8) is true and write its contraposition.
3. Prove that the implication (9.9) is true and write its contraposition.
4. Prove that the implication (9.10) is true and write its contraposition.

5. Prove that the implication (9.11) is true and write its contraposition.

. J

1. If f(n) = ©(g(n)) and g(n) = O(h(n)), there exist c¢1,c2 € Rsg, ng € N and
c3,cq4 € Ry, n1 € N such that

0<cig(n) < f(n) <ceg(n), Y/n>ng and 0<csh(n) <g(n)<csh(n), ¥n > n,.
It follows that, for all n > max{ng,n1},

f(n) =2 cig(n) 2ciesh(n)  and  f(n) <czg(n) < caeqh(n),

hence
0<cic hn<1n<cc hn, vn>maxn,n 9
103 ( ) ( ) zo4 ( ) { 0 1}

which proves f(n) = ©(h(n)). By contraposition of (9.7):

f(n) #6(h(n)) = f(n) #6(g(n)) or g(n)#O(h(n)).
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2. If f(n) = O(g(n)) and g(n) = O(h(n)), there exist ¢; € Rxg, ng € N and ¢z € Ry,
n1 € N such that

0< f(n) <c1g(n), Yn>ng and 0<g(n) <cah(n), Yn>n;.
It follows that

0< < < h Vn >

< f(n) < e g(n) < cieg h(n), n > max{ng,n1},
>0

which proves f( O(h(n)). By contraposition of (9.8):

n) =
f(n) #O(h(n)) = f(n) #0(g(n)) or g(n)# O(h(n)).

3. If f(n) = Q(g(n)) and g(n) = Q(h(n)), there exist ¢; € Rso, no € N and ¢z € Ry,
n1 € N such that

0<ecig(n) < f(n), Yn>ng and 0 <coh(n) <g(n), ¥n>n;.
It follows that

0<ciea h(n) < < Vn >

< acg h(n) < cig(n) < f(n), n = max{no, n1},
>0

which proves f(n) = Q(h(n)). By contraposition of (9.9):

fn) #Q(h(n)) = f(n) #Q(g(n)) or g(n) # Q(h(n)).

4. Let f(n) = o(g(n)) and g(n) = o(h(n)), and let ¢ € Rsg. By the definition of
f(n) = o0(g(n)) with the constant 1, and by the definition of g(n) = o(h(n)) with the
constant ¢, there exist ng,n; € N such that

0< f(n) <g(n), Vn>ng and 0<g(n) <ch(n), ¥Yn>mn;.
It follows that
0< f(n) <g(n) <ch(n), Vn > max{ng, n1},

that is, 0 < f(n) < ch(n). Since ¢ € R is arbitrary, this proves f(n) = o(h(n)).
By contraposition of (9.10):

f(n) #o(h(n)) = f(n) #o(g(n)) or g(n)# o(h(n)).

5. Let f(n) = w(g(n)) and g(n) = w(h(n)), and let ¢ € Rsg. By the definition of
f(n) = w(g(n)) with the constant 1, and by the definition of g(n) = w(h(n)) with
the constant ¢, there exist ng,n; € N such that

0<g(n) < f(n), Vn>ng and 0<ch(n) <g(n), ¥Yn>mn;.
It follows that
0<ch(n) <g(n) < f(n), Vn > max{ng, n1},

that is, 0 < c h(n) < f(n). Since ¢ € Ry is arbitrary, this proves f(n) = w(h(n)).
By contraposition of (9.11):

fn) #w(h(n)) = f(n) #w(g(n)) or g(n)# w(h(n)).
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Exercise 9.16 — Asymptotic notation (E16)

Consider an asymptotically non-negative function f of a natural variable and the following
reflexivity properties:

f(n) =0©(f(n)), (9.12)
(n)), (9.13)
(n)). (9.14)

Questions

1. Prove that the property (9.12) is true.
2. Prove that the property (9.13) is true.

3. Prove that the property (9.14) is true.

AN J

Since f is asymptotically non-negative, there exists 7 € N such that f(n) > 0 for all n > 7.

In the three proofs we use n; = 7.
1. To prove that f(n) = ©(f(n)), we determine c1,cz € Rsg and n; € N such that
0<c f(n) < f(n) <c2 f(n), Yn > nj.

For n > 7 the inequality 0 < 1- f(n) < f(n) < 1- f(n) holds trivially. By choosing
c1 =1, cog =1 and n; =n, we have

0< f(n) < fn) < f(n),  Yn2>n,
which proves f(n) = ©(f(n)).

2. To prove that f(n) = O(f(n)), we determine ¢ € Ry and n; € N such that
0< f(n) <cf(n), Vn > ny.

By choosing ¢ = 1 and n; = 7, we have 0 < f(n) < f(n) for all n > n, which proves

f(n) = O(f(n)).

3. To prove that f(n) = Q(f(n)), we determine ¢ € Ry and n; € N such that
0<cf(n) < f(n), Vn > nj.
By choosing ¢ = 1 and n; = 7, we have 0 < f(n) < f(n) for all n > n, which proves

f(n) = Q(f(n)).

Note that the assumption on f is necessary: if f(n) < 0 for infinitely many n, the inequality
0 < f(n) required by the three definitions fails for arbitrarily large n, and none of the three

properties holds.

. J
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Chapter 10

Asymptotic growth

In the exercises of this chapter the orders of growth are compared with the asymptotic notation
of chapter 9 «Asymptotic notation» and with the results of the chapter «Asymptotic growths,
summarized below. The limits of functions of a natural variable (sequences) are computed
with the results of the course Mathematical Analysis 1, at the address https://fabiofurini.
github.io/mathematical-analysis-1/.

s N
Limit criterion. Given two asymptotically positive functions of a natural variable f and

g such that the limit L = lim,,—1 % exists:

e f(n) = o(g(n)) if and only if L = 0: f has a strictly smaller order of growth
than g (f grows slower than g);

e f(n) =0(g(n)) if and only if L = 0" or L € R>o: f has a smaller or equal order
of growth compared to g;

e f(n) = ©(g(n)) if and only if L € Ryo: f has the same order of growth as g (f
grows as fast as g);

e f(n)= Q(g(n)) if and only if L € Ryg or L = +00: f has a greater or equal order
of growth compared to g;

o f(n)= w(g(n)) if and only if L = +o00: f has a strictly greater order of growth
than g (f grows faster than g).

(& J

( A
e Definition of ©. We have f(n) = @(g(n)) if and only if there exist c1,co € Rsg and
n1 € N such that

0<c1g(n) < f(n) <cag(n), Vné€Ns,,.
Accordingly, if such constants do not exist, f(n) # @(g(n))

e Hierarchy. For every a,b € R.; and «, 8 € R<q:

log? n = o(n®), n® = o(b"), b" = o(n!), n! = o(n").
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Exercise 10.1 — Asymptotic growth (E1)

Given A € Ry and a € Ry, consider the following asymptotically positive function of a
natural variable:
fN=R, f:in—(n+AN)"

e 1\
Given b € Ry; and A € Ry, consider the following asymptotically positive function of

a natural variable:

f:NoR, fin—b"

\ J

e N
Given a € Rs 1, consider the following asymptotically positive function of a natural

variable:
f:N>1 =R, f:n—=nlog,n

Questions
1. Prove that there exist ¢1,cs € Ryg and nq € N such that
0<can®*<(n+AN)*<can® VnéeNs,,

that is, that (n+\)* = O(n®), and verify the result with the limit criterion, computing
the limit of the ratio.

2. Prove that, for every A € Ryo with A # 1, there exist no c¢j,c2 € Ryg and n; € N
such that
0<erb" < < b, Vn €Ny,

and accordingly that b # ©(b").

3. Prove that, for every a € R+ 1, there exist no ¢1,ca € Ry and n; € N>q such that
0<ecin® <nlog,n <can® VnéeNs,,

and accordingly that nlog, n # ©(n®).

AN J

1. We look for constants c1,co € Ry and ny € N such that

0<can®*<(n+AN)*<cn% VneNs,.
Since A > 0, we have
0§g§n+/\ Vn € N and n+A<2n ifn> A,
so that, for every n > 2\ (which implies n > X), we have:

oggSanm
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Since v > 0, the function x +— z® is increasing on R>(, and we can raise the three
terms to the power o without changing the inequalities:
n\ o 1
(5) SM+NTS @R = o< (AT <20
Thus, choosing for example ¢; = 2% >0, co =2%> 0 and n; = [2\] > 1, we have:

1
0< Zn® <(n+A)* <2%n% V€ Nppy

By the definition of ©, these constants prove that (n + \)* = O(n®). We verify the
result with the limit of the ratio:
o

im PN (1 n

n——+o0 ne n——+o0

ot
) :1€R>0

i(:\y
(e}

and the limit criterion gives again (n + A)* = ©(n).

2. We proceed by contradiction, and we suppose that there exist c¢1,co € Rygand n; € N
such that
0<c b <M <epb™, Vn € Nsyp,.
Since b"™ > 0 for every n € N (because b € R-;), dividing by " we obtain the
equivalent inequalities
b/\n
b
—~—
~(8)Sey

which cannot hold for arbitrarily large n, since ¢; and ¢y are positive constants and:

0<c < <c, Vn €Ny,

o if A > 1, then ¥~ > 1 and lim,_, ;oo (b’\_l)n = +00, so the inequality on the
right is violated for n large enough;

e if 0 < XA <1, then 0 < b < 1 and lim,_, 4o (b)‘_l)n = 07, so the inequality
on the left is violated for n large enough.

It follows that, for every b € R and every A € R with A # 1, we have bA" #£ ©(b?),
since the constants required by the definition of ©® do not exist.

3. We proceed by contradiction, and we suppose that there exist c¢1,co € Ryg and nj €
N> such that
0<cin® <nlog,n <can® Vné&Nsp,.

Since n® > 0 for every n € N>, dividing by n® we obtain the equivalent inequalities
nlog, n
0<01§%§CQ, VneNan,

N——
_logg n
— pa—1

which cannot hold for arbitrarily large n, since c; is a positive constant and, by the
hierarchy of the orders of growth (since a > 1 and o — 1 > 0):

. log n
lim Sat _ 0"
n——+oo na—1

It follows that, for every a € R~ and every a € R~1, we have nlog,n # ©(n®): the
same limit shows, by the limit criterion, that nlog,n = o(n®).
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Exercise 10.2 — Asymptotic growth (E2)

Consider the following function of a natural variable:

f:N>o = R, f:n»—)ln(lnn)

Questions

1. Prove that the function f is asymptotically positive and asymptotically increasing.

2. Prove that In(Inn) = o(Inn).

N\ /

1. The function z +— Inz is strictly increasing on R-q, so n +— In(lnn) is strictly in-

creasing on N>g. It is not positive on its whole domain, since In2 < 1 and therefore
f(2) =In(In2) < 0; but In3 > 1, hence

f(n) =In(lnn) > In(ln3) >0, Vn € N>j.

The function f is therefore asymptotically positive (with ny = 3) and asymptotically
increasing.

2. Both functions are positive for every n € N>3. We compute the limit of the ratio
by extending the domain to the real numbers, that is, by computing the limit of the
function of a real variable x — lnl(rllnmx) as x — 4oo: if this limit exists, the limit of

the function of a natural variable is the same. Since both the numerator and the

denominator tend to 400, we can use L’Hopital’s rule (course Mathematical Analysis

1, chapter L’Hopital’s rule and differentiability):
. ln(lnx) L % [ln(lnx)]
svtoo  Inz | ztoo 4 nz]

The derivative of the numerator is

d 1 1 1
— |In (1 = — .- =
dx[n(nx)] Inz = zlnz’
and the derivative of the denominator is
d
20 _ -
dzx iz} %
Substituting, we have:
In (1 L 1
lim n( nx) = lim 21{”” = lim — =0"
r——+00 lnl‘ r—-+00 P r——+00 lngj
It follows that
lim In (lnn) ot
n—+oo Inn
that is, by the limit criterion, In(Inn) = o(Ilnn).
g J
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Exercise 10.3 — Asymptotic growth (E3)

Consider the following twelve functions of a natural variable, defined for n € N>i:

fi(n) =logy (n°)  fa(n) =In’n fs(n) =vn  fa(n) =nlnn

fs(n) = (n+7)?  fo(n) =3n*+100n fr(n) =n'" fs(n) = 2"/

fo(n) = 2710 fio(n) = 3" fii(n) =nl fiz(n) =n"
Questions

1. Sort the twelve functions by increasing order of growth, grouping together the func-
tions f; and f; such that fj(n) = @( fj(n)). Justify each comparison between two
consecutive groups with the results of the chapter « Asymptotic growthy.

2. Classify each function: does it have a sub-linear, linear or super-linear order of growth?
Which functions have a polylogarithmically bounded order of growth, and which ones
a polynomially bounded order of growth?

3. The order of growth describes the behaviour of the functions for large values of n.
Verify that fo(4) > f3(4) and that f7(n) > fs(n) for n = 100, and explain why this
does not contradict the answer to the first question.

A J

1. The order is the following (functions in the same group are © of each other):

fi < fa = fa < fa<{fs,fe} = fr < fs =< fo < fio < fu < fi2

where here f < ¢ is a shorthand for f(n) = o(g(n)). The justifications are the
following.

e fi(n) = logy(n®) = 5logon = O(Inn) (change of base). Moreover }zgzg =

Slogpm _ 5 _1 +
Inn ~ In2 ann—>0 ,80 f1 < fa.

e fo < f3: polylogarithms and powers, with § =3 and o = %

VIR | +
o f3 < fy nlnn_\/ﬁlnn_)O’

e f1 < f5: by the quasi-linear and powers property (with a@ = 2) and the shift of

the argument of a power,

nlnn  nlon n? L oF
(n+72 _n2 (n+7)2 )
—0t —1

o f5(n) = O(fs(n)): both are ©(n?) (shift of the argument; polynomial with
leading term 3n?), and indeed
m+72 . 1+¥448

n-too3n2 +100m noteo 34+ 10 3 € R>o.
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2
o fo< fr: MEEMOL_ 3 10, ot
o f7 < fg: powers and exponentials, since on/2 — (ﬂ)n with base v2 > 1.

o fs < for fo(n) = 27110 = ©(2") (shift of the exponent), and 22 = o(2")
(scaling of the exponent with A = %), directly,

2v/2 1 [ 1\" Lot
2n+10 1024 \ /2 '
2n+10

o fo < fio: S = 1024 (%)n — 0T (different bases).

e fi10 < fi11 < fi2: exponentials and factorial, factorial and self-power.

2. Comparing each function with n:

e f1, f2 and f3 are o(n), a sub-linear order of growth (f; < fo < f3 and % —071);
e 1o function of the list is ©(n), a linear order of growth;

e fa,f5,..., f12 are w(n), a super-linear order of growth (f4 is quasi-linear, and all
the others are w of fy).

The functions f; (logarithmically bounded, with 5 = 1) and fo (with § = 3) have
a polylogarithmically bounded order of growth; fs does not, since f3(n) = w(lnﬂ n)
for every B € R~g. The functions fi, fo, ..., f7 have a polynomially bounded order of
growth (for example f; with a = 2, and f; with @ = 10); the functions fs, fg, ..., fi2
do not, since they are w(n®) for every a € Rsg. Among them, fs, f9 and f1p have an
exponentially bounded order of growth.

3. For n = 4 we have
fo(4) =1n® 4~ 2.66 > 2 = V4 = f3(4),

and for n = 100 we have
f7(100) = 100" = 10%° > 2°% ~ 1.1 - 10" = £3(100).

This does not contradict the first answer: the comparison of the orders of growth
concerns the limit of the ratio, that is, the behaviour for large n. The inequality
In®n > y/n holds for every n from 4 to 24,128,091, and In®n < \/n for every n >
24,128,092; similarly, n'9 > 27/2 holds for every n from 2 to 143, and n'® < 27/2 for
every n > 144. These thresholds have been computed numerically.
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Exercise 10.4 — Asymptotic growth (E4)

Consider the following pairs of functions of a natural variable (f,¢g), defined for n € N>1:

(a) f(n)= on/2 g(n) =2, (b) f(n)= 231/2 g(n) =2,

(c) f(n) =47, g(n) = 2% (d) f(n) =logyn, g(n)=logyn;

(e) f(n)=1In (n2 + 1), g(n) =Inn; (f) f(n)=nlan, g(n)= n3/2,
Questions

1. For each pair, compute lim, i % (for the pair (d), consider n € N>g, where

g(n) > 0) and determine, with the limit criterion, whether f(n) = o(g(n)), f(n) =
O(g(n)) or f(n) =w(g(n)).

2. For each pair, indicate, when possible, which property of the chapter «Asymptotic
growth» gives the same answer without computing the limit.

- J

1. The limits are the following.

I 1\"
(2) JMim == lim, <¢§> =0%: f(n) =o(g(n)).
23n/2 "
0 i B = i (7 = 4o 1) =)
n n - LA
(c) 4" = (22)" = 2", 5o HEToozTn = 1: f(n) = ©(g(n)) (they are the same
function).
. 1 . logy n 1
(d) Since logyn = 1‘33‘;37 we have nll}l—fI—loo logyo = log1o 2 =logy 10 ~ 3.32: f(n) =

O(g(n)).
(e) Since In(n® + 1) =In (n?(1+ %)) =2Inn+In (14 ), we have

—0

1
In <1 + )
2 2
fm 22D p (op N ") s,
n——+00 Inn n——+00 Inn
f(n) =6(g(n)).
. nlan . Inn 4
(f) ngr-ir-loo nd3/2 ngr-ir-loo m =0 f(n) - O(g(n))

2. The properties are the following.

(a), (b) Scaling of the exponent of an exponential, with A = 1 < land A =3 > 1 (or
different bases, v/2 < 2 and 2v/2 > 2).
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(c) Scaling of the exponent with A = 2 would say that 22" = w(2"); here, instead,
the base 4 = 22 already absorbs the factor 2, and the two functions coincide.

(d) Change of base of a logarithm.

(e) No property of the chapter applies directly, since the argument n? 4 1 is neither
of the form n+ X nor of the form An. The identity In(n?+1) = 2Inn+In (1+-;)
of the first answer plays the same role as the shift of the argument: the term
In (1 + %) tends to 0, and what remains, 2Inn, is ©(lnn).

o 1. . . _ 3
(f) Quasi-linear function and powers, with a = 5 > 1.
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